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WHY WE WROTE THIS BOOK 

A quick look through this textbook will make one thing obvious-it is very different from 
traditional algebra textbooks. While most of the topics of the traditional course are included, 
there are many new topics, there are changes in emphasis, many more connections are made 
with future math classes, and a broad array of new learning tools is deployed to engage and 
support students' thinking. 

Like many of you, we have taught the traditional algebra course. Over the years we have 
tried a variety of textbooks, but some difficulties would not go away. Traditional textbooks: 

• did not provide enough exposure to algebra concepts. Many important and difficult 
ideas were seen for only the duration of one chapter, which is not enough for most 
students to understand them. 

• did not provide enough motivation. By failing to reveal connections with other parts of 
mathematics and with the real world, they made algebra concepts appear to be useless 
and made the course boring for many students. 

• restricted access. Their narrow focus on rules and symbol manipulation shut out many 
students who would do better in a visual, exploratory, hands-on environment. 

MATHEMATICS REFORM 

Meanwhile, we were inspired by the Standards 
of the National Council of Teachers of 
Mathematics. In this important document, and 
in the movement that it engendered, we saw 
the possibility for an exciting renewal in the 
teaching of mathematics in general, and of 
algebra in particular. 

The changes that are being asked of math 
teachers are all-encompassing. We are told to 
de-emphasize some topics and increase the 
attention to some others; to reveal connections 
within mathematics with science and real life; 
to integrate calculators and manipulatives into 
our teaching; to do more group work and stu
dent-oriented discovery lessons and less lectur
ing; to use more writing assignments, projects, 
and alternative methods of assessment; and 

Why We Wrote This Book 

finally to teach algebra to students who had 
traditionally not been encouraged to study it. 

In the past few years, we have been deeply 
involved in implementing these changes in our 
classes. We were able to find some excellent 
ideas by conducting fishing expeditions into 
assorted textbooks and supplementary materi
als. And when we did not find what we were 
looking for, we developed our own material. 
This was a lot of work and we spent much time 
at the photocopier. Since we knew we weren't 
the only teachers with these needs, we decided 
to develop a brand new textbook that would be 
the core of a new course. This book would pro
vide new content and new pedagogy all in one 
place. It would provide the support needed by 
teachers who, like us, are trying to participate 
in the reform movement. 

rs.4. 
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TOWARDS THE ALGEBRA OF 
TOMORROW 

We still believe the core concepts of algebra 
are of central importance and that they need to 
be learned at some point in grades 7-10. In a 
way, we see this book as a transition to the 
algebra course of tomorrow. Because it is not 
too drastic a departure from the traditional 
course, it can be used now. Students who use 
this book can continue their education in a 
traditional course. Teachers can start using it 
right away. 

On the other hand, we are too committed to 
change and the reform movement to create a 
superficial remake of the traditional textbook. 
While there is a place for books that take only 
timid steps, this book would not belong there. 

Among textbooks that do represent a break 
with tradition, many break along a single 
dimension. They may emphasize real-world 
applications, or incorporate a problem-solving 
approach, or be suitable for cooperative learn
ing, or support the use of graphing calculators 
or manipulatives, or encourage writing. Or per
haps they do a couple of those things. This 
book is different because it does all those 
things, and more. 

This is not because we could not make up 
our minds between competing theories. It is 
because we realize that since students have dif
ferent learning styles, we need to cast a broad 
net to catch as many students as possible. 
Limiting ourselves to any one approach and 
retaining the traditional approach otherwise, 
would be turning our backs on too many great 
ideas we have learned about in the past few 
years. 

This book constitutes a major rethinking of the 
traditional Algebra 1 course, with new connec
tions, new content, and new approaches. You 
will be able to use it for years to come, grow-

ing into it step by step. It will challenge you as 
well as your students. Prepare for an exciting 
time! 

GUIDING PRINCIPLES 
··················•••·•···•·•·••·····•••········•·••••••· 
This book is based on three big ideas that have 
been guiding principles in our teaching. 

In order to learn to reason flexibly and inde
pendently about the abstract concepts of alge
bra, students need tools to think with. These 
tools should be designed to support students' 
work with the main ideas of algebra: variables, 
operations, equations, functions, and so on. 

Learning mathematics should be based on 
solving interesting problems, but problem 
solving need not be separated from the acquisi
tion of skills. 

Most students will not remember concepts if 
they are explained once or twice by a teacher 
and practiced in isolation over a short period of 
time. Students must be involved in their own 
learning and have experience with ideas in 
many forms and formats over an extended 
period of time. They must experiment, conjec
ture, discover, and write about what they are 
thinking. 

These principles are reflected in the style, 
content, and organization of this book. 

...,. Style 

This book puts thinking and problem 
solving at the heart of almost every lesson. 
Students get a lot of practice, but most of it 
is in the context of worthwhile activities 

' 
rather than in the traditional drill and prac-
tice format. In particular, developing stu
dents' communication skills is intimately 
linked to the development of their mathe
matical competence. 

Why We Wrote This Book 
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.,... Content 

In choosing the content for the book, we 
were guided by the following principles: 

The work should, as much as possible, be 
interesting to both students and teachers. 

It should reveal connections with other 
branches of mathematics and science. 

It should prepare students for future math 
classes. 

Finally, the book should have enough tradi
tional content to allow teachers to be com
fortable in teaching it and enough new con
tent to remain relevant for years to come. 

While the book's title is Algebra, its content 
is far more integrated than other algebra 
textbooks. There is a substantial geometric 
strand running throughout, with a particular 
emphasis on similar figures, measurement, 
and the Pythagorean theorem. These ideas 
are woven into the fabric of the course and 
are used to support algebraic ideas-not just 
tacked on. In addition, there are lessons on 
proportion, data analysis, number theory, 
mathematical modeling, unit conversions, 
abstract algebra, and more . 

.,... Organization 

The organizing principle of this book, as 
indicated by its title, is the interaction of 
themes, tools, and concepts. The concepts 
are the mathematical ideas students need to 
learn. The themes furnish the context in 
which the concepts are learned. And the 
tools assist in the learning process. This 
approach allows us to follow a spiraling 
method where any important concept is 
approached again and again all year, not 
just for the duration of a chapter or unit. 

Why We Wrote This Book 
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WHO IS THIS BOOK fOR? 

~ Teachers 

This book has been written for teachers who 
want to implement the NCTM Standards, 
who are ready to experiment with new cur
riculum ideas, who want to use student
centered pedagogy, and who have a good 
understanding of mathematics. 

~ Students 

This book is suitable for a broad spectrum 
of students and was actually written for use 
in heterogeneous classes. The traditional 
distinctions between students who are good 
at math and those who are not become 
blurred when writing and learning tools 
enter the picture. Students who are more 
verbal than quantitative, who are more visu
al or hands-on learners, who are good col
laborators, and who enjoy working with cal
culators and computers have talents that are 
often undervalued in the traditional math 
class. The multiple approaches supported by 
this book allow all these students to work 
from their strengths and to expand into the 
areas where they are less comfortable. 

While the use of cooperative learning, tools, 
and writing helps guarantee access to alge
bra for average and weaker students, the 
same methods help challenge traditionally 
strong math students to become more reflec
tive and improve their communication 
skills. Just getting the answer is no longer 
sufficient; being able to explain it and being 
able to ask the next question are just as 
important. 

In addition, the book offers a large number 
of open-ended and more complex problems 
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and puzzles. These are important for chal
lenging the strong students in a heteroge
neous class. However, more complex or 
more difficult problems should not be seen 
as hurting the average or weaker students. 
In fact, such problems give those students 
something to strive for. Some research 
shows that the best way to help students 
having difficulty with problems of average 
difficulty is not remedial work, but to give 
them support and encouragement to tackle 
tougher problems. 

~ Grade Levels 

The majority of the book can be covered in 
a first-year algebra course in grades 8 or 9. 
Alternatively, it can be used as the backbone 
of a two-year algebra course in grades 7 and 
8, or it can be used as a two-year pre-alge
bra course in grades 7 and 8 by working 
slowly through the first nine chapters, plac
ing special emphasis on manipulatives. The 
book can also be used as a two-year course 
in grades 9 and 10 as part of an integrated 
algebra-geometry sequence, using the whole 
book and supplementing it with some addi
tional work in geometry. 

WHY IS THIS BOOK DIFFERENT? 
.•...............................................•....... 

There are substantial differences between the 
content of this book and the more traditional 
algebra course. The reasons for the differences 
in this book were based on: 

~ Technology 

Technological changes such as calculators, 
graphing calculators, and the soon-to-come 
symbol manipulators have changed the pri
orities of math education. 

About the Book 
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...,.. Priorities 

Too much energy has been spent on unim
portant topics (such as the simplification of 
complicated radical expressions) and not 
enough on essential topics (such as real
world applications). 

...,.. Pedagogy 

Some traditional topics (such as using sym
bol manipulation to solve absolute value 
inequalities) have proven to be too difficult 
for beginners, and some topics which were 
thought to be too difficult (such as func
tions) are now accessible. 

...,.. Connections 

Connections with other parts of math and 
applications have been lacking. 

...,.. Preview 

The preview of important concepts from 
subsequent courses has also been lacking. 

In order to make room for more emphasis 
on real-world applications and modeling, 
interpretation of graphs, functions, geome
try, reasoning, and mathematical structure, 
we had to take something out. What we 
reduced or removed was in line with the 
recommendations of the National Council 
of Teachers of Mathematics and every other 
professional organization involved in math
ematics education. 

...,.. What was Reduced 

Factoring as a skill, though the book 
includes a strong development of factoring 
as a concept; complicated symbol manipula
tion, such as simplifying complex rational 
and radical expressions. 

About the Book 

...,.. What was Removed 

Simplifying radical expressions containing 
variables, which at this level requires over
simplifying the problem by assuming all 
variables to be nonnegative, causing later 
confusion; solving inequalities that involve 
absolute value, which is too complicated for 
Algebra 1; word problems by type, though 
the book emphasizes the development of 
problem-solving strategies needed to solve 
all kinds of problems. 

...,.. What was Replaced 

Formal proofs, with a drastically increased 
emphasis on reasoning and mathematical 
thinking; FOIL, with much more powerful 
and general methods; long division of poly
nomials, with more emphasis on dividing 
polynomials by a monomial-an area of 
considerable confusion for students; 
standard rules for solving inequalities, 
with plenty of practice using nonstandard 
methods. 

WHAT ABOUT GEOMETRY AND 
ALGEBRA 2? 

You may wonder whether this book will ade
quately prepare your students for geometry and 
Algebra 2. The answer is that they will be far 
better prepared. Your students will enter geom
etry with unusually strong preparation, since 
the most important and difficult topics in many 
high school geometry courses (similar figures 
and the Pythagorean theorem) will have been 
substantially previewed in this course. In addi
tion, two very important concepts in which 
geometry students are often found to be insuf
ficiently prepared (square roots and propor
tions) have been given extra attention. 

It is unfortunately true that most students 
entering Algebra 2 have forgotten much of 
what they learned in Algebra 1. Because this 
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book provides extended exposure to the impor
tant ideas, emphasizes understanding, and 
stresses a few fundamental concepts, it is likely 
that the students will retain what they learned 
much longer. In addition, their preparation will 
be strengthened by the fact that they will have 
had early exposure to some of the more chal
lenging ideas of Algebra 2, such as functions. 

The above discussion assumes a traditional 
geometry and Algebra 2 curriculum. But as 
those courses change to reflect the growing 
reform movement, your students will be even 
better prepared. The increased emphasis on 
open-ended problems, on writing, on mathe
matical reasoning, on functions, on technology, 
and so on, that will be transforming the rest of 
the high school curriculum will already have 
been part of your students' Algebra 1 back
ground. The increasing emphasis on discrete 
math will have been foreshadowed by this 
book's number theory, abstract algebra, and 
probability lessons. And the increased empha
sis on probability and statistics will have been 
previewed by work on proportions and data 
analysis. 

This book is also designed to strengthen stu
dents' preparation for science classes. The 
emphasis on number sense, interpretation of 
graphs, scientific notation, proportional think
ing, and the use of calculators is substantially 
greater than in a traditional algebra course. 

Finally, this book is not merely preparation for 
the future. It is designed to provide meaningful 
and engaging work now. Teachers who used 
the preliminary versions of the book reported 
that they had never seen students as engaged 
and interested in algebra. 

How IS THE BOOK ORGANIZED? 

The book is divided into 14 chapters. Most 
chapters contain 12 numbered lessons. Each 
lesson concentrates on one or two ideas which 
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are explored in a concentrated way through 
various types of problems. The types of prob
lems can be classified as: 

.,... Explorations 

Explorations are often, but not always, at 
the beginning of a lesson. They are intended 
to give students a chance to familiarize 
themselves with a problem, working on 
their own. 

.,... Guided Investigations 

Most unlabeled problems in the body of a 
lesson are parts of guided investigations. 
They offer a systematic and structured 
approach to the material. 

.,... Generalizations 

These problems, which are useful for 
assessment, allow students to think about 
what they learned in the previous exercises 
in a broader context. Sometimes, it may be 
the transition from specific numerical cases 
to variables. At other times, it may be the 
recognition of a pattern or the movement 
from a specific application to a general rule. 
In any case, it is a crucial mathematical 
process, which is to a great extent what 
algebra is about. 

...,. Summaries 

These questions ask students to summarize 
explicitly what they learned and are an 
excellent assessment tool. Anything they 
can write about, they must understand. And 
if they cannot write about it, they can look 
back at the work they did, get help from 
their group, or from you. Merely "discover
ing" something does not guarantee it will be 
understood or remembered. Writing about it 
helps assure understanding and retention. 

About the Book 
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.,... Key Problems 

These problems are identified by a red key 
._. They are not summaries or generaliza
tions, but do require a little writing and are 
crucial to a thorough understanding of the 
concepts covered. They also provide anoth
er tool for assessment. 

.,... Reports 

These activities are more ambitious writing 
assignments that can constitute the back
bone of student assessment. Each report 
should be a one- or two-page illustrated 
essay about an important idea or application. 

.,... Challenges 

Indicated by a yellow light bulb 0, these 
problems are more difficult than other prob
lems. It isn't expected that most students 
will be able to solve them quickly or by 
themselves. 

.,... Projects and Research 

These activities require more initiative from 
the students. Projects involve some indepen
dent mathematical thinking on the part of 
the students. Research requires them to look 
for information from the real world, usually 
numerical information that can be the basis 
for some applied math. 

.,... Thinking/Writing 

Following every fourth numbered lesson, 
there is a shorter lesson labeled Thinking/ 
Writing A, B, or C. These lessons always 
end in a report. Their purpose is to apply 
what was learned in the previous lessons in 
such a way as to lead students to reflect 
upon it and develop a deeper understanding. 

About the Book 

.,... Below the Line 

Most lessons are followed by material that 
is not part of any particular lesson. The 
problems in this section are numbered con
secutively with the problems in the body of 
the lesson but, because they focus on a dif
ferent subject, they are clearly separated 
from the main lesson by a colorful horizon
tal bar, hence they are referred to as being 
below the line. This material consists of 
problems for review of past work, preview 
of work to come, as well as discoveries 
(side trips), and puzzles. 

.,... Essential Ideas 

Each chapter ends with a set of problems 
under this title. The problems were selected 
to review the ideas students can be expected 
to have mastered by that point in the course. 

.,... Other Features 

• Core vs. Optional Material 

It is likely that there is more material in 
this book than you can cover in one year. 
As a way to guide you through it, espe
cially during the first year you use the 
book, we have indicated what we consid
er optional, or noncore material, by shad
ing it in light beige. For more on how to 
sequence the material and what parts you 
can consider skipping, see the Course 
Planning Guide in the back of this book. 

