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Definition: Polyominoes are shapes that are
made by joining squares edge-to-edge. The
best known example is the domino.
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Using three squares, you can find two different
trominoes, the straight one and the bent one,

There are only two trominoes. The bent one is
shown in different positions.

 —

The following shapes are not polyominoes.

oo o8

1. What part of the definition do they violate?

|

2. Tetrominoes are made up of four squares.
There are five different tetrominoes. Find
all of them.

3. Guess how many squares make up a pen-
tomino, Find all twelve pentominoes.
Make sure you do not “find” the same one
more than once!

4. Find as many hexominoes as you can.

Polyominoes

Large polyominoes may have holes in them, as
in this 11-omino (i.e. polyomino of area 11).

.

In this book, we will not discuss polyominoes
with holes.

Definitions: The area of a two-dimensional
figure is the number of unit squares it would
take to cover it. The perimeter of a figure is
the distance around it.

For example, the area of the domino is 2, and
its perimeter is 6.

In this book, area and perimeter will provide
you with many opportunities to discover and
apply algebra concepts.

5. Hereis a 10-omino. What is its area?
What is its perimeter?

6. Draw some 10-ominoes, and find the
perimeter of each one. It would take too
long to find all of the 10-ominoes, but try
to find every possible 10-omino perimeter.

7. Repeat problem 6 for 16-ominoes.

Draw as many polyominoes as you can
having 10 units of perimeter, and find the
area of each one.

9. Find some polyominoes having perimeter
16. It would take too long to find all of
them, but try to find every possible area.

Chapter 1 Perimeter and Areq Patterns
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10.[EREE Describe any patterns you
noticed when working on this lesson.

11. @ Have you found any polyominoes
having an odd-number perimeter? If you
have, check your work. If you haven’t,
explain why.

Area and perimeter of polyominoes are related.
It is not a simple relationship: for a given area,
there may be more than one perimeter possi-
ble. For a given perimeter, there may be more
than one area.

Z3Y[308 DIMENSIONS d. a piece of paper
e. a piece of string

f. an algebra student

g. Mickey Mouse

h. the boundary of a county
1. the water in a glass

j- the paint on a house

+ The following are one-dimensional: a line,
the boundary of a soccer field.

* The following are two-dimensional: the
surface of a lake, the paper wrapped
around a present.

* The following are three-dimensional: an

apple, a person. : 14. Name three objects of each kind.
An object like a sheet, while it does have a. one-dimensional
some thickness and therefore is three-dimen- b. two-dimensional
sional, can be thought of as a model of a two- c. three-dimensional

dimensional surface with no thickness.
Similarly, a wire or even a pencil can be
thought of as a model of a one-dimensional
Hne.

Getting comfortable with the concept of
dimension will help you with some of the
algebra concepts that you will study later in
this course.

13. Divide the following into three groups:
one-, two-, or three-dimensional.

a. a book
b. alake
c. amap

1.1 Polyominoes 5 &
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For polyominoes with a given area, there may
be more than one perimeter. In this section,
you will try to find the shortest and the longest
perimeter for each given area.

1. Copy this table, extend it to area 24, and
fill it out. (A few rows have been done for
you.) Experiment on graph paper as much
as you need to, and look for patterns.

Perimeter
Area Shortest Longest
i 4 4
2 6 6
3
4 8 10
5

2. 4@ What patterns do you notice in the
table? Explain.

F G

Mathematics is the science of pattems
Discovering a pattern can help you make
predictions.

6.

10.

Predict the longest possible perimeters for
polyominoes having these areas. If the
number is not too big, experiment on
graph paper to test your predictions.

a. 36 b. 40 c. 100

d. 99 e. 101 f. 1000

@ Explain your method for answering
problem 6.

Predict the shortest possible perimeters for
polyominoes having these areas. If the
number is not too big, experiment on
graph paper to test your predictions,

a. 36 b. 40 c. 100

d. 99 e. 101 f. 1000

@ Explain your method for answering
problem 8.

- MAKING A GRAPH

On graph paper, draw a hor1z0ntal axis and
a vertical axis. Label the horizontal axis
Area and the vertical axis Perimeter, as in
the following graph. Extend them as far as
you can, to at least 25 units for area and 55
units for perimeter.

Chapter 1 Perimeter and Area Palterns
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Definition: The point where the axes meet
is called the origin.

For the following problems, you will need the
numbers you found in the table in probiem 1.

11. For each area, there is one number for
the longest perimeter. For example, the
longest perimeter for an area of 4 is 10.
This gives us the number pair (4, 10). Put
a dot on the graph at the corresponding
point. (Count 4 spaces to the right of the
origin, and 10 spaces up.)} Do this for all
the area and longest perimeter points on
the table.

12. Describe what the graph looks like.

13.

i4.

1.2V

Using the same axes, repeat problem 1
with the numbers for area and shortest
perimeter. One dot would be at (4, 8).

Describe what the graph looks like.

15.

16.

17.

18.

19.

20,

Explain why the first set of points is
higher on the graph than the second set.

As the area grows, which grows faster, the
Jongest perimeter or the shortest perime-
ter? What happens to the gap between

the two?

