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Dear Parent,

This book is different from the book you used if you took algebra. It certainly is different from
the books we used. We have taught from many algebra textbooks over the years, and are well
acquainted with the traditional algebra course. The course had many problems: there were
many Ds and Fs, and even students who got good grades often did not really understand what
they were doing. In addition, the development of calculator and computer technology has made
it imperative to change the emphasis of the course. Moreover, as a profession, math teachers
now have a better understanding of how students learn.

This book is based on three big ideas, which have been guiding principles in our teaching:

¢ In order to learn to reason flexibly and independently about the abstract concepts of algebra,
students need tools to think with. These tools should be designed to support students’ work
with the main ideas of algebra: variables, operations, equations, functions, and so on. We
use manipulative, electronic, and old-fashioned pencil-and-paper tools.

¢ Learning mathematics should be based on solving interesting problems. Students’ skills
develop best if they are given an interesting context to practice them in. Look through the
book at the wide variety of problems we address: air travel, get-rich-quick schemes, tele-
phone billing plans, children’s growth rates, making cranberry-apple juice, car and bicycle
trips, and on and on.

¢ Most students will not remember concepts if they are explained once or twice by a teacher
and practiced in isolation over a short period of time. Students must be involved in their
own learning, and have experience with ideas in many forms and formats over an extended
period of time. They must experiment, conjecture, discover, and write about what they are
thinking. In this book, important ideas are returned to over and over, and much work is
expected of the student — hard work, but work that is more varied and interesting than the
traditional drill and practice.

After using this book, your child will be exceptionally well prepared for future courses,
because we have made a point of giving extra emphasis to the areas that are most important to
the rest of secondary school math and science: square roots, proportions, scientific notation,
functions, and symbol sense. In addition, the emphasis on thinking, communication, and writ-
ing skill will help across the whole curriculum.

If you have any questions about this course, we are sure your student’s teacher will be glad to
help answer them. The biggest help you can provide is to make sure that your student does

algebra homework every day.

Sincerely,

Anita Wah and Henri Picciotto




Dear Student,

In arithmetic you have learned to work with numbers. Algebra is an extension of arithmetic,
where you learn to work with symbols. It is the language of all of mathematics and science,
and a tool for solving problems in business and engineering.

In the future more and more algebra will be done by computer. But what good would it do you
to have a computer ready to do the algebra for you if you didn’t understand what algebra is? It
would be as useful as a calculator to someone who didn’t know the meaning of numbers.

Algebra is difficult to learn, but it is the key to so many possibilities in your life that it is worth
the effort. You cannot learn algebra just by listening to your teacher. You need to be much
more involved: do your homework every day, read the book carefully, and if necessary, get
help from your teacher. Good work habits are essential if you want to succeed in this class.

Most importantly, be ready to discuss difficult problems with your classmates, sometimes to
help them, and sometimes to get help from them. Talking is the best way to sort out what you
understand from what you don’t understand, and explaining is the best way to improve your
understanding. While learning math and problem solving, you will also be improving your
ability to communicate with other people.

You may be surprised at how much writing will be expected from you. Almost every lesson
requires you to explain something, and you will have to write reports on a regular basis. This is
difficult at first, but it will help you in the long run, by making you not only a better mathe-
matician, but also a better thinker, and a better writer.

Good work habits, communicating, thinking, and writing will help you no matter what you do
in the future. But of course, as math teachers, we would like you to stick with it, and take many
more math classes. To convince you of this, we have tried to write a book that you will find
interesting and that puts you, the student, in the center of the action.

Sincerely,

Anita Wah and Henri Picciotto
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The spiral shape of a ram'’s horn

Coming in this chapter:

m If you draw a closed shape by following the lines

on graph paper, you can find its area and perimeter by counting.
For a given area, what perimeters are possible?
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LESSON

Polyominoes

. 00000000000 OCGOCEONOGIOSIOINOSINOITS
You will need:

E graph paper ‘

made by joining squares edge-to-edge. The
best known example is the domino.

[ ]

Using three squares, you can find two different
trominoes, the straight one and the bent one.

=

There are only two trominoes. The bent one is
shown in different positions.

1PN

The following shapes are not polyominoes.

I P

1. What part of the definition do they violate?

I Definition: Polyominoes are shapes that are

DISCOVERING POLYOMINOES

2. Tetrominoes are made up of four squares.
There are five different tetrominoes. Find
all of them.

3. Guess how many squares make up a pen-
tomino. Find all twelve pentominoes.
Make sure you do not “find” the same one
more than once!

4. @ Find as many hexominoes as you can.

A

AREA AND PERIMETER

Large polyominoes may have holes in them, as
in this 11-omino (i.e. polyomino of area 11).

In this book, we will not discuss polyominoes
with holes.

Definitions: The area of a two-dimensional
figure is the number of unit squares it would
take to cover it. The perimeter of a figure is
the distance around it.

For example, the area of the domino is 2, and
its perimeter is 6.

In this book, area and perimeter will provide
you with many opportunities to discover and
apply algebra concepts.

5. Here is a 10-omino. What is its area?
What is its perimeter?

6. Draw some 10-ominoes, and find the
perimeter of each one. It would take too
long to find all of the 10-ominoes, but try
to find every possible 10-omino perimeter.

7. Repeat problem 6 for 16-ominoes.

8. Draw as many polyominoes as you can
having 10 units of perimeter, and find the
area of each one.

9. Find some polyominoes having perimeter
16. It would take too long to find all of
them, but try to find every possible area.

Chapter 1 Perimeter and Area Patterns




10. EREEM Describe any patterns you
noticed when working on this lesson.

11. = Have you found any polyominoes
having an odd-number perimeter? If you
have, check your work. If you haven’t,
explain why.

Area and perimeter of polyominoes are related.

It is not a simple relationship: for a given area,
there may be more than one perimeter possi-
ble. For a given perimeter, there may be more
than one area.

11V

12. B The words polyomino, tetromino,
pentomino, hexomino all end the same
way, but they start with different prefixes.
a. Find other words (not just from mathe-

matics) that start with the prefixes
poly-, tetr-, pent-, and hex-. Tell the
meaning of each word.

b. What are the prefixes for 7, 8, 9, and
10? Find words that begin with those
prefixes. Tell the meaning of each
word.

c. Write a story using as many of the
words you found as possible.

(4 {27137 DIMENSIONS

* The following are one-dimensional: a line,
the boundary of a soccer field.

* The following are two-dimensional: the
surface of a lake, the paper wrapped
around a present.

* The following are three-dimensional: an
apple, a person.

An object like a sheet, while it does have
some thickness and therefore is three-dimen-
sional, can be thought of as a model of a two-
dimensional surface with no thickness.
Similarly, a wire or even a pencil can be
thought of as a model of a one-dimensional
line.

13. Divide the following into three groups:
one-, two-, or three-dimensional.

a. a book
b. alake
C. amap

1.1 Polyominoes

d. a piece of paper

a piece of string

an algebra student
Mickey Mouse

the boundary of a county
the water in a glass

j- the paint on a house

EgE o

14. Name three objects of each kind.
a. one-dimensional
b. two-dimensional
c. three-dimensional

Getting comfortable with the concept of
dimension will help you with some of the
algebra concepts that you will study later in
this course.

15. Draw a picture that incorporates several
of your objects of different dimensions.

16. Write a short paragraph explaining what
3-D glasses are used for.




LESSON

Perimeter of Polyominoes

. 0000000 00COCFOOONONOEOINOINOINOIO
You will need:

graph paper

0000 0000000000000 000000000000000

SHORTEST AND LONGEST PERIMETER

For polyominoes with a given area, there may
be more than one perimeter. In this section,
you will try to find the shortest and the longest
perimeter for each given area.

L]
L]
L]
L]
L]
L]
L]
L]
L]

1. Copy this table, extend it to area 24, and
fill it out. (A few rows have been done for
you.) Experiment on graph paper as much
as you need to, and look for patterns.

Perimeter
Area Shortest Longest
1 4 4
2 6 6
3
4 8 10
5

2. @ What patterns do you notice in the
table? Explain.

3. O Describe the pattern for the perimeter
of a polyomino of area A, having:

a. the longest perimeter;
b. the shortest perimeter.

4. For a polyomino having a given area,
what perimeters are possible between the
shortest and longest? (For example, for

A6

area 4, the minimum perimeter is 8, and
the maximum is 10. Is it possible to have
a perimeter of 9?)

5. What perimeters are possible for area 9?7

MAKING PREDICTIONS

Mathematics is the science of patterns.
Discovering a pattern can help you make
predictions.

6. Predict the longest possible perimeters for
polyominoes having these areas. If the
number is not too big, experiment on
graph paper to test your predictions.

a. 36 b. 40 c. 100
d. 99 e. 101 f. 1000

7. &= Explain your method for answering
problem 6.

8. Predict the shortest possible perimeters for
polyominoes having these areas. If the
number is not too big, experiment on
graph paper to test your predictions.

a. 36 b. 40 c. 100
d. 99 e. 101 f. 1000

9. @ Explain your method for answering
problem 8.

MAKING A GRAPH

10. On graph paper, draw a horizontal axis and
a vertical axis. Label the horizontal axis
Area and the vertical axis Perimeter, as in
the following graph. Extend them as far as
you can, to at least 25 units for area and 55
units for perimeter.

Chapter I Perimeter and Area Patterns




- Perimeter

[

o 35 10 5
Area

Definition: The point where the axes meet
is called the origin.

For the following problems, you will need the
numbers you found in the table in problem 1.

11. For each area, there is one number for
the longest perimeter. For example, the
longest perimeter for an area of 4 is 10.
This gives us the number pair (4, 10). Put
a dot on the graph at the corresponding
point. (Count 4 spaces to the right of the
origin, and 10 spaces up.) Do this for all
the area and longest perimeter points on
the table.

12. Describe what the graph looks like.

13.

14.

12V

Using the same axes, repeat problem 1
with the numbers for area and shortest
perimeter. One dot would be at (4, 8).

Describe what the graph looks like.

INTERPRETING THE GRAPH

15.

16.

17.

18.

19.

20.

Explain why the first set of points is
higher on the graph than the second set.

As the area grows, which grows faster, the
longest perimeter or the shortest perime-
ter? What happens to the gap between

the two?

Use the graph to figure out how many dif-
ferent perimeters are possible for an area
of 25. Explain how you did it.

Use the table you made in problem 1 to
answer problem 17. Explain how you
did it.

Use the graph to check whether there is

a polyomino having area 15 units and
perimeter 20. Explain how you did it.

Use the table you made in problem 1 to
answer problem 19. Explain how you
did it.

In this lesson you used patterns, tables, and
graphs to help you think about a problem. This
is an important skill which you will develop
throughout this course.

1.2 Perimeter of Polyominoes
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(44271378 UNITS AND DIMENSIONS

Length is measured in linear units, such as the
inch (in.) or centimeter (cm). Length refers to
one dimension.

| ] 1 |
| L I 1

Area is measured in square units, such as the
square inch (in.%, or sq in.) or square centime-
ter (cm?). Area refers to two dimensions.

Volume is measured in cubic units, such as the
cubic inch (in.?, or cu in.) or cubic centimeter
(cm?, or cc). Volume refers to three
dimensions.

\a/

21. Divide the following units into three
groups according to what they measure:
length, area, or volume.

a. acre b. fluid ounce
c. foot d. gallon

e. kilometer f. liter

g. meter h. mile

i. pint J. quart

k. yard

22. For each unit listed in problem 21, name
something that might be measured with it.
For example, for (a), the area of a farm
could be measured in acres.

Chapter 1 Perimeter and Area Patterns




LESSON

Introduction to the Lab Gear

. the Lab Gear JERD

00 00 000000000000 00000000000000000

The Lab Gear blocks come in two colors,
yellow and blue.

THE YELLOW BLOCKS

The yellow blocks represent whole numbers,
such as 1, 5, or 25.

SN

1. Use the Lab Gear to represent these quan-
tities. Write down what blocks you used.

a. 13 b. 21

2. Find as many different numbers as possi-
ble that can be represented by using
exactly three yellow blocks.

3. &= Write some numbers that cannot be
represented by the Lab Gear. Explain why
you believe this to be true.

You will soon learn to use the Lab Gear for
negative numbers. Later, you will use the Lab
Gear to work with fractions.

<>

Sy
Notice that the block that represents 25 is a
5-by-5 square.

Notation: In algebra, the multiplication 5
times 5 is written 5 - 5 = 25, or 5(5) = 25.
Do not use X to indicate multiplication—it
could be confused with the letter x. When
handwriting, use a dot, and when typing

or using a computer, use an asterisk:

5 * 5 = 25. In this book, we will use the dot.

1.3 Introduction to the Lab Gear

THE BLUE BLOCKS

The blue blocks represent variables.
All the Lab Gear variables are related to these
two blocks.

x y

Variables are usually named by letters. Since
the names x and y are used most often in alge-
bra, they have been chosen to name the vari-
ables in the Lab Gear.

4. Write a way to remember which block is x
and which block is y.

S5x

This block represents 5 « x (which is usually
written as 5x). The reason it is 5x can be seen
by counting the number of x’s that make it.
Another way to see it is to notice that it is a
rectangle. In a rectangle, the area is equal to
the length times the width. Using the corner
piece, we can measure the 5x block, and see
that its dimensions are 5 and x, and its area is
Sx square units.




Vi3

S.

6.

Using the corner piece, find the measure-
ments of each of these blocks in terms of x
and y. Sketch each block. Label each one
with its dimensions and area.

Notation: In algebra, 5 - x is written 5x, and
X -y is written xy. (When no operation is
indicated, multiplication is understood.)

x + x is abbreviated x?, and read x squared,
or the square of x.

Explain why x is read the square of x.

The following figure shows x * x * x in the
corner piece. There is a block whose measure-
ments in three dimensions (length, width,
height) match those shown.

7.

Which block would fit in the corner piece
with those measurements? What shape
is it?

8.

In algebra the quantity x + x + x is read x
cubed, or the cube of x. Why do you think
it is called that?

Use the corner piece to find the length,
width, and height of each of the remaining
blocks in terms of x and y.

10. M Sketch each Lab Gear block,

11.

and label it with its name. Keep these
labeled sketches in your notebook for
future reference. (However, if you forget
the name of a block, you don’t need to
look it up. Just measure it, using the
corner piece.)

Sketch what each of the following would
look like with the Lab Gear. If an expres-
sion is impossible to show with the Lab
Gear, explain why.

a. x?+x?+3

b. x%y + xy

c. x+xr+x’

d. x¥+x*

1)JN&0)%3'98) HANDSHAKES

12. There are nine teachers at a math depart-

ment meeting. They decide to shake
hands with each other before starting the
meeting. Each teacher is to shake hands
exactly once with each other teacher.
How many handshakes does it take?
Explain your answer and how you arrived
at it.

A0

(Hint: You may use sketches to help you
solve the problem. A good approach is to
start out by counting the handshakes if
there are two, three, four, five people at
the meeting, and by looking for a pattern.)

Chapter 1 Perimeter and Area Patterns
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\ 7 Variables and Constants
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Variables are one of the most important con-
cepts of algebra. A variable can stand for dif-
ferent numbers at different times. For example,
x could be a positive or a negative number or
0. It could be greater than y, less than y, or
equal to y.

Because they do not change, numbers are
called constants.

SUBSTITUTING

Definition: Replacing a variable by a con-
stant amount is called substitution.

Example: The figure shows how the Lab
Gear can be used to show the substitution
x = 2 for the expressions x, x + 2, 3x, x°,
and x°.

» R —

++2 a0 — DOR

R oeen
WA e

O™ —

x3: . — @

3x:

x>

1.4 Variables and Constants

1. Sketch what x + 2 looks like modeled
with the Lab Gear. Then sketch what it
looks like if the following substitution

is done.
a. x=95 b. x=1
c.x=3 d x=0

2. Repeat problem 1 for x*.
3. Repeat problem 1 for x’.
4. Repeat problem 1 for 3x.

An expression that involves x can have many
different values, depending on the value of x.

SUBSTITUTING

Definition: To evaluate an expression
I means to find its value for a particular value
of x.
Looking back at the figure in the previous sec-
tion, you can see the value of each expression
when x = 2. The figure shows that x + 2 = 4,
3x=6,x>=4,and x’ = 8.

In the following problems:

* Put out blocks to match each figure.

» Replace the variables (represented by
blue blocks) with the given constants
(represented by yellow blocks).

 Evaluate each expression by counting
what you have.

5. Evaluate for:
a y=1;

Il
e

b. y=2; c.y

n/u/
m
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6. Evaluate for :
a. x=1; b. x=75; c. x=0.

WD gy, -

7. Evaluate for :
a. x=5andy =4
b. x=4andy=0

o

Evaluate these expressions without using the
Lab Gear. You may want to use your calculator.

8. Y +5y+3ify=13

9. Y +xy+5x+y+Sifx=7andy=4
Evaluating expressions is important in many
walks of life, from science and engineering to
business and finance. It is usually done with
the help of calculators and computers. In this

course you will learn some of the ideas that are
built into calculators and computers.

FINDING X

Use trial and error for these problems.
10. If x + 2 = 18, what is x?

11. What is x if
a. 3x = 187
c. x> =647

b. x* = 64?7

In a sense, finding x is the reverse of substitut-
ing. In future chapters you will learn many
methods for finding the value of a variable.

THE SUBSTITUTION RULE

In the following equations, there are two
place-holders, a diamond and a triangle.

The substitution rule is that, within one
expression or equation, the same number is
placed in all the diamonds, and the same num-
ber is placed in all the triangles. (The number
in the diamonds may or may not equal the
number in the triangles.)

For example, in the equation
0+0+0+A=A+A

if you place 2 in the ¢ and 3 in the A, you get
2+2+2+3=3+3.

Note that even though the diamond and trian-
gle were replaced according to the rule, the
resulting equation is not true.

12, EEREN The equation

0+0+0+A=A+A
is not true with 2 in the ¢ and 3 in the A.
Find as many pairs of numbers as possible
that can be put in the ¢ and in the A to
make the equation true. For example, O in
both the A and ¢ makes it true. Arrange
your answers in a table like this:

0 A

0 0

Describe any pattern you notice. Explain
why the pattern holds.

Chapter 1 Perimeter and Area Patterns




For the following equations, experiment with
various numbers for ¢ and A. (Remember the
substitution rule.) For each equation, try to

give three examples of values that make it true.
If you can give only one, or none, explain why.

13.04+0+0=3-0
14.0+0+0=4-0
IS, A+A+A=3-A
16. 0 +0+2=3-90
17.04+0+2=2-90
18. 0-A=A-0
19.0-A=A+90
20.0:0:0=3:90

2. 0 0-A=0+0+A

1.4 Variables and Constants

149V

22. Say that 0 is x and A is y. For each
equation above, show both sides with a
sketch of Lab Gear blocks. In some cases,
the sketches may help you explain
whether the equations are always true or
not. For example, for problem 13 both
sides would look like this.

But, for problem 14 the right side would
look like this. Write an illustrated report
about what you did.

134
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How does the area of a rectangle change if you
vary either the length or the width and leave
the other dimension unchanged? How does the
area of a rectangle change if you vary both the
length and the width? Tables and graphs will
help you investigate these questions and notice
patterns.

1.

What is the area of a rectangle having the
following dimensions?

a. 1by9 b. 2by9
c. 3by9 d. 9by9

What is the area of a rectangle having the
following dimensions, if x = 10?

a. 1byx b. 2byx

c. 3byx d. xbyx

Make a table like this, extending it to
x =6.

Area of rectangle having
dimensions:

x 1byx 2byx 3byx | xbyx

1 1 2 3 1

2

Draw axes, with x on the horizontal axis,
and area on the vertical axis. Plot the
points you obtained in problem 3 for the
area of 1-by-x rectangles. For example,
(1, 1) will be on the graph.

Does it make sense to connect the points
you plotted? What would be the meaning
of points on the line, in between the ones
you got from your table? Label your graph
1 by x.

6.

1.A Graphing Rectangle Areas

On the same axes, graph the data you
obtained for 2-by-x, 3-by-x, and x-by-x
rectangles. For more accuracy on the last
one, you may use your calculator to find
points for x = 0.5, 1.5, and so on. Label
your graphs 2 by x, 3 by x....

7. rite about the four graphs.

Describe them and compare them. Your
report should reflect what you learned in
the above investigation. It should consist
of three parts: a problem statement, a
detailed explanation, and a conclusion.
It should include, but not be limited to,
answers to the following questions.

* What is the shape of each graph?

* Which ones are alike? Different? Why?

* How do the first three graphs differ from
each other? What is the meaning of that
difference?

* What is special about the fourth? Why?

* Do the graphs ever intersect each other?
What is the meaning of the points of
intersection?

* Where do they cross the vertical axis,
and what is the meaning of that point?

* Where does the fourth one cross the
others, and what are the meanings of
those points?

* Which area grows the fastest? Why?

Chapter 1 Perimeter and Area Patterns
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DIMENSIONS AND THE LAB GEAR

Of course, all the Lab Gear blocks are three-
dimensional, (as are all objects in the real
world). However, we sometimes use the
x-block, or the 5-block as a model of a one-
dimensional object. That is, as a model of a
line segment of length x, or 5. Similarly, we
can use the x’- or xy-blocks as models of two-
dimensional, flat objects.

1. Some blocks, such as the x3, cannot be
used as models of one- or two-dimensional
objects. Make a list of these blocks, which
we will call the 3-D blocks.

When making sketches of the Lab Gear, if 3-D
blocks or three-dimensional arrangements are
not involved, it is much more convenient to
work with two-dimensional sketches of the
blocks as seen from above.

2. Which blocks do these figures represent?
]

3. Make a 2-D sketch of each of the ten “flat”
blocks as seen from above.

4. On your sketch, write / on the blocks that
model one-dimensional line segments,
and 2 on the blocks that model two-
dimensional figures.

5. Which block can be thought of as a model
of a zero-dimensional point?

1.5 Dimensions

T . - m ]

6. Sketch the following:

a. four x-blocks arranged to model a one-
dimensional line segment;

b. four x-blocks arranged to model a two-
dimensional rectangle;

c. four x-blocks arranged to model a
three-dimensional box.

7. Sketch the following:
a. three x*-blocks arranged to represent a
two-dimensional rectangle;
b. three x*-blocks arranged to represent a
three-dimensional box.

FACES OF THE LAB GEAR

The x*-block, as seen from the side, looks just
like the x-block seen from the side, since in
either case you see an x-by-1 rectangle.

8. a. Make an x-by-1 rectangle by tracing an
x-block.

b. Place the x*-block on the rectangle you
traced. For it to fit, you will have to
stand it on edge.

c. Which other two blocks can be placed
on the rectangle?

9. a. Using a block, trace another rectangle
(or square).
b. Find all the blocks that fit on it.
10. Repeat problem 9, until you have found
five more groups of blocks. List each

group. Some blocks will appear on more
than one list.

In the next sections, when putting blocks next
to each other, join them along matching faces.

154
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MAKE A RECTANGLE

11.uild each shape and sketch it,
showing which blocks you used.

a. Use only blue blocks; make a rectangle
that is not a square.

b. Use both yellow and blue blocks; make
a rectangle that is not a square.

c. Use both yellow and blue blocks; make
a square.
d. Use only blue blocks; make a square.

12. Use 1-blocks to make as many different
rectangles as you can, having area:
a. 12 b. 13 c. 14
d. 30 e. 31 f. 32

13. Make and sketch as many Lab Gear rec-
tangles as you can having area:

a. 8x b. 6xy

You can rearrange the blocks 2x* + 12x into a
rectangle like this.

o

The length and width of this rectangle are

x + 6 and 2x, which can be seen better if you
organize the blocks logically and use the cor-
ner piece, as shown. (Notice that you could
also turn the rectangle so that the length and
width are exchanged. This is considered to be
the same rectangle.) The area of the rectangle
2x? + 12x can be found by just counting the
blocks.

A6

14. There is another rectangular arrangement
of the same blocks which has different
dimensions. Find it.

For each problem:

a. Arrange the given blocks into a rectan-
gle in the corner piece.

b. Sketch it (as seen from above).
c. Write the length, width, and area.

Find two different solutions for problem 17.

< O -

16.

17.

By now you should be able to find the length,
width, and area of any Lab Gear rectangle.
This will be a useful skill throughout this
course.

Chapter 1 Perimeter and Area Patterns




For each problem, the area of a rectangle is
given.

a. Get the blocks that are named.

b. Make the rectangle.

c. Write the length and width.

One problem is impossible. Explain why.
18. 35 + 9x 19, 3xy + 2x + ¥
20. 4x* + 9y 21, x* + 5x

15V

For each problem, the area of a square is
given.

a. Get the blocks.

b. Make the square.

c. Write the side length.

One problem is impossible. Explain why.

22. 36 23. 49
24. 40 25. 4x°
26. 9x* 27. 2+ 2x + 1

(44271374 THE ZERO MONSTER

The Zero Monster eats zeroes. However, all 1
have to feed it are cups (U), and caps (N). It
will not eat cups or caps, but it can put one U
together with one N to create a zero, which it eats.

N A (0,9
apl ) U sz W

@

For example, if there are three cups and five
caps, it will make and eat three zeroes, leaving
two caps. This can be written like this:
Uuu + NNNNN = NN
or like this:
3U +5N=2N

1.5 Dimensions

28. Find out how many zeroes the Zero
Monster ate. What was left after it finished

eating? Fill in the blanks.
a.du+6N=__
b. 9U + 6U = ____
c.IN+6N=__
doIN +6U=__
29. Fill in the blanks.
a. 44U+ __ =8N
b.4U +__ =8U
c.4N+ __ =8N
d4Nn+___ =8U
30. Fill in the blanks.
a.7U+ __ =1N
b.7U+__ =1U
c. TN+ ___ =1N
d7N+__ =1U

2N and 2U are examples of opposites, because
when you add them, you get zero. The concept
of opposite is important in algebra, and we will
return to it in Chapter 2.
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1. Name a Lab Gear block that can be used
as a model for an object with:
a. three dimensions;
b. two dimensions;
c. one dimension;
d. zero dimensions.

Definitions: In the expression

X+ 2xy — 3x + 4,
four quantities are added or subtracted, so
we say that there are four terms: %, 2xy, 3x,
and 4. Note that a term is a product of num-
bers and variables. The sum or difference of
one or more terms is called a polynomial.