• Subsidiary Strands 

At the end of most chapters, there are 
one or two lessons that do not fit the 
main theme or concept of the chapter. 
These lessons are in one of three areas: 
abstract algebra, number theory, and 
lessons requiring geoboards. The 
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geoboard lessons are a crucial part of the 
core of the course and have essentially 
two functions: to help develop propor
tional reasoning and to lay the ground
work for a geometric approach to square 
roots and measurement introduced in 
Chapter 9. 

The abstract algebra and number theory 
lessons are optional, but highly recom
mended. The number theory lessons are 
built around challenging problems for 
which there is no "canned" solution. The 
abstract algebra lessons provide insights 
into the common mathematical structure 
of systems that look very different from 
each other. Both types of lessons provide 
a change of pace, and have a fanciful, 
recreational flavor that makes them 
appealing to students . 

...,. The Teacher's Guide 

Each page from the student text is repro
duced in its entirety in reduced form in this 
Teacher's Edition beginning on page 2. 
Each chapter and lesson is accompanied by 
notes in the margin surrounding the reduced 
student pages. These notes provide sugges
tions on timing, level of difficulty, and 
clarify the role of the lesson in the big 
picture of the whole course. At the begin
ning of the teacher notes for each lesson, 
core sequence problems are identified, as 
well as problems suitable for homework. 
In addition, problems useful for assessment 
are also indicated. 

Solutions to the problems are also provided. 
If you want to provide your students with 
answers, you may allow them access to this 
Teacher's Edition. However, we have found 
that students comparing answers with each 
other is a good way to promote cooperation 
and to quickly identify a source of difficulty. 

,4T12 About the Book 
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WHAT ARE THEMES, TOOLS, AND CONCEPTS? 
• ... • - .... I • •• '• • ... .. r. . .... '• ·-- . ·-· .. •~ ' . •..,.. . .•. ' ·- .. • ·.... •.. • ... , 

This book is organized around the interaction of themes, tools, and concepts. 

This organizational scheme differs dramatically from the straightforward, topical organiza
tion of a traditional algebra textbook. Mathematics is a rich subject, and the interaction of 
these three components enables the beginning algebra student to get a glimpse of that 
richness. Using different tools and themes, we can revisit a concept repeatedly, with tools 
providing the medium for exploration, and themes the motivation. Students' understanding 
of a concept can deepen gradually as they work with it in new contexts and with a variety 
of representations. 

THEMES 

The tools help students learn algebra, but for 
most of them to want to learn it, algebra must 
be seen to have a connection with reality. 
Themes are mathematics-rich contexts, drawn 
from real-world or fanciful problems, where 
algebra concepts can be introduced, explored, 
developed, and reviewed. Well-chosen themes 
can bring algebra to life, uncover connections 
to other parts of mathematics, and support 
the claim that algebra does indeed have 
applications. 

We selected a half-dozen themes: dimensions, 
measurement, making comparisons, growth 
and change, optimization, and motion. Some 
are the focus of one chapter, others appear 
again and again throughout the book. 

What are Themes, Tools, and Concepts? 

...,. Making Connections 

In addition to providing a context and moti
vation for algebraic work, the thematic 
approach makes it possible to reveal con
nections with science, culture, and daily 
life. Most ideas are introduced by starting 
with a problem outside of mathematics 
which leads to the realization that it is best 
solved with the help of algebra. For exam
ple, Chapter 3 begins with a get-rich-quick 
scheme designed to introduce inverse opera
tions. Chapter 6 opens with a comparison of 
car rental prices which sets the stage for a 
series of lessons on solving equations and 
inequalities. In Chapter 7, identities involv
ing squares are introduced through a prob
lem about square windows. In Chapter 8, 
slope is introduced by analyzing data on 
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children's growth rates, which allows the 
introduction of the laws of exponents 
through population growth problems. In 
Chapter I 0, techniques for solving simulta
neous equations are developed through a 
whole series of applications, from organiz
ing a van pool, to making cranberry-apple 
juice. 

Connections are made within algebra 
through a spiraling curriculum, where 
important algebraic ideas are tackled again 
and again. This is in contrast to the topical 
organization of more traditional textbooks 
where a topic is addressed only within the 
confines of its chapter. Thus, connections 
are made between apparently unrelated top
ics that tum out to have the same underlying 
mathem~tical structure. For example, in 
some traditional textbooks, almost every
thing about lines and linear functions is cov
ered in a few sections, usually in a chapter 
on graphing. In this text, students encounter 
linear functions and their graphs repeatedly 
in Chapters I through 5. 

Connections are made with other parts of 
mathematics throughout the book, such as 
exploratory lessons in number theory, with 
advanced algebra (through work with non
linear functions and graphs and the graphi
cal solution of equations and inequalities), 
with probability and data analysis modeling, 
with calculus, and especially with a full 
geometry strand. 

...,. Integrating the Mathematics 
Curriculum 

Merely juxtaposing traditional lessons in 
algebra and geometry does not mean a cur
riculum is integrated. In fact, it could just 
mean a hodgepodge of unrelated lessons. 
The interweaving of algebra and geometry 
in this text is always meaningful. The geom-
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etry topics originate in the study of perime
ter, area, and volume. These topics are used 
to develop algebraic generalizations from 
numerical data, and form the basis of our 
approach to the distributive law and factor
ing. Later, they develop into lessons on sim
ilarity, which support algebraic work on 
proportions and slope. A geometric 
approach to square roots leads to a better 
understanding of the algebraic rules for the 
manipulation of radicals. And finally, the 
work on the Pythagorean theorem is 
grounded in work on distance in the 
Cartesian plane. 

In this way, the introduction of geometric 
ideas is not a distraction from the teaching 
of algebra. In fact, it enhances it. These inti
mate links between algebra and geometry 
were at the core of ancient Greek mathemat
ics, but have unfortunately vanished from 
our algebra classes. 

...,. Mathematical Modeling 

The final benefit of the thematic approach is 
that it makes it possible to start from data. 
Again and again we ask students to analyze 
data and develop mathematical models with 
the help of various tools: in-out tables, 
graphics, function diagrams, and calcula
tors. It is this work with numbers that is the 
essence of the scientific enterprise, and it 
is in this kind of work that mathematical 
patterns emerge both for the professional 
scientist and for the algebra student. 

Because this is an introductory course, we 
use fairly "well-behaved" data, and some of 
it is admittedly contrived, to fit the needs of 
the lessons. But we also include raw, real
world data in many lessons and occasionally 
encourage you and your students to collect 
your own data and conduct your own exper
iments. 
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Sophisticated statistical techniques are pre
mature at this level, but we do include some 
work on averages and on fitting the median
median line. 

With the exception of a few problems in 
Chapter 12, we avoid the type of applica
tions in which a formula is supplied and stu
dents are simply given a few questions to 
answer by manipulating symbols. Although 
these applications may convince them that 
algebra is useful, they do little to promote 
students' ability to use it. We concentrate 
instead on mathematical modeling, in which 
a situation is presented and students are 
guided in making a mathematical analysis 
of it. This has several advantages for stu
dents. It immerses them in the mathematics. 
It involves them in the decisions that need 
to be made to simplify a real-world situa
tion, in order to make a mathematical 
model. And it convinces them not only that 
mathematics is useful, but that they are 
capable of using it. 

...,. Recreational Mathematics 

As indicated in the previous paragraphs, we 
support the moves to make mathematics rel
evant. However, some reformers are getting 
carried away with this, and forgetting that 
mathematics is worth pursuing not only 
because it is powerful, but also because it is 
beautiful and entertaining. As the world's 
leading recreational mathematician, Martin 
Gardner, put it, " .. .there must be an inter
play of seriousness and frivolity. The frivo
lity keeps the reader alert. The seriousness 
makes the play worthwhile." 

To keep this in mind, we have included 
many puzzles from recreational mathemat
ics, and many lessons are motivated not by 
real-world problems, but by mathematical 
questions that are interesting for their own 
sake. 

What are Themes, Tools, and Concepts? 

TOOLS 

The extensive use of math tools is probably the 
most distinguishing feature of this book. Our 
experience with electronic and manipulative 
tools has shown us that they can be the key to a 
student-centered classroom. They can help 
transform any math class into a lab course, 
where students experiment and make discover
ies. They can help students build on their areas 
of competence, such as visual, electronic, or 
manipulative talents, and they can help provide 
an environment where students can improve 
their communication and reasoning abilities. 

...,. Why Tools? 

Our interest in the tool-based approach was 
inspired in part by the ideas of Seymour 
Papert. In the introduction to his book 
Mindstorms, Papert described how his early 
fascination with gears gave him an object
to-think-with while he was learning mathe
matics as a child in school. He then explains 
his belief in the importance of such objects 
for all children. 

What an individual can learn, and how he 
learns it, depends on what models he has 
available .... The gear can be used to illus
trate many powerful "advanced" mathemat
ical ideas, such as groups or relative 
motion. But it does more than this. As well 
as connecting with the formal knowledge of 
mathematics, it also connects with the 
"body knowledge " ... of a child .... lt is this 
double relationship-both abstract and sen
sory-that gives the gear the power to carry 
powerful mathematics into the mind. 

We must ask why some learning takes place 
so early and spontaneously while some is 
delayed many years or does not happen at 
all without .. .formal instructions .... If we 
really look at the "child as builder" we are 
on our way to an answer. All builders need 
materials to build with .... ln some cases the 
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culture supplies them in abundance, thus 
facilitating constructive Piagetian learning. 
But in many cases where Piaget would 
explain the slower development of a partic
ular concept by its great complexity or for
mality, I see the critical factor as the rela
tive poverty of the culture in those materials 
that would make the concept simple and 
concrete. 

Papert's proposals are centered around the 
computer, but as he illustrates in his story 
about gears, objects-to-think-with need not 
be electronic. Our definition of tools for 
learning mathematics includes manipulative 
and paper-and-pencil tools, as well as elec
tronic ones. All of them are objects-to-dis
cuss and objects-to-write-about, as well as 
objects-to-think-with. Using a wide variety 
of tools makes algebra accessible to stu
dents with a wide variety of learning styles. 

...,.. Which Tools? 

In order to give students a wide range of 
algebraic experiences, we use eleven differ
ent tools. Some of them are familiar to all 
math teachers, others may be new to you. 
Some tools are used throughout the course, 
others only in a few lessons. In all cases, we 
have found the tools to be helpful in getting 
students involved in, and thinking about, the 
major concepts of algebra. 

The tools can be roughly divided into three 
main groups: manipulatives (geoboards, 
the Lab Gear, radical gear), pencil-and
paper tools (grid paper, dot paper, 
Cartesian graphing, function diagrams, 
tables of values, symbol manipulation), and 
electronic tools (calculators, and, optional
ly, graphing calculators). A calculator, ruler, 
and paper and pencil are assumed to be 
available at all times. If manipulatives, 
special paper, or a graphing calculator are 
needed for a lesson, it is noted at the 
beginning. 
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...,.. How Are Tools Used? 

• Cartesian Graphing 

The Cartesian graph has had an enor
mous influence on how we teach, and 
even how we understand, mathematics. 
(For example, think about the use of the 
word slope to describe the rate of change 
of a function.) Most of us recognize it as 
a profound and powerful tool for visual
izing algebra. 

In the traditional Algebra 1 course, how
ever, graphing is usually taught as an end 
in itself, just another topic to be studied 
briefly before moving on to something 
else. In this course, Cartesian graphing 
is introduced at the very beginning and 
used as a tool to analyze and visualize 
almost every important concept in the 
course, from operations with signed 
numbers to the quadratic formula . 

Early in the course, lessons are designed 
to give students a thorough understand
ing of the relationship between three 
representations of functions: equation, 
graph, and number pairs. Throughout the 
book, we emphasize the application of 
graphing in an applied setting, giving 
students plenty of practice choosing 
appropriate scales for the axes and work
ing with different units of measurement. 

• Graphing Calculators and 
Computers 

The advent of graphing calculators and 
graphing software has made it possible to 
revolutionize the teaching of functions. 
The ability to graph any function rapidly 
and accurately in any domain where it is 
defined, and the increasing availability of 
the tools to do it, means that traditional 
paper-and-pencil graphing, as a skill, no 
longer deserves the central place it once 
occupied in our curriculum. 

What are Themes, Tools, and Concepts? 
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We are enthusiastic proponents of elec
tronic graphing and have been involved 
in it for many years. In fact, a Logo 
grapher programmed by one of us (part 
of Logo Math: Tools and Games, pub
lished by Terrapin, Inc.) was used to 
generate many of the graphs for this 
book. Having been intimately involved 
with this new technology for several 
years has given us a good sense of both 
its strengths and limitations. 

This book contains a number of lessons 
which would be enhanced by the use of 
graphing calculators. However, since 
many teachers still do not have access to 
them, we have designed the book so that 
it does not require their use. 

While graphing by hand is no longer an 
essential skill, it can be a crucial step in 
the learning process If it is accompanied 
by discussion and reflection, paper-pen
cil graphing can help reveal fundamental 
ideas, such as the relationship between 
the fact that a number pair satisfies an 
equation, and that the point that repre
sents it is on the graph of the function. 
Using a graphing calculator well 
involves making some judicious choices 
about when and where to introduce it. 

• Other Function Tools 

Function Diagrams: One thing that 
makes Cartesian graphs powerful, but 
also difficult for beginners to under
stand, is the fact that the two axes are 
perpendicular. Function diagrams are 
another representation of functions 
which is based on parallel x- andy
number lines. Function diagrams com
plement Cartesian graphing by 
emphasizing different features of 
functions. For example, domain and 
range, the definition of function, 
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inverse function, and rate of change, 
are easier to understand with the help 
of this tool than with Cartesian 
graphs. In fact, function diagrams 
make it possible to talk about many 
features of functions that were previ
ously postponed until Algebra 2 or 
pre-calculus. 

In-Out Tables: The function diagram 
is actually a graphic representation of 
a table of x- andy-values. The table of 
values is an essential tool from the 
toolbox of the traditional algebra 
course. It requires no special equip
ment. It helps students learn how to 
detect patterns in numerical data. A 
strong understanding of functions is 
impossible without facility in using 
this representation. 

• The Lab Gear® 

The tools we have discussed thus far 
offer different representations of the 
concept of function . However, algebra is 
far more than the study of functions, and 
the beginning algebra student also needs 
tools for understanding the crucial con
cepts of variables, operations, equations, 
and inequalities. The Lab Gear is a 
powerful tool for studying these ideas, 
providing a comprehensive algebra 
manipulative environment. 

The Lab Gear has been designed to be 
used for learning and understanding the 
distributive law, factoring, equation solv
ing, completing the square, and many 
other topics of beginning algebra. Most 
importantly. it helps improve the dis
course about symbols, by providing 
something concrete to manipulate and 
talk about. As with any of the tools, you 
will need to learn it yourself before try
ing to teach with it. 
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Because algebra is an extension of arith
metic, the Lab Gear has been designed as 
an extension of the most successful and 
effective manipulative used to teach 
arithmetic-Base Ten Blocks. The Lab 
Gear is completely compatible with Base 
Ten Blocks-in fact, the two can be used 
in conjunction with each other to teach 
algebra, arithmetic, or both. The inclu
sion of blue blocks to represent variables 
allows the Lab Gear to be used at a high
er level of abstraction. The sizes of the x
blocks andy-blocks were carefully cho
sen to prevent the confusion that arises 
when a block such as the Base Ten rod, 
having whole number dimensions, is 
used to represent a variable. 

The Lab Gear is an extension of the 
development of algebra manipulatives 
that has taken place over many years. 
Zoltan Dienes, who was an early promot
er of Base Ten Blocks, was the first to 
see their potential as a manipulative for 
algebra. Mary Laycock extended his 
ideas in work with multi-base blocks and 
popularized the "upstairs" representation 
of minus. Peter Rasmussen came up with 
the important idea of an x-block that is 
not a multiple of I and with the precursor 
of the comer piece. 

The Lab Gear incorporates the best of its 
predecessors' designs, but it goes further, 
by including features that have advan
tages over other algebra manipulati ves: 
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The corner piece: Helps organize the 
rectangle model of multiplication and 
division in two or three dimensions. 