Use the graph to figure out how many dif-
ferent perimeters are possible for an area
of 25. Explain how you did it.

Use the table you made in problem 1 to
answer problem 17. Explain how you
did it.

Use the graph to check whether there is

a polyomino having area 15 units and
perimeter 20. Explain how you did it.

Use the table you made in problem 1 to
answer problem 19. Explain how you
did it.

In this lesson you used patterns, tables, and
graphs to help you think about a problem. This
is an important skill which you will develop
throughout this course.

1.2 Perimeter of Polvominoes
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[V UNITS AND DIMENSIONS

Length is measured in linear units, such as the
inch (in.) or centimeter (cm). Length refers to
one dimension.

i

e
Area is measured in square units, such as the
square inch (in.?, or sq in.) or square centime-
ter (cm?). Area refers to two dimensions.

Volume is measured in cubic units, such as the
cubic inch (in.%, or cu in.) or cubic centimeter
(cn?’, or cc). Volume refers to three
dimensions.

21. Divide the following units into three
groups according to what they measure:
length, area, or volume.

a. acre b. fluid ounce
c. foot d. gallon

e. kilometer f. liter

g. meter h. mile

i. pint j- quart

k. yard

22. For each unit listed in problem 21, name
something that might be measured with it.
For example, for (a), the arca of a farm
could be measured in acres.

Chapter 1 Perimeter and Area Patterns
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The Lab Gear blocks come in two colors,
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yeHow and blue.

- THE YELLOW BLOCKS:

The yellow blocks represent whole numbers,
such as 1, 5, or 25.

1. Use the Lab Gear to represent these quan-
tities. Write down what blocks you used.

a. 13 b. 21

2. Find as many different numbers as possi-
ble that can be represented by using
exactly three yellow blocks.

3. &= Write some numbers that cannot be
represented by the Lab Gear. Explain why
you believe this to be true.

You will soon learn to use the Lab Gear for
negative numbers. Later, you will use the Lab
Gear to work with fractions.

Notice that the block that represents 25 is a
5-by-3 square.

Notation: In algebra, the multiplication 5
times 5 is written 5 + 5 = 25, or 5(5) = 25.
Do not use X to indicate multiplication—it
could be confused with the letter x. When
handwriting, use a dot, and when typing
or using a computer, use an asterisk:

5 * 5 = 25. In this book, we will use the dot.

1.3 Introduction to the Lab Gear

The blue blocks represent variables.
All the Lab Gear variables are related to these
two blocks.

X | y

Variables are usually named by letters. Since
the names x and y are used most often in alge-
bra, they have been chosen to name the vari-
ables in the Lab Gear.

4. Write a way to remember which block is x
and which block is y.

Sx

'This block represents 5 + x (which is usually
written as 5x). The reason it is 5x can be seen
by counting the number of x’s that make it.
Another way to see it is to notice that it is a
rectangle. In a rectangle, the area is equal to
the length times the width. Using the corner
piece, we can measure the 5x block, and see
that its dimensions are 5 and x, and its area is
5x square units.

P
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5. Using the corner piece, find the measure-

ments of each of these blocks in terms of x

and y. Sketch each block. Label each one
with its dimensions and area.

Notation: In algebra, 5 - x is written 5x, and
x + y is written xy. (When no operation is
indicated, multiplication is understood.)

x + x is abbreviated xz, and read x squared,
or the square of x.

6. Explain why x° is read the square of x.

The following figure shows x * x « x in the
corner piece. There is a block whose measure-
ments in three dimensions (length, width,
height) match those shown.

7.  Which block would fit in the corner piece
with those measurements? What shape
is it?

[p1Xa(0)%3:8'® HANDSHAKES

Ao

8.

In algebra the quantity x » x - xis read x
cubed, or the cube of x. Why do you think
it is called that?

Use the corner piece to find the length,
width, and height of each of the remaining
blocks in terms of x and y.

10. Sketch each Lab Gear block,

11.

and label it with its name. Keep these
labeled sketches in your notebook for
future reference. (However, if you forget
the name of a block, you don’t need to
look it up. Just measure it, using the
corner piece. )}

Sketch what each of the following would
look like with the Lab Gear. If an expres-
sion is impossible to show with the Lab
Gear, explain why.

a x*+x°+3

b. x%y + xy

¢ x+x*+x°

d x* +x*

Chapter 1 Perimeter and Area Patterns
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Variables are one of the most important con-
cepts of algebra. A variable can stand for dif-
ferent numbers at different times. For example,
x could be a positive or a negative number or
0. It could be greater than y, less than y, or
equal to y.

Because they do not change, numbers are
called constants.

o SUBSTITUTING:

Definition: Replacing a variable by a con
stant amount is called substitution.

Example: The figure shows how the Lab
Gear can be used to show the substitution
x = 2 for the expressions x, x -+ 2, 3x, X,
and x°.

X

1.4 Variables and Constanis

1. Sketch what x + 2 looks like modeled
with the Lab Gear. Then sketch what it
looks like if the following substitution

is done.
a x=2>5 b. x =1
¢ x=3 d x=0

2. Repeat problem 1 for x*.
3. Repeat problem 1 for x°.
4. Repeat problem 1 for 3x.

An expression that involves x can have many
different values, depending on the value of x.