Note that polynomials do not involve division
by variables. For example, (1/x) + x is not a
polynomial.

DEGREE

The degree of an expression, in terms of the
Lab Gear, is the lowest dimension in which
you can arrange the blocks. For example,
take the expression 3x. These blocks can be
arranged in a rectangle (two dimensions) or
in a line (one dimension).

The lowest dimension is one, so the degree of
3x is one.

2. Show how the term 2xy could be arranged
as a box (three dimensions) or as a rectan-
gle (two dimensions). What is the degree

of 2xy?

A3

Of course, x> cannot be shown in less than

three dimensions, so its degree is 3.
3. Write the degree of each blue block.

The degree of a constant expression (any com-
bination of yellow blocks) is considered to be
0. The reason for this is that the yellow blocks
can be separated into 1-blocks, which model
zero-dimensional points, with no length,
width, or héight. See the figure below, which
shows how the number 8 can be shown in
three ways.

Three dimensions

e - &

Two dimensions

= R

One dimension

O o e

Zero dimensions
© © B b
R ©

4. What is the degree of these terms?
a. 4y b. 5x°

c. 2xy* d. 7

The degree of a polynomial can be found in
the same way. For example, the figures below
show how the blocks x* and y can be arranged
in figures of two or three dimensions.
However note that they cannot be arranged
into figures of zero or one dimension.
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Three dimensions

Two dimensions ‘

5. What is the degree of x* + y?

6. What is the degree of these polynomials?
a. 4y +3 b. x> + 5x*
c. 20+ doxy+7
Definition: The 2 in the term 2xy is called
the coefficient. A term like x> has an invisi-

ble coefficient, a 1, since 1x° is usually writ-
ten just x°.

7. If two terms differ only by

their coefficients (like 2x and 5x) what can
you say about their degrees?

8. &= How can you find the degree of a
term without using the Lab Gear? Explain,
using examples.

9. &= How can you find the degree of a
polynomial without using the Lab Gear?

Explain, using examples. .

HIGHER DEGREE

10. Why is it impossible to show x? + x* with
the Lab Gear?

11. What is the product of x? and x*?

12. Even though there are only three dimen-
sions in space, terms can be of degree 4.
Write as many different terms of degree 4
as you can, using 1 for the coefficient and
x and y for the variables.

1.6 Coming to Terms

1.6V

13. Which of these expressions cannot be
shown with the blocks? Explain.

2 5
a.5? b2 c 3 d =

There are many ways you can write an expres-
sion that names a collection of Lab Gear
blocks. When you put blocks of the same size
and shape together and name them according
to the arrangement, you are combining like
terms. Look at these examples.

This quantity is written x + x + x,
or 3x, after combining like terms.

This quantity is written y + x + y,

D U G
or x + 2y, after combining like terms.

This quantity is written
X+5+x+x2+x+ 2

or 3x% + 2x + 5, after combining like terms.
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Of course, a Sx-block, when combining like 20.

terms, is equivalent to 5 separate x-blocks. For
example, it can be combined with two x-blocks
to make 7x.

For each example, show the figure with your
blocks, combine like terms, then write the
quantity the short way.

14.

21.

What terms are missing? (More than one
term is missing in each problem.)

15. oA g a3 +dx+_ =92 +8x+7
b. x%y + 6xy + =9x2y+8xy

16. U U G —

. 22 BB Explain, with examples, the

18.

19.

words degree, coefficient, polynomial, and
like terms. Use sketches of the Lab Gear
as well as explanations in words and
symbols.
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Perimeter

....................
the Lab Gear JRLD

graph paper

PERIMETER OF LAB GEAR BLOCKS

When we discuss the perimeter and area of

the Lab Gear blocks, we will be thinking of the
tops of the “flat” blocks, which are two-dimen-
sional figures. For example, if you look at the
5-block from above, you would see this figure.
Its area is 5 cm?, and its perimeter is 12 cm.

Area: 5 cm?
Perimeter:
541+5+1=12cm

«—5——>

[ITTTh

Find and write the area and perimeter of these
figures, which are the top faces of groups of
yellow blocks.

1.

1.7 Perimeter

To determine the area and perimeter of the
blue blocks, we will not use the actual
measurements. Instead, we will consider their
dimensions in terms of x and y.

For example, this figure, the top of an x-block,
is a 1-by-x rectangle. So its area is x (since
1 - x = x), and its perimeter is

x+1+x+1

which, by combining like terms, can be written
2x + 2.

<«x—>

1

Find and write the area and perimeter of the
following rectangles, which are the top faces
of blue blocks. Be careful when combining
like terms.

4.

21 A
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PERIMETER OF LAB GEAR FIGURES

In these problems, assume that x and y are pos-
itive. In fact, assume that x is between 1 and 35,
and y is between 5 and 10.

Find the perimeter of these figures.
10. *

11.

12.

13.

14.

15.

MAKING FIGURES

Use an xy-block and a 5-block to make figures
having these perimeters. (These can be any
shape. They do not have to be rectangles.)
Sketch the figure in each case.

16. 2x + 2y + 2
17. 2x + 2y + 10
18. 2y + 12

19. Repeat the last three problems using a
y-block and a S5x-block.
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a. Use another combination of blocks to
get a perimeter of 2x + 2y + 2.

b. Use another combination of blocks to
get a perimeter of 2x + 2y + 10.

c. Use another combination of blocks to
get a perimeter of 2y + 12.

PENTOMINO STRIPS ‘

21. What is the perimeter of the L

pentomino?

22. Draw a strip of L pentominoes, as shown

in the figure above. What is the perimeter
if you’ve used 3 L’s?

23. Make a table like this, extending it to

7 rows.
L’s Perimeter
1
2 16
3

1.7 Perimeter

24.

25.

26.

27.

28.

1.7V

Explain how you would find the perim-
eter of a 100-L strip without drawing it.

How many L’s were used if the perimeter
was 927

Repeat problems 22-25 for an arrange-
ment like the one above.

&= You can use graphs to compare the
perimeter patterns for the two pentomino
strip arrangements.

a. Draw a pair of axes. Label the horizon-
tal axis Number of L'’s and the vertical
axis Perimeter.

b. Graph all the number pairs from your
first table. For example, since the 2-L
strip has a perimeter of 16, you would
plot the point (2, 16).

c. On the same pair of axes, graph all the
number pairs from your second table.

d. Compare the graphs. How are they the
same? How are they different?

Repeat problems 22-25 using another
pentomino.

POLYOMINO AREA AND PERIMETER

29.

30.

31.

Arrange three blocks so that the perimeter
of the resulting figure is 6x + 2y. Find all
the solutions you can.

Arrange four blocks so that the perimeter
of the resulting figure is 8x + 18. Find all
the solutions you can.

Arrange five blocks so that the perimeter
of the resulting figure is 2y + 2x + 12.
Find all the solutions you can.

23 A




LESSON

Window-Shopping

On weekends, Lara works at the A.B. GLARE
window store. One day a customer, Mr. Alvin

Cutterball, asked

for an explanation of how the

prices were chosen. Lara did not know. Later
she asked her supervisor. The supervisor

looked very busy

and told her not to worry

about it. Lara concluded that he probably
didn’t know and decided she would figure it

out herself.
$20
366
$16
$40 $33
$50 347

A2

$29

$56

$72

$96

The figures show some of the windows. They
are scale drawings, with one centimeter repre-
senting one foot.
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1. The price of almost all the

windows was calculated by following the
same principle. Figure out how it was
done.

Important hints:

* Work with other students.

* Think about what numbers might affect
pricing. (Some possibilities: length,
width, area of glass, perimeter of
window, number of panes, etc....)

 Keep an organized record of the
numbers you come across in your explo-
ration.

 Keep a record of ideas you try, even if
they end up not working.

A4

One window is on sale and priced below
what the system would indicate. Which
one is it? How much does it cost when not
on sale?

Draw scale models of windows that would
cost the amounts below. Explain how you
gOot your answers.

a. $32 b. $84

4. Summarize your solutions to prob-

lems 1, 2, and 3 by writing an explanation
of how window prices are calculated.
Make it so clear that even Lara’s supervi-
sor could understand it. Explain how you
figured out the pricing system, showing
tables, lists, calculations, diagrams, or
anything else that helped you solve the

problem. .

)N 6017398 A DOMINO PROBLEM

The figure shows all the ways to cover a two-
by-four strip with dominoes.

Find out how many ways there are to
cover a two-by-five strip with dominoes.
Sketch each way, making sure that you do
not show the same way more than once.

Make a table like this one about strips of
width 2, extending it to length 8. Note

that there is only one way to cover a strip
of length zero, and that is not to cover it!

1.8 Window-Shopping

7.

Length Number of ways to
of cover it with
strip dominoes

0 1

1 1

2

3

4 5

5

Look for the pattern in the numbers in the
second column. Use the pattern to extend
the table to length 10.
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m 1.B Drapes

The A.B. GLARE window store also sells
drapes. They stock full-length drapes that go
down to the floor, as well as window-length
drapes that just cover the window.

One day a customer, Ms. Phoebe Tall, came
in with a list of the windows for which she
needed drapes.

Window-length drapes:
three 2-by-3-ft windows
two 3-by-3-ft windows

Full-length drapes:
two 3-by-7-ft door-windows

Undecided:
four 3-by-4-ft windows
six 3-by-5-ft windows

(The second number
represents the height.)

The material Ms. Tall selected is priced at $3
per square foot. All her windows (except the
door-windows, of course) are 3 feet above
the floor.

She asked Lara to help her figure out what the
cost of various options would be. She wanted
to know the smallest amount she could spend.
She also wanted to know how much it would
cost if she used full-length drapes for all the
“undecided” windows. After listening to
Lara’s explanations, she revealed that she was
planning to spend no more than $800. Figure
out what Lara should advise her to do.

Figure out the smallest amount Ms. Tall
could spend, assuming that all the
undecided windows are covered with
window-length drapes. (Hint: First find the
total area. Drawing sketches might help.)

Figure out the largest amount she could
spend, assuming that all the undecided
windows are covered with full-length
drapes.

If she were planning to spend no more
than $800, how many of the undecided
windows could she cover with full-length
drapes?

4. IEEX Write a full explanation of the

results of your investigation. Include
sketches that Lara could use to explain the
options to Ms. Tall. Your report should
consist of three parts: a problem statement,
a detailed explanation, and a conclusioL

. Find out how drapes are actually

sold, and answer Ms. Tall’s questions with
information from a store in your area.
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LESS ON

\ 7 Adding and Multiplying

.
...O................E
the Lab Gear JNENNRNRY

Using the Lab Gear, the addition y + 5 can be
modeled in two ways. You can show two col-
lections of blocks, y and 5. Or you can line up
the blocks to get a figure that has length y + 5.
Both methods are shown here.

y+5

OO | e

y 5
1. Sketch this addition both ways, 3x + 2.

The multiplication 3 - (2x + 1) can be
modeled in two ways. One way is to show
three collections of 2x + 1.

I O
I N .

As you can see in the figure,
3:2x+1)=6x+ 3.

1.9 Adding and Multiplying

The other way is to use the corner piece. First
set up the factors (3 and 2x + 1) on the
outside.

Then make a rectangle having those
dimensions.

The rectangle represents the product. Again
you see that 3 - (2x + 1) = 6x + 3. This is the
familiar length - width = area formula for a
rectangle.

2. Sketch this multiplication two ways,
2-(x+3).
a. Use collections of blocks.
b. Use the corner piece.

3. What were the length, width, and area of
the rectangle in problem 2?
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With any factors of degree 0 or 1, you can
model the multiplication in the corner piece.

4. What multiplication is shown in this
figure?

5. @== Multiplying the x by the x gave x’.
What other multiplications do you see in
the figure above?

6. Multiply with the corner piece.
a. 3x-2 b. 3-2x
c. 2x+3 d. 2x -3y

7. Multiply with the corner piece.
a. S(x+1) b. x(x + 3)

8. Find the area of a rectangle having the
sides given below. For each write an
equation of the form length times
width = area.

a. 5andx + 3

b. xand 2x + 5

9. Find the sides of a rectangle having the
given area. Each problem has at least two
solutions. Find as many of them as you
can and write an equation for each.

a. 6x b. 6x% + 3x

10. These equations are of the form length
times width = area. Use the Lab Gear to
help you fill in the blanks.
ay-____=yY+x
b. (x+2)- =3x+6
c. ( +3)-x=2y + 3x

A2s8

Understanding the area model of multipli-
cation will help you avoid many common
algebra errors.

ORDER OF OPERATIONS

The figure above showed a multiplication.
Some students write it like this: x + 1 + x + y.
Unfortunately, someone else might read it as
add the three terms: x, 1 - x, and y. Simplified,
this would be x + x + y, or 2x + y. But the
intended meaning was equivalent to

x> + xy + x + y, as you can see on the

figure. To avoid this kind of confusion,
mathematicians have agreed on the

following rule.

Rule: When the operations of multiplication
and addition (or subtraction) appear in the
same expression, multiplication should be
performed first. If we want to change this
order, we have to use parentheses.

This means that one correct way to write the
multiplication in the figure is (x + 1)(x + y),
which can mean only multiply x + 1 by x + y.

11. a. Show 2 - x + 5 with the Lab Gear.
Sketch.

b. Next to your sketch show 2 « (x + 5)
with the Lab Gear. Sketch it. Keep
the blocks on the table for the next
problem.

12. a. Copy both collections of blocks from
problem 11, substituting 1 for x. What
is each expression equal to?

b. Repeat, using 5 for x.
c. Repeat, using O for x.

13. Can you find a value of x for which
2:x+5=2-(x+5)?If so, what is the
value? If not, why can’t you find a value?
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14, EEEEA 1nsert parentheses in each
expression, so as to get many different val-
ues. What are the greatest and smallest
values you can find for each one?
a.0:-1+2-3+4-5+6-7+8-9
b.O+1+2+3-4+5-6+7-8+9

THE SAME OR DIFFERENT?

Students sometimes confuse 3 + x with 3x.
With the Lab Gear, it is easy to see the differ-
ence. 3 + x involves addition.

UpElR

or

3x involves multiplication.

aF - -

15. Find the value of 3 + x when:

a.x=0 b.x=15
c. x=0.5

16. Find the value of 3x when :
a. x=0 b. x=35
c. x=0.5

1.9 Adding and Multiplying

17.

18.

19.

20.

21.

22.

19V

For most values of x, 3x does not equal
3 + x. In fact there is only one number
you can substitute for x that will make
3 + x equal to 3x. Use trial and error to
find this number.

Build these expressions with the Lab Gear.
Sketch. Which two are the same?

a. b6xy b. 2x + 3y

c. 2x -3y d. 5xy

Build and sketch these two expressions
with the Lab Gear.

a. 2x + 3y b. 2xy + 3

Use trial and error to find a pair of values
of x and y that will make the two expres-
sions in problem 19 have the same value.

Use the Lab Gear to show each
expression. Sketch.

a. S5+x+y b. 5+ xy
c. Sx+y d. Sxy
Choose values for x and y so that all four

expressions in problem 21 have different
values.

29 A




LESSON

Three Dimensions

the Lab Geor NN

APDITION

I Definition: The volume of a solid is the

number of unit cubes it would take to
build it.

1. What is the volume of this box? Explain
how you got your answer.

You can find the volume of a Lab Gear build-
ing by just adding the volume of each block.
For example, both of these buildings have
volume x* + x%.

or

2. What is the volume of each of these
buildings?

aa

b

A 30

MAKE A BOX

Example: This box has volume
y® + xy* + y* + xy, length y + x, width y,
and heighty + 1.

For each problem, the volume of a box is
given.

a. Get the blocks.

b. Use them to make a box.

c. Write the length, width, and height.

3)cy+x2y-i~xy2
xy2+2y2

Xy +2xy +y

Xy +xyt +xy +
y3+y2+xy2
C+xy+28 +ay+x

SN A L o

We will return to the volume of boxes in a
future chapter.

SURFACE AREA

Definition: The surface area of a solid is
the number of unit squares it would take to
cover all its faces (including the bottom).

Chapter 1 Perimeter and Area Patterns




110V

In simple cases, to figure out the surface area <« ) —>

it helps to think of a paper jacket that would ]
cover the whole block. The area of such a 1

jacket is the surface area of the block. \’

For example, the surface area of the 5-block is

22 cm?. Its volume, of course, is 5 cm>. The surface area of the blue blocks can also

be figured out by thinking of their jackets.
 AEEEE) For example, the y-block has a surface area

\ I | of 4y + 2.

10. Find the surface area of each of the other
blue Lab Gear blocks.

9. Find the surface area of the 25-block.

[DJN&0)%73'94) POLYCUBES 14. Were any of your surface areas odd num-
bers? If yes, check your work. If no,
Definition: Polycubes are obtained by join- explain why not.

ing cubes together face-to-face. They are
the three-dimensional equivalent of
polyominoes. Here is a tetracube.

15. &= For a given number of cubes, how
would you assemble them to get the
largest surface area? The smallest?

% 16. What would the largest possible surface
area be for a polycube having volume

. . 100?
There is just one monocube, and one dicube. 00

There are two tricubes and eight tetracubes. 17. &= Explain in words how you would find
the largest possible surface area for a

All of these polycubes look just like the corre- .
given volume.

sponding polyominoes, except three of the
tetracubes, which are really three-dimensional. 18. For each of the following volumes, find

11. Find all the polycubes, monocube to eight the smallest possible surface area.

tetracubes, with your blocks and try to a. 12 b. 18 c. 20

sketch them. Hint: Two of the three- d. 24 e. 27 f. 30

dimensional tetracubes are mirror images 19. @ Explain in words how you would find

of each other. the smallest possible surface area for a
12. Find the surface area of the polycubes you given volume.

found in problem 11.

13. Find polycubes having volume 8 and as
many different surface areas as possible.
There are five different solutions.

1.10 Three Dimensions fﬂ‘
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MORE ON POLYCUBES 23.

20. Find all the polycubes having volume less
than 5. Put aside all the ones that are box-
shaped. The remaining pieces should have
a total volume of 27. Using wooden cubes
and glue, make a set of puzzle pieces out
of these polycubes. Assemble them into a
3-by-3-by-3 cube. (This classic puzzle is
called the Soma® Cube.)

21. O There are 29 pentacubes. Twelve look
like the pentominoes, and 17 are “truly”

three-dimensional. Find them all and 24,

sketch them.

1{2%13%%) PERIMETER

Find the perimeter of each figure.
22,
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X 7 Word Figures

_— ——

\4

WORD TRIANGLES

Imagine you have a supply of letter tiles, and
you use them to make word triangles like
this one.

[A]

[L][a]
[A][L][E]
[RIE][A]L]

Rules: Each row contains the letters of the
previous one, plus one more. It’s OK to
scramble the letters from one row to the
next.

1. Extend this word triangle.

2. Make a word triangle with your own
letters.

3. How many letter tiles are used in a five-
row word triangle?

4. Make a table like this, extending it to
ten rows.

Rows Tiles

1 1

2 3
3 6
4

5. The numbers you found in problem 4
(1, 3, 6, ...) are called the triangular num-
bers. Explain how they are calculated.

6. OExtend the above word triangle up to
ARGUABLE. (Along the way, you might
use ALGEBRA.)

1.11 Word Figures

WORD LADDERS

Rules: From one row to the next, change
one letter only. It’s OK to scramble the
letters.

For example:

ElEle]r]

@E]F]=]
[O][O][m][m]
FE>]>]

[F][o][o][D]

7. Make up a word ladder with your own
letters. Choose your word length, and use
as many rows as you need. It’s fun to
choose related words for the beginning
and end of the ladder, like CAR and BUS.

The above example, from REAL to FOOD,
took four steps (and five rows). It is an exam-
ple of a perfect word ladder. For a word lad-
der to be called perfect, two things must be
true:
a. Every letter from the original word
must be changed in the final word.
b. If the word has n letters, the ladder
must take exactly n steps.

For a five-letter word, a perfect ladder would
take five steps (one per letter) and therefore
SiX rows.

8. How many tiles would a five-letter per-
fect word ladder require?

9. Make a table of the number of tiles
required for perfect word ladders,
extended to word length 10.
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Word Tiles
Length
1 2
2 6
3 12
4

10. The numbers you found in problem 9 (1,
6, 12, ...) are called the rectangular num-
bers. Explain how they can be calculated.

11. @ Make up a word ladder from MATH to
GAME.

PUTTING IT TOGETHER

12. This figure shows the third triangular
number.

[
LI
H(n.

Draw a sketch of two copies of this
triangle, arranged together to make a
rectangle.

13. This figure shows the fourth rectangular
number.

HEnn
Logtd
|
NN
.

Show how you could divide it into two
equal triangular numbers.

14 EEM Describe the relationship
between triangular numbers and rectangu-
lar numbers.

A34

15. &=

a. Explain how to calculate triangular
numbers by first calculating rectangu-
lar numbers.

b. Calculate the 100th triangular number.

16. Using graph paper and scissors, or inter-
locking cubes, make a set of polyominoes
having area greater than 1 and less than 5.
You should have one domino, two tromi-
noes, and five tetrominoes, for a total of
eight puzzle pieces with no duplicates.

17. Using the same unit as you used for the
puzzle pieces, draw staircases with base 3,
4,5, 6, and 7. The first one is shown here.

Now cover each staircase in turn with
some of your puzzle pieces. Record your
solutions on graph paper. For the last stair-
case, you will need all of your pieces.

18. Make a list of all the rectangles, including -
squares, having area 28 or less. Their
dimensions (length and width) should be
whole numbers greater than 1. (In other
words, the shortest sides should be 2.)
There are 25 such rectangles.

19. Draw these rectangles, and use the puzzle
pieces to cover them. Record your solu-
tions on graph paper. (It is impossible to
cover one of the rectangles.)

POLYOMINO AREA AND PERIMETER

Think of the monomino. Its area is 1 and its
perimeter is 4. Think of the domino. Its area is
2 and its perimeter is 6.
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20.ESET 1s the number representing the
perimeter of a given polyomino always
greater than the number representing its
area, or can it be equal to it, or even
smaller? Look over your notes and
sketches from Lesson 2, and experiment
some more on graph paper if you need to.
Then write a paragraph to answer this
question fully, with examples and graph
paper illustrations.

21. Find out if there are polyominoes having
both area and perimeter equal to

a. 14 b. 15 c. 16
d. 17 e. 18 f. 20

WORD L..DDERS

This is a word square.
ab d
a [M][A][T][H]
b [A][C][RI[E]
¢ [TI[RI[E][E]
d [HI[E][E][L]

Note that the words can be read across or
down. The largest word square in the English
language took years of hard work to discover.
It is made up of obscure ten-letter words.

[@I=] -

22. How many letter tiles are used in the word
square above?

1.11 Word Figures

"REA 4

23. Make a table showing the number of tiles
required for word squares, extended to
word length 10.

Word Length Tiles
1 1
2 4
3 9
4

24. The numbers you found in problem 11 (1,
4,9, ...) are called the square numbers.
Explain how they can be calculated.

25. There is an interesting pattern based on
adding pairs of consecutive triangular
numbers (1 + 3,3 + 6, ...) Explain it.

26. Draw a sketch of the third triangular num-
ber put together with the fourth triangular
number (upside down) to show a square
number.

27. What do you think the 100™ triangular
number and the 101* triangular number
add up to?

28. @ Make a word square using these clues.
The answer words are all four letters long
and can be read both across and down.

a. Made to be played.

b. You learned about it in this chapter.
c. Don’t make one!

d. A piece of cake.
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\ 7  Area on the Geoboard

\4
Tertcettesteeseneees 3. Repeat problem 2 for these conditions.

board E a. Two sides are of equal length, one hori-
geoboarg .. E zontal and the other vertical.

b. Two sides are of equal length, but nei-

dot paper . ) ) .
ther is horizontal or vertical.

SURFACE AREA

This geoboard shape has area 18. 3
e e e e e e e e e e IDefinition: The corners of geometric figures

such as triangles and rectangles are called
vertices. (Singular: vertex.)

* * * 4. Make a figure on the geoboard having

° ° °c vertices in order at (4, 6), (7, 5), (8, 3),

d g e o (8s 2)’ (6s 0)9 (29 O)s (09 2)9 (09 3)s (19 5)'

e o o ° 5. Do not remove the rubber band from prob-
e o o o o lem 4. Using another rubber band, make a

figure having vertices in order at (2, 2),
(6,2),(5,1),3,1).

6. Add eyes to the face. What are the coordi-
nates of their vertices?

AREA TECHNIQUES

7. Make a triangle having vertices at (0, 0),
(0, 10), and (10, 0). What is its area?
Explain how you figured it out.

1. Find as many geoboard shapes
having area 18 as you can. They do not
need to be rectangles. You are allowed to
stretch the rubber band in any direction

whatsoever, including diagonals. Sketch 8. Make a triangle having vertices at (0, 10),
each shape on dot paper. (0, 6), and (3, 6).
a
a. With another rubber band, make a rec-
tangle that shares three of its vertices
2. On your geoboard make three triangles, with the triangle. What are the coordi-
each one satisfying one of the following nates of tl;e fourth vertex of the
conditions. Sketch each triangle on dot rectangle?
paper. b. What is the area of the rectangle?
a. One side is horizontal, and one is ¢. What is the area of the triangle?
vertical. 9. Find the area of a triangle having vertices
b. One side is horizontal, no side is at (0, 10), (0, 5), and (7, 5).
vertical.

c. No side is horizontal or vertical.
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10.

11.
12,

13.

On your geoboard, make two different-
shaped triangles that satisfy these condi-
tions: one horizontal and one vertical side,
and area 10. Record your solutions on

dot paper.

Repeat problem 10 for area 9.

&= Copy these figures on your geoboard
(or on dot paper). Find the area of each
one. Explain how you did it.

On your geoboard, make the triangle hav-
ing vertices at (0, 10), (0, 4), and (3, 6).

1.12 Area on the Geoboard

1.12V

a. With another rubber band, divide the
triangle into two smaller triangles, such
that they each have one horizontal and
one vertical side. Find the area of all
three triangles.

b. With another rubber band, make the
smallest rectangle that covers the origi-
nal triangle. What is the area of the
rectangle?