The workmat: Provides an environ
ment used for equation solving and for 
operations with signed numbers. 

A powerful combination of two meth
ods to represent minus (the minus 
area on the workmat, and "upstairs"). 
This model is mathematically superior 

to the two-color model (see the sec
tion Computing With Signed Numbers 
on pages 579-591). 

The use of two variables (x and y) 
adds flexibility and makes it possible 
to work with problems involving two 
variables, including the solution of 
simultaneous equations. 

The use of three-dimensional blocks 
rather than tiles, which makes it possi
ble to represent quantities such as ry 
and y3 and to show the product of 
three factors. 

All of these unique features work togeth
er to create a unified concrete environ
ment in which to learn many concepts of 
algebra. 

• Grid Tools 

This book often uses geometric topics as 
a source of data for algebraic generaliza
tions. Much of this work is done with the 
help of three grid tools: 

Graph paper: An important use of 
graph paper is as an environment in 
which to study perimeter and area, 
topics that lend themselves to interest
ing algebraic questions. Of course, 
graph paper also serves as a back
ground for Cartesian graphing, and 
it can be used to construct function 
diagrams. 

Geoboards: These tools provide 
another environment in which we 
study area. By including approximate
ly one geoboard lesson in each of the 
first nine chapters, we gradually build 
the necessary background for a geo
metric introduction to proportion and 
slope, the concept of square root, and 
justification for the rules used in 
manipulating radicals. 

What are Themes, Tools, and Concepts? 

Digitized by Goog le 



Dot paper: While geoboards are ini
tially very popular, students gradually 
realize that the same work can be pur
sued very well on dot paper, with less 
trouble and more accuracy. Moreover, 
dot paper can be cut to create radical 
gear, a manipulative for learning 
about the manipulation of radicals in 
Chapter 9. 

• Calculators 

Calculators, computers, and other com
putational devices are everywhere. In all 
contemporary institutions, with the 
unfortunate exception of some schools, 
electronic methods are replacing paper
and-pencil computation. 

• Algebraic Symbols 

The last tool we will discuss is the use of 
algebraic symbols. The manipulation of 
symbols used to be the nearly exclusive 
subject of the beginning algebra course. 
In this book, algebraic symbols still have 
an important place, but the emphasis is 
on the ideas they embody. Key structural 
rules, such as the distributive law and the 
laws of exponents, are important to 
understand, not only because of their 
importance in the manipulation of sym
bols, but also because they offer insights 
into the meaning of the operations. 

We do not expect students to be able to 
understand algebraic symbols sponta
neously. For most students, it takes a lot 
of work to get to the point of being able 
to use algebraic notation well. The work 
is essentially the process of abstracting 
structure from numerical data. This move
ment from the specific to the general is 
one of the essential activities of mathe
matics and science. Symbol sense is not 
assumed at the beginning of the course, 
but developing it is one of our main goals. 
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CONCEPTS 

While symbol manipulation is a useful tool, 
accurate and/or speedy manipulation is no 
longer defensible as a central goal of the new 
algebra. Instead, the goal should be under
standing of concepts. Tools and themes are the 
means, not the end. Their purpose is to help 
create a course where students can learn alge
bra concepts such as functions, numbers, 
variables, operations, equations, and more 
generally, mathematical structure. 

As for mathematical terminology and notation, 
we have tried to navigate a middle course; too 
much jargon is intimidating and premature, but 
some ideas cannot be expressed precisely with
out using correct mathematical language. 

The following is an overview of some of the 
major concepts in the book. 

• Number Sense 

To understand symbols, one must under
stand numbers. As a result, this book 
includes quite a lot of work with numbers, 
but the work is spread out through the year, 
and is geared to problem solving and real
world applications, not arithmetic algo
rithms. For example, we review percent in 
an interesting applied context, connecting 
it with the use of exponents, and we use 
graphs to throw light on the arithmetic of 
signed numbers. 

The main extensions of students' number 
sense beyond the material they are likely to 
have seen before is in the work with scien
tific notation, and the work with square roots. 
We give these topics plenty of attention. 

If some students have difficulties with basic 
arithmetic, help them use their calculators to 
solve problems. For example, you will be 
very popular if you teach students how to 
use the fractions-processing capabilities of 
their calculators. Many problems, inter-
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spersed throughout the book, directly 
address students' misconceptions about 
numbers. For example, their lack of clarity 
about multiplication and division by num
bers between -1 and I. 

Avoid dwelling on arithmetic algorithms, 
such as signed number and fraction arith
metic, at the beginning of the school year. 
By the time students take algebra, most are 
happy to be done with their study of arith
metic, either because they already under
stand it, or because they have never under
stood it and see no reason to expect that 
they will. When discussing real-world prob
lems, treat the necessary review of fractions, 
decimals, and percent with a light touch. Put 
the main emphasis on the algebraic structure 
of the problem and on discussion of the rea
sonableness of the numerical results. (If, 
however, you work on the rules of signed 
number arithmetic, you can use the repro
ducible Lab Gear-based lessons in the back 
of this book.) 

...,. Function Sense 

The concept of function is addressed 
throughout the book, not just in one lesson 
or chapter. We approach functions in many 
ways, through real-world applications, 
graphs, in-out tables, and function diagrams. 
Proficiency in using several representations 
of function and the ability to move from one 
representation to another are the foundation 
of a solid understanding. 

We introduce composition of functions, 
inverse functions, and transformations of 
graphs, concepts that are usually postponed 
until Algebra 2 or pre-calculus. Because our 
approach is supported by effective tools, we 
have found these subjects to be well within 
the grasp of Algebra 1 students at an 
exploratory level. 

Providing a strong foundation in functions 
and making these more advanced concepts 
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understandable has a worthwhile pay-off: 
we use them to create a conceptual 
approach to many Algebra I topics that 
have been traditionally taught through the 
learning of rules. We use functions and their 
graphs to help students understand opera
tions with signed numbers, equation solv
ing, inequalities, the laws of exponents, 
square roots, and many other topics. 

...,. Equation Solving and 
Inequalities 

Traditional algebra courses often introduce 
the solving of linear equations too early in 
the semester. This forces students who have 
no sense of what variables are, much less 
equations, to memorize algorithms that have 
no meaning to them. Our approach is to 
spread the introduction of linear equations 
over the entire first semester, or even longer, 
in the case of a two-year course. 

Instead of a standard procedure, we intro
duce a multiplicity of techniques . 

Trial and error (also known by many 
teachers as guess and check): First and 
foremost, because it throws the most 
light on the meaning of the question, 
and empowers the students to seek the 
solution on their own. 

The cover-up method: Mostly useful 
to highlight the concept of inverse 
operations. 

Through graphing: This is particularly 
useful with the help of electronic calcula
tors, and has the advantage of being use
ful for solving any equation whatsoever, 
even one like .x3 + 2x - 3/.x = 456. 

With the Lab Gear®: This is strictly a 
transitional environment, intended to 
provide an opportunity for students to 
create their equation-solving techniques 
and rules. 
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By applying rules of algebra: This is 
the closest to the traditional technique, 
though we never impose a particular 
sequence, leaving it up to students to 
develop their own strategies. 

As for inequalities, we do some work with 
them, but limit ourselves to trial and error, 
graphing, and Lab Gear approaches. We 
believe that it is counter-productive to teach 
rules for solving inequalities in Algebra 1, 
since students almost always remember 
them incorrectly. Instead, we provide sever
al possible approaches and, in optional exer
cises, hint at some rules that students might 
develop for themselves. 

...,. Proportional Thinking 

The absence of experience using propor
tional thinking in traditional algebra courses 
means that students studying similar trian
gles in geometry, and later applying what 
they learned in trigonometry, are under-pre
pared. Similarly, students in science classes, 
where proportional thinking is essential, 
need solid grounding in the mathematics of 
proportions. We address this need by using 
geometric and real-world contexts in 
lessons that are spread throughout the book. 
Direct variation is emphasized early in the 
book, and approached from several different 
angles. We also cover unit conversion from 
a mathematical standpoint, a topic that is 
usually relegated to science classes. We 
contrast comparing by ratio to comparing by 
difference, an idea which is important in 
many applications, but usually overlooked 
in algebra courses. 

...,. Mathematical Structure 

By this we refer primarily to an understand
ing of the algebraic structures underlying 
the real number system, meaning especially 
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an understanding of the operations and their 
relationships to each other. This includes the 
distributive law, the laws of exponents, and 
the rules for operations with radicals. We 
avoid the overly abstract approach of the 
new math, and instead, concentrate on 
developing students' understanding through 
examples and models. 

We also put this understanding in a broader 
context through some optional lessons on 
abstract algebra (via specific examples well 
within students' reach) and the relationship 
between different types of numbers (real, 
rational, irrational, integers, natural) and 
different types of equations . 

...,. Symbol Sense 

We emphasize some of the topics about 
symbols that were not taught effectively in 
the traditional course such as the gradual 
process of replacing numbers with variables 
when thinking of a real-world problem, and 
the meaning of parameters, especially in 
certain basic forms such as y = kx, xy = k, 
x + y = k, y = mx + b. 

As students' understanding of algebraic 
concepts deepens, they are gaining symbol 
sense-an appreciation for the power of 
symbolic thinking, an understanding of 
when and how to apply it, and a feel for 
mathematical structure. Symbol sense is a 
level of mathematical literacy beyond num
ber sense, which it subsumes. It is the true 
prerequisite for further work in math and 
science, and the real purpose of the new 
algebra course. As the NCTM puts it, 
Algebra is the language through which most 
of mathematics is communicated. It also 
provides a means of operating with concepts 
at an abstract level, and then applying them, 
a process that often fosters generalizations 
and insights beyond the original context. 
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ACHIEVING MATHEMATICAL POWER 
•.......•..•..••••••••••••.................•••••••••..•.. 

Tools and themes create an environment in 
which students are empowered and motivated, 
when problem solving, discovery, and coopera
tive learning can thrive, and where skills can 
develop naturally and in context. Our goal is to 
help students develop the mathematical skills 
necessary for future math courses as well as for 
the world of work. 

...,. How Tools Help 

The multi-tool approach has four advan
tages over more traditional methods. 

Access: By providing immediate feed
back, these tools make it possible for all 
students to get involved with significant 
mathematical concepts. This is not to say 
that tools make algebra easy. Algebra is 
abstract and difficult for most students. It 
takes persistent effort to develop mastery. 
But tools do make algebra accessible to 
all who are willing to work at it. 

Discourse: The tools also facilitate the 
transition from a traditional class format 
into one where discovery learning, prob
lem solving, and cooperative work are 
the norm. Instead of the teacher's author
ity being the sole arbiter of correctness, 
tools make it possible for students to use 
reasoning and discussion about a con
crete reference as a way to judge the 
validity of mathematical statements. 
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Independence: As students work with 
tools over time and develop more and 
more understanding of the concepts of 
algebra, they have less and less need of 
certain tools (such as manipulatives or 
function diagrams), which have merely 
served as a bridge to understanding 
abstract ideas. On the other hand, they 
become more sophisticated users of other 
tools (such as calculators and electronic 
graphing devices), which will remain 
useful throughout their mathematical 
careers. In both cases, the students are 
more self-reliant, and therefore, more 
self-confident. 

Multiple Representations: There is a 
synergy in the interaction of math tools. 
For example, a student who has thought 
about square roots in a multidimensional 
way, with the help of geoboards, dot 
paper, radical gear, calculators, and 
graphing calculators, has much more 
depth of understanding, particularly if the 
relationships among the representations 
have been made explicit, than a student 
who has practiced only disembodied 
operations with radicals. 

In a multi-tool environment, students will 
develop specialties. Some will be Lab Gear 
experts, while others will be most comfort
able with the use of calculators or function 
diagrams. This is normal, and cooperative 
learning allows all students to benefit from 
each other's strengths. 

Finally, this book does not depend on any 
one tool. If at first you are uncomfortable 
with function diagrams, or with the Lab 
Gear, you should de-emphasize those 
lessons until you have become better 
acquainted with the tool. Of course, you 
will get the most out of this book if you take 
some time to familiarize yourself with all 
the tools. 
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...,. Algebra as a Web 

Themes, tools, and concepts 
as they relate to area. 

Themes, tools, and concepts are interwo
ven in a complex web. This map was con
structed by starting from area, a sub-theme 
of measurement, then showing the connec
tions between algebra topics, between alge
bra and geometry, and between algebra and 
the real world. The map does not include 
the whole book, but it does reveal how our 
approach goes about making these connec
tions. In the traditional curriculum, which 
assumes an arbitrary sequence within alge
bra, these connections are masked, and the 
geometric connections aren't made at all. 
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Contrast it with the corresponding map for 
the traditional course shown here. 

8 
Area in the Traditional Algebra Course 
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CONCLUSION 
-· .... .... .... --·- .. .. .. ·- .. ·- .. ·- •. 

The traditional algebra course we used to teach suffered from five main shortcomings. 

One-dimensionality: The course's overwhelming emphasis on the manipulation of 
symbols was too abstract for many students; for others, it was boring. Lacking a 
concrete context for communication, classes became divided into two groups: those 
who "got it" and those who didn ' t. 

Authoritarianism: All knowledge came from the teacher. The goal was to manip
ulate symbols, and the teacher was the sole source of information about how to 
manipulate them correctly. Students depended upon memorizing algorithms, and 
since that is a task better suited to computers than to humans, they often forgo t, and 
found themselves helpless. 

Apparent pointlessness: The work seemed completely unrelated to situations stu
dents might realistically encounter outside the classroom, or even in other branches 
of mathematics or science. 

Skills/enrichment dichotomy: Problem solving was relegated to the role of 
enrichment and divorced from the main purpose of the course, which was the 
acquisition of narrow skills through repetitive drill. 

Topical organization: Topic were taught in self-contained chapters. Students had 
insufficient time to absorb one new idea before going on to the next. Even word 
problems were usually constructed to test a single skill , rather than to draw on and 
to exercise the students' entire reservoir of mathematical knowledge. 

These shortcomings were both curricular and pedagogical. They could not be addressed by 
piecemeal change-we needed a revolution. 

IIJI. Strategies for Change 

As you embark on the process of making 
changes, you may run into resistance from 
many quarters. Students may feel that the 
course involves too much work, and partic
ularly, too much writing. Some even com
plain it requires too much thinking. Parents 
may worry because the course is different 
from the one they took. More significantly, 
students, parents, and colleagues may be 
concerned about whether students will be 
prepared for the next course, which may be 
quite traditional. Some may feel anxiety 
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about the suitability of the course for strong 
(or weak) students. 

We have tried to respond to these concerns 
in this introduction. In these closing com
ments, we will make a few suggestions 
about strategy. 

Start with the changes in pedagogy and be 
more gradual about making changes in con
tent. As students become more involved in 
their own learning, and the results are obvi
ous to all, and as national, state, and local 
requirements change, it will become easier 
to implement content changes. 

Conclusion 
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Make sure your stronger students are chal
lenged. They, and their parents, are among 
your most important allies in the process of 
change. 

If you have trouble with certain lessons or 
types of lessons, de-emphasize them, and 
fall back on more familiar material. 

Work closely with other teachers who agree 
with you about the need for change. In par
ticular, try to find other teachers who use 
this book, and help each other out. 

As your students become more skillful at 
writing, have them polish reports and pro
jects and display them on bulletin boards. 
Publish outstanding write-ups on real-world 
problems in school or PTA newsletters. 

...,. The Rewards 

Making change is difficult, but rewarding. 
Here are some statements from teachers 
who used preliminary versions of this book. 

This book is so rich, there is so much to do, 
you cannot do it from A to Z. You start 
investigating something that seems trivial, 
that all students can get into, and soon you 
are challenging your top students. 

It's so concrete, it's a whole new way of 
doing algebra. When someone makes a 
statement, you can say, "Show me." 

The only problem I have with class control 
is that everyone wants to participate. 