EVALUATING

Definition: To evaluate an expression
means to find its value for a particular value
of x.

Looking back at the figure in the previous sec-

tion, you can see the value of each expression

when x = 2. The figure shows that x + 2 = 4,

3x=6,x" = 4,and x’ = 8.

In the following problems:

* Put out blocks to match each figure.

» Replace the variables (represented by
blue blocks) with the given constants
(represented by yellow blocks).

» Evaluate each expression by counting
what you have.

5. Evaluate for:
a. y=1; b. y = 2;

c. y=40.

114
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6. Evaluate for :

a x=1; b. x=25; c. x=0.

7. Evaluate for :
a x=5andy=4
b. x=4andy=20

Evaluate these expressions without using the
Lab Gear. You may want to use your calculator.

8 yV+5y+3ify=13
9. ¥ +xy+Sr+y+5ifx=7andy=4

Evaluating expressions is important in many
walks of life, from science and engineering to
business and finance. It is usnally done with
the help of calculators and computers. In this
course you will learn some of the ideas that are
built into calculators and computers.

Use trial and error for these problems.
10. If x + 2 = 18, what is x?

11. What is x if
a. 3x = 18?
c. x° = 647

b. x° = 647

In a sense, finding x is the reverse of substitut-
ing. In future chapters you will learn many
methods for finding the value of a variable.

y Y

In the following equations, there are two
place-holders, a diamond and a triangle.
The sabstitution rule is that, within cne
expression or equation, the same number is
placed in all the diamonds, and the same num-
ber is placed in all the triangles. (The number
in the diamonds may or may not equal the
number in the triangles.)

For example, in the equation
C+0+0+A=A+A

if you place 2 in the ¢ and 3 in the A, you get
24+24+2+3=3+3.

Note that even though the diamond and trian-
gle were replaced according to the rule, the
resulting equation is nof true.

PN Exploration VNS equation
O+0+0+A=A+A

is not true with 2 in the ¢ and 3 in the A.
Find as many pairs of numbers as possible
that can be put in the ¢ and in the A to
make the equation true. For example, 0 in
both the A and ¢ makes it true. Arrange
your answers in a table like this:

¢ A

0 0

Describe any pattern you notice. Explain
why the pattern holds.

Chapter 1 Perimeter and Area Patterns




For the following equations, experiment with
various numbers for ¢ and A. (Remember the
substitution rule.) For each equation, try to

give three examples of values that make it true.
If you can give only one, or none, explain why.

13.0404+0=3-90
14. 0 +0+0=4-9
IS.A+A+A=3-A
16. 0 +0+2=3-0
17.0+04+2=2-0
18. 0 A=A-0
19.0-A=A+90

20. ¢-0-0=3:¢
2.0 0-A=0+ 0+ A

1.4 Variables and Constants

134




How does the area of a rectangle change if you
vary either the length or the width and leave
the other dimension unchanged? How does the
area of a rectangle change if you vary both the
length and the width? Tables and graphs will
help you investigate these questions and notice
patterns.

1.

What is the area of a rectangle having the
following dimensions?

a. 1by9 b. 2by 9

c. 3by9 d. 9by 9

What is the area of a rectangle having the
following dimensions, if x = 107

a. lbyx b. 2byx

c. 3byx d. xbyx

Make a table like this, extending it to
x=6.

Area of rectangle having
dimensions:

X 1byx 2byx 3byx  xbyx

1 1 2 3 1

2

Draw axes, with x on the horizontal axis,
and area on the vertical axis. Plot the
points you obtained in problem 3 for the
area of 1-by-x rectangles. For example,
(1, 1) will be on the graph.

Does it make sense to connect the points
you plotted? What would be the meaning
of points on the line, in between the ones
you got from your table? Label your graph
1byx

y

1.A Graphing Rectangle Areas

On the same axes, graph the data you
obtained for 2-by-x, 3-by-x, and x-by-x
rectangles. For more accuracy on the last
one, you may use your calculator to find
points for x = 0.5, 1.5, and so on. Label
your graphs 2 by x, 3 by x....

7. Write about the four graphs.

Describe them and compare them. Your

report should reflect what you learned in

the above investigation. It should consist

of three parts: a problem statement, a

detailed explanation, and a conclusion.

It should include, but not be limited to,

answers to the following questions.

» What is the shape of each graph?

* Which ones are alike? Different? Why?

* How do the first three graphs differ from
each other? What is the meaning of that
difference?

* What is special about the fourth? Why?

» Do the graphs ever intersect each other?
What is the meaning of the points of
intersection?

» Where do they cross the vertical axis,
and what is the meaning of that point?

* Where does the fourth one cross the
others, and what are the meanings of
those points?

* Which area grows the fastest? Why?

Chapter 1 Perimeter and Area Patterns
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" DIMENSIONS AND THE LAB GEAR

Of course, all the Lab Gear blocks are three~
dimensional, (as are all objects in the real
world). However, we sometimes use the
x-block, or the 5-block as a model of a one-
dimensional object. That is, as a model of a
line segment of length x, or 5. Similarly, we
can use the x*- or xy-blocks as models of two-
dimensional, flat objects.