14. Find the area of the triangle having
vertices at (0, 0), (0, 7), and (3, 5).

15. Record your solutions on dot paper.
a. Make five triangles having a horizontal
side of length 6 and area 15.
b. Make five triangles having a horizontal
side of length other than 6 and area 15.
c. Make five triangles having a vertical
side of length 7 and area 10.5.

16. @ Find the area of the triangle having ver-
tices at (0, 0), (0, 5), and (3, 7).

JUA Summary | Explain how one finds the area
of a geoboard triangle having one horizon-

tal or vertical side. .
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m 1.C More Window Prices

In Lesson 8 you figured out how window
prices were determined in an imaginary store.
Real prices are probably not determined

this way.

Window manufacturers use a special four-
number code for describing the size of
standard two-pane windows like those shown
below. The first two numbers give the width in
feet and inches, and the last two numbers give
the height. For example, the code 2636 means
that the window is 2 feet 6 inches wide and 3
feet 6 inches high.

2636 1640

The prices for some windows are given below.
You will investigate how the price depends on
the dimensions of the window.

Code Price
3030 $108.00
4030 $135.00
3040 $130.50
4040 $162.00

1. What are the dimensions of a 1640
window?

A3s

2. Use the code to figure out the dimensions
of the windows. Make a table showing the
code, the dimensions, and the price. You
may also want to include other measure-
ments, like the perimeter or area.

3. Experiment to figure out how the prices
were determined. (The formula is not the
same as the one used by the A.B. GLARE
window store.) Try to find a pattern.
According to your pattern, what should a
3050 window cost?

4. Write a report about this problem.

* First, clearly state the problem you are
solving.

* Next, explain the results of your investi-
gation. Include the table you made and
explain how you used it to find a
formula relating the code to the price.
Include sketches and show your calcula-
tions in a systematic way. Give a couple
of examples to illustrate that your
formula really works. Explain why the
order of the numbers in the code is
important. For example, compare the
cost of a 3050 window with the cost of
a 5030 window. Make another price list
showing what some other windows
should cost.

* Write a brief conclusion commenting on
your results. Explain why this method
of pricing makes sense. Would it still
make sense for very large or very small
windows? If you do not think so, can
you think of a better way?
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VARIABLES AND CONSTANTS

1. Explain, with examples, how to figure out
the names of the other blue blocks by
using 5-blocks, x-blocks, y-blocks, and the
corner piece.

If x = 5 and y = 3, we can use the Lab Gear to
think of xy, x%y, xy*.

WR — OO
WA — OpU

k-

Hereisx® + x> + 3x + 5, ifx = 2.

.‘l- W%
BeCReS
For each problem, write what the blocks show

in terms of the variables x and y, then use sub-
stitution to evaluate them for:

a. x=0andy=2;
b.x=5andy = 1;
c. x=2andy = 3.

& Essential Ideas

w

Q
L

APDITION

Combine like terms.
4.

el

\ T

«—
L\
oo R
L G
]
W
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9. ADDING AND MULTIPLYING

13. Use the Lab Gear to show each

expression. Sketch.
a.2+x+ty

b. 2 + xy
c.2x+y
d. 2xy
14. a. Find values for x and y so that all four

expressions in problem 13 have differ-
ent values.

b. Find values for x and y so that as many
as possible of the given expressions are
equal to each other.

10.

15. Use the Lab Gear to show each expres-
11. sion. Sketch. (Hint: Use the corner piece
for the last one.)

a x+ y2
b. X +y
c. X+
d. (x+y)?
16. Find values for x and y so that all four

expressions in problem 15 have different
values.

ORDER OF OPERATIONS

17. Use the Lab Gear to show 2 + 5y and
(2 + 5)y. Sketch each one.

SURFACE AREA

.. 18. a. Use trial and error to find a value of y
12. My student Al doesnt like terms. He such that 2 + 5y = (2 + S)y.

missed every problem on the Algebra

Quiz. Please help poor Al with his algebra. b. If y = O, which is greater, 2 + Sy or

‘7
For each problem, give the correct answer (2 +_5 )y? o
and explain what Al did wrong. Use Lab c. gy+_5)2,‘7Wthh is greater, 2 + 5y or
Yy’

Gear sketches when possible.
axt+x=x

b. 3x + x = 3¢

c. X+ +2+x=i
d.y-6=)°

e. 2x + 3y = Sxy
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AREA AND MULTIPLICATION

Use the corner piece for problems 19-21.

19. Find the area of a rectangle having the
sides given below. For each problem write
a multiplication of the form length times
width = area.

a.3and 5 b. 3and x
c.3andx + 5 d xandx + 3

20. Find the sides of a rectangle having the
following areas. Each problem has at least
two solutions. Find as many of them as
you can and write an equation for each.

a. 4x b. 4x* + 8x
c. 3xy + 6x* + 9x

21. These equations are of the form length
times width = area. Use the blocks to help
you fill in the blanks.

a.x-_=x2+xy
b.(y+1)-__  =5y+5
c.(____+3)-y=2xy+3y
d. 2x-__ =4x+ 2xy + 6x*

@& Essential Ideas

22.

23.

oV

Use the Lab Gear to build all the rectan-
gles (or squares) you can find having the
following perimeters. For each one, sketch
your answer and write the length, width,
and area.

a. 8
b. 6x + 2y
c. 4x + 4y

What is the area of the triangle in the

figure if
. ’\

b

a.a=7andb =9?
b.a=4xandb = y?

210 N\




CHAPTER

The equiangular spiral of a nautilus shell

Coming in this chapter:

1, 1,2,3,5, 8,13, 21, 34, 55, 89, 144, 233, 377...

There are many patterns in this sequence of numbers. Find as

many as you can, using addition, subtraction, multiplication,
and division.




2,1
2,2
2.3
24
2.A

2.5
2,6
2,7
2.8
2.B

2.9
2,10
2,11
2,12
2.C

OPERATIONS AND FUNCTIONS

Minus and Opposites
Adding and Subtracting
Multiplying

The Distributive Law

THINKING/WRITING:
Operations

Powers
Finding Patterns
Functions and Function Diagrams

Time, Distance, Speed

THINKING/WRITING:
The Car Trip

Operations and Function Diagrams
Perimeter and Surface Area Functions
Polyomino Functions

Geoboard Triangles

THINKING/WRITING:
Towns, Roads, and Zones

Essential Ideas




LESSON

Minus and Opposites

Y il d e00000000000000000000
ou will need: [
the Lab Gear _NENERN

.

0000000000000 0000000000000000000

THREE MEANINGS OF MINUS

The minus sign can mean three different
things, depending on the context.

* It can mean negative. In front of a positive
number, and only there, it means negative.
Example: -2 can mean negative 2.

* It can mean opposite. The opposite of a
number is what you add to it to get zero.
Example: -2 can mean the opposite of 2,
which is negative 2, since 2 + -2 = 0.
Likewise, -x means the opposite of x, and
x+-x=0.

* It can mean subtract. Between two
expressions, it means subtract the second
expression from the first one. For exam-
ple, x — 3 means subtract 3 from x.

o000 000

1. For each of the following, write an expla-
nation of what the minus sign means.

a.y—>5 b. -5x+1)
c. 2 d -x

2. Write the value of -x if:
a. x=2; b. x=-3.

3. O True or False? (Explain your answers.)
a. -x is always negative.
b. -x can be positive.

Notation: In this book, the minus sign
meaning negative or opposite will be
smaller than the one for subtract. In hand-
writing, this is not necessary. However some
calculators use different keys for the two
meanings: B for subtraction, and or
for negative or opposite.

Ay

There are two ways of showing minus with the
Lab Gear: upstairs and the minus area.

UPSTAIRS

Rule: Any blocks placed on top of other
blocks are preceded by a minus sign.

This figure shows 5 — 2. Notice that the
uncovered part of the bottom block equals 3. If
you remove matching upstairs and downstairs
blocks, you will be left with three downstairs
blocks. This is how we show 5 — 2 = 3 with
upstairs and downstairs blocks.

Ce)Ceo)
N

This figure shows 2 — 5. If you mentally
remove matching blocks downstairs and
upstairs, you are left with 3 upstairs blocks,
or -3. We can only do this mentally, however,
since blocks cannot float in mid-air.

R 2-5=23

Do not stack Lab Gear blocks more than two
levels high. Two levels are enough to illustrate
many ideas of algebra and will keep things
clear. More would be confusing.

Subtraction with variables is shown in the
same way. The amount being subtracted must
be placed upstairs. Note that upstairs blocks
are shaded in the 2-D sketch.

V24
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The upstairs method of showing minus is
important and useful, but it is limited; it cannot
easily be used to show minus when it means
negative Or opposite.

THE MINUS AREA

Look at your workmat. The rectangles with
rounded corners represent the minus areas.
The whole collection of blocks inside the
minus area is preceded by a minus sign. For
example, 2 — 5 can be shown this way. (Here
the minus sign means subtract.)

o
Qo

If you remove the matching blocks inside and
outside the minus area, you will be left with
three blocks inside the minus area, or -3. (Here
the minus sign means negative.)

4. Sketch how you would show each quantity
on the workmat. You may need to use
upstairs in some of the problems.

a. 5—x b. x—5
c. (x+5) d -5-x
e. -5

Y sy

a. Explain, using examples, how the
minus area can show all three meanings
of minus.

b. Which of the three mcanings does the
upstairs method show best? Explain.

c. Put some blocks in the minus area,
including some blocks upstairs. Sketch.
What quantity does this arrangement
represent?

2.1 Minus and Opposites

21V

When the quantities inside and outside the
minus area are the same, they add up to zero
and can be removed. For example, the figure
showsthatS +x+ 1 —(x+ 1) =5.

LN

® -
EITD

Similarly, matching upstairs and downstairs
quantities add up to zero, and can be removed.

6. Two of these four figures represent the
same quantity. Which two? Explain.

=2 [WJ

IR -l Cep g

iﬁ‘

L
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v 2.1

The number 2 can be shown most simply with
two 1-blocks outside the minus area. However,
sometimes it is useful to show the number 2
using more blocks.

For example, after adding a five-block in the
minus area and a five-block outside, the figure
still shows 2. Since 5 and -5 are opposites,
their sum is zero, so we really added zero.

The technique of adding zero is useful in many
situations.

EREY

Qp O

I

7. Sketch two other ways to show the
number 2.

A6

8. Sketch or explain how to show -9 with:
a. three blocks; b. five blocks;
c. seven blocks.

9. Sketch or explain how you would show

5 with:
a. 3 blocks;

10. () Can you show 5 with any number of
blocks? Can you show it with 100 blocks?
With 101 blocks? Explain your answers.

b. 11 blocks.

11. a. Show x — 1 in at least three different
ways. Sketch or explain.

b. Show 1 — x in at least three different
ways. Sketch or explain.

MINUS PUZZLES

12. Nineteen numbers can be shown with
exactly two yellow blocks. What are they?

13. Find three ways to show -4 using only a
5-block and a 1-block. Sketch or explain.

14. Find four ways to show 3 with three
blocks. Sketch or explain.

15. Find four ways to show -8 with four
blocks. Sketch or explain.

16. Make up a puzzle like the above for a
classmate. Solve a classmate’s puzzle.

Chapter 2 Operations and Functions




LESSON

Adding and Subtracting

You will need: "'Houoo-o........E
the Lab Gear IR
.
[ ]

00 00000 0000000000000 000000000000

.
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ASSOCIATIVE AND COMMUTATIVE LAWS

As you know, addition can be modeled with
the Lab Gear by putting together collections of
blocks on the workmat. For example, x + 5
means put together x and 5 and (x + 5) + -1
means put together x + 5 and -1. This expres-
sion can be simplified by removing opposites,
which would give us x + 4.

Note that the same figure could have been
used to represent x + (5 + -1). This is
because, in an addition, quantities can be

grouped in any way. This is called the
associative law for addition.

The same figure could have been used to
represent -1 + (x + 5), or (5 + x) + -1. This
is because in an addition, you can change
the order of the terms. This is called the
commutative law for addition.

Finally, because of the commutative and asso-
ciative properties, the -1 could have been
shown upstairs on top of the x, or on top of the
5, instead of in the minus area. In every case,
the expression would simplify to x + 4.

2.2 Adding and Subtracting

1. After simplifying these expressions, one
will be different from the rest. Which one?
Explain.

Add these polynomials. (In other words,
remove opposites and combine like terms.)
It may help to use the Lab Gear.

2. xy+3x+1)+2x+3)
3. (xy—3x+1)+(2x—3)
4, (xy +3x-1)+ (2x +3)
5. 3—2x+xy)+@Bx—1)
6

&= What do you notice about problems
4 and 57 Explain.

a7 A
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+ The simplified form is 2 + y. All the
Here is a useful technique. To simplify upstairs blocks are downstairs.

blocks in the minus area, you can add zero,
then remove opposites. For example, this fig-
ure shows how to simplify

- = y).

R
When working with the Lab Gear on the work-
mat, simplifying usually means

* removing opposites;

* Add zero by adding y inside and outside

- * combining like terms; and
the minus area.

e getting everything downstairs.

7. Model each expression using the Lab
Gear. You will have to use both the minus
area and upstairs blocks. Then simplify.
a. (5 —x b. -(x — 5)
_ c.3—-(x—2) d x—2)—3
\_
eI

For problems 8-11 below:

* Build the first expression with the Lab
Gear on the left side of the workmat.

* Next, compare each of the expressions a,
b, c, and d to the original expression. (To
make the comparison, build the expression
on the right side of the workmat and sim-

* Remove opposites, the matching blocks
upstairs and downstairs.

plify as needed.)

8. Which of these expressions are equivalent
to ~(x + y)?
a. x+ (-y) b. x—y
c. x+ty dy—x

9. Which of these expressions are equivalent
to-(x — y)?
a. x+ty b. x—y

U ¢ y=x dy-x
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10. Which of these expressions are equivalent
to(y — x)?
a x—y
c. y+x

b. x+y

d -y—x

11. Which of these expressions are equivalent
to (-x + y)?
a. x+y b. -y —x
c.x—y dy—x

12. For each expression below,

write an equivalent one without parenthe-
ses. Do not use the Lab Gear.

a. (a +b) b. -(a — b)
c. (-a + b)

SUBTRACTION

The figure shows the subtraction
x+5—-—1)—(6x—-2).

-

13. Use what you learned in the previous sec-
tion to simplify it.

14. Simplify, using the Lab Gear.
a x— (5x+2) b. x — (5x—2)

22V

15. Simplify, with or without the Lab Gear.
a. bx+2)— Bx+ 1)
b. Bx—2)—(6x+1)
c. 6x—1)—3Bx—2)
d Bx—2)—6x—1)

16. In (a-c) find the missing expression. It
may help to use the Lab Gear.

a. 3x — = -4x
b. -3y — = -6y
c. 3y — =-2x — 4y

17,

a. Write a subtraction problem that you
could model with the Lab Gear by
putting blocks upstairs in the minus
area.

b. Simplify this subtraction without using
the Lab Gear. Explain the rule you are
using.

18. @ How could you show the subtraction
y—-x
with the Lab Gear? (Hint: Remember
about adding zero.) What would it look
like after it is simplified? What is a rule
you could use without the blocks to sim-
plify this kind of expression?

19. O Simplify without the blocks, ~(-a — b).
Explain your answer.

(291379 MINUS PUZZLE

20. a. Using the Lab Gear, show -4 in five
different ways.

b. What numbers of blocks can and cannot
be used to show -4?

2.2 Adding and Subtracting
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THREE DIMENSIONS

Just as we used the area of a rectangle to help
us model multiplication of two factors, we can
use the volume of a box to help us model mul-
tiplication of three factors.

For example, 5 - x + y can be shown like this.

But another way to show it could be:

1. &= Use the Lab Gear to show how x%y
can be seen as a product of:

a. three factors;
b. two factors;
c. two factors in another way.

A50

7 Multiplying

ASSOCIATIVE AND COMMUTATIVE LAWS

In a multiplication the factors can be grouped
in any way. For example, (-2 - 3) - 4 =

-2+ (3 - 4). This is called the associative law
for multiplication.

In a multiplication the factors can be multi-
plied in any order. For example, 5 « (-6) =
(-6) + 5. This is called the commutative law for
multiplication.

2. Using six xy-blocks, it is possible to make
a rectangle in four different ways. Find all
four rectangles, and write a multiplication
equation for each.

3. Using six xy-blocks, it is also possible to
make a three-dimensional box. There are
many such boxes. Find five, and write at
least two multiplications for each one.

4. Explain how problems 2-3
about 6xy provide examples of the
associative and commutative laws for

multiplication. .

HOW MANY TERMS?

5. [ Exploration [/ combining like terms,
how many terms does the product have
for each of the following multiplications?

Is there a pattern? You may use the
Lab Gear.

a. 2x - 3x

b. 2(x + 3)

c. 2x(x + 3x)

d G+x)(x+2)

Chapter 2 Operations and Functions




The figure shows (x + 3)(x + 5).

The resulting rectangle is made up of four
smaller rectangles. The area of each one is
shown in the figure.

6. a. Which two rectangles are made up of
the same kind of block?
b. What is the answer to the multiplication
(x + 3)(x + 5)? Combine like terms in
your answer. How many terms are in
your final answer?

7. a. Use the corner piece to model the mul-
tiplication 3x(x + 5). Sketch it, show-
ing the resulting rectangle.

b. On your sketch, write the area of each
of the smaller rectangles that make up
the larger rectangle.

c. Write the result of the multiplication
3x(x + 5). Combine like terms.

d. How many terms are in your final
answer?

8. Repeat problem 7 for
(x +3)x+y+5).

2.3 Multiplying

23V

9. Repeat problem 7 for
x+y+3)x+y+5).
10. = Use the Lab Gear to model a multi-
plication problem that has four terms in

the final answer. Sketch the blocks and
write the multiplication.

MAKE A RECTANGLE

Take blocks for each expression.
a. Arrange them into a rectangle.
b. Write a multiplication equation of the
form length times width equals area.
11. xy + Sy
13. 7y + 7x
15. x> + 7x + xy

16. &= Do not use the Lab Gear for this
problem. Write the addition
¥+ 2xy + 3y
as a multiplication. Explain how you
solved the problem.

12. xy + 7x
14. x* + Tx

In problems 17 and 18, take blocks for each
expression.

a. Arrange them into a rectangle.

b. Write a multiplication equation of the
form length times width equals area.

17.@x2+7x+6
18.©x2+7x+ 10
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LESSON

The Distributive Law

LINEAR ADDITION AND SUBTRACTION

In the case of x, y, and constant blocks — in
other words quantities of degree 1 or 0 — you
can think of adding as putting together blocks
end-to-end in a line. For example, 2x + 5 is
shown by connecting the two x-blocks and the
5-block on their 1-by-1 faces.

Similarly, subtraction of quantities of degree 0
and 1 can be shown linearly, by making sure
that the uncovered area models a single line
segment. The figure shows y — 5.

kil

This representation is based on a length model
of addition and subtraction.

1. Sketch these sums, showing length.
a. y+2 b. 3x+1

2. Sketch these differences, showing length.
a y—2 b. 3x—1

THE UNCOVERED RECTANGLE

1t is possible to use the corner piece for
multiplication when minus signs are involved.
For example, this figure shows the
multiplication 5(5 — 2).

As2

Remember that the shaded blocks are upstairs.
Look at the part of the downstairs blocks that
are not covered by upstairs blocks. The answer
to the multiplication is represented by the
uncovered rectangle with dimensions 5 and

5 — 2. Of course, the product is 5 times 3, or
15, which is the answer you get when you sim-
plify upstairs and downstairs blocks.

THE DISTRIBUTIVE LAW

Find these products, using the Lab Gear.
Remember to use upstairs for minus.

3. x(5+y) 4. (5 —x)y
5. 5x+y) 6. (y —5x
7. y(5+x) 8. (y—x)5

9. Explain how you can correctly
remove parentheses from an algebraic
expression when they are preceded or fol-
lowed by a multiplication, and when there
is more than one term in the parentheses. .

10. = Remove the parentheses.
a. alb + ¢) b. (a — b)c
The rule you have discovered in this section is

called the distributive law of multiplication
over addition and subtraction.

Use the distributive law to multiply. You may
use the Lab Gear to check your work.

11. a. 2x(x + 1) b. 2x(x — 1)

12, a. 2x(x + y + 5)
b. 2x(x + y — 5)
c. 2x(x +y+5)
d. 2x(x —y +5)

Chapter 2 Operations and Functions




For problems 13-18:

a. Show the quantity with the Lab Gear,
using upstairs to show minus.

b. Arrange the blocks so the uncovered
part is a rectangle.

c. Write a multiplication of the type,
length times width = area for the
uncovered rectangle.

13. xy — 2y 14. xy — 2x
15. xy — x* 16. xy + x — x*
17. Y +xy— 5y 18.y* —xy—y

19. ) Explain how someone might have done
problem 18 without the Lab Gear.

20. () Write x> — xy — x as a multiplication of
the type, length times width = area, for
the uncovered rectangle.

RELATED PRODUCTS

21. Use the corner piece to show
Bx+ DH(2x —1).
This figure shows the product (3x + 1)(2x — 1).

2.4 The Distributive Law

24V

Notice that, inside the corner piece, the
uncovered rectangle has dimensions 3x + 1
and 2x — 1. These are the original factors.
This tells you that we did the multiplication
correctly. But the product can be simplified, as
shown below.

22, a. Explain what was done to the blocks in
problem 21 after using the corner piece.
Which blocks were removed, and why?

b. Write the final answer, combining like
terms.

23. Use the Lab Gear to find the product:
(3x — 1)(2x + 1). Sketch the process as
was done for problem 21.

24. a. Show the multiplication
(3x + 2)(2x + 5) with the Lab Gear.
Write the product.

b. Write two more multiplications, both
involving minus, that use the same
blocks as (3x + 2)(2x + 5). In each
case write the product.
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25. You can use the same blocks to 26. O You will learn how to model
show all three of these products with the (2x — 3)(3x — 5)

Lab Gear. Explain why the products are with the Lab Gear in a later chapter. Try
different, even though the same blocks are to find a way to do this without looking
used. Include sketches as part of your ahead in the book.

explanation.

a. (2x +3)(3x +5)
b. 2x +3)(3x —95)
c. 2x—3)(3x+5)

[{2213%78) UNLIKE TERMS

27. Al still doesn’t like terms. For each prob-
lem, give the correct answer, if possible,
and explain what Al did wrong. Use Lab
Gear sketches or substitute numbers.

a xX—x=x
b.3x—x=3
C. x—4y=5x-—Yy)
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The teacher had just returned the math test,
and no one was looking very happy. Martin
had missed all the problems.

Test Name: Martin P.
Operations

1. 2°=6

2. 3x+x=3<¢

3. 2X - ¥ =x

4. 5—-2x= 3

5. 4 -2-6x=12x

6. 2x—3)—-(x—2)=x+5

7. 6x— (X —4x)=2x— ¥

8. - H) =~ ¥

9. 2x+1)83x—5)=6X—-5

10.2x(-y +5)=2x—y+5

11. 2y + 3x = bxy

12.6 —2(x+ 3) = 4x + 12

“I hate math tests,” Martin groaned. “I’d rather
have my teeth pulled out.” Mary would not
show her test to anyone, but she looked miser-
able, too. “I’ll need a brain transplant to pass
this course,” she moaned. Lew, the math whiz,
grimaced at his test score and glared at his
crutches. He was used to getting everything
right, but he had just had an operation on his
knee after an injury on the playing field. Math
had been the last thing on his mind when he
took the test.

2.A Operations

Then the teacher did an unusual thing. He
handed out these instructions:

Free Points!

You can get extra points on
the Operations test if you
can correct your mistakes.
This is what you need to do:

a. For each problem, explain
your mistake. Try to figure
out what you were thinking.
Most of your mistakes have
to do with operations.

b. Show me you now know how
to do the problem correctly.
Use sketches of the Lab
Gear or explain a rule you
have learned. Don't just
give me the answer.

c. Finally, write the correct
answer to the problem.

What should Martin write to get his free
points? Write out the corrections for him.

55 A




LESSON

Powers

DOING DISHES

Abe agreed to do the dishes daily in exchange
for one cent on April 1st, two cents on April
2nd, four cents on April 3rd, and so on, dou-
bling the amount every day.

1. To find out how much money Abe was
earning, make a table like this one, for at
least the first ten days.

Day # Cents Total
1 1 1
2 2 3
3 4 7
4

2. How are the numbers in the Cents column
calculated?

3. How much money did Abe get paid on
April 30? Explain how you figured out the
answer. Do you think you could talk your
parents into an arrangement like this?

4. a. Study the table, looking for a pattern in
the Total column. Describe the pattern.
b. How much money did Abe make alto-
gether during the month of April?

Definitions: Exponents

Exponentiation, or raising to a power, is the
operation of multiplying a number by itself
repeatedly. The number that is multiplied is
called the base. The number of factors is
called the exponent.

Examples:

* The expression 2 +2 -2 -2 -2 is written
2°, where 2 is the base and 5 is the
exponent.
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* You are already familiar with squaring and
cubing, which are special cases of expo-
nentiation in the case of raising to the sec-
ond and third powers.

* The numbers in the Cents column in the
above table are called the powers of 2,
because they can be obtained by raising 2
to different powers.

Notation:

* On calculators, it is not possible to use this
notation. Instead, 2° is entered as 2 5,
2075,0r2 [ 5.

* On computers, most word processors
allow the user to type exponents (called
superscripts).

* Computer programming languages use
275, 2**5, or POWER 2 5.

5 Generalization
L]

a. How much money did Abe make on the
n™ day of April? (Watch out.)

b. What is the number in the 7otal column
on day n? Explain.

EXPONENTIAL NOTATION

The number 64 can be written in exponential
notation as 2° or 82 (Check this with your cal-
culator or by mental multiplication.)

6. Find another way to write 64 in exponen-
tial notation.

7. Write each of these numbers in exponen-
tial notation. Do not use 1 as an exponent.
If possible, find more than one way. It may
help to use your calculator.

a. 81 b. 1
c. 1024 d. 625
e. 6561 f. Q-512
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CHAIN LETTER

Lara received this letter.