Students get so involved in a problem that 
they won't want to leave at the end of the 
period. That used to happen in art class, not 
math class. 

The book supports discovery. It takes the 
teacher away from being the center of atten
tion. I fee/less pressure; I'm just another 
participant in the learning environment. I 
can step back and be more aware of what's 
going on and where the kids are, so I can be 
more helpful. 

Conclusion 

This book meets students where they are and 
brings them along from there. They develop 
so much confidence. We ask them to do things 
they've never done before, but since they're 
used to that, they just plunge in confidently. 

A lot of problems don't have just one 
answer. I like that. It means that a lot of 
students can get into it and feel as if they're 
doing something right. The book supports 
conjecturing. Kids are not so attached to 
having the one "right" answer. 

Using the Lab Gear helps us appeal to all 
kinds of students. Several students told me, 
"If it weren't for this, I'd never understand 
algebra. " Some of them even bought their 
own set of Lab Gear to use at home. A few 
resisted the Lab Gear, but then we'd find 
some of those same students going to get it 
during a test! It really helped when we set 
up the classroom as a lab, so that the tools 
were always accessible for those who 
needed them. 

The hardest thing about using this book was 
getting used to writing and explaining. So 
often at first when the book said, "Explain," 
students would ask, "What does this mean? 
What do they want?" I had to really think 
about how to answer them and I realized 
that it helped me understand, too! I like all 
the writing. Writing is hard for me, but 
when I write about something, it helps me 
internalize the ideas and really understand 
them. It does the same for the students. 

It took us a while to learn how to incorpo
rate writing, but it was well worth the time 
and effort. Our students had to get used to 
writing and to our standards for good writ
ing, but once they got the idea they were so 
proud of their work. We learned to be care
ful not to assign too much, and to give them 
enough time to work on it so that they could 
do high quality work. They put a lot of effort 
into their Thinking/Writing assignments. 
After a while, those assignments generated 
a lot of enthusiasm. 
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... ... ... ... --·- .. ·- .. ·- .. ... .. ... .. 

Dear Parent, 

This book is different from the book you used if you took algebra. It certainly is different from 
the books we used. We have taught from many algebra textbooks over the years, and are well 
acquainted with the traditional algebra course. The course had many problems: there were 
many Ds and Fs, and even students who got good grades often did not really understand what 
they were doing. In addition, the development of calculator and computer technology has made 
it imperative to change the emphasis of the course. Moreover, as a profession, math teachers 
now have a better understanding of how students learn. 

This book is based on three big ideas, which have been guiding principles in our teaching: 

• In order to learn to reason flexibly and independently about the abstract concepts of algebra, 
students need tools to think with. These tools should be designed to support students' work 
with the main ideas of algebra: variables, operations, equations, functions, and so on. We 
use manipulative, electronic, and old-fashioned pencil-and-paper tools. 

• Learning mathematics should be based on solving interesting problems. Students' skills 
develop best if they are given an interesting context to practice them in. Look through the 
book at the wide variety of problems we address: air travel, get-rich-quick schemes, tele
phone billing plans, children' s growth rates, making cranberry-apple juice, car and bicycle 
trips, and on and on. 

• Most students will not remember concepts if they are explained once or twice by a teacher 
and practiced in isolation over a short period of time. Students must be involved in their 
own learning, and have experience with ideas in many forms and formats over an extended 
period of time. They must experiment, conjecture, discover, and write about what they are 
thinking. In this book, important ideas are returned to over and over, and much work is 
expected of the student - hard work, but work that is more varied and interesting than the 
traditional drill and practice. 

After using this book, your child will be exceptionally well prepared for future courses, 
because we have made a point of giving extra emphasis to the areas that are most important to 
the rest of secondary school math and science: square roots, proportions, scientific notation, 
functions, and symbol sense. In addition, the emphasis on thinking, communication, and writ
ing skill will help across the whole curriculum. 

If you have any questions about this course, we are sure your student's teacher will be glad to 
help answer them. The biggest help you can provide is to make sure that your student does 
algebra homework every day. 

Sincerely, 

Anita Wah and Henri Picciotto 

Letter to Parent 
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- . - . - . - . - . .. _ .. .._ .. .._ .. .._ .. ·- .. 

Dear Student, 

In arithmetic you have learned to work with numbers. Algebra is an extension of arithmetic, 
where you learn to work with symbols. It is the language of all of mathematics and science, 
and a tool for solving problems in business and engineering. 

In the future more and more algebra will be done by computer. But what good would it do you 
to have a computer ready to do the algebra for you if you didn't understand what algebra is? It 
would be as useful as a calculator to someone who didn' t know the meaning of numbers. 

Algebra is difficult to learn, but it is the key to so many possibilities in your life that it is worth 
the effort. You cannot learn algebra just by listening to your teacher. You need to be much 
more involved: do your homework every day, read the book carefully, and if necessary, get 
help from your teacher. Good work habits are essential if you want to succeed in this class. 

Most importantly, be ready to discuss difficult problems with your classmates, sometimes to 
help them, and sometimes to get help from them. Talking is the best way to sort out what you 
understand from what you don' t understand, and explaining is the best way to improve your 
understanding. While learning math and problem solving, you will also be improving your 
ability to communicate with other people. 

You may be surprised at how much writing will be expected from you. Almost every lesson 
requires you to explain something, and you will have to write reports on a regular basis. This is 
difficult at first, but it will help you in the long run, by making you not only a better mathe
matician, but also a better thinker, and a better writer. 

Good work habits, communicating, thinking, and writing will help you no matter what you do 
in the future. But of course, as math teachers, we would like you to stick with it, and take many 
more math classes. To convince you of this, we have tried to write a book that you will find 
interesting and that puts you, the student, in the center of the action. 

Sincerely, 

Anita Wah and Henri Picciotto 

Letter to Student T27A 
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Chapter I 
PERIMETER AND AREA PATTERNS 

Overview of the Chapter 

Theme: The theme of thjs chapter is 
perimeter and area patterns. This 
unorthodox opener makes it possible to 
achieve an en01mous amount of interesting 
work right away. 

1. Introduction of New Tools: 

These will be used throughout the 
course, so it is important to get fami liar 
with them. 

• The Lab Gear 
• Graphing 
• Geoboards 

2. Algebra Concepts Emphasized: 

Students will begin to have some mas
tery of these by the end of th is chapter. 
Nevertheless, they will be rev iewed 
abundantly in future chapters. 

• Variables and constants 
• Substitu tion and evaluation 
• Combin ing li ke terms 
• Degree 
• Operati ons: 

add ition and multiplication 
• Polynomials 
• The area/volume model fo r 

mul tiplicati on 
• Order o f operations 

3. Algebra Concepts Previewed: 

These concept will be j ust touched on, 
to prepare students for a more in-depth 
approach later. 

• Signed numbers 
• Equati ons and identities 
• Cartesian coordinates 
• Perfect squares 
• The distributi ve law 
• Factoring 
• Inferring a functi on from data 
• Linear functions 
• The functi on y = x2 

4. Problem-Solving Techniques: 

These techniques are emphasized, but 
others wil l no doubt come into play. 

• Organized earches 
• Trial and en·or 
• Looking for patterns 
• Using tables 

CHAPTER 

The spiral shape of a ram's horn 

Coming in this chapter: 
n:t!1tmJt11!1 If you draw a closed shape by following the lines 
on graph paper, you can fi nd its area and perimeter by counting. 
For a given area, what peri meters are possible? 



PERIMETER AND AREA PATTERNS 

1.1 Polyominoes 

1.2 Perimeter of Polyominoes 

1.3 Introduction to the Lab Gear 

1.4 Variables and Constants 

1.A THINKING/WRITING: 
Graphing Rectangle Areas 

1.5 Dimensions 

1.6 Coming to Terms 

1.7 Perimeter 

1.8 Window-Shopping 

1.8 THINKING/WRITING: 
Drapes 

1.9 Adding and Multiplying 

1.10 Three Dimensions 

1.11 Word Figures 

1.12 Area on the Geoboard 

1.( THINKING/WRITING: 
More Window Prices 

• Essential Ideas 

S. Connections and Context: 

These concepts are not central to the 
algebra curriculum. In some cases they 
come from other parts of mathematics, 
and in other cases they come from 
more advanced algebra courses. They 
are here because they help motivate 
and apply the Algebra I concepts listed 
above. 

• Polyorninoes, polycubes 
• Dimension 
• Optimization 
• Area, perimeter 
• Volume, surface area 
• Triangular numbers 
• Fibonacci numbers 

As this list makes clear, there is a lot 
going on in this first chapter. It is the 
jumping-off point for the whole course, 
and it must get students involved with 
algebra. 

Involved: They will see that this is not a 
spectator sport. They will build up their 
understanding through their own struggles 
and discoveries. 

With Algebra: They will immediately get 
involved with variables and problem solv
ing. It is terribly costly to student morale to 
start the course with arithmetic review. 

B ecause much of the work in the chapter 
comes from the very concrete departure 
point of area and perimeter, students tend 
to accept the legitimacy of pursuing it. A 
few real-world applications help give the 
chapter some relevance even beyond that. 

Minus 

Note that we hold off on the introduction 
of minus until Chapter 2. Too many mis
takes are associated with this, especially 
early on, and we want students to get a 
solid start before tackling it. 

3 
---- 1 



T 1.1 
Polyominoes 

Core Sequence: 1- II , 13-14 

Suitable for Homework: 7-12, 15-16 

What this Lesson is About: 

• First experi ence with area and perimeter, 
which will be used throughout the 
course as a place to di scover and apply 
algebraic idea 

• Introducti on to the idea of dimension , 
which is important for understanding 
how the Lab Gear is used as a concrete 
representation of ab tract ideas 

This lesson i draw n fro m the world of 
recreational mathematic . 

Background: Though the first pentomino 
puzzle wa publi hed in 1907, polyomi
noes were redi scovered and named by 
mathematician Solomon W. Golomb at 
Harvard Uni versity in 1953. Since then 
polyominoes have become one of the most 
popular branches of recreati onal mathe
matics. Mathemati cian have created and 
sol ved hundred of polyomino problems. 
They have proved other to be inso luble. 
(Thi branch of math is ca lled combinator
ial geometry.) Computer programmers 
have used computers to solve some of the 
tougher puzzle . Commercial manufac tur
ers have marketed vari ati ons of polyomino 
games, including very popular video 
game (Tetris and it va ri ati on ). Teachers 
at a ll levels have found polyominoes a 
valuable additi on to their curri culum . 

In thi s book, polyominoes and re lated top
ics will be used to introduce a number of 
algebra concepts. In thi s chapter they pro
vide a substanti al problem to work on, a 
first look at perimeter and area, a first 
introducti on to optimizati on problems, and 
a fir t ex perience with graphing. In future 
chapters they will be used to di cu s s imi 
larity and proporti on. 

DISCOVERING POL YOM I NOES 

These acti viti es work well in a coopera
ti ve-learning setup, where students can 
compare their answers and help each other. 
(See Cooperative Learning in thi s 
Teacher's Guide.) 

4 

LE!>SON 

• 
Polyominoes 

lli.!ll\lii!':;~· ~;~~: ~. i~ 'j ....... ~ 
. . .................................. 

I Definition: Polyominoes are shapes that are 
made by joining squares edge-to-edge. The 
best known example is the domino. 

D 
Using three squares, you can find two different 
rrominoes, the straight one and the bent one. 

There are only two trominoes. The bent one is 
shown in different positions. 

The following shapes are nor polyominoes. 

I . What part of the definition do they violate? 

DISCOVERI NG POL YOMINOES 

2. Terrominoes are made up of fo ur squares. 
There are fi ve different tetrominoes. Find 
ail of them. 

3. Guess how many squares make up a pen
tomino. Find ail twelve pentomi noes. 
Make sure you do not " find" the same one 
more than once! 

4. f Find as many hexominoes as you can. 

AREA AND PERIMETER 

Large polyominoes may have holes in them, as 
in this 11 -omino (i.e. polyomino of area II ). 

In thi book, we will not discuss polyomi noes 
with holes. 

I Definitions: The area of a two-dimensional 
fi gu re is the number of unit squares it woul d 
take to cover it. The perimeter of a fi gure IS 

the distance around it. 

For exam ple, the area of the domino is 2, and 
its perimeter is 6. 

In thi s book, area and perimeter will provide 
you with many opportunities to di cover and 
apply algebra concepts. 

5. Here is a I 0-omino. What is its area? 
What is its perimeter? 

6. Draw some 10-ominoes, and find the 
perimeter of each one. It would take too 
long to find all of the 10-ominoes, but try 
to find every possible I 0-omino perimeter. 

7. Repeat problem 6 for 16-ominoes. 

8. Draw as many polyominoes as you can 
having I 0 units of perimeter, and find the 
area of each one. 

9. Find some polyominoes having perimeter 
16. It would take too long to fi nd all of 
them, but try to find every possible area. 

Chapter I Perimeter and Area Patterns 

1.1 S 0 L U T I 0 N S 

1. The squares are not joined edge-to-
1111111 §liD edge. 

5. Area = 10 Perimeter = 18 A= 12 A= 15 

8. I I I I err a=o EEHb §±if A=4 A= 4 A= 4 
A= 11 A= 13 

~ EIT EEE I I I I 
A= 7 

A= 4 A= 5 A= 6 

9. m ~ 
A= 16 A= 9 

' ' A= 10 A= 9 



Io.fii!,I,F!ii Describe any patterns you 
noticed when working on thi s Jesson. 

11. .... Have you found any polyominoes 
having an odd-number perimeter? If you 
have, check your work. If you haven' t. 
explain why. 

Area and perimeter of polyominoes are related . 
It is not a simple relationship: for a given area, 
there may be more than one perimeter possi
ble. For a given perimeter, there may be more 
than one area. 

• The foll owing are one-dimensional: a line, 
the boundary of a soccer fi e ld . 

• The fo llowing are two-dimensional: the 
surface of a Jake, the paper wrapped 
around a present . 

• The following are three-dimensional: an 
apple, a person. 

An object li ke a sheet, while it does have 
some thickness and therefore is three-dimen
sional, can be thought of as a model of a two
dimensional surface with no thickness. 
Similarl y, a wire or even a penci l can be 
thought of as a model of a one-dimensional 
line. 

13. Di vide the fo llowing into three groups: 
one-, two-. or three-d imensional. 

a. a book 

b. a Jake 

c. a map 

1.1 Polyominoes 

1.1 

12.illiiiZ!Id The words polyomino, rerromino, 
penromino. hexomino all end the same 
way, but they start with different prefixes. 

a. Find other words (not j ust from mathe
matics) that start with the prefixes 
poly-, rerr-, pen/-, and hex-. Tel l the 
meaning of each word. 

b. What are the prefixes for 7, 8, 9, and 
I 0? Find words that begin with those 
prefi xes. Tell the meaning of each 
word . 

c. Write a story using as many of the 
words you found as possible. 

d. a pi ece of paper 

e. a pi ece of string 

f. an algebra student 

g. Mickey Mouse 

h. the boundary of a county 

i. the water in a glass 

j. the paint on a house 

14. Name three objects of each kind. 

a. one-dimensional 

b. two-dimensional 

c. three-di mensional 

Getting comfo rtable with the concept of 
dimension will help you with some of the 
algebra concepts that you will study later in 
thi s course. 

15. Draw a picture that incorporates several 
of your objects of different dimensions. 

16. Write a short paragraph explaining what 
3-D glasses are used for. 

s.A 

1.1 S 0 L U T I 0 N S 

10. Answers will vary. Here are some 
examples: 

All perimeters are even numbers. 
For a given number of squares, the 
largest perimeter occurs when the 
squares are arranged like a train ; the 
smallest perimeter occurs when the 
squares are arranged into a large 
square or rectangle with odd pieces 
on one side. 

11. No. There are no polyominoes with 
an odd perimeter. For every poly
amino, each edge has an opposite 
edge and there are no unmatched 
edges, so the perimeters are always 
even . 