1. Some blocks, such as the x°, cannot be
used as models of one- or two-dimensional
objects. Make a list of these blocks, which
we will call the 3-D blocks.

When making sketches of the Lab Gear, if 3-D
blocks or three-dimensional arrangements are
not involved, it is much more convenient to
work with two-dimensional sketches of the
blocks as seen from above.

2. Which blocks do these figures represent?

3, Make a 2-D sketch of each of the ten “flat”
blocks as seen from above.

4. On your sketch, write / on the blocks that
model one-dimensional line segments,
and 2 on the blocks that model two-
dimensional figures.

5. Which block can be thought of as a model
of a zero-dimensional point?

1.5 Dimensions

6. Sketch the following:

a. four x-blocks arranged to model a one-
dimensional line segment;

b. four x-blocks arranged to model a two-
dimensional rectangle;

c. four x-blocks arranged to model a
three-dimensional box.

7. Sketch the following:
a. three x*-blocks arranged to represent a
two-dimensional rectangle;
b. three x*-blocks arranged to represent a
three-dimensional box.

~ FACES OF THE LAB.GEAR .

The xz—block as seen from the 51de looks just
like the x-block seen from the side, since in
either case you see an x-by-1 rectangle.

8. a. Make an x-by-1 rectangle by tracing an
x-block.

b. Place the x*-block on the rectangle you
traced. For it to fit, you will have to
stand it on edge.

c. Which other two blocks can be placed
on the rectangle?

9. a. Using a block, trace another rectangle
(or square).
b. Find all the blocks that fit on it.

10. Repeat problem 9, until you have found
five more groups of blocks. List each
group. Some blocks will appear on more
than one list.

In the next sections, when putting blocks next
to each other, join them along matching faces.

15 &




H. Build each shape and sketch it,
showing which blocks you used.

a. Use only blue blocks; make a rectangle
that is not a square.

b. Use both yellow and blue blocks; make
a rectangle that is not a square,

¢. Use both yellow and blue blocks; make
a square.
d. Use only blue blocks; make a square.

12. Use 1-blocks to make as many different
rectangles as you can, having area: 14, There is another rectangular arrangement

a. 12 b. 13 c. 14 of the same blocks which has different
d. 30 e. 31 f 32 dimensions, Find it.

13. Make and sketch as many Lab Gear rec-
tangles as you can having area:

a. 8x b. 6xy

For each problem:
a. Arrange the given blocks into a rectan-
gle in the corner piece.
b. Sketch it (as seen from above).
You can rearrange the blocks 2x* + 12x into a c. Write the length, width, and area.

rectangle like this.
Find two different solutions for probiem 17.

By now you should be able to find the length,
width, and area of any Lab Gear rectangle.
This will be a useful skill throughout this
course.

The length and width of this rectangle are

x + 6 and 2x, which can be seen better if you
organize the blocks logically and use the cor-
ner piece, as shown. (Notice that you could
also turn the rectangle so that the length and
width are exchanged. This is considered to be
the same rectangle.) The area of the rectangle
2x* + 12x can be found by just counting the
blocks.

Chapter 1 Perimeter and Area Pattern:




For each problem, the area of a rectangle is
given.

a. Get the blocks that are named.

b. Make the rectangle.

c. Write the length and width.

One problem is impossible. Explain why.
18. 3x* + 9x 19, 3xy + 2x + x°
20. 4x* + 9y 21. x* + 5x

1A a'E THE ZERO MONSTER

1.5 Dimensions

15V

For each problem, the area of a square is
given.

a. Get the blocks.

b. Make the square.

¢. Write the side length.

One problem is impossible. Explain why.

22. 36 23, 49
24. 40 25, 4x°
26. 9x° 27 ¥+ 2x + 1

17 4
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1. Name a Lab Gear block that can be used
as a model for an object with:

a. three dimensions;
b. two dimensions;
¢. one dimension;
d. zero dimensions.
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Definitions: In the expression

X+ 2xy — 3x + 4,
four quantities are added or subtracted, so
we say that there are four terms: x°, 2xy, 3x,
and 4. Note that a term is a product of num-

bers and variables. The sum or difference of

one or more terms is called a polynomial.

Note that polynomials do not involve division
by variables. For example, (1/x) + xisnot a
polynomial.

The degree of an expression, in terms of the
Lab Gear, is the lowest dimension in which
you can arrange the blocks. For example,
take the expression 3x. These blocks can be
arranged in a rectangle (two dimensions) or
in a line (one dimension).

The lowest dimension is one, so the degree of
3x 1s one.

2. Show how the termn 2xy could be arranged
as a box (three dimensions) or as a rectan-
gle (two dimensions). What is the degree

of 2xy?

418

Of course, x° cannot be shown in less than

three dimensions, so its degree is 3.
3. Write the degree of each blue block.

The degree of a constant expression (any com-
bination of yellow blocks) is considered to be
(). The reason for this is that the yellow blocks
can be separated into 1-blocks, which mode]
zero-dimensional points, with no length,
width, or height. See the figure below, which
shows how the number 8 can be shown in
three ways.