Dear Lara,

Send copies of this letter to five
people, or the most terrible bad
luck will afflict you. One man
broke the chain, and a flower-pot
fell on his head, giving him a
terrible headache which
continues to this day.

Don’t look a gift-horse in the eye.
Rome was not built in a pond.
Don’t cry over spilt tears.

Flease do not break the chain!
It was started in 1919 by a
psychic.

Assume that the chain is not broken, and that
each person who receives it takes a week to
send out five copies.

8. After one week, five people receive Lara’s
letter. After another week, how many peo-
ple receive the letter? Make a table like the
following for the first ten weeks.

25V

9. How many weeks until the number of let-
ters received that week is greater than the
population of the United States?

10. How many letters were received in the
n™ week?

11. If each person made six copies of the letter
instead of five, how would your answer to
problem 10 change?

12. Do you think that the chain was started in
1919? Explain why or why not.

13. How do the assumptions we made to solve
this problem compare with what happens
in the real world with chain letters?

CHAIN LETTER

Assume Lara gave a copy of the letter to
Lea and they each sent five copies in the
first week.

14. If everything continues as in the previous
section, how many people receive the let-
ter? Make a table like the following for the
first five weeks.

Letters Total number
Week # received received
this week so far
1 5 5
2 25 30
3
2.5 Powers

Letters Total number
Week # received received
this week so far
1 10 10
2 50 60
3

15. O Write the number of letters received
in the 10™ week as an expression using
exponents.

16. O How many letters were received in the
n'™ week?

17. O If each person asked a friend to help in
the same way, how would your answers to
problems 14-16 change?
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PARKING RATES

. 90 0000000000 OCEOGINOSIOGEOOSIOSNOIDS
You will need:

LESSON

Finding Patterns

graph paper

Two downtown parking garages charge differ-
ent amounts, as shown by the following signs.

1.

Ball Garage Bear Garage
up to: ‘U’ pay: up to: fee:
1/2 hour | 35 cents 1 hour $1.05
1 hour | 70 cents 2 hours $2.10
11/2hr $1.05 3 hours $3.15
2 hours $1.40 4 hours $4.20
3 hours $2.65 5 hours $5.25
4 hours $3.90 6 hours $6.30
5 hours $5.15 all day $7.25
6 hours $6.40
7 hours $7.65
all day $8.90

If you park for two hours and five minutes,
you have to pay the three-hour fee. How
much is that at each garage?

People who work downtown tend to use
one of the garages, and people who shop
there tend to use the other. Explain why,
with examples.

A58

3. Lara notices that for the amount of time
she is planning to park, the cost difference
between the two garages is less than a
quarter. How long is she planning to park?

4. The parking fees at the Bear Garage
mostly fit a pattern. Describe the pattern
in words. Where does it break down?

5. The parking fees at the Ball Garage fit a
more complicated pattern. Describe the
pattern in words. Why might the owner of
Ball Garage have chosen a complicated
pattern?

Analyzing numbers can be useful in making
intelligent decisions. Here is an example.

6. Zalman owns an empty lot. He decides to
convert it to a parking garage. He wants to
charge a fee that is not too expensive. He
decides on these rules:

* The fee should increase by a constant
amount for each half-hour.

* For parking times from a half-hour to
nine hours, the fee should never be more
than 25 cents higher than either Ball’s or
Bear’s fee.

* The fee should be the highest possible
fee that satisfies these rules.

a. Explain why Zalman might have cho-

sen each rule.

b. What rate should he choose? (For con-

venience in making change, it should be
a multiple of 5 cents.) Explain.

7. O Graph the parking fees for all three
garages. Put time on the horizontal axis,
and cost on the vertical axis.

Chapter 2 Operations and Functions




FIBONACCI SEQUENCES

The following numbers are called Fibonacci
numbers after the Italian mathematician who
first studied them:

1,1,2,3,5,8,13,21...

8. Describe the pattern. Then give the next
five Fibonacci numbers. (As a hint, if you
have not yet discovered the pattern, look at
the Lucas numbers — named after another
mathematician — which follow the same
principle: 1, 3,4, 7, 11, 18, 29,47, 76, 123...)

9. Look for patterns in the
Fibonacci numbers. You may use addition,

subtraction, or multiplication. .

Definition: A sequence is an ordered list of
numbers or expressions.

10. You can create your own Fibonacci-like
sequence. Choose any two numbers, and
use them as the starting values for a
sequence like the ones described in prob-
lem 8. Name the sequence after yourself.
Have a classmate check that your
sequence is correct.

11. a. Find the first ten terms in a new
sequence by adding the Fibonacci and
the Lucas numbers. (The sequence
should start: 2, 4, 6, 10, 16...) Is the
resulting sequence a Fibonacci-like
sequence? (Does it follow the same
rule?)

b. Find the first ten terms in a new
sequence by subtracting the Fibonacci
numbers from the Lucas numbers.
Compare your answer to the one in (a).

c. Find the first ten terms in a new
sequence by dividing the sequence in
(b) by 2. The result should be familiar.

2.6 Finding Patterns

26V

12. Look for odd/even patterns in Fibonacci-
like sequences including the original one,
the Lucas sequence, and three named after
students in your class. Explain.

13. Extend the Fibonacci and Lucas sequences
to the left. In other words, what number
should come before the first number?
What number should come before that,
and so on? Describe the resulting patterns.

MISSING NUMBERS

The following Fibonacci-like sequence frag-
ments have numbers missing. Copy the
sequences and fill in the blanks.

14.a. 05,1.1, __,_ .,
b‘ 59 _4’ — —) ——
C' _6’ _79 — — —
15.a. __ ,_ ,_ 11,20
b.2,__ ,7,__,
c. ,3, .9,
You may need to use trial and error for these.
16. Qa. 1,__,_ 11,
b. 12, ,_ 13,
c. 8 ., 10
17. Qa 1, ., 1l
b. 1,___,_ ,_,20
c.2,__ ,__ ,_,19
18. Qa3 .29
b. §, , , 17
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19.

20.

21.

22.

Look at problem 17. Describe the
relationship between the middle number
and the outer numbers.

Create a five-term Fibonacci-like sequence
in which the first two terms are x and y.

Check whether the pattern you noticed in
problem 19 works for the sequence you
just created. Explain.

Fill in the blanks for this Fibonacci-like
sequence. -123, ___, __,456

—

23. Extend the sequence you started in prob-

lem 20. Look for patterns.

FIBONACCI PUZZLE

24. How many Fibonacci-like sequences can

you find that involve only positive whole
numbers and include your age in fourth
place or later? How about your teacher’s
age, or the age of a parent or adult friend?

[)JN@0)%3'98) PERIMETER ARRANGEMENTS

25. Make sketches of some differ-

26.

27.

ent ways that you could put together an
x-block and an x*-block in two dimensions.
(They have to touch each other, but they
don’t have to make a rectangle.) Use your
imagination. There are more than two
arrangements possible. Is it possible to
sketch all the arrangements you think up? .

Find the perimeters of the arrangements
you sketched in problem 19. Write each
perimeter next to the sketch. Make sure
you have found the largest and smallest
perimeters possible.

O Find two arrangements that have the
same perimeter, but look as different from
each other as possible.

(4271379 MISSING TERMS

28. What terms are missing? More than one

term may be missing in each problem.
a3 —4x+__ =97 +8+7
b. x*y +6xy+___ =9x% + 8y
C.3% —4dx—(__)="9*+8x+7
d. %y + 6xy—(__)=9x% + 8y

|4 OVI4N P MAGIC TRIANGLE

29. Put an integer from -4 to 4 in each circle

to get equal sums along each side of the
triangle. Find as many different sums as
you can.
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LESSON
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You will need:

graph paper

function diagram paper i E I

FUNCTIONS FROM IN-OUT TABLES

Definition: The following tables are called
input-output tables, or in-out tables.

The number that is put in is x, and y is the
number that comes out. Each table has a rule
that allows you to get y from x. For example,
the rule for the table in problem 1 is to get y,
add three to x. We say that y can be written as
a function of x: y = x + 3.

Definition: A function is a rule that assigns
a single output to each input.

For each of the following problems:

a. Copy the table.

b. Describe the rule that allows you to get
y from x.

c. Use the rule to find the missing
numbers. (In some cases, the missing
numbers may be difficult to find; use
trial and error and a calculator to make
it easier.)

d. Write y as a function of x.

1. 2. 3.
x y x y x y
-5 -2 7 3.8 5 20
7 10 10 6.8 3 12
5 0 1
-7 10 -1

2.7 Functions and Function Diagrams

Functions and Function Diagrams

4. Q 5.Q 6.Q

x y X y x y
7 40 3 8 5 15
1 16 4 13 2 -6

-2 4 1 -2 -1 -9

-5 7 6

-12 20 54

7. BELUGEEM Find as many functions as pos-

sible that assign the y value 4 to the x

value 1.
A

FUNCTION DIAGRAMS

20 20
10 10
0 0

X ———y

The figure above shows a function diagram for
this table.

x y
2 0
5 6
8 12
1 18
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8. What is the function illustrated in the pre-
vious function diagram?

For each function in problems 9-12:
a. Make a table, using at least five in-out
pairs.
b. Make a function diagram, using the
scale shown below.

S

10

o
IlllllllIIIIIIIIIIIIIII
o

|
o

-10

X —>y
10. y=x—2
12. y=x/2

9. y=x+2
11. y = 2x

13. Make a function diagram for each of the
tables in problems 1, 2, and 3. You will
have to decide what scale to use on the x-
and y-number lines. (For each problem,
use the same scale on both number lines.)

Function diagrams are an important way of
understanding functions. We will use them
throughout this course.

A2

I SEE WHERE YOU'RE COMING FROM

—
9}

AN

—
9}

|
(9]

|
(9}

X —>»y

The following problems are about the above
function diagram. Assume that more in-out
lines could be added, following the same
pattern.

14. Find the output when the input is:
a. 0 b. 5 c. 5

15. Find the output when the input is:
a. 99 b. -100 c. 1000

16. Find the output when the input is:
a. 1/2 b. 1/3 c. 1/6

For the following problem, you may need to
use trial and error.

17. Find the input when the output is:
a. 0 b. 5 c. -5
d. 99 e. -100 f. 1000
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UPS AND DOWNS

Each line in a function diagram connects an
input point on the x-number line to its output
point on the y-number line. We use the nota-
tion (x, y) to refer to such a line. Notice that in
the previous diagram some of the lines go up,
and some go down. For example: (5, 12) goes
up, and (0, -3) goes down.

18. If you were to draw additional lines in
the function diagram, could you correctly
draw one that goes neither up nor down?
Where would it start?

19. In describing the diagram, one might say
5 goes to 12, “moving” up 7 units. Which
point “moves” down 5 units?

2.7V

20. Find a point that moves
a. up 3 units; b. down 3 units;
c. up 6 units; d. down 4 units.

21. @ Use trial and error to find a point that
moves
a. up 99 units;
b. down 100 units.

22, O If you know of a point

that moves up » units in the previous
diagram, how would you find a point
that moves down n units? Write a full
explanation.

(DN 401%3'948) SURFACE AREA OF A BOX

The volume of a box is given by the formula
volume = length « width - height.

23. Write the surface area of a box as a func-
tion of length, width, and height. Compare
your function with the ones found by some
of your classmates.

2.7 Functions and Function Diagrams
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Time, Distance, Speed

MOTION PICTURES

minutes miles
60 100

30 50

time ——> distance
Roller Skater

minutes miles
60 100

30 50

0 = F 0
time ——> distance
Cheetah

minutes miles
 I—

o
S
|
|
S
S

|

0

time ——> distance
Needletail

o

S
Lilill IILLI\JllllIIII
LI UL Illllllllllll
3

The above function diagrams represent the
motion of three living creatures: a fast roller
skater; a cheetah (one of the world’s fastest
mammals, it’s a large, wild cat that lives in
Africa); and a white-throated needletail (one of
the world’s fastest birds, it lives in Australia).

The diagrams assume that the three creatures
ran a one-hour race, and were able to maintain
their top speed for the full hour. (This is not
realistic, but then neither is the idea of a roller
skater racing with a cheetah and a bird.)

Each diagram shows minutes on the x-number
line, and miles on the y-number line.

1. Use the diagrams to estimate how far each
went in an hour.

2. After thirty minutes, approximately

a. how far is the needletail ahead of the
cheetah?

b. how far is the cheetah ahead of the
skater?

3. Estimate each speed
a. in miles per hour;
b. in miles per minute.

4. @ Explain how time-distance function
diagrams allow you to compare speeds.
Time is on the x-number line, distance is
on the y-number line. Where is speed?

hours miles
20 — -
= — 1
10 = -
0 — 0
time ——> distance
Sloth
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5. The preceding diagram shows the On the function diagram, follow the motion of
hypothetical progress of a sloth. The the ball with your finger on the y-number line,
x-number line represents time in hours, second by second.

and the y-number line represents distance
in miles. Compare the sloth’s motion to
the motion of the skater, cheetah, and
needletail. How fast is it going per hour? 8.
Per minute?

7.

6. Explain why someone comparing the 9.
sloth’s speed to the needletail’s might
make a mistake and take the diagrams to
mean the sloth is almost as fast as the
needletail.

THE BALL

In a physics experiment, a ball is launched
straight up by some device, and its height
above the ground is recorded at one-second
intervals. The resulting information is
displayed in the function diagram below,
where the x-number line represents time in
seconds, and the y-number line represents dis-

tance from the ground at that time in meters. 10
seconds meters
10 — 50
5= — 25
= -
0 — : 0

time ——> distance
Ball

2.8 Time, Distance, Speed

During which one-second interval(s) did
the ball move the fastest? The slowest?

At what time did the ball change
direction?

Make a table like this one, showing the
height of the ball at one-second intervals.
Extend the table until you have included
all the information given on the function
diagram.

Time Height
(seconds) (meters)
0 0
1 25

2

. Estimate the times when the ball was at

the following heights. (Give two times for
each part, one on the way up, and one on
the way down.)

a. 40m b. 30m
c. 20m d. 10m
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m 2.B The Car Trip

E

./g/\’\/_/—[o)j
A

C

A family is traveling by car from City A, in
Cool County, towards City E. On this diagram,
the x-number line represents the time of day,
with 9 A.M. near the bottom, and 7 P.M. near the
top; the y-number line represents distance from
City A in miles.

miles
6 PM. _:\ :_ 0
— b
-j% .
3PM. — —
—— [ 200
noon — —
4 K
9 AM. — — 0

* What time did the trip start?

* What happened from 12 to 1? Where
did it happen?

* When did the family drive faster than
the speed limit? How fast were they
going then?

* How could you explain the changes in

speed that are evident from the diagram?

* What time did they arrive at their
destination?

* How far is City E from City A?

IV Proicct |

a. Using real towns and distances (perhaps

taken from a road map), draw a map
and a function diagram for another
car trip.

b. Get the map and function diagram that

one of your classmates made in part (a).

Write a paragraph describing the trip
shown. Discuss your description with

time —> distance
Car Trip

the person who made the map and dia-
gram. Do you agree on what the figures
convey? If you disagree, is one of you
misinterpreting the figures? Or are both

1. Describe the trip as best you can
from the information on the function dia-
gram. In your paragraph, make clear what
you get from the diagram and where you
are making guesses to interpret the infor-
mation. Your paragraph should include
answers to the following questions, but
should not be limited to them.

interpretations correct?
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LESSON

Operations and Function Diagrams

seesctccseseneeneet The two function diagrams you just drew both

graph paper

function diagram paper 3 g

ADDITION

1. Draw a function diagram to represent each

of these functions. 7.

a.y=x+6 b.y=x+3
c. Compare the two diagrams. How are

they alike? How are they different? 8.

The two function diagrams you just drew both
represented functions of the form y = x + b,
where b is a constant. In the first case, b was 6.
In the second case, b was 3.

2. Draw three other function diagrams of the
form y = x + b. Be sure to try at least one
negative value of b.

3. a. Draw a function diagram for the func-
tiony = x.
b. The function y = x is also of the form
y = x + b. What is b?

4. @& The function diagrams you drew in
problems 1-3 represent addition. In each
case, to get the value of y, you added the
number b to x. How are all of these
diagrams alike? How are they different?
How does the value of b affect the
diagram?

MULTIPLICATION

5. Draw a function diagram to represent each
of these functions.

a. y=2u b. y=3x
c. Compare the two diagrams. How are
they alike? How are they different?

2.9 Operations and Function Diagrams

represented functions of the form y = mu,
where m is a constant. In the first case, m
was 2. In the second case, m was 3.

6.

Draw three other function diagrams of the
form y = mx. Be sure to try at least one
negative value of m and one value of m
between 0 and 1.

The function y = x, for which you
already have a diagram, is also of the
form y = mx. What is m?

The function diagrams you just drew rep-
resent multiplication. In each case, to get
the value of y you multiplied x by a num-
ber. How are all of these diagrams the
same? How are they different?

&= Look at your multiplication diagrams.
For each one, as the value of x increases
from the bottom of its number line, follow
the value of y on its number line with
your finger.

a. For what values of m does the value of
y go up? Down?

b. Is there a value of m for which y goes
neither up nor down, but remains
unchanged?

c. For what values of m does the value of
y change faster than x? More slowly?

d. Is there a value of m for which y
changes at the same rate as x?
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MIRR()R IMAGE DIA(.RAMS

B

x ——>y x ——>y

The two function diagrams above are mirror
images of each other.

10. Explain how to draw the mirror image of a
function diagram.

For each of the following functions:

a. Draw the function diagram, using the
same scale on the x- and y-number
lines.

b. Draw the mirror image diagram.

c. Find the function corresponding to the
mirror image.

1l.y=x+3 12. y=4x
13.y=x—4 14. y=x/3

15. &= Explain the relationship between the
function corresponding to the mirror
image and the original function.

A 638

3 Report EVETIN report summarizing what
you learned in this lesson. Illustrate your
report with examples of function dia-
grams. Your report should include, but not
be limited to, answers to the following
questions:

* Addition can be represented by
functions of the form y = x + b. What
do their function diagrams look like if
b = 0?7 What if b is greater than 0?
Less than 0?

* Subtraction can be represented by func-
tions of the form y = x — b. How do
their function diagrams compare with
those of addition?

e Multiplication can be represented by
functions of the form y = mx. What do
their function diagrams look like if m is
negative? If m is positive? What if m is a
number between 0 and 1?

* Division can be represented by functions
of the form y = x/m. How do their func-
tion diagrams compare with those of
multiplication? What if m is positive?
Negative? What if m is a number
between 0 and 1?

17. O Compare function diagrams of the
form y = b — x with those of the form
y=x—b.
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LESSON

Perimeter and Surface Area Functions

E the Lab Gear T T E

THE BALL

1. Look at this sequence of block figures. o
Think about how it would continue, 5. —
following the pattern. Then: ]

a. Sketch the next figure in the sequence.
b. Copy and complete the table below.
c. Describe the pattern in words.

0 T [CO1] |

[ 1]

Repeat problem 1 for each of these sequences.

Figure #

Perimeter

4

2

6

3

4

10

100

n

2 [T1TT]

2.10 Perimeter and Surface Area Functions

L1
LITIT]

[ 111
N

|
HEEER

If you have trouble answering questions 7-8 by
trial and error, try making graphs from the data
in your tables, with the figure number (n) on
the horizontal axis and the perimeter on the
vertical axis.

7. In problem 1, which figure would have
perimeter 50?

8. Is it possible to have perimeter 50 for any
of the patterns in problems 2-6?
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9. Look at the x-block.
a. What is the perimeter of its top face?
b. What is its perimeter if x = 1, 2, 3, 4,
10? Make a table like the ones above.

c. Compare your table with those in prob-
lems 1-6. It should be the same as one
of them. Which one? Explain why you
think this works.

10. a. This figure represents the tops of five
x-blocks. What is its perimeter?

b. What is its perimeter if x = 1, 2, 3, 4,

10?7 Make a table like the ones above.

c. This figure is related to one of problems
2-6. Which one? Explain.

Note that in problems 9 and 10, just one figure
represents a whole infinite sequence of figures,
because of the use of variables.

11. Find the blue block that is related to prob-
lem 3. Explain.

12. Q For each of problems 4-6, build a
related figure made of blue blocks. Check
your answer by making a table.

ADDITION

13. Look at the sequence of cube figures.
Think about how it would continue,
following the pattern. Then:

a. Sketch the next figure in the sequence.
b. Copy and complete the following table.
c. Describe the pattern in words.

(ull nll aE

Figure # Surface Area

1 6

2 10

3 14

4

10

100

n

Repeat problem 13 for each of these
sequences.

0T & &
16.0 BT S0 o

17. O For each of problems 13-16, build a
related figure made of blue blocks. Check
your answers by making a table.

MORE SURFACE AREA

18. Look at the sequence. Think about how it
continues, following the pattern. Then:

a. Sketch the next figure.
b. Make a table like the following one.
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Uk U U Repeat problem 18 for each of these

sequences.
Figure # Surface Area 19. - ‘ ‘
1 4x + 2
20.
2 8x+2
3 12x + 2 21.
4
10 22. Make a figure out of blue blocks such that
100 by substituting 1, 2, 3, ... for y in its sur-
face area you get the same sequence as
n you did in problem 19. Check your work
by making a table.

c. Describe the pattern in words.

SPROUTS The winner is the last person able to make a
legal move.
This is a game for two players. Start with
three dots on a piece of paper. These represent
towns. Players take turns. To make a move: 24. What is the maximum number of moves
* Join a town to itself or to another town possible in a game?
with a road (a line).
* Place another town somewhere on the
road you just created.

23. Play the game with a classmate.

Rules:

¢ A road cannot cross itself, another road,
or an existing town.

* No town can have more than three roads
coming out of it.
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LESSON

. 0000000 0C0OCOCOONOOONONONONOEPS
You will need:

: graph paper :

POLYOMINO EYES

the grid lines inside a polyomino are

called eyes.

1. Any polyomino has an area, a
perimeter, and a number of eyes. Is there a
relationship between the three numbers?
Can you express the perimeter as a func-
tion of the area and the number of eyes?
(Hint: To find out, draw several polyomi-
noes that have the same area, but different
perimeters. For each one, write the number
of eyes and the perimeter. As the number
of eyes increases, does the perimeter get
longer or shorter? Repeat the process for a
different area.) Write a paragraph telling
what you discover.

I Definition: The points of intersection of

2. Complete the table shown at the top of the
next column. Use data from these figures.

3. Write a formula for the perimeter of a
polyomino having area 12 and e eyes.

HEREEEEEEE HEEEEEE
a b

Polyomino Functions

Figure Eyes Area | Perimeter
a 0 12
b

4. Fill out a similar table for another area.
Write a formula for the perimeter as a
function of the number of eyes for
your area.

5. If you know that a polyomino has 0 eyes,
and area 100, how could you get its
perimeter?

6. Answer question 5 using area 100 and
10 eyes.

7. Write a formula for the

perimeter p of a polyomino having area a
and e eyes. (This formula is a function of
two variables, a and e.)

8. O For a given area, what is the maximum
number of eyes? Find a pattern by experi-
menting with areas 4 and greater.

A GRAPH PAPER SPIRAL

Make a polyomino spiral on your graph
paper by shading in one square at a time.
See the figure below.

N,
-
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Every time you shade a square, write the
perimeter of the figure in a table like the

following. Continue until you see a pattern.

Area Perimeter
1 4
2 6
3 8

211V

Rectangle # Area Perimeter
1 2 6
2 6 10
3

column.

12. Describe the patterns you see in each

10. Describe the pattern you see.

11. Now make a new spiral the same way.
This time record only the areas of squares
and rectangles that you get along the way,
in two tables like those below, continuing
until you see a pattern in all the columns.

l
1 12
4 3 5§43
12 612
Square # Area Perimeter
1 1 4
2 4 8
3

2.11 Polyomino Functions

13. What will the area and perimeter be for
square #100?

14. Write a function for:

a. the area of square #x;
b. the perimeter of square #x.

15. What will the area and perimeter be for
rectangle #100?

16. Write a function for:
a. the area of rectangle #x;
b. the perimeter of rectangle #x.

17. 2T What do you know about the
relationship between area and perimeter of
polyominoes? You may draw information
from this lesson, as well as from Chapter
1, Lessons 1 and 2. Use graphs and
illustrations.
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LESSON

Geoboard Triangles

b. Explain how you could find the area of
a triangle having horizontal side 6 and
vertical side 100.

c. Express the area as a function of the
vertical side.

. 000000000 OCOGEOGOOGIOIOSNPONOINOIOPS
You will need:

geoboards

dot paper

4. Repeat problem 3 for a horizontal side of

1. If many triangles have one length 9.
vertical side in common, how is their area

. . ONE HORIZONTAL OR VERTICAL SIDE
related to the position of the third vertex? 2 O

To find out, make many triangles having S. Make a triangle having vertices at (0, 0)
vertices at (0, 0) and (0, 8). For each one, and (0: 7) and the third vertex at (1, 4).
keep a record of the coordinates of the What is its area?

third vertex and the area. Look for 6. Make a table like the following for trian-

patterns. Write a paragraph explaining gles having vertices at (0, 0) and (0, 7) and
what you found out. Use sketches. . the third vertex as indicated. Extend the
table all the way to vertex (7, 4).

HORIZONTAL AND VERTICAL SIDES

2. Make a triangle having a horizontal side of 3" Vertex Area
length 6 and a vertical side of length 4.
What is its area? 0.9
3. In this problem, use triangles having a hor- (1,4)
izontal side of 6. 2. 4)
a. Make a table like the following. All tri- i
angles should have a horizontal side of
length 6, but the length of the vertical
side will vary. Extend the table all the 7. Write the area as a function of the x-coor-
way to vertical side of length 10. dinate of the third vertex.

8. a. Make the triangle having vertices (0, 0),
(0, 7), and (9, 4). Guess its area.

0 b. With another rubber band, make the
smallest rectangle that covers the trian-
gle. If you did it correctly, you should
now see two new triangles. Find the
area of the rectangle and the area of the
two new triangles.

c. Find the area of the original triangle.
This should match your guess from
part (a).

Vertical Side Area
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Generalizations

&= How would you find the area of the
triangle having vertices at (1, 0), (6, 0),
and (9, 9)? Find it and explain what you
did, using a sketch and a paragraph.

10. a. Make triangles having vertices at (0, 0)

11.