12. Answers will vary. 

The prefi xes for 7, 8, 9, and 10 are 
hept-, oct- , nona-, and deca-, respec
tively. 

13. 1-D: e, h 
2-D: c, d, j 
3-D: a, b, f, g, i 

14. Answers will vary . 

15. Answers will vary . 

16. Answers will vary . 

f t is possible to discover polyomjnoes 
using graph paper, but your students w ill 
have an easier time if you supply them 
with square ti l es or cubes to experiment 
with. The Lab Gear ! -blocks or x2-blocks 
can be used. However, even if the shapes 
are found wi th manipulati ves, students 
need to keep a record on graph paper. 

If your students use cubes, make sure to 
Jimjt their search to two-dimensional f ig
ures. (Every cube must touch the table.) 
The search wi ll be expanded into three 
dimensions in Lesson I 0. 

I f you have access to interl ocking cubes, 
use them. They are parti cularly convenient 
because, once a shape i s found, it can be 
rotated and flipped over, which makes it 
easier to recognize duplicates. Note that it 
is tromino not the more euphonious 
triomino, because the latter is copyri ghted 
as the name of a triangular domino. 

AREA AND PERIMETER 

Area and perimeter will be used through
out the book to motivate, discover, illus
trate, or apply algebraic concepts. T he 
work in this lesson serves as a remjnder of 
the meaning of those two words. 

IQi.J[@I The prefixes poly-, di- , tri-, 
tetr-, pent- , hex- , hept-, oct-, non-, and dec
will come up again when your students 
study geometry. 

S ome students may obj ect to vocabu lary
building and creative writing in a math 
class. Insist that th is i as important a any 
other exerci se. Remember that for ome 
students thi s may be the mo t comfortable 
area. 

ddtlii• DIMENSIONS 

This topic is new for A lgebra J. I t is an 
important trand in this chapter, where it 
helps students grasp the concept of degree, 
and it lays the groundwork for understand
ing the difference between li near and qua
dratic functions later in the course. 
Moreover, it comes up naturally when 
workjng with the Lab Gear manipu lati ves. 



T 1.2 
Perimeter of Polyominoes 

Core Sequence: 1-22 

Suitable for Homework: 21-22 

What this Lesson is About: 

• Looking for patterns, using tables, 
using graphs 

• Dimensions, units, and measurement 

SHORTEST AND LONGEST PERIMETER 

At first this seems to be a big project, but a 
pattern quickly emerges for the longest 
perimeters. The shortest perimeters are 
more difficult to understand, but they usu
all y generate a great deal of curios ity. 

MAKING PREDICTIONS 

These exercises are the students' opportu
nity to articul ate the patterns they discov
ered while making the table. Insist on full 
exp lanati ons in numbers 4 and 6. Do not 
stress spelling and punctuation here. When 
working through a lesson, writing is used 
as a help to thjn king, and students should 
be uninhibited about putti ng ideas on 
paper. (See Writing on page 54 1.) 

lESSON 

Perimeter of Polyominoes 

~i.!@il:p~ ·p·a~:~r· ••li D • • • • • • •: 
.................................. 

SHORTEST AND l ONGEST PE RIMETE R 

For polyominoes with a given area. there may 
be more than one perimeter. In this section. 
you wi ll try to find the shortest and the longest 
perimeter for each given area. 

I. Copy this table. extend it to area 24. and 
fill it out. (A few rows have been done for 
you.) Experiment on graph paper as much 
as you need to. and look for patterns . 

Pcrimeler 

Area Shorlesl Longest 

I 4 4 

2 6 6 

3 

4 8 10 

5 

2. ...... What pattems do you notice in the 
table? Explain. 

3. f Describe the pattern for the perimeter 
of a polyomino of area A, having: 

a. the longest peri meter; 

b. the shortest perimeter. 

4. For a polyomino having a given area, 
what perimeters are possible between the 
shortest and longest? (For example. for 

area 4, the minimum perimeter is 8, and 
the maximum is 10. Is it possible to have 
a perimeter of 9?) 

5. Wh at perimeters are possible for area 9? 

MAK ING PREDICTIONS 

Mathematics is the science of patterns. 
Discovering a pattern can help you make 
predictions . 

6. Predict the longest possible perimeters for 
po lyominoes having these areas. If the 
number is not too big. experiment on 
graph paper to test your predictions. 

a. 36 b. 40 c. 100 

d. 99 e . 101 f. 1000 

7. ...... Explain your method for answering 
problem 6. 

8. Predict the shortest possible perimeters for 
polyominoes having these areas. If the 
number is not too big. experiment on 
graph paper to test your predictions. 

a. 36 b. 40 c. 100 

d. 99 e . 101 f. 1000 

9. ...... Explain your method for answering 
problem 8. 

MAKI~G A GRAPH 

10. On graph paper. draw a horizontal axis and 
a vertical axis. Label the horizonta l ax is 
Area and the vertical axis Perimeter, as in 
the following graph. Ex tend them as far as 
you can. to at least 25 units for area and 55 
units for perimeter. 

Chapter I Perimeter and Area Patterns 

1.2 S 0 L U T I 0 N S 

1. Perimeter 

Area Shortest Longest 

I 4 4 

2 6 6 

3 8 8 

4 8 10 

5 10 12 

6 10 14 

7 12 16 

8 12 18 

9 12 20 

10 14 22 

II 14 24 

12 14 26 

13 16 28 

14 16 30 

15 16 32 

16 16 34 

17 18 36 

18 18 38 

19 18 40 

20 18 42 

21 20 44 

22 20 46 

23 20 48 

24 20 50 

25 20 52 

2. In the shortest column , the numbers 
start at 4 and increase by 2 at certain 
intervals. For example, the next num
ber is 6 and the next is a group of 
two 8s, a group of two 1 Os, a group 
of three 12s, a group of three 14s, a 
group of four 16s, a group of four 
18s, etc. 

In the longest column , the numbers 
are consecutive , even integers start
ing at 4. 

3. a. Longest perimeter = 2 · A + 2 
b. No general formula . When the 

area is a perfect square, the short
est perimeter is four times the 
square root of the area. 

4. From Lesson 1, #11 , the possible 
perimeters are even numbers 
between the shortest and longest 
perimeters. 

5. Shortest P = 12 
Longest P = 20 
Possible perimeters: 12, 14, 16, 
18, 20 

6. Use the formula; longest perimeter 
=2 · A+2 

a. 2 · 36 + 2 = 74 
b. 2 . 40 + 2 = 82 
c. 2 . 1 00 + 2 = 202 
d. 2 . 99 + 2 = 200 



I Definition : The point where the axes meet 
is called the origin. 

For the following problems, you will need the 
numbers you found in the table in problem I. 

11. For each area, there is one number for 
the longest perimeter. For example, the 
longest perimeter for an area of 4 is 10. 
Thjs give us the number pair (4, I 0). Put 
a dot on the graph at the corresponding 
point. (Count 4 spaces to the right of the 
origin. and I 0 spaces up.) Do this for all 
the area and longest perimeter points on 
the table. 

12. Describe what the graph looks like. 

1.2 Perimeter of Polyominoes 

1.2 

13. Using the same axes. repeat problem I 
with the numbers for area and shortest 
perimeter. One dot would be at (4, 8). 

14. Describe what the graph looks like. 

INTERI'REllN(, TIH C RAPH 

IS. Explain why the first set of points is 
higher on the graph than the second set. 

16. As the area grows. which grows faster, the 
longest perimeter or the shortest perime
ter? What happens to the gap between 
the two? 

17. Use the graph to figure out how many dif
ferent perimeters are possible for an area 
of 25. Explain how you did it. 

18. Use the table you made in problem I to 
answer problem 17. Explain how you 
did it. 

19. Use the graph to check whether there is 
a polyomino having area 15 units and 
perimeter 20. Explain how you did it. 

20. Use the table you made in problem I to 
answer problem 19. Explain how you 
did it. 

In this lesson you used panerns. tables. and 
graphs to help you think about a problem. This 
is an important skill which you will develop 
throughout this course. 

7 ... 

MAKING A GRAPH 

This is the firs t of many graphs for the 
year. Make sure that the students are et
ting up the axes correctly, and that they 
understand how to locate points. 

INTERPRETING THE GRAPH 

You may want to di scu these problem 
with the whole class. Tables and graphs are 
alternate repre entation for the arne data. 
Students should develop facility with both. 

1.2 S 0 L U T I 0 N S 

e. 2 · 101 + 2 = 204 
f. 2 . 1000 + 2 = 2002 

7. Answers will vary . Students can use 
sketches or the formula as in #6. 

8. For perfect squares the shortest 
perimeter is four times the square 
root of the area. 

a. 24 
d. 40 

b. 26 
e. 42 

c. 40 
f. 128 

9. Answers wi ll vary. Students can use 
sketches or the formula as in #8. 

45 

40 

35 

~ 30 
Q) 

Qj 
E 25 

·;:: 
Q) 

a.. 20 

15 

10 

5 

5 10 15 20 25 30 
Area 

12. The graph is a straight line which 
goes diagonally up from left to right. 

14. The graph looks like a flight of stairs 
going up from left to right. 

15. The longest perimeter is increasing 
for each additional area. The short
est perimeter clumps in groups 
before increasing. 

16. As the area grows, the longest 
perimeter grows faster and the gap 
between the $'hortest and longest 
perimeter grows larger. 

17. Find the number 25 on the area axis. 
Trace a vertical line until it intersects 
both graphs. 

For each intersection point, trace a 
horizontal line to the perimeter axis and 
read the shortest and longest perime
ter. (Shortest P = 20, longest P = 52) 



I 
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1.2 

fQjlif/Ui UNITS AND DIM ENSIONS 

Length is measured in li near units, such as the 
inch (in. ) or cent imeter (em). Length refers to 

o ne dimension . 

Area is measured in sq uare unit , such as the 
square inch (in 2 , or sq in .) or square centime
ter (e m\ Area refers to two dimensions. 

Volume is measured in cubic units , such as the 
cub ic inch (in -'. or cu in .) or cubic centimeter 
(em' . or cc). Vo lume refers to three 
dimensions. 

21. Di vide the following units into three 
groups according to what they measure: 
length, area. or volume. 

a . acre b. nuid ounce 

c. foot d. gall on 

e. kilometer f. liter 

g. meter 

i. pint 

k. yard 

h. mile 

j. quart 

22. For each unit listed in problem 2 1, name 
something that might be mea ured with it. 
For example, for (a), the area of a farm 
could be measured in acres. 

A 8 Chapter I Perimeter aud Area Palterns 

Possible perimeters are 20, 22, 24, 
... , 52 

18. Extend the table to area = 25 and fill 
in the shortest and longest perimeter, 
using the patterns found previously. 

Go down to 25 under the area col
umn and read the shortest and 
longest perimeter. 

Possible perimeters are 20, 22, 24, 
... , 52 

19. Find the number 15 on area axis. 
Trace a vertical line until it intersects 
both graphs. 

For each intersection point, trace a 
horizontal line to the perimeter axis 
and read the shortest and longest 
perimeter. (Shortest P = 16, longest 
p = 32}. 

20. Go down to 15 under the area col
umn and read the shortest and 
longest perimeters. 

Since 20 is even and is between 16 
and 32, there exists a polyomino of 
area 15. 

21 . Length : c, e, g, h, k 
Area: a 
Volume: b, d, f, i, j 

22. Answers will vary . 

. --



the Lab Gear . . .................................. 
The Lab Gear blocks come in two colors, 
yellow and blue. 

THE YELLOW BLOCKS 

The yell ow blocks represent whole numbers. 
such as I . 5, or 25. 

1. Use the Lab Gear 10 represent these quan
tities. Write down what blocks you used. 

a. 13 b. 21 

2. Find as many differenl numbers as possi
ble that can be represented by using 
exactl y three yellow blocks. 

3. .,_ Write some numbers that cannot be 
repre ented by the Lab Gear. Ex plain why 
you believe thi s to be true. 

You will oon learn to use the Lab Gear for 
negati ve numbers. Later. you will use the Lab 
Gear 10 work with fractions. 

~ 

~ 
mice that the block that represents 25 is a 

5-by-5 square. 

Notation: In algebra, the multipli cation 5 
times 5 is wrinen 5 · 5 = 25, or 5(5} = 25. 
Do not use x to indi cate multipli cati on- it 
could be confu ed with the letter x. When 
handwrit ing, use a dot. and when typing 
or using a computer, use an asteri sk: 
5 * 5 = 25. In this book. we will use the dot. 

1.3 lmroduction to the LAb Gear 

THE BLUE BLOCKS 

The blue blocks represent variables. 
All the Lab Gear variables are related to these 
two blocks . 

X y 

Vari able are u ually named by leners. Since 
the names x and y are used most often in alge
bra, they have been chosen 10 name Lhe vari 
ables in the Lab Gear. 

4. Write a way to remember whi ch block is x 
and which block is y. 

5x 

This block repre ems 5 · x (which is usuall y 
wrinen as 5x). The reason it is 5x can be seen 
by counting the number of x's that make it. 
Another way to see it is to notice th at it is a 
rectangle. In a rectangle, the area is equal to 
the length time the width . U ing the corner 
piece, we can measure the 5x block, and see 
that its d imensions are 5 and x. and its area i 
5x square units. 

~ 

9A 

T 1.3 
Introduction to the Lab Gear 

Core Sequence: 1-1 l 

Suitable for Homework: 10-12 

Useful fo r Assessment: l 0-ll 

What this Lesson is About: 

• The fir t experience wi Lh Lhe Lab Gear, 
our central tool for much of the cour e 

• An application of area and a preview 
of volume 

• A digression about triangular numbers, 
to help tudent develop problem
solving technique 

If you are not used to u ing manipulatives, 
read The Algebra Lab Gear on page 
551-552. 

THE YELLOW BLOCKS 

N ote Lhat Lhe yellow block are ba ed on 
base-10 blocks, which may be fami I iar to 
some of your tudent from elementary 
chool day . If o, those tudents can be 

a ked to make a pre entation to the class 
about base- 10 block and how they u ed 
the blocks to help them learn arithmetic. 

1.3 S 0 L U T I 0 N S 

1 . a. 2 five-blocks and 3 one-blocks 
b. 4 five-blocks and 1 one-block 

2. 3, 7, 11 , 15, 27, 31, 35, 51, 55, 75 

3. At this stage, the Lab Gear cannot 
represent zero, negative numbers, or 
fractions . Later on , students will learn 
how to show zero and negative num
bers. Fractions cannot be shown with 
the blocks. 

4. The x-block is shorter than the 
y-block. 



THE BLUE BLOCKS 

The concept of variable is one of the most 
subtle in mathematics . Instead of hoping 
for immediate understanding, we want stu
dents to start working w ith variables and to 
get comfortable w ith them. The Lab Gear 
allows for such a gradual process. 

Length and w idth for a rectangle, and 
length , w idth, and height for a box are cru
cial concepts in this course and in mathe
matic . U ing the corner piece is a way to 
help see these concept . A fuller discussion 
of dimension and area can be found in 
L essons 5 and 6. A f uller discussion of 
volume will tart in L esson I 0. 

Wt#fitlf#;Jt HANDSHAKES 

The handshakes problem is not directl y 
related to the main thrust of the lesson or 
the chapter. It is a preview of later work on 
triangular numbers, and an opportuni ty to 
develop problem-solving skill s. (T wo 
approaches are sugge ted in the hint, u e 
of diagrams and starting w ith an easier 
problem.) 

5. Name of block = its area 
Area Width Length 
5y 5 y 
xy X y 
x2 X X 
y2 y y 

6. The area represented by x2 is the 
area of a square. 

7. The x3-block, which has the shape of 
a cube 

8 . The volume represented by x3 is the 
volume of a cube. 

9. Name of block = its volume 
Volume Width Length Height 

y3 y y y 
x2y X X y 
y2x X y y 

10 

11 . a. 

b. 

c. 