Three dimensions

Zero dimensions

4. What is the degree of these terms?
a. 4y b. 5x°

c. 2xy° d 7

The degree of a polynomial can be found in
the same way. For example, the figures below
show how the blocks x* and y can be arranged
in figures of two or three dimensions.
However note that they cannot be arranged
into figures of zero or one dimension.

Chapter 1 Perimeter and Area Patterns
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Two dimensions

5. What is the degree of x* + y?

6. What is the degree of these polynomials?
a. 4y +3 b. x° + 5x°
c. 20t + 4% d. xy +7

Definition: The 2 in the term 2xy is called
the coefficient. A term like x* has an invisi-
ble coefficient, a 1, since 1x° is usually writ-
ten just x°,

7. If two terms differ only by
their coefficients (like 2x and 5x) what can
you say about their degrees?

8. 4= How can you find the degree of a
term without using the Lab Gear? Explain,
using examples.

9. @ How can you find the degree of a
polynomial without using the Lab Gear?
Explain, using examples.

" HIGHER DEGREE-.

1.6 Coming to Terms

There are many ways you can write an expres-
sion that names a collection of Lab Gear
blocks. When you put blocks of the same size
and shape together and name them according
to the arrangement, you are combining like
terms. Look at these examples.

This quantity is written x + x + x,

or 3x, after combining like terms.

This quantity is written y + x + ,

or x + 2y, after combining like terms.
This quantity is written
PSS txtattat P

or 3x2 + 2x + 5, after combining like terms.

194




1.6

Of course, a 5x-block, when combining like
terms, is equivalent to 5 separate x-blocks. For
example, it can be combined with two x-blocks
to make 7x.

For each example, show the figure with your
blocks, combine like terms, then write the
quantity the short way.

14.
21. What terms are missing? (More than one
term is missing in each problem.)
15. a_3x2—§-4x+_m9x2+8x+7
16 b, xky + 6xy + = 9x%y + 8xy
17 22. Explain, with examples, the

words degree, coefficient, polynomial, and
like terms. Use sketches of the Lab Gear
as well as explanations in words and
symbols.

A 20 Chapter I Perimeter and Area Patterns
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When we discuss the perimeter and area of

the Lab Gear blocks, we will be thinking of the
tops of the “flat” blocks, which are two-dimen-
sionat figures. For example, if you look at the

5-block from above, you would see this figure.
2

Its area is 5 cm®, and its perimeter is 12 cm.
< 5 3 Are_a: 5cm?
Perimeter:

S4+1T+5+1=12cm

Find and write the area and perimeter of these
figures, which are the top faces of groups of
yellow blocks.

1.

1.7 Perimeter

To determine the area and perimeter of the
blue blocks, we will not use the actual
measurements, Instead, we will consider their
dimensions in terms of x and y.

For example, this figure, the top of an x-block,
is a 1-by-x rectangle. So its area is x (since
1 - x = x), and its perimeter is

x+14+x+1

which, by combining like terms, can be written
2x + 2.

e e

Find and write the area and perimeter of the
following rectangles, which are the top faces
of blue blocks. Be careful when combining
like terms.

4,

21 4




PERIMETER OF LAB GEAR FIGURES.

In these problems, assume that x and y are pos-
itive. In fact, assume that x is between 1 and 5,
and y is between 5 and 10.

Find the perimeter of these figures.

10.

11.

o MAKING FIGURES 0 0

Use an xy-block and a 5-block to make figures
having these perimeters. (These can be any
shape. They do not have to be rectangles.)
Sketch the figure in each case.

16. 2x + 2y + 2
17. 2x + 2y + 10
18. 2y + 12

19. Repeat the last three problems using a
y-block and a Sx-block.

Chapter 1 Perimeter and Area Patterns
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20.
a. Use another combination of blocks to

get a perimeter of 2x + 2y + 2. 25. How many L’s were used 1f the penmeter
b. Use another combination of blocks to was 927 - : : _

get a perimeterof 2x + 2y +10. o
¢. Use another combination of blocks to
get a perimeter of 2y + 12.

. PENTOMINOSTRIPS . . .

e four blocks so that 'the penmeter
resu ngf-ﬁgure 1s':8x:_+ 18 Flnd aH

of the resultzﬁg figureuls 2y + 2x + 12
Fmd ali the selutxons you can. .

1.7 Perimeter 23 A




Lo 2w vy

p Window-Shopping

On weekends, Lara works at the A.B. GLARE
window store. One day a customer, Mr. Alvin $29
Cutterball, asked for an explanation of how the
prices were chosen. Lara did not know. Later $56
she asked her supervisor. The supervisor
looked very busy and told her not to worry
about it. Lara concluded that he probably
didn’t know and decided she would figure it
out herself.

320 872
366

$16

$40 $33 $96

350 347
The figures show some of the windows. They
are scale drawings, with one centimeter repre-
senting one foot.

A 24 Chapter 1 Perimeter and Area Patierns




1. The price of almost all the

windows was calculated by following the
same principle. Figure out how it was
done.

Important hints:
* Work with other students.

* Think about what numbers might affect
pricing. (Some possibilities: length,
width, area of glass, perimeter of
window, number of panes, etc....)

* Keep an organized record of the
numbers you comie across i your explo-
ration.

» Keep a record of ideas you try, even if
they end up not working.