12.

and (0, 6) and the third vertex at (x, 9),
where x takes each of the whole num-
ber values from 0 to 10. Make a table
of values to show the area as a function
of x.

b. Make triangles having vertices at (0, 0)
and (0, 6) and the third vertex at (9, y),
where y takes each of the whole number
values from O to 10. Make a table of
values to show the area as a function
of y.

c. How do the answers to (a) and
(b) differ?

a. Make at least three triangles having
vertices at (0, 1) and (0, 6) and the third
vertex at (x, y), where x and y take
whole number values from 1 to 8.
Sketch each one and find its area.

b. Explain how you would find the area
of a triangle having vertices at (0, 1),
(0, 6), and (99, 99) without drawing a
picture.

Q Explain how you would find the area of
a triangle having vertices at (0, 0), (b, 0),
and (x, h), where b and h are nonnegative..

2.12 Geoboard Triangles

212V

NO HORIZONTAL OR VERTICAL SIDES
13. BRLUCULUE What is the area of the triangle

14.

15.

16.
17.

having vertices (0, 6), (7, 8), and (6, 1)?
Explain how you arrive at the answer. Use

sketches on dot paper. .

What is the area of the four-sided shape
having vertices at (0, 7), (2, 10), (10, 5),
(5, 0)? Hint: First find the area of the
whole geoboard, then use subtraction.

Make a triangle having no horizontal or
vertical sides and having vertices on the
outside edges of the geoboard. Use
subtraction to find its area.

Repeat problem 15 on another triangle.

What is the area of the triangle having ver-
tices at (1, 8), (2, 4), and (9, 3)? Hint: You
may use the triangles having these
vertices.

(1, 8),(1,3),(9,3)
(2,4), (1, 3),093)
(1,8),(2,4).(1,3)

18. XX write an illustrated report on how

to find the area of any geoboard triangle.
Give examples of the different techniques.
Make sure you include examples of using
division by two, addition, and subtraction.l
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mm N 2.C Towns, Roads, and Zones

Skikda

Algiers  Tizi Ouzou

Sétif

Ouargla

This is a simplified road map of part of
Algeria. It shows 7 towns and 10 roads. For
the purposes of this lesson we will call any
area completely surrounded by roads, (and not
crossed by any road,) a zone. As you can see,
there are 4 zones on this map.

Rules: Each town is connected to all the others
by roads (not necessarily a direct connection);
all roads begin and end at a town. It is possible
for a road to connect a town to itself. It is pos-
sible for more than one road to connect two
towns.

In maps like this one there is a relationship
between the number of towns, roads, and
zones. Your goal in this lesson is to find it.
The relationship was discovered by the Swiss
mathematician and astronomer Leonhard
Euler. It is part of a branch of geometry called
topology, which he created.

A6

NS

1. Make many different “maps”

like the ones above. Keep track of the
number of roads, towns, and zones in a
table. Try to find a pattern in the relation-
ship of the three numbers. (If you cannot
find a relationship between all three num-
bers, keep one of the numbers constant
and look for a relationship between the
other two.)

Make at least six different three-town
maps. What is the relationship between the
number of roads and the number of zones?
Express it in words, and write r (the num-
ber of roads) as a function of z (the num-
ber of zones).

Make at least six different four-town
maps. What is the relationship between the
number of roads and the number of zones?
Express it in words and write a function.

Make at least six different five-road maps.
What is the relationship between the num-
ber of towns and the number of zones?
Express it in words and write a function.
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¢ If there are ¢ towns and r roads, how
many zones are there?

e If there are t towns and z zones, how
many roads are there?

¢ If there are r roads and z zones, how
many towns are there?

8. m Euler

Find out about Leonhard Euler and/or the
Koenigsberg Bridge Problem. Prepare an
oral presentation or a bulletin board
display.
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THREE MEANINGS OF MINUS

1. For each of the following, write an expla-
nation of what the minus sign means.

a. 2 b. -(2 + 2x)
c.x—2 d. -y

2. Find the opposite of each quantity.
Remember: A quantity and its opposite
add up to zero.

a. x b. 2
c. 2 d. x
e. x+2 f.

ADDING AND SUBTRACTING

In problems 3-4 you may want to make
sketches or use the Lab Gear.

3. Simplify. (Add and combine like terms.)
a. (P +x2=3y) + (y+ 37— 1)
b.x+(25—yx—y2)+(xy—y—x)

4. Simplify. (Subtract; combine like terms.)
a. (4—x2—5x)—3x—2
b. (4 — x>+ 5x) — 3x — 2)
c. (4+x* =50 —(Bx+2)
d (-4—-x =50 - (3x+2)

@PP@SITES

In problems 5-8 you may want to make
sketches or use the Lab Gear.

5. Multiply.
a. 2x - 4x
c. 3xy- 10

b. 5x - 6y

6. The quantity 36xy can be written as the
product 9x - 4y. Write 36xy as a product in
at least four other ways.

7. Multiply.
a. 2x+y-—Y9)
c. x(x+y+5)

A3

b. x(x +y+5)

8. Choose two of the three multiplications
in problem 7. Make a sketch of what
they look like when modeled with the
Lab Gear.

EXPONENTIAL NOTATION

9.

Write each of these numbers in exponen-
tial notation. If possible, find more

than one way. It may help to use your
calculator.

a. 32 b. 64

d. 4096 e. 1

c. 256
f. 6561

FUNCTIONS AND FUNCTION DIAGRAMS

For each of the following problems:

a. Copy the table.

b. Describe the rule that allows you to get
y from x.

c. Use the rule to find the missing
numbers. (In some cases, the missing
numbers may be difficult to find; use
trial and error and a calculator to make
it easier.)

d. Write y as a function of x.

10. 11. 12.
x y x y x y
-1 -7 3 4 5 2
4 28 12 I 4
0 6 2 1
7 5 -1
13. a. Make a function diagram in which the

output (y) is always 4 more than the
input (x).

b. Write a rule (function) for your function
diagram.
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14. a. Make a function diagram in which

the output (y) is always 4 times the
input (x).

b. Write a rule (function) for your function
diagram.

15. Make a function diagram with time on the

x-number line (show one hour from the
bottom to the top), and distance on the y-
number line, to represent the motion of a
cyclist riding at a constant speed of 15
miles per hour. Your diagram should have
five in-out lines.

PATTERNS AND FUNCTIONS

16. Look at the sequence of figures. Think

about how it would continue, following
the pattern. Then:

a. Sketch the next figure in the sequence.
b. Copy and complete a table like the one

18.

19.

20.

21.

22,

' 4

In problem 16, what figure would have a
perimeter of 88x + 27 Use trial and error
if necessary.

Which sequence in problems 17-20, if any,
contains a perimeter of

below. a. 2x + 100?
c. Describe the pattern in words. b. 100x + 27
I BN c. 100x + 1007

23. O Look at the xy-block.

a. What is the perimeter of its top face?
] b. What is its perimeter if y = 1, 2, 3, 4,
10? (Do not substitute a number for x.)
2 Arrange your answers in a table.

c. Compare your table with those in prob-
lems 16-20. It should be the same as
4 one of them. Which one? Explain.

24, O Use blue blocks to make a figure.

Figure # Perimeter

10
Substitute 1, 2, 3, ... for y in its perimeter
100 to get the same sequence as problem 18.
Check your work; make a table.
n

Repeat problem 16 for these sequences.
17. R

25. On dot paper, sketch triangles having area
18, and having

a. one horizontal and one vertical side;
b. one horizontal side, no vertical side;
c. no horizontal or vertical side.
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The double helix of a DNA molecule
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Algebank offers to double your money every
month, in exchange for a monthly fee. Is this a good deal? Does
the answer depend on the fee, on the amount of money you have
to invest, or on both?
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LESSON

Instant Riches

AMAZING OPPORTUNITY! 3. a. Use arrows in this way to show what

. - happened to Lara’s, Gabe’s, and Earl’s
he foll d d in the school .
The following ad appeared in the school paper investments for the first five months.

b. Give advice to each of these students.

Amazing investment opportunity

at Algebank! Double your money
instantly! Invest any amount! No 4. Bea joined the plan, but discovered after

amount is too small. Our bank
will double the amount of money
in your account every month.
Watch your money grow!

one month that she had an account balance
of exactly $0. How much money had she
invested?

5. Leadiscovered that she had an account
A service charge of $100 will be balance of exactly $0 after two months.

deducted from your account at the end What was her initial investment?
of every month.

6. Rea had an account balance of exactly $0
after three months. How much money did
she start out with?

1. you think this is a good

deal? Why or why not? Use some calcula-
tions to back up your opinion.

7. Summarize your answers to problems 4-6
by making a table like the one below. Then

= extend the table to show up to at least ten
2. Reg was interested in this investment. months.
After calling to make sure that the $100 Months to Reach
fee would be deducted after his money a Zero-Dollar Balance
was doubled, he decided to join. However,
after his service charge was deducted at Months Amount Invested

the end of the fourth month, he discovered
that his bank balance was exactly $0! How
much money did he start out with? Explain )
your answer.

1

Three other students invested their money.
Gabe started with $45, Earl with $60, and Lara ) )
with $200. The figure shows a way to keep 8. Describe the pattern in your table.

track of what happened to Lara’s investment.

Month: 9. Mr. Lear joined the plan, but discovered
0 1 that at the end of every month he had
“25 400 :_!.9.9)_2) 600. . exactly the same amount of money as
when he started. How much money is it?
Explain how that happened.
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10. Algebank sends its customers statements

11.

quarterly (every three months). Several

students were comparing their statements

at the end of the first quarter. One had $50,
another had $100, and a third had $150 in
the account.

a. What will happen to each student? Will
all of them eventually gain money?
What will their next quarterly
statements look like? Explain.

b. Explain how you can figure out how
much money each of them started with.

Q Find two initial investment amounts
that differ by $1, such that one of them
will make money in this plan, and the
other will lose money. How far apart will
the amounts be in six months? Explain.

12. You have been asked to write an

article on Algebank’s investment plan for
the Consumers’ Guide column in the
school paper. Write an article giving gen-
eral advice to people wanting to join this
plan. Describe the plan clearly and explain
the pros and cons of joining it. Who will

3.1 Instant Riches

XA 4

benefit from the plan? Who will lose in the
long run? Explain, giving some examples.
Make your article interesting, eye-catch-
ing, and readable.

-

13. Use what you have learned

14.

15.

in this lesson to answer the following
questions about plans with similar
policies, but different numbers.
a. Give advice to people wanting to join
a plan, if their money is tripled every
month and the service charge is $100.
b. Give advice to people wanting to join
a plan if their money is doubled every
month but the service charge is $200.

O Suppose Algebank were to deduct the
service charge before doubling the money.
How would this change your answers to
problems 12 and 13b?

Describe another possible investment
scheme and give advice to people about
who should join and who should not.
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LESSON

\ 7 Two Negatives

\
N 000 000O0O0COCOOOOONOONOONTODS
You will need:

graph paper

function diagram paper j EJ

1. Many people have heard the
rule that two negatives make a positive.
Investigate to decide whether this rule is
always, sometimes, or never true when
you add two negative numbers. Explain,
giving examples. Then repeat your investi-
gation for subtracting, multiplying, and
dividing two negative numbers. Write a
brief summary explaining your
conclusions.

2. What does not unilliterate mean? What
about not uninteresting? Look up irregard-
less in a dictionary.

SUBTRACTION

3. This function diagram represents a func-
tion of the type y = b — x. What is the

value of b?
5 — 5
0 — 0
-5 — -5
X —>y

4. Make an in-out table for the in-out lines
shown on the function diagram.

As4

5. Copy the function diagram. Extend the
table and the function diagram for nega-
tive values of x.

6. @& If you know the values of b and x,
how can you calculate b — x by using
addition? Explain, using examples.

THE CARTESIAN COORDINATE SYSTEM

When you draw horizontal and vertical axes
and plot points you are using a Cartesian coor-
dinate system. It is named after the

French mathematician and philosopher René
Descartes. He is credited with bringing
together algebra and geometry by using graphs
to make geometric representations of algebraic
equations.

An important skill in algebra is predicting
what the graph will look like from the
equation, or what the equation will be from
the graph.

You should know the vocabulary of the
Cartesian coordinate system.

* The horizontal number line is the x-axis.

* The vertical number line is the y-axis.

» The numbers (x, y) associated with a point
are the coordinates of the point.

 The axes divide the coordinate system into
four parts, called quadrants.

* The quadrants are numbered counter-
clockwise, as shown. In the first quadrant,
the coordinates of every point are both
positive.

* The point where the axes cross is called

the origin. The coordinates of the origin
are (0, 0).

Chapter 3 Working Backwards




ol

m | v

In which two quadrants does a graph lie if

a. the second coordinate is always
positive?

b. the first coordinate is always positive?

c. the two coordinates always have the
same sign (both positive or both
negative)?

What can you say about the signs of x

and/or y if you know that (x, y) is in either

a. the third or the fourth quadrant?

b. the second or the fourth quadrant?

c. the second or the third quadrant?

If a point is on the x-axis, what is its
y-coordinate? If a point is on the y-axis,
what is its x-coordinate?

Important: Zero, 0, is neither positive nor
negative.

10. Make a Cartesian graph for the function

11.

from problem 3, using the in-out table you
made in problems 4 and 5.

@ Look at the part of the graph where
the y-values are greater than 5. What are
the x-values there? Explain what this says
about two negatives.

3.2 Two Negatives

32V

The graph below shows the function y = 3x.
The y-coordinate is always three times the
x-coordinate. Three points are labeled.

¥ y=3x

(2,6)

(1,3)

12. a. List three more (x, y) pairs that would
be on the graph above, including at
least one negative and one fractional
value for x.

b. In which two quadrants does the
graph lie?

c. Ineach (x, y) pair, how are the signs of
the x-coordinate and the y-coordinate
related?

13. This problem is about the function

y = -3x.

a. Make a table of at least six (x, y) values
for this function. Use negative numbers
and fractions as well as positive whole
numbers.

b. Write the multiplication fact that is rep-
resented by each (x, y) pair in your table.

c. Use your table to make a graph of the
function y = -3x.
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d. In which two quadrants does the
graph lie?

e. In each (x, y) pair in your table, how
are the signs of the x-coordinate and
the y-coordinate related?

. a. Make a function diagram for the func-

tion y = -3x.
b. On the diagram, see how the signs of x

and -3x are related. When x is negative,
what can you say about -3x?

. &= What is the sign of the answer (posi-

tive or negative) when you

a. multiply a negative number and a posi-
tive number?

b. multiply two negative numbers?
c. multiply three negative numbers?

. What is the sign of the answer? (You do

not need to find the answer.)

a. (-5)-4)(=3)(-2)=)O0)(1)(2)(3)(4)(5)
b. (-9)(-87)(-7.65)(-43210)

c. (-9)° d. (-99)%

MULTIPLYING BY 1

Match each function diagram 17-19 with one
or more functions from this list.

a.y=0 b. y=ux
c.y=x+0 dy=1-x
e.y=-x f.y=-1-x
g.y=0-x h. y=0-x°
5 5
0 0
-5 -5

18.

19.

20.

5 5
0 0
-5 -5

|

5 — — 5
— —

0 — — 0

-5 — — -5

x ——>y

Multiplying x by -1 is the same as taking
the opposite of x. Explain.

21. Explain each step of this

22,

23.

calculation.

a. (0)(y) = CHXOEDY)

b. = EDEDE(Y)

C. = (D(x)(y) = xy .
@ Simplify (-a)(b)(-c)(-d) by the same

method.

Find each product.

a. -3 - 5y(-x)

b. (-2y)(-3x)(-4)(12xy)
c. (-1.3x0)(-71%)

d. (-3x)°

e. (-3x)°
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LESSON

More on Minus

E the Lab Gear JERD

1. Choose several numbers and
investigate the following questions. Write
an explanation, using variables, of what
you discover. What is the result when you

a. add a number to its opposite?

b. subtract a number from its opposite?
c. multiply a number by its opposite?
d. divide a number by its opposite?

MINUS AND THE DISTRIBUTIVE LAW

For each problem below:

* Use the Lab Gear to model the first
expression on the left side of the workmat.

* If possible, simplify the expression by
adding zero and removing matching
blocks. Get all blocks downstairs.

* Then decide which of the expressions a,
b, c, or d is equal to the given expression.
Setting up each one in turn on the right
side of the workmat may help. Explain
your answers.

2. x—(5+ 2%
ax—5+2x b.x—-5—-—2x
c.x+5+2x d x+5-2x

3. 2x—(-4+ 3x)
a. 2x-4+3x b. 2x —4 — 3x
c. 2x+4+3x d 2x+4—3x

4. 3y+(5—-2y)
a. 3y—5+2y b.3y—5-2y
c.3y+5+2y d 3y+5—2

5. x-(7-2y)
a.x—7+2y b.x—7-2
c.x+7+2y dx+7—2

3.3 More on Minus

6. O6x—(3-x)
a. 6x —3 +x
c.bx—3—x

b. 6x+3 + x
d 6x+3—x

7. Write an equivalent expression without
parentheses.
a. 2 —(4—x—x)
b. 2 —4) — (x — x%)
c.(y—5—-3x—-2
dy—-5-0CBx—2)

8. Write an expression containing at least one
pair of parentheses that is equivalent to the
given expression. (Do not put parentheses
around the whole expression, or around a
single term.)

3x — 6x + 2 — Sy

9. Compare your answers to problem 8 with
your classmates. Try to find several differ-
ent correct answers.

A minus sign preceding parentheses tells you
to subtract or take the opposite of everything
in the parentheses. Writing an equivalent
expression without parentheses is called
distributing the minus sign.

10 IS Explain how to distribute a
minus sign. Use examples.

11. Write an equivalent expression without

parentheses.
a. (r+s) b. (-r + )
c. (r—y) d. -(-r — )

12. Write an equivalent expression without

parentheses.
a. -1(r +s) b. -1(-r +s)
c. -I(r—2y3s) d. -I(-r—2y)

You can see from these problems that distrib-
uting a minus sign is really just distributing -1.
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4 3.3

Find the expression that must be added or sub-
tracted. It may help to use the Lab Gear.

13.a. 3%+ (-50) +__=-(5x + xz)
b. 3x* + (-5x) — (__) =-(5x + X%
14. a. 2xy +x+ ___ = 6xy — 2x
b. 2xy +x—(__)=6xy — 2x
15.a. -12+4yx+___ =Txy— 15

b.-12+4yx—(__)=Txy— 15

16. = Compare your answers to parts (a)
and (b) in problems 13-15. How are they
related? Explain.

17. EBEEERIY Problems 13-15 illustrated
the following fact: Subtracting is the same
as adding the opposite. For each subtrac-
tion, write an equivalent addition.

a. y— ()

b.y—x
C.-y—x

18. Find the sign of the answer. (You do not
need to find the answer.)

a. 1646 — (-2459)
b. -2459 — 1646

c. 1646 — (-2459)
d. 2459 — (-1646)
e. -1646 — (2459)

19. Simplify each expression.
a. 6 — (-5)
b. -5 — (-7)
c. 21 —(3x)+ 15
d. 2x — (-12x) — 5xy
20. Find each difference.
a. 2y — 7y b. 3xy — (2xy)
c. X —4x’ d. 2xy — 2x

({27/3%8) AREA AND MULTIPLICATION

21. What is the other side of a rectangle, if one
side is x and the area is

a. 5x?

b. x*?

c. X2+ 2xy?

d. x> + 2xy + 5x?

The following equations are of the form length
times width = area of the rectangle. Fill in the
blanks. You may use the Lab Gear to help you.
If you do, remember to use upstairs for minus
and to build a figure with an uncovered
rectangle of the required dimensions in the
corner piece.

22.x°_=xy—x2

2. (y—2)-_____=5y—-10
24, (____ -3)x=2xy — 3x
25.2x-__ =2xy+4x’— 10x

Use the Lab Gear for these.
26. (x+___ )y-5)=xy+5y—5x—25

27. (y—1)- =xy+5y—x—35

28.(y+2y-H=___
(Simplify.)

29.Q(y-1)- =y +4y—5

(Hint: Study problem 28.)
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D N&0)%3'948) A SUBSTITUTION CODE

This message has been coded by a simple
substitution code.

Rules:

» Each letter is always replaced by the same
letter throughout the message.

* No letter is ever replaced by itself.

QEB NRIB CLN QEFP GFKA LC TLAB FP
QEHQ BHTE IBQQBN FP HISHUP NBMI-
HTBA OU QEB PHJB IBQQBN
QENLRDELRQ QEB JBPPHDB.

3.3 More on Minus

33V

30. O Try to break the code. (Copy the

message carefully, leaving blank space
between the lines. If you have a guess for
a letter, enter it every place that letter
appears. For clarity, use lower-case letters
for your solution, and capitals for the
coded message. Use a pencil and an eraser.
Hint: The first word is a very common
three-letter word.)

144271378 MAKE A RECTANGLE

31. O For each problem make a Lab Gear

rectangle having the given area. Write a
multiplication equation.

a XX +9c+8
b. x>+ 6x + 8
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LESS ON

Algebra Magic

the Lab Gear _JIIIRID)

MAGIC TRICKS

1. A magician asked everyone in
the audience to think of a number. “Don’t
tell your number to anyone,” she said.
“Now do the following things to your
number.

Step 1: Add the number to one more
than the number.

Step 2: Add 7 to the result.

Step 3: Divide by 2.

Step 4: Subtract the original number.

Step 5: Divide by 4.

When you are finished, you should all
have the same number”

What was the number, and how did the
magician know it would be the same for

everyone? .

2. Try the following algebra magic problem.
Record your result and compare it with
others in your group. Do you all get the
same answer, or does your answer depend
on the number you started with?

1) Think of a number.
2) Multiply the number by 3.
3) Add 8 more than the original number.
4) Divide by 4.
5) Subtract the original number.

3. Do the same trick, but change the final
step to subtract 2. Compare answers with

your group members again. Are they the
same or different? Explain.

A 90

LAB GEAR MAGIC

The following trick has been modeled with the
Lab Gear.

1) Think of a number.

-

2) Add 6 more than the original number to
the number.

Wl o

3) Divide by 2.
4) Subtract 2.

|

Wl O

4. a. In this magic trick, do you think every-
one should end up with the same or dif-
ferent answers? Explain.

b. How will a person’s answer be related
to his or her original number? Explain.
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5. Do the following magic trick with the Lab

Gear. Start with an x-block, which repre-
sents the number a person chose. Sketch
each step and write it algebraically.

1) Start with any number.

2) Multiply the number by 4.

3) Add 5.

4) Subtract 1.

5) Divide by 4.

6) Subtract one more than the original
number.

Should everyone have the same result? If
yes, what is it?

6. Change the magic trick in problem 5 by

reversing the order of Steps (3) and (4).
Do you get the same answer as you did
before? Explain.

Change the magic trick in problem 5 by
reversing the order of Steps (2) and (3).
Was this harder or easier than reversing
Steps (3) and (4)? Explain.

Change the last step in problem 5 so that
everyone ends up with the number they
started out with.

Do the following algebraic magic trick.
Which steps can you reverse without
changing the result? Why?

1) Think of a number.

2) Subtract 7.

3) Add 3 more than the number.

4) Add 4.

5) Multiply by 3.

6) Divide by 6.

You should end up with the original
number.

3.4 Algebra Magic

34V

The following trick has one step missing.
1) Think of a number.
2) Take its opposite.
3) Multiply by 2.
4) Subtract 2.
5) Divide by 2.

10. Use the Lab Gear to model the first five
steps of this trick. Use y to represent the
original number. Then translate each step
into an algebraic expression. Compare
your result after step (5) with your class-
mates’ answers.

11. Decide what step (6) should be, so that the
given condition is satisfied.

a. The final result is one more than the
original number.

b. The final result is the opposite of the
original number.

c. The final result is always zero.

d. The final result is always -1.

12. For each of these conditions, (a-d), make
up an algebra magic trick with at least
five steps.

a. The final result is the original number.

b. The final result is 2, regardless of what
the original number was.

c. The final result is the same, whether
you do the steps backward or forward.

d. The trick uses all four operations
(multiplication, division, addition,
subtraction).

13. RS Choose one of the tricks you
wrote in problem 12. Test your trick with
three numbers, including a negative num-
ber and a fraction. Show your work. Use
algebra to explain the trick.

914




m 3.A Secret Codes

First we will use functions to create codes.
Later we will use functions to break codes.
Assign a number to each letter of the alphabet.
Ais 1, Bis 2, and so on.

Al1||[H}|S O |15 V|22

B| 2 119 P (16 W |23
Cc|3 J 110 Q17 X |24
D| 4 K|11 R |18 Y |25

E| 5 L|12 S |19 Z 1|26

F| 6 M| 13 T |20

G|7 N |14 U |21

Definition: The text of a message, before it
is encoded, is called the plaintext.

The easiest code works by replacing each letter
by one that follows it at a certain distance in
the alphabet. For example, A (letter 1) is
replaced with H (letter 8), B (2) is replaced
with I (9), and so on. The function used in this
example is y = 7 + x, where x is the number
of the plaintext letter, and y is the number of
the coded letter.

If the number of the coded letter is greater than
26, subtract 26 from it. For example, V’s num-
beris 22,22 + 7 = 29,29 — 26 = 3, so the
code letter for V is C.

1. Copy and complete this table to show the
y =7 + x code.

Plaintext Code
A H
B I
C

Use y = 7 + x to encode the words
smile, juggle, dance, puzzle.

Choose a number, b, and use y = b + x to
encode a message for a classmate. (Let the
classmate know the value of b so he or she
will be able to decode the message
quickly.)

Decode the following message, which has
been encoded with y = 10 + x.

DRSC COXDOXMO ECOC RKVP DRO
VODDOBC SX DRO KVZRKLOD.

Find the function that would decode the
message in problem 4. Check your answer
by actually using it on DRSC, and making
sure it gives the expected plaintext.

a. Use the function y = 27 — x to encode
these names.
Bernard, Carol, Ellen, Peter
b. Describe in words the code obtained
from this function.

a. Encode your name with y = 30 — x.

b. Now take the answer to (a) and encode
it with y = 30 — x again.

c. Comment on the result in (b).

a. Encode the word bilingual with
y = 8 — x and then withy = x — 8.
Do you get the same answer? Explain.
b. Find a decoding function for each func-
tion in part (a).