1.3 

5. Using the comer piece, find the measure
ments of each of the e blocks in tenns of x 
and y. Sketch each block. Label each one 
with its dimensions and area. 

I Notation: In algebra, 5 · x is written 5x, and 
x · y is written xy. (When no operation is 
indicated, mu ltiplication is understood.) 
x · x is abbreviated x 2, and read x squared, 
or the square &j x. 

6. Explain why~ is read the square of x. 

The following figu re shows x · x · x in the 
corner piece. There is a block whose measure
ments in three dimension (length, width, 
height) match those shown. 

7. Which block would fi t in the corner piece 
with those measurements? What shape 
is it? 

f1Jl'fi1)f#;Ji HANDSHAKES 

12. There are nine teachers at a math depart
ment meeting. They decide to shake 
hands with each other before starting the 
meeting. Each teacher is to shake hands 
exactly once with each other teacher. 
How many handshakes does it take? 
Explai n you r answer and how you arrived 
at it. 

d. Impossible since there is no 
x 4-block. 

8. ln algebra the quantity x · x · x is read x 
cubed, or the cube of x. Why do you think 
it is called that? 

9. Use the corner piece to find the length, 
width , and height of each of the remaining 
blocks in terms of x and y. 

lO. fll!,!,fi,il Sketch each Lab Gear block, 
and label it with its name. Keep these 
labeled sketches in your notebook for 
future reference. (However, if you forget 
the name of a block, you don' t need to 
look it up. Just measure it, using the 
comer piece.) 

11. Sketch what each of the fo llowing would 
look like with the Lab Gear. If an expres
sion is impossible to show with the Lab 
Gear, ex plain why. 

a. x 2 + x 2 + 3 
b. x 2y + xy 

C. X+ x 2 + x 3 

d. x 3 + x 4 

(Hint: You may use sketches to help you 
solve the problem. A good approach is to 
start out by counting the handshakes if 
there are two, three, four, five people at 
the meeting, and by looking for a pattern .) 

Chapter I Pen'meter aud Area Patterns 

12. 36 handshakes -The first teacher 
shakes eight hands. The second 
teacher shakes seven new hands 
since s/he already shook the first 
teacher's hand. The third teacher 
shakes six new hands. Continue 
the pattern, 
8 + 7 + 6 + 5 + 4 + 3 + 2 + 1 = ~. 

- . 



LES~ON 

Variables and Constants 

ii!lii{ii!MI · · · · · · · ............. : 

. . .................................. 
Variables are one of the most imponant con
cepts of algebra. A variable can stand for dif
ferent numbers at different times. For example. 
x could be a positive or a negative number or 
0. It could be greater than y, less than y, or 
equal toy. 

Because they do not change. numbers are 
called constants. 

SllfJ'•ollll iTI'\.( , 

I Definition: Replacing a variable by a con
stant amount is called substitution. 

I Example: The figure shows how the Lab 
Gear can be used to show the substitution 
x = 2 for the expressions x. x + 2. 3x. ~. 
andxl. 

x: - ---+~~ 

3x: 

1.4 Vllrillbk1 tuUl Com14111S 

1. Sketch what x + 2 looks like modeled 
with the Lab Gear. Then sketch what it 
looks like if the following substitution 
is done. 
a. x = 5 b. x =I 
C. X= 3 d. X= 0 

2. Repeat problem I for~. 

3. Repeat problem I for xl. 

4. Repeat problem I for 3x. 

An expression that involves x can have many 
different values, depending on the value of x. 

I Definition: To evaluate an expression 
means to find its value for a particular value 
ofx. 

Looking back at the figure in the previous sec
tion. you can see the value of each expression 
when x = 2. The figure shows that x + 2 = 4, 
3x = 6, ~ = 4, and xl = 8. 

In the following problems: 
• Put out blocks to match each figure. 
• Replace the variables (represented by 

blue blocks) with the given constants 
(represented by yellow blocks). 

• Evaluate each expression by counting 
what you have. 

5. Evaluate for : 
a. y = I; b. y = 2; c. y = 0. 

114 

~ 1.4 
Variables and Constants 

Core Sequence: 1-21 

Suitable for Homework: 8-ll, 13-22 

What this Lesson is About: 

• Beginning to develop a sense of the 
meaning of variable, by using substitu
tion to evaluate expressions 

Using substitution to evaluate a polyno
mial, or more generally, a formula, is a 
daily occurrence in many walks of life 
from science and engineering to financial 
planning. This is often done using 
programmable calculators or computer 
spreadsheets. Electronic evaluation of 
expressions has the advantage of being fast 
and free of careless mistakes. 

Because of the existence of this new tech
nology, we must change our emphasis in 
Algebra I. First, it is more important than 
ever to teach the concepts behind substitu
tion, specifically the concepts of variables 
and operations. Second, we must teach stu
dents how to use the technology. This part 
depends on what equipment you have 
available and, at any rate, should not be 
addressed this early in the course. At this 
stage the goal is for students to understand 
how substitution works and what it means. 
The use of the Lab Gear is a good way 
to begin. 

1.4 S 0 L U T I 0 N S 

1-4: Sketches should show the following 
numbers of blocks: 

1. a. 7 
b. 3 
c. 5 
d. 2 

2. a. 25 
b. 1 
c. 9 
d.O 

3. a. 125 
b. 1 
c. 27 
d. 0 

4. a. 15 
b. 3 
c. 9 
d. 0 

5. a. 9 
b. 17 
c. 3 

J - - - ' -

11 



SUBSTITUTING, EVALUATING 

You may want to demonstrate the example 
on the overhead. 

It is most effective to make a copy of the 
original expression and to work on the 
copy, replacing the blue blocks with their 
values in yellow blocks. This allows you to 

see the original expression while working, 
and makes it easier to avoid mistakes. 

FINDING x 

Do not teach equation-solving techniques. 
These are deliberately saved for much later 
in the course. Students need to develop 
many algebra skills prior to tackling equa
tion solving through symbol manipulation. 
They need many opportunities to use trial 
and error, as in these problems. 

THE SUBSTITUTION RULE 

Make sure to have time for group and/or 
class discussion of these problems, even if 
some or all of problems 13-22 were done 
as homework. 

Besides reinforcing the concepts of vari
ables, substitution, and the operations, 
these problems preview the concepts of 
equations and identities. 

The final Report, by making a connection 
with the Lab Gear, helps focus on the con
cept of identity. 

1.4 

6. Evaluate for : 

a. x = I; b. x = 5; C. X= 0. 

7. Evaluate for: 

a. x = 5 and y = 4 

b. x = 4 and y = 0 

Eva luate these ex pressions without using the 
Lab Gear. You may want to use your calculator. 

8. / + 5y + 3 if y = 1.3 

9. / + .ry + 5x + y + 5 if x = ~ and y = 4 

Evaluating expressions is important in many 
walks of life, from science and engineering to 
business and finance. It is usuall y done with 
the help of calculators and computers. In thi s 
course you will learn some of the ideas that are 
built into calculators and computers. 

f iNl>IN(, \ 

Use tri al and error for these problems. 

10. If x + 2 = 18, what isx? 

11. What is x if 

a. 3x = 18? 
c. x 3 = 64? 

b. x 2 = 64? 

In a sense, finding x is the reverse of substitut
ing. In future chapters you will learn many 
methods for finding the value of a variable. 

,4. 12 

THE SlJ HSTIT lJ TION RlJLf 

In the fo llowing equations, there are two 
place-holders, a di amond and a tri angle. 
The substitution rule is that, within one 
ex pres ion or equation, the same number is 
placed in all the di amonds, and the same num
ber is placed in all the triangles. (The number 
in the di amonds may or may not equal the 
number in the triangles.) 

For example, in the equation 

O+O+O+ ll=ll + ll 

if you place 2 in the 0 and 3 in the ll, you get 

2 + 2 + 2 + 3 = 3 + 3. 

Note that even though the diamond and trian
gle were replaced according to the rule, the 
resulting equation is not true. 

12.®@® The equation 

O+O+O+ ll=ll + ll 
is not true with 2 in the 0 and 3 in the ll . 
Find as many pairs of numbers as possible 
that can be put in the 0 and in the ll to 
make the equation true. For example, 0 in 
both the ll and 0 makes it true. Arrange 
your answers in a table like thi s: 

-·-r-------, 
0 

i ' ~ 0 

Describe any pattern you notice. Explain 
why the pattern holds. 

Chapter I Perimeter and Area Pantrns 

1.4 S 0 L U T I 0 N S 

6. a. 16 
b. 76 
c. 11 

7. a. 70 
b. 25 

8. 11.19 

9. 29.5 

10. 16 

11 . a. 6 
b. 8 
c. 4 

12. Answers will vary . Students will find 
different patterns, but the key is that 
each triangle is worth three 
diamonds. 



For the following equations, experiment with 
various numbers for 0 and 6. (Remember the 
ubstitution rule.) For each equation, try to 

give three example of value that make it true. 
If you can give onl y one. or none. explain why. 

13. 0 + 0 + 0 = 3 . 0 

14. 0 + 0 + 0 = 4 . 0 

15. {). + {). + {). = 3 . {). 

16. 0 + 0 + 2 = 3 . 0 

17. 0 + 0 + 2 = 2 . 0 

18. 0 . {). = {).. 0 

19. 0 . {). = {). + 0 

20. 0 . 0 . 0 = 3 . 0 

21. 0 . 0 . {). = 0 + 0 + {). 

I .4 Variables and Constams 

1.4 

22.illilam Say that 0 is x and 6 is y. For each 
equation above, show both sides with a 
sketch of Lab Gear blocks. In some cases, 
the sketches may help you explain 
whether the equations are always true or 
not. For example, for problem 13 both 
sides would look like this. ---But, for problem 14 the right side wou ld 
look li ke this. Write an illustrated repon 
about what you did. ----

n .A 

1.4 S 0 L U T I 0 N S 

13. Any number will work. 

14. Only 0 = 0 will work. 

15. Any number will work. 

16. Only 0 = 2 will work. 

17. None. 

18. Any number will work. 

19. Diamond Triangle 

0 0 

2 2 

3 3/2 

4 4/3 

5 5/4 

6 615 

X xl(x- I ) 

20. Only 0 = 0 will work. 

21 Dia mond Triangle 

0 0 

2 4/3 

3 3/4 

4 8115 

5 5112 

,\ 21/(.? - I ) 

22. Reports will vary. Here is a brief 
summary. 

There are three types of equations: 
always, sometimes, and never true. 
X+ X+ X= 3xis an example of an 
always true equation, which is an 
identity. Most students will try posi
tive integers but they should be 
encouraged to try negative numbers 
and fractions. x + x + 2 = 2x is an 
example of a never true equation. 
The Lab Gear is a very effective 

visual way to show why this is so. 
Lastly, x + x + x = 3y is an example 
of a sometimes true equation. 

X+ X+ X= 3X 

X+ X+ 2 '* 2X 

X+X+X=3y 

I + I + I is sometimes 
equal to 

13 
~ 



rd@ISI~t~ l.A Graphing 
w R 1 r 1 N G Rectangle Areas 

Core Sequence: the whole assignment 

Suitable for Homework: 
the whole assignment 

Useful for Assessment: 6 

What this Assignment is About: 

• Preview of y = rnx and y = Jt! functions 

This lesson takes off from the concept of 
area of a rectangle, but actuall y it is a pre
view of the functions y = rnx and y = x2• 

Students are encouraged to develop their 
slcill s in observing and interpreting graphs, 
one of the central slG Us in Algebra I . 

This is the fir t of many writing assign
ments in till s book. Many students will not 
have done writing in math class before, 
and will not know how to begin. To help 
students with the format, some teachers 
have used the Guidelines for Thinking! 
Writing Assignments on page 558. 

Your standards in writing assignments can 
be higher than for day-to-day writing. 
Spelling, punctuation, and neatness should 
reflect the best of the students' abili ty. 
However, remember that the most impor
tant thing, especiaUy at the beginning, is for 
students to develop a good attitude towards 
writi ng, perhaps the most powerful thinki ng 
and communication tool they will develop 
in high school. Make your standards clear 
but be supporti ve and encouraging. 

S tudents will vary greatl y in the level of 
sophistication with which they approach 
the problem. Some will merely make 
observations about the graphs. Others will 
be able to make connections between the 
graphs and the geometry of the problem. 
Still others will be able to interpret the 
graphs, explaining not only how they are 
different, but why. 

Since there is no ingle right answer or 
method, it is important for students to see a 
wide range of approaches. Hav ing a class 
di scussion of examples of student work 
helps convince students that writing is 
important and is another way for you to 
communicate your expectations. Some 
teachers have found it helpful to encour
age, or even require, students to rewrite the 
fus t assignment until it meets the ir stan
dards for writing assignments. This is time 
consuming for both teachers and students, 
but is well worth it in the long run . 

~!'!'f~1~[~ 1.A Graphing Rectangle Areas 

How does the area of a rectangle change if you 
vary either the length or the width and leave 
the other dimen ion unchanged? How does the 
area of a rectangle change if you vary both the 
length and the width? Tables and graphs will 
help you investigate these questions and notice 
patterns. 

I. What is the area of a rectangle having the 
following dimensions? 

a. lby9 b. 2 by9 

c. 3 by 9 d. 9 by 9 

2. What is the area of a rectangle havi ng the 
following dimensions, if x = 10? 

a. l byx b. 2 byx 

C. 3 by X d. X by X 

3. Make a table li ke thi s, ex tending it to 
X = 6. 

Area of rectangle having 
d imensions: 

X I by x 2 by x 3 by x x byx 

I I 2 3 I 

2 

4. Draw axes, with x on the horizontal ax is, 
and area on the vertical ax is. Plot the 
points you obtained in problem 3 for the 
area of 1-by-x rectangles. For example, 
( I , I) will be on the graph. 

5. Does it make sense to connect the points 
you plotted? What would be the meaning 
of points on the line, in between the ones 
you got from your table? Label your graph 
I by x. 

.A. 14 

6. On the same axes, graph the data you 
obtained for 2-by-x, 3-by-x, and x-by-x 
rectangles. For more accuracy on the last 
one, you may use your calcu lator to fi nd 
points for x = 0.5, 1.5, and so on. Label 
your graphs 2 by x, 3 by x .... 

7. llitltm Write about the fo ur graphs. 
Describe them and compare them. Your 
report should refl ect what you learned in 
the above investigation. It should consist 
of three parts: a problem statement, a 
detailed explanation, and a conclusion. 
It should include, but not be li mited to, 
answers to the following questions. 

• What is the shape of each graph? 

• Which ones are alike? Different? Why? 

• How do the first three graphs differ from 
each other? What is the meaning of that 
difference? 

• What is special about the fourth? Why? 

• Do the graphs ever intersect each other? 
What is the meaning of the points of 
intersection? 

• Where do they cross the vertical axis, 
and what is the meaning of that point? 

• Where does the fourth one cross the 
others, and what are the meanings of 
those points? 

• Wh ich area grows the fastest? Why? 

Chapter I Perimeter and Area Patterns 

1.A S 0 L U T I 0 N S 

1. a. 9 square units 
b. 18 square units 
c. 27 square units 
d. 81 square units 

2. a. 10 b. 20 c. 30 d. 100 

3. Area of rectangle having dimensions: 

X I by x 2 by x 3 byx x byx 

I I 2 3 I 

2 2 4 6 4 

3 3 6 9 9 

4 4 8 12 16 

5 5 10 15 25 

6 6 12 18 36 

5. Yes, it does make sense to connect 
the points. Any point on one of the 
lines or the curve represents a rec
tangle with noninteger dimensions. 

4., 6. 

40 

35 
• xby x 

0 3 by X 

30 D 2 by X 

25 
.6. 1 by X 

~ 

~ 20 
~ 

15 

10 

5 

0 
0 2 3 4 5 6 

X 



LE SSON 

Dimensions 
- --: .. ,, - .. -~ .. , - ... ~~ .. , - ..._-~ "n -- .. ~:. .. , --

Miiii\jiiMI····················: 
the Lab Gear 

. 
. . .................................. 