1.8

One window is on sale and priced below
what the system would indicate. Which
one 1s it? How much does it cost when not
on sale?

Draw scale models of windows that would
cost the amounts below. Explain how you
got your answers.

a. $32 b. $84

4, Summarize your solutions to prob-

lems 1, 2, and 3 by writing an explanation
of how window prices are calculated.
Make it so clear that even Lara’s supervi-
sor could understand it. Explain how you
figured out the pricing system, showing
tables, lists, calculations, diagrams, or
anything else that helped you solve the
problem.

(VN 00LY2 38 A DOMINO PROBLEM

1.8 Window-Shopping

-Look for the pattern in the numbers in the

Number of ways _te'

ond column. Use th' patt T, to extend

the table to length 10,




Fm 1.B Drapes

The A.B. GLARE window store also sells
drapes. They stock full-length drapes that go
down to the floor, as well as window-length
drapes that just cover the window.

One day a customer, Ms. Phoebe Tall, came
in with a list of the windows for which she
needed drapes.

Window-length drapes:
three 2-by-3-ft windows
two 3-by-3-ft windows

Full-length drapes:
two 3-by-7-ft door-windows

Undecided:
four &-by-4-ft windows
six 3-by-5-ft windows

(The second number
represents the height.)

The material Ms. Tall selected is priced at $3
per square foot. All her windows (except the
door-windows, of course) are 3 feet above
the floor.

She asked Lara to help her figure out what the
cost of various options would be. She wanted
to know the smallest amount she could spend.
She also wanted to know how much it would
cost if she used full-length drapes for all the
“undecided” windows. After listening to
Lara’s explanations, she revealed that she was
planning to spend no more than $800. Figure
out what Lara should advise her to do.

A 26

.

Figure out the smallest amount Ms. Tall
could spend, assuming that all the
undecided windows are covered with
window-length drapes. (Hint: First find the
total area. Drawing sketches might help.)

Figure out the largest amount she could
spend, assuming that all the undecided
windows are covered with full-length
drapes.

If she were planning to spend no more
than $800, how many of the undecided
windows could she cover with full-length
drapes?

4. Write a full explanation of the

results of your investigation. Include
sketches that Lara could use to explain the
options to Ms. Tall. Your report should
consist of three parts: a problem statement,
a detailed explanation, and a conciusion.g-
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LESSON

Adding and Multiplying

PEHEE2 DL ETBREEDIDEDPIEEEEDE D

The other way is to use the corner piece. First
set up the factors (3 and 2x + 1) on the
outside.

the Lab Gear _§

&
&
&
&
&
&
&
2

£
&
&
-4
&
&
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ADDITION

Usmg the Lab Gear, the addltlon y+ 5 can be
modeled in two ways. You can show two col-

lections of blocks, y and 5. Or you can line up
the blocks to get a figure that has length y + 5.
Both methods are shown here.

y+5

- .
-

Then make a rectangle having those
dimensions,

1. Sketch this addition both ways, 3x + 2,

CMULTIPEICATION .

The mulﬁphcauon 3:-2x+ lycan be
modeled in two ways. One way is to show
three collections of 2x + 1.

The rectangle represents the product. Again
you see that 3 « (2x + 1) = 6x + 3. This is the
familiar length « width = area formula for a
rectangle.

2. Sketch this multiplication two ways,
2-(x+3).
a. Use collections of blocks.

As you can see in the figure, b. Use the corner piece.
3+ 2x+1)=6x+3.

3. What were the length, width, and area of
the rectangle in problem 27

1.9 Adding and Multiplying 27 A




V1.9

With any factors of degree 0 or 1, you can
model the multiplication in the corner piece.

4, What multiplication is shown in this
figure?

5. @ Multiplying the x by the x gave x°.
What other multiplications do you see in
the figure above?

6. Multiply with the corner piece.
a. 3x-2 b. 3-2x
c. 2x-3 d. 2x - 3y

7. Multiply with the comer piece.
a. S5x+ 1) b. x(x + 3)

8. Find the area of a rectangle having the
sides given below. For each write an
equation of the form length times
width = area.

a. Sandx + 3

b. xand2x + 5

9. Find the sides of a rectangle having the
given area. Each problem has at least two
solutions. Find as many of them as you
can and write an equation for each.

a. 6x b, 6x° + 3x

10. These equations are of the form length
times width = area. Use the Lab Gear to
help you fill in the blanks.

a. y- =y +xy
b. (x + 2) - =3x+ 6
c. ( +3)x=2xy+ 3x

y Vi

Understanding the area model of multipli-
cation will help you avoid many common
algebra errors.

© o ORDEROF OPERATIONS . = =
The figure above showed a multiplication.
Some students write it like this: x + 1 < x + .
Unfortunately, someone else might read it as
add the three terms: x, 1 + x, and y. Simplified,
this would be x + x + y, or 2x + y. But the
intended meaning was equivalent to
x* + xy + x + y, as you can see on the
figure. To avoid this kind of confusion,
mathematicians have agreed on the

following rule.

Rule: When the operations of multiplication
and addition {or subtraction) appear in the
same expression, multiplication should be
performed first. If we want to change this
order, we have to use parentheses.