. In this lesson you learned about two

kinds of coding functions. Some look like
y =7 + x, and others look like y = 8 — x.
Write a report on how to decode messages
coded by each kind of function and also by
functions like y = x — 8. Give examples
using other numbers for each of the three
kinds of functions. Mention any special
numbers. (For example, what happens
wheny = x + 26?)
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LESSON

Introduction to Inequalities

....................E
the Lab Gear JIRLD .

WHICH IS GREATER?

You can tell which of two numbers is greater
by their positions on the number line.
7 6543210123456 7

[N I I T (IS N I I O
e rrrrrr T

The number that is greater is farther to the
right. The number that is less is farther to
the left.

Notation: The symbol for less than is <. For
example, -5 < 3,0 < 7,and -6 < -2. The
symbol for greater than is >. For example,
6>3,0>-2,and-5 >-9.

1. Use the correct symbol.
a. -57-7 b. -57-1

This workmat shows two expressions.
x+4-5-@x+5and10+2x—1—-(2x— 1)

=l

il ulale

Which is greater? The question mark shows
that this is unknown.

3.5 Introduction to Inequalities

2. Put out blocks to match the figure.
Simplify both sides. Write an expression
for the blocks that remain on the left side.
Write an expression for the blocks on the
right side. Which side is greater? Show
your answer by writing the correct
inequality sign between the two

* expressions.

For each problem, put out blocks to match the
figure, and

a. write the two expressions;
b. simplify both sides on the workmat;

c. decide which side is greater or whether
they are equal, and write the correct
sign between the expressions.

3.
]|E
?

©
€T o6 | oo .

RN ES

o un | -
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5. Your workmat should look like this.
?

© |wm e
B oo
e | O N

- | ..
—k

6.
Both sides include 2x, but the right side is
reater, as it also includes 7 more units. So we
L g
oo can write
a 2 < 2x + 7.
 mEEEE

?
Q Now compare these expressions.

ﬁ'ﬁ'}!g-ﬂj

CAN YOU TELL?

To compare 2x — x + 5 — (5 — x) with WD
5+ 3x — 1 — (x — 3), first show the two @ \E\ = “

expressions with the Lab Gear. -‘

8. Write both expressions as they are shown

ﬁ @ in this figure.

n 9. Simplify both sides, then arrange the
. blocks in a logical manner to determine

hich side is greater.
o | R ¥
W

—
o

7. Simplify both sides, then arrange the
blocks in a logical manner to determine
which side is greater.
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Your workmat should look like this.

WA O
Uk W

In this case, it is impossible to tell which side
is greater, because we do not know whether x
is greater or less than 2.

For problems 10-13, write both expressions
as they are given. Then simplify, using your
blocks, and write the expressions in simplified
form. Decide which side is greater, whether
they are equal, or whether it is impossible to
tell. Write the correct symbol or ?.

el

-\
HEEEE

IEYES

-

3.5 Introduction to Inequalities

35V

12.

whrol eoen
?

13.

TESTING VALUES OF X
Look at these two expressions.
2x =5 3x+6

Which is greater? The answer depends on the
value of x.

14. a. Substitute -1 for x in both expressions

and tell which is greater.

b. Substitute 3 for x in both expressions
and tell which is greater.

c. Find another value for x which makes
2x — 5 greater.

d. Find another value for x which makes
-3x + 6 greater.

15. For each of the following pairs of expres-
sions, find two values of x, one that makes
the first expression greater and one that
makes the second expression greater.
Show all your calculations.

a. Ix — 4 3x—2
b. 2x + 6 8x —4
C. X -X
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For each pair of expressions, write 19. 7x — 1 TIx — 1
A ?f the expression in column A is greater; 20. Tx + 1 =1
B if the expression in column B is greater; ,
? if you would have to know the value of 21 7x" — 1 Tx—1

x in order to know which is greater. 22. Compare your answers to problems 16-21

Remember that x can have negative and frac- with other students” answers. Discuss your
tional values. It may help to think about the disagreements. If you disagree with

Lab Gear. In each case explain your answer, another student, try to find an example to
giving test values of x if it helps your show which answer is not correct.

explanation. 23. Write an expression containing x, that is
A B less than 4 when x is less than 9.
16. Tx Tx — 1 24. Write an expression containing x, that is

less than 4 when x is more than 9.

17. 7x + 1 ~Tx + 1

25. Q Write an expression containing x, that is
18. 7x + 1 Tx — 1 less than 4 for all values of x.
MORE CODES of the plaintext and coded alphabet.

HD NPJ JRNPN NPRBN. DPN PDT
If the coding function is of the form y = my, it FBB XDP NJXX TPBN'L JRNPN?
is more difficult to encode and decode. (For b. What makes y = 2x a difficult code
the letter values, see Thinking/Writing 3.A.) to crack?
26. a. Encode the word extra using y = 3x. SUMMING UP
b. What did you do when 3x was larger
than 26? Say that the sum of a word is the sum of the

numbers corresponding to its letters. (For the
letter values, see Thinking/Writing 3.A.) For
example, the word topic has value

20+ 15+16+9+ 3 =063.

27. Decode the following sentence which was
encoded with y = 3x. It may help to make
a table showing the matching of the plain-
text and coded alphabet.

APIBOCEO HXO VOCIO. 30. What is the sum of the word algebra?
28. Encode the word multiplication with: 31. Find as many words as possible having
a. y=ux; b. y = 2x; sum 100.
c. y=13x; d. vy = 26x.

29.

a. Decode the following message, which
was encoded with y = 2x. It may help
to make a table showing the matching
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LESSON

Multiplication and Division

....................E
the Lab Gear _JIIIIRAD '

Notation: In algebra, the symbol =+ is not
used, perhaps because it looks too much like
a + sign. To show division, use the format
of a fraction.

=3

M| o

Or, if you’re using a typewriter or computer,
write it with a slash, 6/2 = 3.

In this book we will write division both
ways.

ONE MULTIPLICATION, TWO DIVISIONS

For most multiplication equations, there are
two division equations. For example,
corresponding to 7 - 3 = 21, we have

21/7=3 and 21/3=1.

With the Lab Gear, you can use a rectangle to
model multiplication and division.

Arrange your corner piece and blocks to match
this figure.

3.6 Multiplication and Division

1. Write the multiplication equation that is
shown by the figure.

2. Write the two division equations that are
shown by the figure.

3. You could use the corner piece to set up
several different divisions having numera-
tor 12. For each, write the division equa-
tion and the corresponding multiplication
equation.

4. Explain why it is impossible to set up the
division 12/0 with the Lab Gear.

5. &= Some algebra students believe that
12/0 = 0. Explain why they are wrong by
discussing the multiplication that would
correspond to this division.

6. a. Using the corner piece, multiply
(x + 4)(x + 3).
b. Write two division equations related to
the multiplication.

DIVISION IN THE CORNER PIECE

Here is an example of dividing in the corner
piece.

numerator
denominator
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* Put the denominator to the left of the
corner piece.

* Make a rectangle out of the numerator
and place it inside the corner piece so that
one side of the rectangle matches the
denominator.

|:|DEI

k remainder:llj__l

* Finally, to get the answer, figure out
what blocks go along the top of the
corner piece.

7. Write the division equation shown by

: 8. What are the numerator, denominator,
the figure.

quotient, and remainder in the above
The denominator was a factor of the numera- division?

tor, and a rectangle was formed with no pieces

left over. However, in some cases, there will

be a remainder. Here is an example.
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9. Divide.
a. 6x2+ 3x b. 9x+3
3x 3
c. 2+x+xy+y d xwt+t2x+x
x+y x+y
e. 22+ 6x +4 f. 3x2+ 10x+ 5
x+2 x+3

10. For each division in problem 9, write the
related multiplication equation.

1. Q

a. Divide. y2X+X2.V+ 2Xy + x2 +y3+x+y
x+ 1

b. Write four multiplications having the
product
Vix+ 2y + 2xy + 2+ Yy +x + .

MULTIPLICATION WITHOUT THE LAB GEAR

Here is a method for multiplying polynomials
without the Lab Gear. To perform the multipli-
cation (x + 2)(3y — 4x + 5), write the terms
along the side and the top of a table.

3y -4x 5

Then enter the products of the terms in the
corresponding boxes.

3y -4x 5
x 3xy -4x? S5x
2 6y -8x 10

Then combine like terms, and you are done.

36V

(x+2)3y —4x + 5) =
3xy — 4x* — 3x + 6y + 10

Use this method for the following products.
12. x(2x + 3xy + y2)

13. (2x — y)(x + 3y)

14. (2x — y)(x — 3y)

15. 2x + y)(x — 3y)

16. (2x + y)(x + 3y)

17. (x + xy + 2yx)(y + 2 + x)

This method for multiplication is a way to
apply the distributive law to the multiplication
of polynomials. Every term must be multiplied
by every term.

MULTIPLICATION PUZZLES

Fill in the tables, including the polynomial fac-
tors along the side and the top. All coefficients
are whole numbers. Is more than one solution
possible for either table?

18.
2% -6x
-x -3
19. 12xy 15x%y
7

20. @ Create a puzzle of this type that has a
unique solution. Give the solver as few
terms as possible.

21. Solve a classmate’s puzzle.

114271378 WHAT’S YOUR SIGN?

22. What is the sign of the missing factor?
a. -1234 - = 567.89

3.6 Multiplication and Division

b. 98.76 - (-54.3) - =-21
c. 98.76 - (-54.3) - =0
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LESSON

Reciprocals

A MODEL FOR MULTIPLICATION

You cannot easily show multiplication by frac-
tions with the Lab Gear, but the Lab Gear can
help you think about it. For example, (1/5) + 50
is read one-fifth of fifty. This means that we
divide 50 into five parts and take one of them.

The diagram shows that (1/5) - 50 = 10.

AL
JLE:

(2/5) is two of five parts, so 2/5 + 50 = 20.

1. Find a number you could multiply by 8 to
get a number less than 8.

2. Without finding its value, decide whether
x would be more or less than 1. Explain
how you know.

a. 8-x=50 b.8x=5
c. 8-x=0.05

3. Find the value of x for each equation in
problem 2. (Hint: Remember that for any
multiplication, there are two related divi-
sions. You may use a calculator.)

4. Take 8, 3, and 2. They are three numbers
whose product is 48. Another multiplica-
tion possibility is 6 - 4 - 2. Find as many
ways of writing 48 as a product of three
different numbers as you can. Do not use
1 as a factor.

A 100

5. Do not use 1 as a factor.

a. Write 2 as a product of two different
numbers.

b. Write 4 as a product of four different
numbers.

c. Write 6 as a product of six different
numbers.

d. Write 12 as a product of twelve differ-

ent numbers. .

Definition: The product of a number and its
reciprocal is 1. Another way of saying this
is, the reciprocal of a number is the result of
dividing 1 by the number.

Examples: 3-1/3=1
2/3-312=1
0.31-100/31 =1

6. @ Explain how the reciprocals of 3, 2/3,
and 0.31 may have been found for the
examples above. (No calculator was used.)

Guess the value of x, without using your calcu-
lator. If you think about reciprocals you will
have to do very little arithmetic.

7. a.s-;x—é
b.4x9%=5
c.x*8:7=28
d x-8-3=3
e,%x3% 15

8. a.2-x-3=2
.x-2293

10

c.§(5x)3
1, -3
d.g(sx) 3

9. Make up two more equations like
problems 7 and 8 and solve them.
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10. @ Find two numbers a and b that will sat-
isfy each equation. Don't use your calcula-
tor. Instead, think about reciprocals. Do
not use 1 for a or b.
a.a*b-14=28 b.a-b-28=14
c. %°a-b= 10 da-b- 10=%

Most scientific calculators have a key for reci-
procals: , or . (On calculators that do
not have such a key, you can divide 1 by a
number to find the number’s reciprocal.)

11. Find the reciprocal of:

a. 1/23; b. 0.456; c. 7.89.

12 B What is the result when you
a. multiply a number by its reciprocal?
b. divide a number by its reciprocal?
Be sure your results work for all numbers.

Explain how you reached your
conclusions.

13. 1/82 < 0.0123 < 1/81. Explain.

14. Find two consecutive whole numbers such
that 0.00123 is between their reciprocals.

15. Repeat problem 14 for 0.000123

16. = Explain your method for solving
problems 14 and 15.

A MODEL FOR DIVISION

JPAl Exploration [F=NEN positive number such
that when you divide that number by 5,
your answer is

a. a number less than 1;
b. a number between 10 and 20;
c. a number greater than 100.

3.7 Reciprocals

3.7V

18. Find a positive number such that when you
divide 5 by it, your answer is

a. a number less than 1;
b. a number between 10 and 20;
c. a number greater than 100.

Division by numbers between 0 and 1 is hard
to show with the Lab Gear.

These diagrams show 10/5, 10/2, and 10/1.

%—
ﬁ%_ .

What would 10/(1/2) look like? We cannot
actually build this with the Lab Gear, but we

could imagine what it would look like if we
sliced each block in half.

—
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19. a. What is the answer to the division 23. & Dividing by a number is the same as
shown in the figure? multiplying by its reciprocal. Explain,
b. Dividing by 1/2 is equivalent to multi- using examples.
; ?
plying by what number Use this fact to perform each of the following
20. a. Will the result of the division 8/(1/4) be divisions without your calculator.
?
more or less than 87 2. 12/1/4)  25. 12/2/3)
b. Use a sketch to show the division
" 8/(1/4). 26. 10/0.4 27. X*/(1/x)
c. What is the answer to the division?
d. Dividing by 1/4 is equivalent to multi-
plying by what number? 28. Find two numbers such that you get a
21. @ result between 0 and 1 whether you add
a. What is the result of the division of 8 them, multiply them, subtract one from
by 0.1, 0.01, 0.001? the other, or divide one by the other.

b. What would happen if you divided 8 by
a number that is much smaller than
0.001, almost equal to zero?

c. How about dividing 8 by 0?

A DIVISION SHORTCUT

22. a. If you multiplied 5 by a number and got
30, what was the number?

b. If you divided 5 by a number and got
30, what was the number?

c. Compare your answers to parts (a) and
(b). How are these numbers related?
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LESSON

\ 7 A Hot Day

\v/,
ooooooooooooooooooo.;
graph paper

The sign at Algebank near Abe’s house gives
the time and temperature. The temperature is
given two ways, using both the Celsius and
Fahrenheit temperature scales. One hot day

Abe made a record of the time and temperature .

at several times during the day. He tried to
look at the bank sign exactly on the hour, but
usually he was off by a few minutes. His data
appear below.

Time Temp (C) Temp (F)
11:03 31 87
12:00 32 90
2:00 35 95
3:04 35 95
4:08 34 93
8:03 27 81

1. be heard on the radio that the
low for the night had been 74 degrees
(Fahrenheit) at 4:30 A.M. and the high for
the day had been 97 degrees at 3:30 P.M.
Using the information in the table,
estimate what you think the Celsius read-
ings on the bank sign would have been at
those two times. Explain how you got

your answers. .

TEMPERATURE VARIATION

2. a. Draw a pair of axes on graph paper.
Label the horizontal axis Time and the
vertical axis Temp.

3.8 A Hot Day

b. Plot the points that show how the
Celsius temperature changes with time.
Your first point will be (11:03, 31).

3. a. Draw another pair of axes like the
first one.
b. Plot the points that show how the
Fahrenheit temperature changes with
time. Your first point will be (11:03, 87).

4. Write a short description of what your
graphs show. Compare the two graphs.

COMPARING TEMPERATURE SCALES

A graph will help to show how the two
temperature scales are related.

5. Draw a pair of axes. Put the Fahrenheit
temperature on the vertical axis (label it F)
and the Celsius temperature on the
horizontal axis (label it C). Put the axes in
the middle of your graph paper and leave
plenty of room to extend your graph in all
directions. Plot the points in Abe’s table.
Your first point will be (31, 87).

6. The points of your graph should fall
approximately in a straight line. Draw a
straight line that seems to go through most
of the points.

Use your graph to estimate the answers
to these questions. If necessary, extend
your graph.

7. Approximately what is the

a. Fahrenheit temperature when the
Celsius temperature is 25°?

b. Celsius temperature when the
Fahrenheit temperature is 50°?

c. Celsius temperature when the
Fahrenheit temperature is -30°?
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8. o Is there a temperature where a
Fahrenheit and Celsius thermometer show
the same number? If so, what is it?

Abe’s sister Bea wanted to estimate the
Fahrenheit temperature for 17° Celsius.
Someone had told her that the best way to
remember the Celsius-Fahrenheit relationship
was to memorize the fact that 16° Celsius is
61° Fahrenheit. Abe joked, “So 17° Celsius
must be 71° Fahrenheit!” Bea replied, “I’ll just
add one degree. That means 17° Celsius must
be 62° Fahrenheit.”

9. Explain what Bea did wrong. Use your
graph. Give examples explaining to Bea
how to make the conversion correctly.

10. @ Judging from your graph, if you
increase the Celsius temperature by one
degree, by about how much does the tem-
perature increase on the Fahrenheit scale?

CONVERTING CELSIUS TO FAHRENHEIT

Bea and Abe’s parents, Mr. and Mrs. Gral,
were planning a trip to Europe, where temper-
atures are given in Celsius. They asked their
children to help them figure out how to
convert from Celsius to Fahrenheit.

Abe asked his science teacher, who gave him
the following rule: To get the Fahrenheit tem-
perature, multiply the Celsius temperature by
1.8, then add 32.

11. &

a. Write a formula for this rule. Use F for
the Fahrenheit temperature and C for
the Celsius temperature.

b. Check your formula by using it to con-
vert one of the Celsius temperatures in
Abe’s table.

Bea looked up the subject in an almanac,
which gave these instructions: To get the
Fahrenheit temperature, multiply the Celsius
temperature by 9, divide by 5, then add 32.

A10a

12. &~
a. Write a formula for this rule.
b. Check your formula by using it to con-

vert one of the Celsius temperatures in
Abe’s table.

13. Compare the two formulas you wrote. Do
you think they always give the same
results? Explain, giving examples.

14. Use either method to convert these two
Celsius temperatures to Fahrenheit.

a. 20° Celsius = ___ Fahrenheit
b. 21° Celsius = ___ Fahrenheit

15. @ According to your calculation in
problem 14, when you increase the Celsius
temperature by one degree, by about how
much does the temperature increase on the
Fahrenheit scale? Where does this number
appear in the formula? Explain.

CONVERTING FAHRENHEIT TO CELSIUS

A journalist from Spain, G. Balear, is staying
with the Grals. She is writing an article for a
Spanish newspaper about her experiences in
the United States. She wants to convert
Fahrenheit temperatures to Celsius for

her article.

16. The Fahrenheit temperature dropped to
41°. Bea is trying to help Ms. Balear con-
vert it to Celsius. She has the idea of
working backwards using the rule from the
almanac. Use this method, or another
method you think might work, to convert
41° F to Celsius.

17. &= Describe the method you devised in
problem 16 for converting Fahrenheit to
Celsius. Explain why it works. Show that
it works for other temperatures by using it
to convert some of the temperatures in
Abe’s table.
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m 3.B Opposites and Reciprocals

OPPOSITES

The function y = -x can be thought of as the
opposite function, since y and x are opposites.

1. a. Make a function diagram for the func-
tiony = -x.
b. Describe the in-out lines. (Are they
parallel? Do they meet in a single
point? If so, where is that point?)

2. To answer these questions, look at the dia-
gram you made for problem 1.

a. As x increases, what happens to y?

b. Are x and y ever equal? Explain.

¢. When x increases by 3, what happens
to y?

3. Find the number and its opposite that are
described. Use trial and error. Look for
patterns. Try to develop a shortcut strategy.

a. a number 16 more than its opposite
b. a number 0.5 more than its opposite
c. anumber 21 less than its opposite

d. O a number A less than its opposite

. @ a number 8 more than twice its
opposite.

o

4. In a few paragraphs, summarize
what you learned about opposites and their
function diagrams. Include examples.

RECIPROCALS

The function y = 1/x can be thought of as
the reciprocal function, since y and x are
reciprocals.

5. a. Make an in-out table for the function
y = l/x, using the following values for
x:-5,-4,-3,-2,-1,-0.8,-0.6,-0.4,-0.2,
and the opposites of these numbers
(0.2,0.4, etc.)
b. Make a whole-page function diagram
for the function.

3.B Opposites and Reciprocals

6. Use the function diagram you made in
problem 5. Follow y with your finger as x
goes up its number line. Answer these
questions.

a. As x increases, what happens to y?
b. Are x and y ever equal?

7. @ On your function diagram of y = 1/x,
as x moves up the number line, answer
questions (a-h), describing what happens
to y. (Does it move up or down? Fast or
slowly? From what to what?)

when x is a negative number far from 0
when x approaches -1

when x passes -1

when x approaches 0

when x passes 0

when x approaches 1

when x passes 1

when x is a large positive number

S mo a0 op

8. Use your calculator to look for a number
and its reciprocal that satisfy these require-
ments. If you cannot find an exact number,
get as close as you can by trial and error.
One is impossible.

a. The number is 9 times its reciprocal.

b. The number is 1/9 of its reciprocal.

c. The number equals the opposite of its
reciprocal.

d. O The number is 3 times its reciprocal.

€. O The number is one more than its
reciprocal.

9. Summarize what you learned
about reciprocals and their function
diagrams. Include examples. (Do not for-
get to discuss what happens when x = 0.) .
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\ 7 Equations and the Cover-Up Method

\4
WRITING EQUATIONS

A seamstress makes dresses for a living. After
an illness, she has only $100 in her business
bank account. She takes out a $1000 loan at
Algebank. The interest on the loan is $15 per
month if it gets paid back in the first year. She
spends $720 on dress-making materials, and
keeps the rest in her bank account to cover
additional costs, such as sewing machine
repairs or whatever else may come up.
Materials for one dress come to $20. She
makes two dresses a day, four days a week,
and spends one day a week selling the dresses
and dealing with other matters related to her
business.

She sells as many dresses as she can to private
customers for $160 each, and the rest of the
dresses to stores, for $100 each. She needs
$750 a week for living expenses and puts any
income over that in her bank account. She
hopes to pay back her loan, and to make
enough money so that when she needs to buy
more materials, she does not have to take out
another loan. Can the seamstress meet her
goals? How could she improve her financial
situation?

One way to think about a problem like this one
is to break it down into smaller problems, and
to write and solve equations for those. For
example, let’s write an expression that would
tell us how much money the seamstress puts in
her bank account every week.

1. Assume the seamstress has
x private customers a week. Answer the
following questions for one week, in terms
of x.
a. How many dresses does she sell
to stores?
b. How much money does she receive
from private customers?
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c. How much money does she receive
from stores?

d. What is the total amount of money she
receives every week?

e. How much of it is she able to put in her
bank account? Simplify your answer.

If you answered the questions correctly, you
should have ended up with the expression

60x + 50 for the amount she deposits every
week as a function of x. Let’s say that she
would like this amount to be $300. This gives
us the equation 60x + 50 = 300. Remember
that x is the number of private customers per
week. We can now find out how many private
customers she would need to deposit $300 per
week. All we need to do is solve the equation.

SOLVING EQUATIONS

Definition: Finding all the values of a vari-
able that make an equation true is called
solving the equation.

You have already solved equations by trial
and error. The cover-up method is another
technique for solving equations. It is based on
the idea of working backwards.

Example 1: 60x + 50 = 300
With your finger, cover up the term that has
the x in it. The equation looks like

[ + 50 = 300.
Clearly, what’s in the box is 250. So

60x = 250.

Think of a division that is related to this
multiplication, and you will see that

x = 250/60
or x = 4.1666....

So in order to deposit $300 a week, the
seamstress needs to have more than four
private customers a week.
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Example 2: This one is about a more com-

plicated equation.

-1
4

Cover up the expression 3 4‘ I You get

5+ [ ]=17.

Whatever is hidden must be equal to 2. So

5+ 7

x—1 _
== 2
Now cover up 3x — 1 with your finger.

[

— =9
4
What is under your finger must be 8. So
3x—1=8.

Cover up the term containing x.
[(J-1=8
What’s under your finger must equal 9. So
3x=9
and x=3.

2. Check the solutions to examples 1 and 2
by substituting them in the original
equations.

Solve each equation. Use the cover-up method,
then check each answer by substituting.

3. a 3x—10)=15
b. 3(x + 10) = 15
X _
c.3+5=15
d B 4112=15

X

39V

4, a.34-—X*F6_4

2
b.34—2x2+6=—4
5. a.21=12+%‘ b 12 =21 + 3%
6. a5+1=17 b.5+%=17
c.5-%=17 d 5—%=17
7 3'3_‘1+-1 b =xl+2l
c.3=xl+27 d 3=xl+27

8. &= Make up an equation like the ones
above that has as its solution
1

a. 4; b. -4; C. 7

Since the cover-up method is based on cover-
ing up the part of the equation that includes an
X, it can be used only in equations like the ones
above, where x appears only once. In other
equations, for example

160x + 100(8 — x) — 750 = 300,

you cannot use the cover-up method, unless
you simplify first.

9. O Find out how many private customers
the seamstress needs every week so that,
at the end of four weeks, she has enough
money in her bank account to pay back
her loan and buy dress-making materials
for the next four weeks. Use equations
and the cover-up method if you can.
Otherwise, use any other method. In
either case, explain how you arrive at
your answers.

3.9 Equations and the Cover-Up Method
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1:42Y%913%48 DIVIDING BY ZERO DM@ 0L%3'48® BE PRODUCTIVE

10. Explain, using multiplication, why Say that the
20/5 = 4. the

11. Explain, using multiplication, why 20/0 is
not defined. (Hint: Start by writing

20/0 = gq. Write a related multiplication. 15 -
What must g be?) 13.
12. Explain, using multiplication, why 0/0 is 14. Find

not defined. (Hint: Start by writing

0/0 = g. Write a related multiplication.