DIMENSIONS AND THE LAB GEAR 

Of cour e, a li the Lab Gear blocks are three
dimensional, (as are all objects in the real 
world). However, we sometimes use the 
x-block, or the 5-block as a model of a one
dimen ional object. That is, as a model of a 
line segment of length x, or 5. Similarly, we 
can use the x2- or ry-blocks as models of two
dimensional, fi at objects. 

1. Some blocks, such as the x3, cannot be 
used as models of one- or two-dimensional 
objects. Make a li st of the e blocks, whi ch 
we will call the 3-D blocks. 

When making sketches of the Lab Gear. if 3-D 
blocks or three-dimensional arrangements are 
not involved, it is much more conveni ent to 
work wi th two-dimensional sketches of the 
blocks as seen from above. 

2. Which blocks do these fi gures represem? 

· --3. Make a 2-D sketch of each of the ten "fiat" 
blocks as seen from above. 

4. On your sketch. write I on the blocks that 
model one-dimensional line segment , 
and 2 on the blocks that model two
dimensional fi gures. 

5. Which block can be thought of as a model 
of a zero-dimensional point? 

1.5 Dimetrsions 

6. Sketch the following: 

a. four x-blocks arranged to model a one
di mensional line segment : 

b. four x- blocks arranged to model a two
dimensional rectangle: 

c. four x-blocks arranged to model a 
three-dimensional box. 

7. Sketch the fo llowing: 

a. three -~-b l oc ks arranged to represent a 
two-dimensional rectangle: 

b. three -~-b l ocks arranged to represent a 
three-dimensional box . 

FArES OF THE tAR GEAR 

The x2-block, as seen from the side. looks j ust 
like the x-block seen from the side. si nce in 
either case you see an x-by-1 rectangle. 

8. a. Make an x-by- 1 rectangle by tracing an 
x-block. 

b. Place the -~-bl ock on the rectangle you 
traced. For it 10 fit , you will have 10 

stand it on edge. 

c. Whi ch other two blocks can be placed 
on the rectangle? 

9. a. Using a block. trace another rectangle 
(or square). 

b. Find all the blocks that fi t on it. 

10. Repeat problem 9. unt il you have fo und 
fi ve more groups of blocks. List each 
group. Some blocks will appear on more 
than one list. 

In the nex t secti ons. when pull ing blocks next 
to each other, jo in them along matching faces. 

1s.A. 

T 1.5 
Dimensions 

Core Sequence: 1-27 

Suitable for Homework: 28-30 

What this Lesson is About: 

• Looking at the Lab Gear blocks in terms 
of their dimensions and faces 

• First experience with L ab Gear rectan
gles, a central tool for later understand
ing of the distributive law 

• Preview- a model of opposites, and the 
addition of igned numbers 

N ote that two (related) meanings of the 
word dimensions are addressed: the dimen
sional i ty of a given block (3, 2, I , or 0 
dimensions) and dimensions as linear mea
surements (length, width, and height) . 

This lesson lay the groundwork for much 
upcoming materi al by giving student con
crete manipulative and perceptual experi 
ences. Do not expect instant mastery of the 
underl ying idea . 

DIMENSIONS AND THE LAB GEAR 

This section prepare students for the con
cept of degree, which will be defined in the 
next lesson. 

In the context of the Lab Gear, we can 
thi nk of a thick:ne of one unit as not con
tributing to the dimension of a block or 
collection of block . 

. S 0 L U T I 0 N S 

1. x 3-block 
y 3-block 
x2y-block 
xy2-block 

2. 25, x 2, xy, andy 

5. 1-block 

6. a. 

b. 

c. 

7 . a. 

b. 

8. c. xy-block and 5x-block 

9. Answers will vary. 

10. Blocks that will fit a y-by-y trace: 
y 2, xy2, y 3 
Blocks that will fit a y-by-x trace: 
xy 2 , x 2y, xy 
Blocks that will fit a y-by-1 trace: 
y, y 2, 5y, xy 
Blocks that will fit a 5-by-1 trace: 
5, 25, 5x, 5y 
Blocks that will fit a 1-by-1 trace: 
1, 5, X, y 

15 



Note that there are no overhead 3-D 
blocks. 

FACES OF THE LAB GEAR 

This section prepares students for the con
cept of surface area. More importantly for 
the purposes of this course, it develops 
some basic familiarity with the Lab Gear 
blocks which will be essential when work
ing on Make a Rectangle and Make a 
Square problems. (See below.) 

MAKE A RECTANGLE 

MAKE A SQUARE 

These sections preview the concepts of the 
distributive law and factoring. These con
cepts will take about a semester to consoli
date, so do not expect miracles from these 
problems. At this stage, it is important for 
students 

• to realize that the area of a rectangle or 
square can be obtained by just enumerat
ing the blocks it is built with, and 

• to be able to use the corner piece to 
identify the length and width of a 
rectangle. 

We will return to the area model of multi
plication in Lesson 9. 

Encourage students to work in pairs. If a 
pair is stumped, they can get help from 
other students in the class. 

11. Answers will vary. 

12. a. 3 b. 1 c. 2 
d. 4 e. 1 f. 3 

13. There are 5 possibilities. Here are 
some: 
a. Use a 5x-block 

and three x-blocks. 

Use eight x-blocks 

The other two rectangles have 
length = 4, width = 2x 
length = 2, width = 4x 

1.5 

MAKE A I!ECTANGtE 

II. IM@M Build each shape and sketch it, 
showing which blocks you used. 

a. Use onl y blue blocks; make a rectangle 
that is not a square. 

b. Use both yellow and blue blocks; make 
a rectangle that is not a square. 

c. Use both yellow and blue blocks; make 
a square. 

d. Use onl y blue blocks; make a square. 

12. Use 1-blocks to make as many different 
rectangles as you can, having area: 

a. 12 b. 13 c. 14 

d. 30 e. 3 1 f. 32 

13. Make and sketch as many Lab Gear rec· 
tangles as you can having area: 

a. 8x b. 6xy 

You can rearrange the blocks 2~ + 12r into a 
rectangle like this. 

The length and width of thi s rectangle are 
x + 6 and 2r, which can be seen better if you 
organi ze the blocks logically and u e the cor· 
ner piece, as shown. (Notice that you could 
also turn the rectangle so that the length and 
width are exchanged. This is considered to be 
the same rectangle.) The area of the rectangle 
2<2 + 12r can be fo und by just counting the 
blocks. 

b. Use six xy-blocks and arrange to 
form four different rectangles: 
length = 6x, width = y 
length= x, width= 6y 
length= 2x, width= 3y 
length = 3x, width = 2y 

14. length = x, width = 2x + 12 

15. length= x+ y+ 1 
width= x 
area = x 2 + xy + x 

16. 1ength = y+ x+ 5 
width= y 
area= y 2 + xy+ 5y 

17.1ength = 3x+ 6 or, length= 3x 
width= x width= x+ 2 
area = 3x 2 + 6x area = 3x2 + 6x 

I 1n 

r- r-

'- '--

14. There is another recta ngul ar arrangement 
of the same blocks which has different 
dimensions. Find it. 

For each problem: 

a. Arrange the given blocks into a rectan
gle in the comer piece. 

b. Sketch it (as seen from above). 

c. Write the length , width, and area. 

Find two different solutions for problem 17. 

15. -16. 

17. 

By now you should be able to find the length, 
width, and area of any Lab Gear rectangle. 
This will be a useful skill throughout this 
course. 

Chapter I Perimeter a11d Area Patterns 



For each problem, the area of a rectangle is 
given. 

a. Get the blocks that are named. 

b. Make the rectangle. 

c. Write the length and width. 

One problem is impossible. Explain why. 

18. 3.xl + 9x 

20. 4.xl + 9y 

19. 3xy + 2x + ,; 
21 . .x2 + Sx 

fRiliil41i THE ZERO MONSTER 

The Zero Monster eats zeroes. However, all I 
have to feed it are cups (U), and caps (n). It 
will not eat cups or caps, but it can put one U 
together with one n to create a zero, which it eats. 

For example, if there are three cups and five 
caps, it will make and eat three zeroes, leaving 
two caps. This can be written like this: 

uuu + nnnnn = nn 
or like this: 

3u + sn = 2n 

1.5 Dimensions 

1.5 

Mi\KI i\ SQUARE 

For each problem, the area of a square is 
given. 

a. Get the blocks. 

b. Make the square. 
c. Write the side length. 

One problem is impossible. Explai n why. 

22. 36 

24. 40 

26. 9.xl 

23. 49 

25. 4.xl 

27 . .x2 + 2x + I 

28. Find out how many zeroes the Zero 
Monster ate. What was left after it finished 
eating? Fill in the blanks. 
a. 9U + 6n = 

b. 9U + 6U = 
c. 9n + 6n = 

d. 9n + 6u = 

29. Fill in the blanks. 

a. 4U + = sn 
b. 4U + = 8U 

c. 4n + = sn 
d. 4n + = su 

30. Fill in the blanks. 

a. 7U + =In 

b.7U+ = IU 

c.7n+ = In 
d. 7n + = I U 

2n and 2U are examples of opposites, because 
when you add them, you get zero. The concept 
of opposite is important in algebra, and we wi ll 
return to it in Chapter 2. 

17 ... 

Insist that near-rectangles are not good 
enough. Demand perfect fit. Also let stu
dents know that a rectangle can extend 
beyond the physical limits of the comer 
piece. 

t#dJW• THE ZERO MONSTER 

Thi s is a Preview of work on addition and 
subtraction of signed numbers. Do not 
bring up rules for signed number 
arithmetic. Let students work the problems 
any way they want at this stage, and 
encourage group or class discussion of 
the approaches they used. (You may also 
use the problem to obtain discreetly a par
tial assessment of students' arithmetic 
readiness.) 

1.5 S 0 L U T I 0 N S 

18. length = 3x 
width= x+ 3 

or, length = 3x + 9 
width= x 

19. length= 3y+ 2 + x 
width= x 

20. Impossible. The x 2-block andy-block 
do not have edges of common 
length. 

21 . length= X+ 5 
width= x 

22. side= 6 

23. side= 7 

24. Impossible. No (integer) number 
times itself equals 40. 

25. side= 2x 

26. side= 3x 

27. side= x+ 1 

28. a. 6 zeroes, 3 u left. 
b. No zeroes, 15 u left. 
c. No zeroes, 15 n left. 
d. 6 zeroes, 3 n left 

29. a. 12n 
b. 4 u 
c. 4 n 
d. 12 u 

30. a. 8 n 
b. 6 n 
c. 6 u 
d. 8 u 



... 1.6 
Coming to Terms 

Core Sequence: 1-9, 14-22 

Suitable for Homework: 1, 6, 10-13, 
21-22 

Useful for Assessment: 1, 7-9, 22 

What this Lesson is About: 

• The concept of degree is developed from 
the concept of dimensions 

• Combining like terms 

DEGREE 

Thi s is a new way to define degree. It is a 
subtle defmition based entirely on the Lab 
Gear model. The goal of the lesson is for 
students to reach a generalization that is 
independent of the blocks. (However, a 
thorough mastery of the concept of degree 
is not central to the development of the 
course.) 

lESSON 

~~C~o~m~i~n~g1to11l1e1rm11s 1111~~~~~ 
+iiiiMiiiMI····················: 

the Lab Gear . . .................................. 
1. N arne a Lab Gear block that can be used 

as a model for an object with: 

a. three dimensions; 

b. two dimensions; 

c. one dimension; 

d. zero dimensions. 

Definitions: In the expression 

.x-1 + 2xy - 3x + 4, 

four quantities are added or subtracted, so 
we say that there are four terms: x-1, 2xy, 3x, 
and 4. Note that a term is a product of num
bers and variables. The sum or difference of 
one or more terms is called a polynomial. 

Note that polynomials do not involve division 
by variables. For example, (1/x) +xis not a 
polynomial. 

DEGREE 

The degree of an expression, in terms of the 
Lab Gear, is the lowest dimension in which 
you can arrange the blocks. For example, 
take the expression 3x. These blocks can be 
arranged in a rectangle (two dimensions) or 
in a line (one dimension). Will--
The lowest dimension is one, so the degree of 
3x is one. 

2. Show how the term 2xy could be arranged 
as a box (three dimensions) or as a rectan
gle (two dimensions). What is the degree 
of 2xy? 

A lB 

Of course, .x-1 cannot be shown in less than 
three dimensions, so its degree is 3. 

3. Write the degree of each blue block. 

The degree of a constant expression (any com
bination of yellow blocks) is considered to be 
0. The reason for this is that the yellow blocks 
can be separated into 1-blocks, which model 
zero-dimensional points, with no length, 
width, or height. See the figure below, which 
shows how the number 8 can be shown in 
three ways. 

Three dimensions 

or 

Two dimensions 

~ or 

One dimension 

Q I I I I I I I I or ffiffiffil 

Zero dimensions 

4. What is the degree of these terms? 

a. 4y b. 5r 
c. 2xy2 d. 7 

The degree of a polynomial can be found in 
the same way. For example, the figures below 
show how the blocks r and y can be arranged 
in figures of two or three dimensions. 
However note that they cannot be arranged 
into figures of zero or one dimension. 
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1. Answers will vary. One possi
ble solution is given. 
a. x3-block 
b. xy-block 
c. 5-block 
d. 1-block 

2. Degree of 2xy = 2 

3. Block Degree 

>? 3 

I 3 

Xly 3 

y'x 3 

xy 2 

XI 2 

y' 2 

X I 

y I 

5x I 

5y I 

4. a. 1 
b. 2 
c. 3 
d. 0 



Three dimensions 

Two dimensions 

5. What is the degree of~ + y? 

6. What is the degree of these polynomials? 

a. 4y + 3 b. xl + 5~ 
c. 2rl + ~ d. xy + 7 

I Definition: The 2 in the term 2xy is called 
the coefficient. A term like xl has an invisi
ble coefficient, a I, since Ixl is usually writ
tenjust xl. 

7. I§§H§fl®M 1f two terms differ only by 
their coefficients (l ike 2r and 5x) what can 
you say about their degrees? 

8. ._ How can you find the degree of a 
term without usi ng the Lab Gear? Explain, 
using examples. 

9. ._ How can you fi nd the degree of a 
polynomial without using the Lab Gear? 
Explain, using examples. 

HIGHER DEGREE 

10. Why is it impossible to show ~ · ~ wi th 
the Lab Gear? 

11 . What is the product of~ and ~? 

12. Even though there are onl y three dimen
sions in space, terms can be of degree 4 . 
Write as many different terms of degree 4 
a you can, u ing I for the coefficient and 
x and y for the variables. 

1.6 Comitrg to Terms 

1.6 

13. Which of the e ex pres ions cannot be 
shown with the blocks? Exp lain. 

2 2 5 
a. 5..r b. zr c. X' d. ? 

COMBINING LI KE TERMS 

There are many way you can write an expres
sion that names a collection of Lab Gear 
blocks. When you put blocks of the same size 
and shape together and name them according 
to the arrangement, you are combini ng like 
rerms. Look at the e examples. 

This quantity is wrinen x + x + x, 

or 3x, after combining like terms. 

This quantity is written y + x + y , 

or x + 2y, after combining like terms. 
This quantity is wri tten 
~ + 5 +X + x2 +X + ~. 

or 3x2 + 2r + 5, after combining like terms. 

19 A 

HIGHER DECREE 

S ome student are fascinated with the 
four th dimension. Encourage them to read 
Flatland, by Edwin A bbott, and to make 
an oral report to the class. Other refer
ence :The Fourth Dimension: Toward a 
Geometry of Higher Reality by Rudy 
Rucker (Houghton M iffl in, 1984); 
Sphereland by Dionys Burger (Thomas Y . 
Crowell Co, Y, 1965). 