This means that one correct way to write the
multiplication in the figure is (x + D(x + v),
which can mean only multiply x + 1 by x + y.

11. a. Show 2 - x + 5 with the Lab Gear.
Sketch.

b. Next to your sketch show 2 - (x + 5)
with the Lab Gear. Sketch it. Keep
the blocks on the table for the next
problem.

12. a. Copy both collections of blocks from
problem 11, substituting 1 for x. What
is each expression equal to?

b. Repeat, using 5 for x.
c. Repeat, using 0 for x.

13. Can you find a value of x for which
2x+5=2-(x+ 57If so, what is the
value? If not, why can’t you find a value?
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P Exploration [ parentheses in each

expression, so as to get many different val-
ues. What are the greatest and smallest
values you can find for each one?
a.0-1+2-34+4-5+6-7+8-9
b.0+1:2+3:4+5-6+7-8+9

Students sometimes confuse 3 + x with 3x.
With the Lab Gear, it is easy to see the differ-
ence. 3 + x involves addition.

3x involves multiplication.

15. Find the value of 3 + x when:

a. x=10 b.x=35
c. x=0.5

16. Find the value of 3x when :
a x=0 b. x=235
c. x=105

1.9 Adding and Multiplying

17.

18.

19.

20.

21,

22,

Law

For most values of x, 3x does not equal
3 + x. In fact there is only one number
you can substitute for x that will make
3 + x equal to 3x. Use trial and error to
find this number.

Build these expressions with the Lab Gear.
Sketch. Which two are the same?

a. bxy b. 2x + 3y
c. 2x-3y d. Sxv

Build and sketch these two expressions
with the Lab Gear.

a. 2x + 3y b. 2xy + 3

Use trial and error to find a pair of values
of x and y that will make the two expres-
sions in problem 19 have the same value.

Use the Lab Gear to show each
expression. Sketch.

a. S+x+y b. 5+ xy

c. x+y d. Sxy

Choose values for x and y so that all four
expressions in problem 21 have different
values.

29 &
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CVOLUME e

Definition: The volume of a solid is the
number of unit cubes it would take to
build it.

1. What is the volume of this box? Explain
how you got your answer.

You can find the volume of a Lab Gear build-
ing by just adding the volume of each block.
For example, both of these buildings have
volume x° + x°.

2. What is the volume of each of these
buildings?

b

A3o

Three Dimensions

Example: This box has volume
¥+ 377+ + xy, length y + x, width y,
and heighty + 1.

For each problem, the volume of a box is
given.
a. Get the blocks.
b. Use them to make a box.
¢. Write the length, width, and height.
3xy + X%y + x

xyz + 2y2

Py +xt +xy + ¥
¥ Y+

3
4
5, ¥v+2y+y
6
7
8 F©H+v+ ity tx

We will return to the volume of boxes in a
future chapter.

.. SURFACE AREA. .~

Definition: The surface area of a solid is
the nurmber of unit squares it would take to
cover all its faces (including the bottom).
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In simple cases, to figure out the surface area
it helps to think of a paper jacket that would
cover the whole block. The area of such a
jacket is the surface area of the block.

For example, the surface area of the 5-block is
22 ¢cm®. Its volume, of course, is 5 cm”.

9, Find the surface area of the 25-block.

N0 Y348 POLYCUBES

L.10 Three Dimensions

The surface area of the blue blocks can also
be figured out by thinking of their jackets.
For example, the y-block has a surface area
of 4y + 2,

10. Find the surface area of each of the other
blue 1.ab Gear blocks.

314




ORE ON POLYCUBES 23.

24.

INRLIR%P PERIMETER

Find the perimeter of each figure.

22,
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Word Figures
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TPUTTING ITTOGETHER

A 34 Chapter 1 Perimeter and Area Patterns



'REA 4

4 Exploration

. _ WORD SQUARES

1.11 Word Figures 35 A
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This geoboard shape has area. 18.

& & & & @& B &% & 2 & 2

£ £ & £ & @ & & 2 B &

& & - %
& % & &
& & kil
& & % & 2
& & & % ®

& & @ &= & & % & % & @

1. Find as many geoboard shapes
having area 18 as you can. They do not
need to be rectangles. You are allowed to
stretch the rubber band in any direction
whatsoever, including diagonals. Sketch
cach shape on dot paper.

_ TRIANGLES . @ -

On your geoboard make three triangles,

each one satisfying one of the following

conditions, Sketch each triangle on dot

paper.

a. One side is horizontal, and one is
vertical.

b. One side is horizontal, no side is
vertical.

¢. No side is horizontal or vertical.

3. Repeat problem 2 for these conditions.
a. Two sides are of equal length, one hori-
zontal and the other vertical.

b. Two sides are of equal length, but nei-
ther is horizontal or vertical.

C VERTICES oo

Definition: The corners of geometric figures
I such as triangles and rectangles are called
vertices. (Singular: vertex.)
4. Make a figure on the geoboard having
vertices in order at {4, 6), (7, 5), (8, 3),
(8,2),(6,0),(2,0),(0,2),©0,3),(1,3).

5. Do not remove the rubber band from prob-
lem 4. Using another rubber band, make a
figure having vertices in order at (2, 2),
6,2),(5,1), (3, 1).