What must ¢ be? Could it be something 15. Q

else?) (Hint:
a. 6 b. 8
c. 12 d. 14
e. 15 f. 16
g 20 h. 24
i. 35 j. 455
k. 715 l. 2185
m. 106,029 n. Q 4,410,000
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LESS ON

Combining Functions

N 0 00000000 OOOONOEOSEOSNOSNOSOSNDS
You will need:

: graph paper :

DIAGRAMS OF COMBINED FUNCTIONS

Function diagrams can be used to show the
result of combining functions. Here are two
simple functions. One function doubles x. The
other function adds 1 to x.

v =2x va=x+1

Notation: The 2 in the name y, is called a
subscript. It is written lower and smaller
than the y. It does not mean multiply by 2 or
square. It is just a way to distinguish two
variables that would otherwise have the
same name.

1. Draw function diagrams for y; and y».

This two-step function diagram shows one
way of combining y, and y». First, double x.
Then add 1 to the result. The y value of y,
becomes the new x value for y,.

7— 7 - 7

X > Y] > )2
multiply (new x) then
by 2 add 1

3.10 Combining Functions

These two steps can be combined as shown in
this one-step function diagram.

2. Write a rule for this function diagram.

The functions y; and y, can also be combined
in the other order: First, add 1 to x. Then dou-
ble the result. The y value of y, becomes the
new x value for y,.

3. Draw a two-step function diagram show-
ing the combination of the functions in
this order.

4. Summarize your two-step function
diagram in a one-step function diagram.

5. Write a rule for the one-step function
diagram you drew.

6. @& Does the order in which we combine
the functions matter? Explain.

These problems are about the following two
functions.

y|=-3x y3=x+2

7. Show a two-step function diagram, com-
bining the functions by performing y, first
and then y».
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8. Summarize your two-step diagram in a
one-step diagram and write the function
that corresponds to your one-step function
diagram.

9. Repeat problems 7 and 8, but this time
combine the two functions by performing
ys first, followed by y;.

10. Did the resulting function change, when
you changed the order in which you com-
bined the two functions? Explain.

11. Sometimes you can combine
two functions in either order and the
resulting function is the same. Find pairs
of functions that have this property. You
may use function diagrams to verify your
answer. Discuss any patterns you notice. .

INVERSE ACTIONS

The inverse of an action is the action that
undoes it. For example, suppose you were
leaving home in the car. You would perform
these four actions.

ACTION 1: Open the car door.
ACTION 2: Get into the car.
ACTION 3: Close the door.
ACTION 4: Start the car.

If, before driving away, you suddenly realized
that you forgot something, you would have to
undo all these actions. You would undo the
actions in the reverse order:

First, UNDO ACTION 4: Stop the car.
Second, UNDO ACTION 3: Open the door.
Next, UNDO ACTION 2: Get out of the car.
Last, UNDO ACTION 1: Close the car door.

12. Describe how to undo these actions.

a. In the morning, you put on your socks,
then put on your shoes. What do you do
in the evening?

b. To take a break from this homework,
you close your math book, stand up
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from your desk, turn on the television,
and sit down on the sofa. What do you
do to get back to work?

13. Al believes that the way to undo the
actions open the car window; stick your
head out is close the car window, pull
your head in. Comment on this idea.

14. Create your own example of inverse
actions.

INVERSE FUNCTIONS

A Exploration [FENEN any function and make
a function diagram for it. Then draw the
mirror image of this function diagram.
What is the function associated with the
mirror image? How is it related to the
original function? Try this with several
functions. Write about any patterns you
notice.

The inverse of a function is a function that
undoes it. For example, look at these two
input-output tables.

x|y x|y
216 6|2
-1]-3 -3 -1
4 |12 12| 4

16. a. What happens when you use an output
from the first table as the input for the
second table?

b. What two functions do you think are
represented by these two tables? How
are the functions related?
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If y; = 2x and y» = (1/2)x, a two-step function
diagram shows that y> undoes y.

x > Y1 > Y2
multiply (new x) multiply
by 2 by 172
This is shown dramatically when the two-step
diagram is summarized in a one-step diagram.

4 4
2 2
0 0
-2 -2
-4 4

X ——> )

A function y, performs the following
operations on a number.

Multiply the number by 3, subtract 1.

3.10 Combining Functions

310 Y

17. Write in words what the inverse function
does. (Call it y>.)

18. a. Write a rule in the form y, = for the
original function.

b. Write a rule in the form y, = for the
inverse function.

19. a. Make separate function diagrams for
yi and Y.
b. Describe how the diagrams you made
are related.

20. Make a two-step function diagram for the
combination of y; and yy.

21. Make a one-step function diagram summa-
rizing your two-step diagram. Would it
matter if you combined y,; and y, in the
other order?

22 IR write a summary of what you
have learned in this lesson about combin-
ing function diagrams, especially those of

inverse functions. Use examples. .

23. O Find functions that are their own
inverses. What do you notice about their
function diagrams? Explain.

1114




LESSON

\4
SMALL POCKETS

On the treeless planet of Glosia, the currency
consists of florins, ecus, and ducats. One florin
is worth two ecus, and one ecu is worth two
ducats. Since there is no paper, there is no
paper money, and the people of Glosia have

to carry coins everywhere. King Evariste VII,
being immensely rich, must wear bloomers
with enormous reinforced pockets to hold

his money.

One day the King realizes that there is a new
trend in Glosian fashion. Elegant men and
women wear only small pockets. Evariste VII,
not one to be left behind by the great move-
ments of style, decides to institute a drastic
economic reform by enacting a strange law:
One ducat is worth two florins! (The old rules
are not changed.) When you realize trades can
be made in either direction, you can see how
the King’s brilliant legislation will abolish
poverty forever.

The people of Glosia are ecstatic. With the
new system, one may have a fortune in one’s
pockets, and yet never carry more than three
coins! One can be rich and fashionable at the
same time. For example, if you own eight
ecus, you can go to the bank, and trade them
in for four florins. These can be traded again,
for two ducats, which equal one ecu, which
will certainly fit in your pocket.

1. Exploration

a. The King trades his coins at the bank,
according to their official value, with
the object of having as few coins as
possible in the tiny pocket of his slinky
new pants. He starts with 1000 florins.
What does he end up with?

b. Prince Enbel has one ducat. He buys a
toastereo (a popular appliance which,
unfortunately, does not make coffee),
costing 50 ecus. If he is given the
fewest coins possible, how much
change does he get?

c. Princess Lisa has one ecu. She wins
the first prize in a contest in Names
Magazine. The prize is one ducat, one
ecu, and one florin. She now has four
coins, but they won't fit into her
pocket. What does she have after trad-
ing them in to get as few coins as possi-
ble? (The second prize would have
been a T-shirt with the Names logo
and no pockets at all.)

d. Sol Grundy has no money. He gets a
job at the toastereo store, earning one
florin per day, seven days a week. Since
his pockets are fashionably small, he
trades his money as often as possible in
order to have as few coins as possible.
If he starts his new job on Monday, how
much does he have each day of the
week? The next week? (Assume he
doesn’t spend any money.)
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2. Make a list of the amounts of money one
can have that cannot be reduced to a
smaller number of coins. (Hint: There are
seven possible amounts.) One of the
amounts is (d + e).

3. Make an addition table for Glosian money.
It should be a seven-by-seven table, with a
row and column for each of the amounts
you found in problem 2. For example,
your table should show that
d+e+d=f

4. One of the seven amounts you found in
problem 3 can be considered to be the
“zero” of Glosian money, since adding it
to a collection of coins does not change
the collection’s value (after trading to get
the smallest possible number of coins).
Which amount is the zero for Glosian
money?

S. The opposite of an amount is the amount
you add to it to get the zero. Find the
opposite of each of the seven amounts in
problem 3.

A LONG MONTH

The King can never remember which month
it is and how many days the month has. He
decides to start a new calendar, with a single
infinite month, the month of Evary, named
after himself. This is what the calendar
looks like.

3.11 Math on Another Planet

3.1V

Evary

Mo Tu We Th Fr Sa Su

1 2 3 4

5 6 7 8 9 10 11

12 13 14 15 16 17 18

19 20 21 22 23 24 25

26 27 28 29 30 31 32

33 34 35 36 37 38

6. What day of the week will it be on Evary
100th? Explain how you figured it out.

The King is so pleased with the new calendar
that he decides to invent a new kind of math.
He calls it Calendar Math. In Calendar Math,
Monday + Tuesday —
5 + 6 = 11 — Sunday,
or, more briefly, Mo + Tu = Su.

7. Check whether, if you picked different
numbers for Monday (such as 12, 19, etc.)
and Tuesday (13, 20, etc.), you would still
get Sunday for the sum.

8. Make an addition table for Calendar Math.
It should be a seven-by-seven table, with
the days of the week along the left side
and across the top and their sums inside
the table.
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10.

11.

12.

13.

Calendar Zero is a day of the week such
that, when you add it to any other day, you
get that other day for the answer. What day
is Calendar Zero?

Find the Calendar Opposite for each day
of the week. That is the day you add to a
given day to get Calendar Zero. If a day
does not have an opposite, or is its own
opposite, explain.

Calculate.

a. Mo + Mo

b. Mo + Mo + Mo

¢. Mo + Mo + Mo + Mo, etc.

How many times do you add Mo to itself
to get back Mo?

Make a multiplication table for Calendar
Math. Here is an example of a result that
would appear in it.

Mo:Tu— 56 =30- Fr,

so, Mo+ Tu=Fr
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“ 7 Similar Figures
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You will need:

geoboards

dot paper o

EQUIVALENT FRACTIONS

1. Using a rubber band, connect the origin

and (6, 9). The line misses most geoboard 6.

pegs, but it goes exactly over two of them
(in addition to the pegs it connects). What
are their coordinates?

Problem 1 provides a way to find equivalent
fractions on the geoboard. If you think of (6, 9)
as representing 6/9, you have found two other
fractions equivalent to it, making this a set of

three equivalent geoboard fractions. 8

2. Find as many sets of equiva-
lent geoboard fractions as possible. Do not

use zero in the numerator or denominator. 9,

There are 56 fractions distributed in 19
sets. Do not include sets that consist of just

one fraction. .

ENLARGING WITHOUT DISTORTION

3. a. Make the face of an alien with rubber
bands on your geoboard. The whole
face needs to fit in the bottom left quar-
ter of the board. In other words, none of
the coordinates can be greater than 5.
Don’t make it too complicated.

b. Make a record of the coordinates you
used. You will need those in the next
problems.

c. Copy the face on dot paper.

3.12 Similar Figures

) L,

Doubling the x-coordinates and leaving the
y-coordinates the same, make a copy of
your alien’s face on dot paper. This is
called the (2x, y) copy.

Repeat problem 4, but this time leave the
x-coordinates as in the original and double
the y-coordinates only. This is called the
(x, 2y) copy.

Repeat problem 4 again, with both x- and
y-coordinates doubled. This is called the
(2x, 2y) copy.

Write a paragraph answering
these questions: Which of the copies looks
most like an enlarged version of the origi-
nal? How are the other copies distorted? .

Write a story about the alien’s adventures,
explaining why its face went through these
changes.

@ Enlarge the following figures without
distortion. Explain how you did it.
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Definition: When one figure can be
obtained from another by enlarging it or
shrinking it without distortion, the figures
are said to be similar.

10. Make a rectangle having vertices at (0, 0),
4, 0), (4, 6), and (0, 6). Find a smaller rec-
tangle that is similar to it by finding a
number you can multiply the given coordi-
nates by to get whole number coordinates
that will fit on the geoboard. Sketch both
on the same figure.

11. Repeat problem 10, but find a larger
rectangle that is similar to the given one.
Sketch it on the same figure as in
problem 10.

The following questions are about the three
rectangles from problems 10 and 11.

12. Connect the origin with the opposite ver-
tex in the largest rectangle. Does your rub-
ber band pass through vertices of the other
two rectangles?

13. What are the length and width of each
rectangle? How are they related to each
other?

14. Can you think of a single number that tells
what all three rectangles have in common?

Here are two ways to tell whether two rectan-
gles are similar.

Geoboard diagonal method: Make both rec-
tangles in the bottom left of a geoboard, with
one vertex on the origin, and sides along the
x- and y-axes. Then connect the origin to

the opposite vertex of the larger rectangle.

If the diagonal you created passes exactly over
the vertex of the smaller rectangle, they

are similar.

Calculator division method: Check whether
the ratio of the dimensions is the same in both
the rectangles.

Example:
a. a 2-by-6 rectangle and a 3-by-8 rectangle
b. a 2-by-6 rectangle and a 3-by-9 rectangle
e o o o o e o o o o
e o o o o —o .
—o . ¢ o o ¢ o
¢ o o ¢ o ¢ o o ¢ o
. ¢ o . 4 o
¢ o ¢ ¢ o $ o ¢ ¢ o
¢ o ¢ ¢ o $ o ¢ ¢ o
[ ° [} [ ] [ ] 4 [ ] [ ] [ ] °
4 ° [} [ ] [ ] [ L] L] [ ] L]
[ ° [ ] [ ] [ ] q [ ] [ ] [ ] L]
- . - .
2/6 = 0.3333333...
3/8 = 0.375
3/9 = 0.3333333...

15. Explain the results of the two methods in
this example.

You may know other methods for recognizing
whether fractions are equivalent. You can use
those also, to determine whether rectangles are
similar.

16. Explain how the ideas of similar

rectangles and equivalent fractions are
related.

17. O Are these two rectangles similar? The
first one has vertices: (0, 1), (2, 0), (4, 4),
and (2, 5). The other one has vertices (7, 3),
(9, 6), (3, 10), and (1, 7). Since the methods
outlined above will probably not work,
explain how you arrive at your answer.

Ao
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{2%137%) THE COMMUTATIVE AND
ASSOCIATIVE LAWS

18. Write an expression using
e the numbers 1, 2, and -3, in any order,
¢ two subtractions,

in as many ways as possible.

In each case, calculate the value of the
expression.
Examples: 2 —-1—--3=4
2—(1—-—-3)=-2
B3-1H—-2=-6
19. Do the commutative and associative laws
apply to subtraction? Explain.

3.12 Similar Figures

3.2V
1DJNY® 07348 CLOCKMATH

Clock Math can be defined by saying that only
the numbers on the face of a clock (1, 2, ...,
12) are used. In Clock Math, 5 + 9 = 2, and

5 X 9 = 9. This is because when you pass 12,
you keep counting around the clock.

20. B write 2 report on Clock Math. You
may start with a science fiction or fantasy
story to explain an imaginary origin for
Clock Math. Your report should include,
but not be limited to, answers to the
following questions: Is there a Clock Zero?
What is it? Does every number have a
Clock Opposite? What is it? Is there a
Clock One? Does every number have a
Clock Reciprocal? What is it? Don’t forget
to make addition and multiplication tables..
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Reg works for Algebank. He was trying to
analyze the investment plan described in the
first lesson of this chapter. He decided to use
x’s and y’s in his analysis. He wrote:

x = amount of money the person invests
y = amount of money the person has after
one month

Since the bank doubles the investor’s money
and deducts the $100 fee, the function relating
xand yisy = 2x — 100.

1. Make a function diagram for this function.

2. Use your function diagram to find out

a. how much an investor, who had $300
after one month, started with;

b. how much an investor, who started with
$300, had after one month.

3. Use your function diagram to find the
amount of money the investor started with,
who ended up with the same amount of
money after one month. (This is called the
fixed point of the function.)

4. What happens to an investor who starts out
with an amount of money less than the
fixed point? With an amount of money
greater than the fixed point?

To analyze what happens to an investment
over a period of more than one month, Reg
connected function diagrams. Since the
amount at the end of the first month is the
amount at the beginning of the second month,
he used the y-number line from the first
diagram as the x-number line of the next,
doing this many times.

500 500

250 250

S5 =
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3.C More Banking

5. Describe what the linked function
diagrams show.

6. How could one use a single-function dia-
gram to follow what would happen to an
investment over a period of more than one
month?

7. &= Use Reg’s method to analyze a plan
where the investment is multiplied by 1.5
and the service charge is $50. Describe
what your linked diagrams show.

8. Compare the plan in problem 7 with the
first plan for someone who invests

a. $90; b. $100; c. $110.

9. Which do you think has a bigger influence
on the amount of money the investor
makes, the service charge, or the number
by which the investment is multiplied?
Write an explanation supporting your
opinion. Use several examples.

10. Explain why Al thought it was important
to know whether the service charge was
deducted before or after the money was
doubled. Use some examples. Express
each policy with a function.

ll. Write a report on investment plans
of the type studied in this assignment and
in Lesson 1, plus, optionally, other plans
of your design. Use variables. Your report
should include, but not be limited to,

answers to problems 9 and 10. .

12. B8R Find out what the service charge
and interest rate are at three real banks.
Figure out what would happen to $100
invested at each service charge and interest
rate over a period of three years. Write up
what you discover as if it were an article
for the school newspaper, and you were
giving advice to students.

Chapter 3 Working Backwards




WORKING BACKWARDS

Abe and Bea had baked a batch of cookies.
They told Reg, Al, and Lara that they could
each have one-third of the cookies. Later, Reg
went into the kitchen and took one-third of the
cookies. An hour after that, not knowing that
Reg had already taken his share, Lara claimed
one-third of the remaining cookies. A few
minutes later Al, thinking he was the first to
find the cookies, devoured one-third of what
was left.

1. If 8 cookies are left, how many must Abe
and Bea have baked?

2. Find the sign of the result.
a.3—-5 b. 3 —(-5)
c. 5—-03 d. -5—-(3)
3. Find the sign of the result.
a. (5)(-3) b. -(5§ — 3)
c. 3] d (53

POSITIVE, NEGATIVE, OR ZERO?

4. For each expression, write P, N, and/or 0,
depending on whether it can possibly be
positive, negative, or 0. (Try various val-
ues for the variables to help you decide.
For example, -2, 0, and 2.) Explain your

answers.

a. Sx b. -2x’
c. Oy d. 5
e. 2 f. -a*

SIMPLIFYING EXPRESSIONS

Simplify each expression.

5. 12x — 6xy — (-3x) — (2y)
6. 3 —-(32+xX—-Q2-x)
7. x—(x—5—-06—x)

@ Essential Ideas

FROM WORDS TO ALGEBRA
8. a.

9. a

Translate each step into algebra.
1) Think of a number.

2) Add4.

3) Multiply the result by 2.

If I got 46, what was my original
number?

. Translate each step into algebra.

1) Think of a number.
2) Multiply by 2.
3) Add4.

If I got 46, what was my original
number?

Compare your answer to part (b) with
your answer to part (b) in problem 8.
Were your answers the same or differ-
ent? Explain.

10. Find a value of x for which
a. -8x — 1 is less than 8x + 3;
b. -8x — 1 is greater than 8x + 3;

C.

O -8x — 1 is equal to 8x + 3.

MULTIPLICATION TABLES

Find these products. Combine like terms.
11. (x + 3)(2x + 4)

12. (x + 3)(2x + 4y)

13. (x + 3 + y)(2x + 4y)

Fill in the blanks.

14. x -3 Sy
— | 27 -6x 10xy

15. _ N S
3y -6x7y 15y -3y

16. x—2)=2—-x
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OPPOSITES AND RECIPROCALS

17. Simplify each expression. Look for short-
cuts.

b. [5x — (-5x)] — [5x — (-5x)] — 16x
c. 05-25-0.02-2

18. Gabe and Abe were arguing about xy.
Gabe said that the opposite of xy is yx.
Abe said that the opposite of xy is -xy.
Lara overheard them, and said she thought
that the opposite of xy is -yx. Write an
explanation that will settle their argument.

19. What numbers are

a. greater than their reciprocal?
less than their reciprocal?
equal to their reciprocal?
less than their opposite?
equal to their opposite?

o a0 T

20. a. Which of the following is the reciprocal

of 3x?
1 3 1
a0 x03
b. Check your answer by substituting two
different numbers for x and showing
that the product of 3x and its reciprocal

is 1 in both cases.

INVERSE FUNCTIONS

Write the inverse of each of the following
functions.

21. a. The function adds 2 to x and multiplies
the result by 4.

b. The function multiplies x by 4 and adds
2 to the result.

c. O y=T7x—4
22. a. The function takes the opposite of x.
b. The function takes the opposite of x,

adds 5, and divides the result by 2.

C. O y=3gx

A 120

Scientists sometimes use the Kelvin tempera-
ture scale. To convert Kelvin temperatures to
Celsius, you subtract 273. For example, the
melting temperature of iron is 1808° Kelvin, or
1535° Celsius.

23. Lead melts at 600° Kelvin. What tempera-
ture is that in Fahrenheit? (Use the infor-
mation from Lesson 8.)

24. Explain how to convert Kelvin tempera-
tures to Fahrenheit, and how to convert
Fahrenheit to Kelvin. (Hint: Use arrows to
show each step of the conversion.)

25. a. Make a function diagram for the func-
tiony; = (x/2) + 1.

b. Make the function diagram of its
inverse and find the rule.

c. Find the function that results from com-
bining y; and its inverse. Does the order
in which you combine the functions
matter? Explain.

SOLVING EQUATIONS

Use the cover-up method to solve these

equations.

x—35

24 -
26°m+3=9 27. 53 +3=9

L+3=9 29‘5_—x+3=

5 —_
28. 753
30. Compare the solutions to each pair of

equations. (Use related multiplication
equations.)

2 _ 6 _
a. 47 6and = =
8 _ 4 _
bﬁ—4and’ﬁ7—
20 _ 5 _
c.ﬁ——Sandﬁ—2O

d. Make up another example like this.

31. Describe the pattern you found in problem
30. Explain why it works.

Chapter 3 Working Backwards
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CHAPTER

The spiral curve of a West African chameleon’s tail

Coming in this chapter:

Exploration

« Find as many functions as possible whose graphs go
through the origin.

+ Find as many functions as possible whose output is 5
when the input is 2.
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LESSON

A 100-Mile Trip

TIME VS. SPEED

. 0000000 OOGEOOSEOEOONONONOSEOSOSNTOIOS
You will need:

. graph paper . 3. Copy and complete this table showing how
. . many hours it would take each person to
000000000000 0000000000000000000000 travel IOOmileS.

1. By which of these methods do you think a )
person could travel 1-00 miles in one day? Person L:‘:::et;f (Smp;‘;:; (IT;::;)
Explain how you arrive at your guess.
walking running Abe walking 4 25
b.w.yclmg 1<':e. ska-tmg Al van 50
riding a scooter riding in a car
riding in a helicopter Bea skating 10

2. Ophelia and Xavier are traveling along a Gabe scooter 30
road. If you could view the road from
above and make a sketch of what you saw Lara helicopter 100
every ten minutes, your sketches might L bk ’s
look something like the figure below. ca e
a. Which person (O or X) is traveling Reg running 8

faster?
b. If the entire length of the road is six 4. Copy and complete the graph that shows

miles, can you figure out approximately
how fast each person is traveling?
Explain.

how long it would take for each person to
make the 100-mile trip.

0 y
324

2,

]e4,25)

TIME (hours)
5.3 8 R

VR
L]
&~ oo

X 1 (50, 2)

................... X
0 10 20 30 40 50 60 010 20 30 40 50 60 70 80 90 100

SPEED (miles per hour)
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The table shows how long it took for Abe to
go certain distances.

[ Generalization

a. What pattern do you notice in the table?

b. How long would it take for someone
who travels at a constant speed of S
miles per hour to cover 100 miles?

Abe’s Progress

Time (hours) Distance (miles)

1 4
_ y 2 8
'q‘é 80 8. a. Copy and complete the table up to
=70+ 20 miles.
8 60- b. For this problem, use the same axes you
E.]J used for Bea. Plot and label the points
:<>t 507 from the table in part (a).
E 40+ c. Connect the points with a straight line.
m Then find and label a point that is on
LZ) 301 the line but not in your table. Interpret
[f 201 the coordinates of the point in terms of
g 10/ this problem.
ey 9. Make atable like the one you made for
O 1 2 3 4 5 6 7 8 Abe showing Gabe’s progress on his

TIME (hours)

6. The graph shows Bea’s progress on the
trip. It shows that after 5 hours of roller-
skating she had traveled 50 miles.

a. Copy th? graph onto graph paper. l:Ise a 10. Use your graphs to help you answer these
whole piece of graph paper. You will be questions. If Bea and Abe start out at the

scooter and Al’s progress in the van. Make
graphs of their progress on the same axes
you used to show Abe’s and Bea’s
progress. Label the four different lines.

adding more to this graph. same time,

b. One of the points on the graph is (5, 50). a. how far apart will they be after
Mark and label three more points on the one hour? ‘
graph of Bea’s progress. b. how far apart will they be after

7. In this lesson we are assuming everyone two hours?

travels at a constant speed. How valid is
this assumption? For each mode of travel

11. [EESRERTNN Look for a pattern. How far

what might make it impossible to travel at
a constant speed? Explain.

4.1 A 100-Mile Trip

apart will Abe and Bea be after H hours?
Explain.

125 A
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12. Mrs. Gral was traveling at a constant
speed. She started at the same time as
Abe, and was two miles ahead of him
after one hour.

a. Add a graph of Mrs. Gral’s progress
to your axes.

b. How far ahead was Mrs. Gral after
two hours?

c. After three hours, how far was Mrs.
Gral behind Bea?

d. How fast was Mrs. Gral going?
What mode of travel do you think she
was using?

ik} Summary

a. How does the mode of travel affect the
steepness of the line? Explain.

b. What is the meaning of points on two
of the graphs that have the same x-
coordinate but different y-coordinates?

c. What is the meaning of the vertical dis-
tance between two lines for a given
value of x?

DISTANCE VS. SPEED

14. Using the same speed data, figure out how
far each person could travel in two-and-a-
half hours. Make a table and a graph
showing speed on the horizontal axis and
distance on the vertical axis.

15. &= How would the graph be changed if
the travel time was greater? Less? Explain.

SPEED BY GRAPHS AND FORMULAS

16. ESLEE Each graph in this lesson gives
information on how fast people travel, but
it does it in a different way. Explain.

17. EEREERE 1f someone is traveling at
a constant speed of S miles per hour, for a
distance of D miles, and takes T hours,
what is the relationship between S, D, and
T? Write this relationship in more than
one way.

N 01%3!9 @) FRAMING PHOTOGRAPHS

A photograph is mounted on a background
which sticks out one inch on each side. The
width of the photo is two inches and the height
is three inches.

18. a. Sketch the photo and its frame.
b. What are the dimensions of the frame?

c. Are the photo and frame similar rectan-
gles? Explain.

A126

19. The photo needs to be enlarged so it will
fit in a frame having a height of 12 inches.
Again, the width of the frame is to be one
inch. Find the dimensions of the enlarged
photo and its frame. Of course the photo
cannot be distorted!

20. Is the frame for the enlarged picture simi-
lar to the picture? Is it similar to the origi-
nal frame? Explain.

Chapter 4 Interpreting Graphs




LESSON
Y 7 Points, Graphs, and Equations
! = -
v .

graph paper E 3. For each description below, make a table

of at least five (x, y) pairs that fit it. Then
graph the (x, y) pairs. Use a separate coor-
dinate system for each graph.

o
: a. The y-coordinate is always equal to the
1. a. Draw a pair of axes and plot these x-coordinate.
points. b. The y-coordinate is always four less
than the x-coordinate.
x Y

c¢. The y-coordinate is always one-half of

0| -1 the x-coordinate.

d. The y-coordinate is always the opposite
of the x-coordinate.

I S e. The y-coordinate is always the square

of the x-coordinate.

5 4
b. Study the table and your graph. 4. For each description in problem 3, find an
Describe the relationship between the equation that describes the relationship
x-value and y-value of each pair. between x and y. Write the equations on
c. Use the pattern you found to add more your graphs.
points to your table and graph. 5. a. Make a table of four number pairs (x, y)
d. Write an equation that tells how to get that have this property: The sum of x
the y-value from the x-value. and y is always 6.
2. Repeat problem 1 for each of these tables. b. Graph these (x, y) pairs.
a. b. c. Q c. Connect the points with a straight line.
d. Write the relationship between x and y
x |y x |y x |y as an equation.
4 | -8 31 3 6 | 4 6. a. Using fractions and negative numbers,
write two more (x, y) pairs having the
1] -2 513 12| -2 property that the sum of x and y is 6.
Do these points lie on the line?
306 6 | -3 -1 11 . . .
b. Choose a point that is not on the line.
ol o I 3| 7 Do its (x, y) coordinates add up to 6?

c. Write any number pair (x, y) whose sum
is not 6. Find this point. Is it on the line
you drew?

4.2 Points, Graphs, and Equations 1 27A
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On each graph below, four points are labeled.
For each graph:

a. Make a table of the (x, y) pairs and look
for a relationship between x and y.

b. Add three more points to the table,
making sure each one does belong on
the graph.

c. Write an equation describing the rela-
tionship between x and y.

7. 110
4,7
...... .
(2,-5)
] (3, 6.5)
¥(0,3.5)
2, 15>/
- 10

A28

9 20
J
} A3, 12)
(6.6)
""""" 20
-20
10. 51
(-4,125) _]a.2s,1.25)
(-1, 1.25)] (3, 1.25)
5 - 5
-5t

The following questions are about the graph of
the function y = 4x + 5. Try to answer the
questions without graphing.

11. @== Is the point (7, 32) on it? Explain.

12. &= The point (3, y) is on it. What is y?
Explain.

13. @== The point (x, 6) is on it. What is x?
Explain.

Chapter 4 Interpreting Graphs




LESSON

Polynomial Functions

. 90 0000000 OOGEOEOSEOSOSEOSNEOSNOSEOSETOSOS
You will need:

graph paper

Definition: A polynomial function is a func-
tion of the form y = a polynomial.

1. Which of these polynomial
functions do you think have graphs that
are straight lines? Which have curved
graphs? Explain why you think so.

a. y=x b.y=2x-1
c.y=2" d y=x
]
ORDER OF OPERATIONS

2. Make a table of at least eight (x, y) pairs
for each function. Use negative numbers
and fractions as well as positive whole

Make a table of at least eight (x, y) pairs
for each function. Use negative numbers
and fractions as well as positive whole
numbers in your tables. Then make a
graph from each table. Label each graph
with its equation.

a.y= (-x)* b. y= -x?

@ Compare your graphs in problem 3
with the graph of y = x%. Explain what
you observe.

Graph these polynomial functions.
a y=-x b. y = (x)

&= Compare your graphs in problem 5
with the graph of y = x’. Explain what
you observe.

DEGREE

numbers in your tables. Then make a

graph from each table. Label each graph
with its equation. You will need to refer to

these graphs later.

a. y=x’ b. y=1x1

To make a table of values for graphing y = -x-,

we have to know what the expression -x?

Definition: The degree of a polynomial
function in one variable is the highest
power of the variable that appears in the
polynomial.

Examples: y = x’ and y = x> + 2x? are both
third-degree polynomial functions. The
equation y = 2x is first-degree, and the
equation y = 1 is zero-degree.

means. Does it mean square x, then take its
opposite or take the opposite of x, then square
it? Which operation should be done first?

To avoid this kind of confusion, mathematicians
have agreed on the following rule.

Rule: Exponentiation should be performed
before other operations. To change this
order, we have to use parentheses.

Examples:
« -x* means square x, then take the opposite.

* (-x)? means take the opposite of x, then
square the result.

4.3 Polynomial Functions

What is the degree of each of these poly-
nomial functions?

a.y=5+ x?—x

b.y=4x-3x+5

c.y=45

Make a table of at least eight values for
each third-degree function. Use negative
numbers and fractions as well as positive

whole numbers in your tables. Then make
a graph from each table.

a. y=2 b.y=x"+1
c.y==x -2
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9. Repeat problem 8 for these second-degree

functions.
a y=x'—1 b. y = -3x*
c.y=-x+2

10. Graph these first-degree functions.
a. y=5x b.y=x
c.y=-2x+1

11. Graph these zero-degree functions.
a.y=4 b.y=-3
c.y=0

THE EFFECT OF DEGREE

12. @& Tell whether each sentence (a-b)
could describe the graph of a zero-degree,
first-degree, second-degree, or third-
degree polynomial function. More than
one answer may be possible for each
description.

a. The graph is a straight line.
b. The graph is a curve.

13.

14.

&= Repeat problem 12 for these
descriptions.

a. The graph goes through the origin.
b. The graph never crosses the x-axis.
c. The graph never crosses the y-axis.

@ Repeat problem 12 for these
descriptions.

a. The graph passes through quadrants I
and III only.

b. The graph passes through quadrants II
and IV only.

c. The graph passes through quadrants I
and II only.

15. IXELEM How does the degree of the

16.

equation affect its graph? Write a
summary explaining everything you
know about this.

Q

a. Make a table of values and graph the
function y = 24/x.

b. Is this a polynomial function? Explain.

4271379 POSSIBLE OR IMPOSSIBLE?

17. Decide whether each of the following situ-
ations is possible or impossible. If it is
possible, give an example. If it is impossi-
ble, explain why it is impossible. Can
you subtract
a. a negative number from a negative

number to get a positive number?
b. a negative number from a negative
number to get a negative number?

A130

c. a negative number from a positive
number to get a positive number?

d. a negative number from a positive
number to get a negative number?

e. a positive number from a negative
number to get a negative number?

f. a positive number from a negative
number to get a positive number?

Chapter 4 Interpreting Graphs




LESSON

Graphs Through Points

. 00 00000 0O0OCONOSOEOLOSIOSNONOSNOIDPS
You will need:

graph paper

graphing calculator l
(optional)

INTERCEPTS

Definitions: The y-intercept of a graph is
the point where the graph crosses the y-axis.
The x-intercept of a graph is the point where
the graph crosses the x-axis.

(-'3, O) ' ' . (29 d)

0,-3)

y-intercept (0, -3), and x-intercepts (-3, 0)

I Example: The curve in the figure above has
and (2, 0).

For problems 1-5:
a. Guess the coordinates of the x- and
y-intercepts (if you think they exist).
b. On graph paper draw the graph
described.
c. Check the correctness of your guess.

1. A line is parallel to the y-axis and passes
through the point (2, -3).

4.4 Graphs Through Points

2. A line passes through the origin and the
point (2, -3).

3. The sum of every (x, y) pair on the line
is 8.

4. The line passes through the points (2, -3)
and (3, -2).

5. To get the y-coordinate, square the x-coor-
dinate and add 1.

POINTS ON AND OFF GRAPHS

6. Bea thinks that 8 — 2x means multiply x by
2 and subtract the result from 8. Lea
thinks it means subtract 2 from 8 and mul-
tiply the result by x. Who is right?

Explain.

7. Which of these points do you think will lie
on the graph of y = 8 — 2x? Explain.

a. (2,4) b. (2,-4)
c. (0.5,6) d. (0.5,-6)
e. (-1,-10) f. (-1, 10)

For the remaining problems in this lesson
(8-23), use a graphing calculator if you have
one. Otherwise, use graph paper.

8. a. Graphy =8 — 2x.
b. Use your graph to check your answers
to problem (a).
c. Write both coordinates of the
x-intercept of y = 8 — 2x.
d. Write both coordinates of the
y-intercept of y = 8 — 2.

Definition: If two graphs share a point, they
are said to intersect at that point.

9. a. On the same coordinate system, graph
y=2x—8.
b. Do your two graphs intersect at any
point? If so, where?

131 A
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Follow these instructions for problems 10
through 12 below.

a. Make tables of values for the two func-
tions given. Then graph them on the
same pair of axes. Label at least three
points on each graph.

b. Find and label a point that is not on
either graph.

c. Find and label a point that is on both
graphs (if there is one).

d. Find and label a point that is in the
region between the two graphs.

e. Find and label a point that is neither
on nor between the graphs.

10. y = 2xand y = 0.5x
11. y=xandy =x + 2
12.y=x’andy =x* — 3

13. For problems 10-12, find an equation
whose graph is entirely contained between
the two given graphs.

FIND AN EQUATION

In problems 14-17, find the equation of any
graph that satisfies the characteristics given.

14. A second-degree function whose graph
passes through the point (0, 0)

15. A second-degree function whose graph
passes through the point (0, 1)

16. A third-degree function whose graph
passes through the point (0, -1)

17. A first-degree function whose graph
passes through the point (-1, -1)

18. a. Write any equation whose graph con-
tains the point (1, 2).

A132

b. Write any other equation whose graph
passes through the point (1, 2).

c. Graph the two equations. Where do
they intersect?

19. G833 Write a report explaining the
answers to these questions. Use examples
in your explanations.

a. Given an equation, how can you figure
out which points lie on its graph?

b. Given a point and an equation, how can
you tell whether or not the point lies on
the graph of the equation?

GRAPHS THROUGH THE ORIGIN

20. Which of the following equations have
graphs that go through the origin? How
could one tell without actually graphing
them?
a.y=2x—6
c.y=-x"—4

b. y=x>—x

21. Give three equations (one each of first,
second, and third degree) that satisfy each
of these two given conditions.

a. The graph will pass through the origin.
b. The graph will not pass through the
origin.
22. Write the equation of a graph that lies in
quadrants I and III only and
a. passes through the origin;
b. O does not pass through the origin.

yxJ Summary | Explain how you can tell from
an equation whether or not its graph goes
through the origin. Give some examples. .
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l WRITING‘ 4.A The Bicycle Trip

Sally is riding her bike on a trip with her bicy-
cle club. She left the staging area in Chapley at
10 A.M. and took a break at a rest area located

about halfway to the final destination of
Berkhill, 70 miles away. Neil is driving the

sweep vehicle, a van with food, water, first aid,

and a bicycle rack. The distance-time graph
below shows their progress. There are train

tracks along the road. The progress of a train is

also shown on the graph.
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1. Compare Sally’s and Neil’s progress. Who

left first? Where did she or he stop? What
happened at the end? What was the total
distance covered?

Including the origin, the coordinates of six
points on Sally’s graph are given. Describe
her ride between consecutive points.

a. At what time did each leg of her trip
start and end? How far did she ride
each time? How long did it take? How
long were her breaks?

b. How fast was she going during each leg
of the trip?

a. If you were to guess about which part
of the trip was downhill or uphill, what
would you guess? Why?

4.A The BicycleTrip

.

b. How else might one account for the
different speeds?

How fast did Neil drive in each leg of
his trip?

Describe the train’s progress. Which way
was it going? Where and when did it pass
Sally and Neil?

Where were Sally, Neil, and the train at
12:30 p.M.?

At what times were Sally, Neil, and the
train 20 miles from the staging area?

The equation of the train’s motion is

D =160 — 40r.

a. Choose three points on the train’s graph
and check that their coordinates satisfy
the equation.

b. Do any points in Sally’s and Neil’s
graphs satisfy the train’s equation? If
so, which ones?

a. In a distance-time graph, what does it
mean if two points are on the same hor-
izontal line? On the same vertical line?

b. As you go from left to right on the
graph, what is the meaning of a part
that goes up? Down? What is the mean-
ing of a horizontal segment? Why is a
vertical segment impossible?

c. What is the significance of a point that
belongs to the motion graphs of two
different people?

(1) Report [ESTRTAR story of the bicycle trip.

Use information you gathered from the
graph. Make guesses about the trip.
Include a graph for Irva, another member
of the bicycle club. She too left at 10 A.M.

and stopped at the rest area. .
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LESSON

Lines Through the Origin

. 00000000 OONONONOLNONOSNOSNONONDS
You will need:

graph paper

graphing calculator l :
(optional)

Definition: Since the graphs of first-degree
equations are straight lines, these equations
are also called linear equations.

1. Predict whether or not the graph of each
linear equation will pass through the ori-
gin. Explain how you know, using graphs
or calculations.
a y=4-—2
c.y=2x

b. y=-2x
d y=2x—4
2. Write two linear equations which you

think will have graphs through the origin.
Explain your reasoning.

RATIO

Lara and Lea were arguing about points and
graphs. Lea said, “If the point (1, 4) lies on the
line, then the point (2, 8) must also lie on the
line.” Lara showed her that she was wrong by
drawing three lines.

3. On graph paper, draw a line that goes
a. through both points;
b. through (1, 4) but not through (2, 8);
c. through (2, 8) but not through (1, 4).

4. Of the three lines you drew in problem 3,
which goes through the origin?
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5. a. Plot and label at least three more
points that are on the line through
(1,4) and (2, 8).
b. Find the equation of the line through
(1,4) and (2, 8).

6. &= Plot these eight points on the same
axes. Label them with their coordinates.

(1,2) 1,-2) (1,-2)
(-1,2) (3.6) (-3,-6)
(6,3) (6,-3)

a. Draw a line connecting each point with
the origin. Which points lie on the same
line through the origin?

b. Explain how to find the equations of the
lines you drew.

Definition: The ratio of a to b is the result
of the division a/b.

Example: The ratio of 6 to 3 is 6/3 or 2,
while the ratio of 3 to 6 is 3/6, or 1/2, or 0.5.

7. a. Write two (x, y) pairs for which the
ratio of y to x is 1/3.

b. Plot these two points and graph the
straight line through them. Find the
equation of the line.

c. Write two (x, y) pairs for which the
ratio of y to x is 3.

d. Plot these two points and graph the
straight line through them. Find the
equation of the line.

Chapter 4 Interpreting Graphs




8. For each line in the graph below, find three
points on the line. Then find an equation
for the line.
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9. Explain how you can find more points on
the same line through the origin as (4, 5)
without drawing a graph. Then check by
graphing the line. Find the equation of
the line.

Lea noticed that for the points (1, 4) and (2, 8)
the ratio of the y-value to the x-value was the
same. That is, 4/1 = 8/2. She guessed that
(100, 400) will lie on the same line through the
origin because the ratio of the y-value to the
x-value is also 4.

10. &= Tell whether or not you agree with
Lea, and why.

11. Find a point whose coordinates have the
same ratio of y to x as the point (4, 12).
Does this point lie on the same line
through the origin as (4, 12)? If so, find
the equation of this line.

12. a. Graph the line through (-1, 2) and (3, 4).
b. Is the ratio of 5 to -10 equal to the ratio
of -1 to 2?
c. Is the point (5, -10) on the line? Explain
why or why not.

4.5 Lines Through the Origin

45V
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a. What would be the ratio of the coordi-
nates of points on the line through the
origin and the point (a, b)? Explain.

b. If b/a = d/c, what can you say about
the line joining (a, b) to (c, d)? Explain..

LN Summary | Explain what ratio has to do

with lines through the origin. .

RATIO

The table shows the amount of time it took
several people to travel the distances given.

Person Time Distance
(hours) (kilometers)
A 3 80
B 7 140
Cc 12 320
D 1 30
E 2 30
F 1 20
G 5 150

15. a. Draw a pair of axes and label the verti-
cal axis distance and the horizontal axis
time. Plot and label the points in the
table. Draw lines connecting each point
with the origin.

b. Which points lie on the same line
through the origin?

16. Use the table and your graph to answer
these questions.

a. Which people are traveling at the
same speed?

b. Who is traveling faster, A or B?

c. How far will A have traveled in
four hours?
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17. a. H has been traveling two hours at the
same speed as G. Add H to your graph.

b. I have been traveling four hours at
the same speed as A. Add me to
your graph.

18. J is traveling faster than B but more slowly
than D. Draw one possible distance-time
graph showing J's progress.

19. Each line you drew has an equation that
relates distance to time. Find these equa-
tions and add them to your graph.

Y Summary

a. Explain how one can think of speed as
a ratio.

b. If you are given time and distance for
two travelers, explain how to use calcu-
lations or graphs to compare their
speeds.

[DIN&0L%73:948) HAPPY NUMBERS

Take the number 23.
Square each digit and add.
22 +3%2=13
Repeat this process.
12+32=10
12+02=1
12 =1
The final result is 1.
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Whenever the
1,
ber. So

21. There are
Try to

22, Describe any patterns you notice.
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LESSON

In the Lab

. 00000 0O0OGOEOSOOOEOEOEOEONONOSNOS OO
You will need:

L]

: graph paper

L[]

:.................................
A MYSTERY LIQUID

Reg, Bea, and Gabe were doing an experiment
in science class. They had an unknown liquid
whose volume they measured in a graduated
cylinder. A graduated cylinder is a tall, narrow
container that is used for measuring liquid vol-
ume accurately. They used a cylinder that
weighed 50 grams and measured volume in
milliliters. They used a balance to find the
weight of the liquid to the nearest gram.

Reg’s Data
Volume Weight
10 ml 16 g
20 ml 32¢g
50 ml 80¢g
80 ml 128 g

1. Plot Reg’s data, with weight on the vertical
axis and volume on the horizontal axis.

2. Does it make sense to connect the points
on your graph? Explain.

3. Find an equation relating weight to
volume.

4. Estimate the weight of:
a. 60 ml of liquid;
b. 1 ml of liquid.

5. If you add 30 ml to the volume, how much
are you adding to the weight? See if you
get the same answer in two different cases.

4.6 In the Lab

6. If you double the volume, do you double
the weight?

Bea’s Data
Weight Volume
16 g 10 ml
32g 20 ml
48 g 30 mi
64 ¢g 40 ml

7. Plot Bea’s data with volume on the vertical
axis and weight on the horizontal axis.

8. Connect the points on your graph with a
line and write an equation for the line.

9, Estimate the volume of:
a. 100 g of liquid; b. 1 gof liquid.

10. Compare Bea’s graph with Reg’s graph.
Explain the similarities and differences.

We say that Reg graphed weight versus
volume, while Bea graphed volume versus
weight.

11. If you add 10 ml to the volume, how much
are you adding to the weight? See if you
get the same answer in three different
cases. Is the answer consistent with what
you found in Reg’s data?

Definition: Density equals weight per unit
of volume. This means that to find the den-
sity of the mystery liquid, you would find
the weight of 1 ml of the liquid. (Actually,
scientists use mass rather than weight, but
we will use weight which is equivalent for
our purposes.)
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12. Find the density of the mystery liquid,
using three different pairs of weight/vol-
ume values from Reg’s and Bea’s data. Do
all your answers agree? Explain.

13. In problems 4b and 9b, you have found the
weight in grams of one ml of liquid, and
the volume in ml of one gram. Multiply
the two numbers. Explain the result.

Gabe’s Data:
Volume Weight
10 ml 66 g
20 ml 82¢g
40 ml 114 g
60 ml 146 g

14. Draw a pair of axes and label the vertical
axis weight and the horizontal axis volume.
Plot Gabe’s data.

1S5. If you double the volume, does the weight
double? Check this in two cases.

16. If you add 20 ml, how much weight are
you adding? Is this consistent with what
you learned from Reg’s and Bea’s data?

17. According to Gabe’s graph, what is the
weight of 0 ml of the liquid? Does this
make sense?
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18. What might be the real meaning of the
y-intercept on Gabe’s graph? Did Gabe
make a mistake? Explain.

19. Find the density of the mystery liquid by
dividing weight by volume for three dif-
ferent pairs of values from Gabe’s data.
Do all your answers agree? Explain.

20. O Write an equation that expresses weight
as a function of volume for Gabe’s data.

DIRECT VARIATION

Definition: If the relationship between two
variables x and y can be expressed in the
form y = mx, we call this a direct variation,
or say that y varies directly with x.

21. Which of Reg’s, Bea’s, and Gabe’s data
are an example of a direct variation?
Explain.

22. Compare Gabe’s graph to Reg’s. How are
they the same and how are they different?

23. @ There are number patterns in all
the data.
a. What pattern is there in all of Reg’s,
Bea’s, and Gabe’s data?
b. What patterns are true only of Reg’s
and Bea’s data?

24 E0EEM What do you know about direct
variation? Be sure to discuss equation,
graph, and number patterns. You may get
ideas from this lesson and Lesson 5.
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OTHER SUBSTANCES 26. Using the graph, estimate the densities of
the substances in problem 25.

25. The graph shows the relationship between

weight and volume for some familiar sub- Pyl Proiect |
stances. The substances are aluminum, a. Look up the densities of those
cork, gold, ice, iron, and oak. Which sub- substances in a science book, almanac,
stance do you think is represented by each or other reference book. How close
line? Explain why you think so. were your estimates?
b. Based on your research, what do you
S_y (a)(b) (c) think the mystery liquid is? Could it be
water? Explain. .
267
E
s |
&
[_‘ <
= 4
o |
m
=

N

VOLUME (ml)

4.6 In the Lab 1394




LESSON

Real Numbers and Estimation

. 00 0000 0000OCOCEOOEOGOEOGOEOSNOSOSNOSNOIOS
You will need:

graph paper

graphing calculator l E
(optional) .

MEASUREMENT ERROR

The three tables in Lesson 6 contained data
that were invented. You can tell because all the
points lie exactly on a line. In real experiments
measurements can never be exact. This table
contains more realistic data.

Volume Weight
10 ml 2g
20 ml 63¢g
50 ml 146 g
80 ml 245 ¢

1. Draw and label a pair of axes and plot
these points.

2. You cannot draw a straight line through all
the points, but draw one that passes as
closely as possible to all of them. Be sure
your line goes through the origin. (Explain
why it must pass through the origin.)

3. What is the equation of the line you drew?
(Hint: Choose a point on the line to help
you figure this out.)

4. Based on your answer to problem 3, what
would you estimate the density of the sub-
stance to be?

5. Find the ratio of weight to volume for each
data point in the table.
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6. Based on your calculations in problem 5,
what do you estimate the density of the
substance to be?

7. You estimated the density of
this substance in two different ways. If
you did not get the same answer using
both methods, explain any differences.
Which method do you like better,
and why?

ESTIMATING TEMPERATURE

In Chapter 3, Lesson 8, you learned this rule
for converting Celsius to Fahrenheit:
Multiply the Celsius temperature by 1.8.
Add 32 to the result.
If
F = the Fahrenheit temperature and
C = the Celsius temperature,
then this statement can be written as a
function:

F=18C+ 32.

8. Draw and label a pair of axes with F on
the y-axis and C on the x-axis. Make a
table of values, using values of C from -10
to 30. Use your table to graph the function
F = 1.8 C + 32. Label a few points on
your graph.

Abe doesn’t like to multiply by 1.8. Since 1.8
is a little less than 2, and 32 is a little more
than 30, he made up this rule for estimating: To
estimate the Fahrenheit temperature, multiply
the Celsius temperature by 2 and add 30.

9. Using the letters C and F as was done in
problem 8, write a function for Abe’s rule.

10. Make a table using values of C from -10 to
30 for the function you wrote for Abe’s
rule. Use your table to graph the function
on the same pair of axes as you used in
problem 8.
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11. Compare the two graphs.
a. How far off would Abe’s estimate be if
the Celsius temperature were 0?
b. Compare the result from Abe’s estima-
tion method with the exact values for
several other temperatures. Be sure to

try some negative Celsius temperatures.

Do you think Abe’s method is a good
one? Why or why not?

c. There is one temperature for which
Abe’s estimation method gives the
exact value. What is it?

12. & For what range of temperatures
would you judge Abe’s method to be
acceptable? Explain.

Sometimes exact answers are important. In
everyday life, estimates or rules of thumb are
often just as good. For example, Mr. and Mrs.
Gral, who are planning a trip to Europe, are
not really interested in knowing how to make
exact temperature conversions. They just
want some advice about what to wear.

13. Bea and Abe are making a chart for their
parents’ reference. Complete it.

Celsius temperature

between _ and __ You should wear:

your coolest clothes

a sweater

a coat

heavy coat, gloves,
hat, and scarf

a space suit

4.7 Real Numbers and Estimation

4.7 '

Here is a method to figure out how much tip to
leave for the server at a restaurant. Say the bill
was for $20.73.
* Round up to the next even whole number
of dollars, in this case 22.
* Add half of the number you got to the
number, in this case 22 + 11 = 33.
* Round up to the next multiple of five, in
this case 35.
* Divide by ten to get the tip, in this case
$3.50.

14. What percentage of $20.73 is $3.50?
(Round off your answer.)

15. Does this method always give the same
percentage of the bill? Try it for several
amounts to see whether the percentage
varies. If it does, what seem to be the low-
est and the highest value it will give?

Here is another method to figure out the tip.

* Divide the amount of the bill by ten.
(In this case you would get $2.07.)

e Multiply the result by two. (In this case
you would get $4.14.)

* Take the average of the two numbers,
rounded to the nearest nickel.

16. a. What is the tip by this calculation?
b. What percentage of the bill is it?

17. Does the second method always g<ns1:XMLFault xmlns:ns1="http://cxf.apache.org/bindings/xformat"><ns1:faultstring xmlns:ns1="http://cxf.apache.org/bindings/xformat">java.lang.OutOfMemoryError: Java heap space</ns1:faultstring></ns1:XMLFault>