6. Add eyes to the face. What are the coordi-
nates of their vertices?

- AREA TECHNIQUES

7. Make a triangle having vertices at (0, 0),
(0, 10), and (10, 0). What is its area?
Explain how you figured it out.

8. Make a triangle having vertices at (0, 10),

(0, 6), and (3, 6).

a. With another rubber band, make a rec-
tangle that shares three of its vertices
with the triangle. What are the coordi-
nates of the fourth vertex of the
rectangle?

b. What is the area of the rectangle?

¢. What is the area of the triangle?

9. Find the area of a triangle having vertices
at (0, 10), (0, 5), and (7, 5).
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10. On your geoboard, make two different-
shaped triangles that satisfy these condi-
tions: one horizontal and one vertical side,
and area 10. Record your solutions on
dot paper.

11. Repeat problem 10 for area 9.

12. @ Copy these figures on your geoboard
(or on dot paper). Find the area of each
one. Explain how you did it.

B & # &

13. On your geoboard, make the triangle hav-
ing vertices at (0, 10), (0, 4), and (3, 6).

1.12 Area on the Geoboard

1129

a. With another rubber band, divide the
triangle into two smaller triangles, such
that they each have one horizontal and
one vertical side. Find the area of all
three triangles.

b. With another rubber band, make the
smallest rectangle that covers the origi-
nal triangle. What is the area of the
rectangle?

14. Find the area of the triangle having
vertices at (0, ), (0, 7), and (3, 5).

15. Record your solutions on dot paper.
a. Make five triangles having a horizontal
side of length 6 and area 15.
b. Make five triangles having a horizontal
side of length other than 6 and area 15.
¢. Make five triangles having a vertical
side of length 7 and area 10.5.

16. @ Find the area of the triangle having ver-
tices at (0, 0), (0, 5), and (3, 7).

fgll Summary | Explain how one finds the area
of a geoboard triangle having one horizon-

tal or vertical side. .

374
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WRITING 1.C More Window Prices
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ssetial Ideas

0 VARIABLES AND CONSTANTS 50
1. Explain, with examples, how to figure out
the names of the other blue blocks by

using 5-blocks, x-blocks, y-blocks, and the
corner piece.

If x = 5 and y = 3, we can use the Lab Gear to
think of xy, ¥%y, x3°.

T LIKE TERMS

Combine like terms.
4.

For each problem, write what the blocks show
in terms of the variables x and y, then use sub-
stitution to evaluate them for: 8.

a x=0andy = 2;
b.x=5andy=1;
c. x=2andy=3.

& Essential Ideas 39 A



11.

12. My student Al doesn t hke terms. He
missed every problem on the Algebra

Quiz. Please help poor Al with his algebra.

For.each problem, give the correct answer
and explain what Al did wrong. Use Lab
Gear sketches when possible.

a ¥ +x=x

b. 3x + x = 3%

. ¥+ =
d.y-6=1°

e. 2x + 3y = 5xy

A 40

. ADDING AND MULTIPLYING -

13. Use the Lab Gear to show each
expression. Sketch.

a2+xty
b. 2+ xy
c. 2x+ vy
d. 2xy

14. a. Find values for x and y so that all four

expressions in problem 13 have differ
ent values.

b. Find values for x and y so that as man
as possible of the given expressions ai
equal to each other.

15. Use the Lab Gear to show each expres-
sion. Sketch. (Hint: Use the corner piece
for the last one.)

a. x + y2
b.x*+y
c. ¥+ y2
d. (x + y)?
16. Find values for x and y so that all four

expressions in problem 15 have different
values.

" ORDER OF OPERATIONS: - 00

17. Use the Lab Gear to show 2 + 35y and
(2 + 5)y. Sketch each one.

18. a. Use trial and error to find a value of y
suchthat2 + S5y = (2 + 5)v.
b. If y = 0, which is greater, 2 + 5y or
(2 + 5)y?
c. If y = 2, which is greater, 2 + Sy or
(2 + 5)y?
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- AREA AND MULTIBLICATION. ...

Use the corner piece for problems 19-21.

19.

20.

21.

Find the area of a rectangle having the
sides given below. For each problem write
a multiplication of the form length times
width = area.
a. 3and 5
c.3andx + 5

b. 3andx
d xandx + 3

Find the sides of a rectangle having the
following areas. Each problem has at least
two solutions. Find as many of them as
you can and write an equation for each.

a. dx b. 4x* + 8x

c. 3xy + 6x° + 9x

These equations are of the form length
times width = area. Use the blocks to help
you fill in the blanks.

a. x = ¥ + xy
b.(y+1-+__ =5y+5

Co (e ¥ 3) -y =2xy + 3y
d 2%+ =dx+ 2xy+6x°

& FEssential Ideas

22,

23.

' 4

Use the Lab Gear to build all the rectan-
gles (or squares) you can find having the
following perimeters. For each one, sketch
your answer and write the length, width,
and area.

a. 8x

b. 6x + 2y

c. 4x -+ 4y

What is the area of the triangle in the
figure if

b
a. a="7andb =97
b. a=4xandb = y?

a1
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