COMBINING LIKE TERMS 

T rus activi ty should help prevent mistakes 
of the type x + x = 2 . I f tudent want to 
do this lesson by looking at the figures, 
without using actual block , let them. 
However, first make sure they are able to 
identi fy the block on sight. (If o, prob
lems 13-19 coul d be as igned as 
homework.) At this stage, do not use 
abstract arguments like the distributi ve 
law to explain combining like terms -
the block make it clear enough. 

1.6 S 0 L U T I 0 N S 

5. 2 

6. a. 1 
b. 3 
c. 3 
d . 2 

7. They are the same. 

8. Add the exponents of the variables. 
For example, xy 2 has degree three. 

9. The degree of a polynomial is the 
degree of its highest degree term. 
For example, 5xy 2 + 2x + 3 has 
degree three. 

10. x 2 • x 2 would require fou r dimensions 
which cannot be shown by the Lab 
Gear. 

11 . x4 

13. 2x5 and 2/x 5 cannot be shown by the 
blocks because we cannot model 
five-dimensional objects with three
dimensional blocks. 
Also, 5/x 2 cannot be shown. The 
blocks cannot model fractions. 



1.6 

Of course, a Sx-block, when combining like 20. 
terms, is equivalent to 5 separate x-blocks. For 
example, it can be combined with two x-blocks 
to make 7x. 

For each example, show the figure with your 
blocks, combine like terms, then write the 
quantity the short way. 

14. 

15. 

16. 

17. 

18. 

19 . 

.A2o 

21. What terms are missing? (More than one 
term is missing in each problem.) 

a. 3x2 + 4x + = 9~ + 8x + 7 
b. x2y + 6xy + _ = 9x2y + 8xy 

22.f)ilrrlrrf!iij Explain, with examples, the 
words degree, coefficient, polynomial, and 
like terms. Use sketches of the Lab Gear 
as well as explanations in words and 
symbols. 
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14. 4y 

15. X+ 4 

16. y+ 2x 

17. 3x2 + 2x+ 6 

18. y 3 + 2x2y+ 3x+ 17 

19. y 3 + 3xy2 + xy+ 6y 

20. 3x2y + 2xy 2 + xy 

21. a. 6x2, 4x, 7 
b. 8x2y, 2xy 

22. Answers will vary. 
A term is a product of numbers and 
variables. A polynomial is a sum or 
difference of one or more terms. The 
degree of a term is the sum of the 
exponents of all the variables in that 
term. The degree of a polynomial is 
the degree of its highest degree 
term. In terms of the Lab Gear, the 

degree of an expression is the lowest 
dimension that the blocks can be 
arranged in. A coefficient is the num
ber that multiplies a term. Like terms 
are two or more expressions with the 
same variables and exponents. 



LESSON 

Perimeter 
' ~ "' .. , ~ .. , ... , . "~ , ,, ... -:. "' .. , ~ ... ~ ... .., 
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iiJ!iiiji!MI · · · ·'' ·' ·' ·'' '' ''.'': 

the Lab Gear 

• ?. ra.p~p~p~r .... !liD • .................................. 
PERIMETER OF LAB GEAR BLOCKS 

When we discuss the perimeter and area of 
the Lab Gear blocks, we will be thinking of the 
tops of the ;<fl at" blocks, which are two-dimen
sional figures. For example, if you look at the 
5-block from above, you would see this fi gure. 
Its area is 5 cm2, and its perimeter is 12 em. 

+--5-
I I I I I !1 

Area: 5 cm2 

Perimeter: 
5 + I + 5 + I = 12 em 

Find and write the area and perimeter of these 
figures, which are the top faces of groups of 
yellow blocks. 

1. ' 1-
1-
f-
f-
1-

2. 

1.7 Perimeter 

3. -

1--
'--

To determine the area and perimeter of the 
blue blocks, we will not use the actual 
measurements. Instead, we wi ll consider their 
dimensions in terms of x and y. 

For example, thi s fi gure, the top of an x-block. 
is a 1-by-x rectangle. So its area is x (since 
I · x = x), and its perimeter is 

x+ l +x+ l 
which, by combining li ke terms, can be wrinen 
2x + 2. 

...-x~ 1-
Find and write the area and perimeter of the 
following rectangles, which are the top faces 
of blue blocks. Be careful when combining 
like terms. 

4. 

5. 

21 A. 

~ 1.7 
Perimeter 

Core Sequence: 1-20 

Suitable for Homework: 1-15, 21-31 

Useful for Assessment: 21-28 

What this Lesson is About: 

• An application of combining like 
terms in an interesting problem-solving 
context 

• More patterns, tables, and graphs, pre
viewing linear functions 

Perimeter in itself is not a core concept in 
an algebra class. The reason it is part of the 
core sequence for this course is that it 
offers an opportunity to discover and apply 
algebraic ideas. 

PERIMETER OF LAB GEAR BLOCKS 

An opportunity to practice combining 
like terms 

1. 7 S 0 L U T I 0 N S 

1. A= 31 em2 

P = 32 em 

2. A= 31 em2 

P = 24 em 

3. A= 33 em2 

P = 28 em 

4. A= 5x 
P = 2X+ 10 

5. A= x 2 

P = 4x 



PERIMETER OF LAB GEAR FIGURES 

Students devise various strategies to find 
the pe1imeters. Cia s di cussion may be 
helpful here, o let tudents share and com
pare their approaches. 

The convention that xi between 1 and 5, 
and y is between 5 and LOi s necessary, 
because otherwi e the figures would look 
different, and actuall y have different 
perimeters. 

MAKING FIGURES 

The problems do not have to be done in 
order. If student accidentally solve 19 
while worki ng on 17 , encourage them to 
record the olution. 

R eversing the process (finding a figure of 
given perimeter, instead of the usual find
ing the perimeter of a given fig ure) is nec
essary to a olid, nom·ote understanding of 
perimeter. 

1.7 

6. 

7. 

8. 

9. 

PERIMETER OF LAB GEAR FIGURES 

In these problems, assume that x andy are pos
iti ve. In fac t, assume that x is between I and 5, 
and y is between 5 and I 0. 

Find the perimeter of these fi gures . 

10. X 

II. -
-
-

. : t·~,: I .1 
-
-

12. 

13. 
,~ ,It' 

I· 

I 

14. I 1 

15. 

•i 

~ 

MAKING FIGURES 

Use an .<)'·block and a 5-block to make fi gures 
having these perimeters. (These can be any 
shape. They do not have 10 be rec tangles .) 
Sketch the fig ure in each ca e. 

16. 2r + 2y + 2 

17. 2r + 2y + 10 

18. 2y + 12 

19. Repeat the last three prob lems using a 
y-block and a 5x-block. 

Chapter I Perimeter and Area Patlerns 
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6. A = y For #16-19, answers will vary. 19. a) 
p = 2y+ 2 One possible solution is given . 

7. A = Sy 
P = 2y + 10 

16. 
8. A= y 2 

p = 4y b) 

9. A = xy 
P = 2x+ 2y 

10.P =6X 17. 
11 . p = 22 

12. P =4X+2 

13.P =2X+14 c) 

14.P=4y+2 
18. 

15. P = 2y+ 2X+ 10 



20. Q 
a. Use another combination of blocks to 

get a perimeter of 2x + 2y + 2. 
b. Use another combination of blocks to 

get a perimeter of 2x + 2y + 10. 

c. Use another combination of blocks to 
get a perimeter of 2y + 12. 

Pf~TOM I ~O STRII'S 

R 
b 

21. What is the perimeter of the L 
pentomino? 

rfil 
lliP 

22. Draw a strip of L pentominoes, as shown 
in the figure above. What is the perimeter 
if you've used 3 L's? 

23. Make a table like this, extending it to 
7 rows. 

L 's Perimeter 

16 

1.7 Perimeter 

1.7 

24. Explain how you would find the perim
eter of a I 00-L strip without drawing it. 

25. How many L' were used if the perimeter 
was 92? 

26. Repeat problems 22-25 for an arrange
ment like the one above. 

27 . .... You can use graphs to compare the 
perimeter patterns for the two pentomino 
strip arrangements. 

a. Draw a pair of axes. Label the horizon
tal ax is Number of L's and the vertical 
axis Perimeter. 

b. Graph all the number pairs from your 
first table. For example, since the 2-L 
strip bas a perimeter of 16, you would 
plot the point (2, I 6). 

c. On the same pai r of axes, graph all the 
number pairs from your second table. 

d. Compare the graphs. How are they the 
same? How are they different? 

28. Repeat problems 22-25 using another 
pentomino. 

POl \0.\11~0 ARIA A~D PIIU \\FIFR 

29. Arrange three blocks so that the perimeter 
of the resulting figure i 6x + 2y. Find all 
the solutions you can. 

30. Arrange four blocks so that the perimeter 
of the resulting fi gure is 8x + 18. Find all 
the solutions you can. 

31. Arrange fi ve blocks so that the perimeter 
of the resulting figure is 2y + 2x + 12. 
Find all the solutions you can. 

PENTOMINO STRIPS 

This activity combines the search for pat
terns with an opportunity to use what has 
been learned about perimeter, graphing, 
and polyominoes. It previews later work 
on linear functions. It could be skipped for 
now and assigned any time before the end 
of Chapter 3. 

POL YOM INO AREA AND PERIMETER 

Of course comparing quantities that are 
measured in different units is not physi
cally meaningful. We propose this explo
ration anyway, because the question does 
come up when thinking about area and 
perimeter. Questions of unit and 
dimension were di scussed explicitly in 
Lessons 2 and 5. 

1.7 S 0 L U T I 0 N S 

21.P=12 

22. p = 20 

23. L's 

I 

2 

3 

4 

5 

6 

7 

Perimeter 

12 

16 

20 

24 

28 

32 

36 

24. The pattern is Perimeter = 4L + 8. 
100-L strip: P = 4(100) + 8 = 408 

25. L = 21 

26. a. L's Perimeter 

I 12 

2 22 

3 32 

4 42 

5 52 

6 62 

7 72 

b. P = 10L + 2 
1 00-L strip: P = 1002 

c. L= 9 

27. d. Both graphs are points that lie on 
diagonal lines going up from left to 
right. One line is steeper than the 
other. 

28. Answers will vary. 

31 . Answers will vary. 
Two possible solutions are given. 

27. a., b. , c. 

60 

50 
Q) 
Q) 
E 40 
·;: 
Q) 

a.. 
30 

20 

10 

0 
0 5 10 

Number of L's 
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Window-Shopping 

Core Sequence: l-4 

Suitable for Homework: 2-7 

What this Lesson is About: 

• A challenging problem based on area 
and perimeter. Students mu t infer a 
function from data, a very important 
ski ll in applied mathematics. 

• A digre sion ba ed on polyominoes 
that previews the Fibonacci number 
sequence 

WINDOWS 

The exploration is difficult, but it is within 
student ' reach. I f they are fl oundering, 
insist that they use the hints. These are not 
onl y important , they are necessary for a 
problem this tough. (The di ffi culty stems 
f rom the fact that thi is a function of two 
variabl es, and especially from the fact that 
the students do not know what the 
variab les are.) 

/ t i preferable that you give no help, or 
rather, your help should be on the proce
dure of the search for the pattern , not on 
the substance. Encourage the tudents to 
make tables, to share their work with each 
other, to keep detai led notes, and so on. 

N ot all problems hould be po sible to 
solve quickl y. Students need to develop 
tenacity and per everance at least as much 
a they need to learn algebra. 

1. Answers will vary. 
The formula for double pane win
dows is Cost = 2P + A, where Pis 
the perimeter plus the length of the 
middle line and A is the area. For 
single pane windows, the formula is 
the same, but there is no middle line 
to add to the perimeter. 

2. The $50 window is on sale. The reg
ular price is $56. 

On weekends, Lara works at the A.B. GLA RE 
window store. One day a customer, Mr. Al vin 
Cunerball , asked fo r an ex planati on of how the 
prices were chosen. Lara di d not know. Later 
she asked her supervisor. The supervisor 
looked very busy and told her not to worry 
about it. Lara concluded that he probably 
didn ' t know and decided she would fig ure it 
out herself. 

$66 

$40 

D 
$50 $47 

.A 24 

$29 

$56 

$72 

$96 

The fig ures show some of the windows. They 
are scale drawings, with one centimeter repre
senti ng one foot. 

Chapter I Perimeter and Area Palferns 



1. ®tjlltml The price of almo t all the 
windows was calculated by following the 
same principle. Figure out how it was 
done. 

Important hints: 

• Work with other students. 
• Think about what numbers might affect 

pricing. (Some possibilities : length, 
width , area of glass, perimeter of 
window, number of panes, etc .. .. ) 

• Keep an organized record of the 
numbers you come across in your explo
ration. 

• Keep a record of ideas you try, even if 
they end up not working. 

1.8 

2. One window is on sale and priced below 
what the system would indicate. Which 
one is it? How much does it cost when not 
on sale? 

3. Draw scale models of windows that would 
cost the amounts below. Explain how you 
got your answers. 

a. $32 b. $84 

4. liWm Summarize your solutions to prob
lems I, 2, and 3 by writing an explanati on 
of how window prices are calculated. 
Make it so clear that even Lara's supervi
sor could understand it. Explain how you 
fi gured out the pricing system, showing 
tables, lists, calculations, diagrams, or 
anything else that helped you solve the 
problem. 

, ~- ... 1.-: ""'' -- • ... L: -,, .- • ... -:- .. , -- ... "- :- .. , .- ., ... : _., -- ...... : ... ,, .,-. 

••14fi.Ji#jJ» A DOMINO PROBLEM 

The fi gure shows all the ways to cover a two
by-four strip with dominoes. 

ITJIHEJffi 
DEEm 

5. Find out how many ways there are to 
cover a two-by-five strip with dominoes. 
Sketch each way, making sure that you do 
not show the same way more than once. 

6. Make a table like this one about strips of 
width 2, extending it to length 8. Note 
that there is only one way to cover a strip 
of length zero, and that is not to cover it! 

1.8 Window-Shopping 

Length Number of ways to 
of cover it with 

strip dominoes 

0 I 

I I 

2 

3 

4 5 

5 

7. Look for the pattern in the numbers in the 
second column. Use the pattern to extend 
the table to length I 0. 

2s .A 

The Exploration could be assigned as a 
problem of the week, giving students sev
eral days to crack it if initial classroom 
efforts fail. 

f,gfi,lfi;Jt A DOMINO PROBLEM 

This is an enrichment activity based on 
polyominoes. It previews the Fibonacci 
number sequence, which will reappear in 
Chapter 2 and beyond. 

In a Fibonacci sequence each term is the 
sum of the previous two terms. 

The reason this is a Fibonacci sequence is 
that all the coverings for a strip of length n 
can be obtained by adding a vertical 
domino to the coverings of length n - 1, 
or by adding a horizontal pair of dominoes 
to the coverings of length n - 2. (Students 
do not need to understand this.) 

1.8 S 0 L U T I 0 N S 

3. Answers will vary. Some students will 
use trial and error, but here's a sys
tematic way. 

Let's assume we want to make a 
model of a single pane window that 
will cost $C. Since P = 2L + 2 Wand 
A = L W, substituting into the equation 
C= 2P+ A, we get C = 2(2L + 2~ 
+ L W. Now choose a L or Wand 
solve for the other side. 

Now, let's consider a double pane 
window and assume that the middle 
line is along the length of the window. 
Since P = 3L + 2 W, we get C = 2(3L 
+ 2W) + LW. Again, choose one of 
the sides and solve for the other. 

Here are examples of single and 
double pane windows that cost $32. 

Choose L = 2 for both windows 6. 

L=2 

W=4 

W= 20/6 

4. Answers will vary. The formula is 
given in #1. 

Length 
of 

strip 

0 

I 

2 

3 

4 

5 

6 

7 

8 

9 

10 

Number of ways 
to cover it with 

dominoes 

I 

I 

2 

3 

5 

8 

13 

21 

34 

55 

89 

5. There are eight ways. Four are shown. 7. This is the Fibonacci sequence. 

IIIIIIIIIH 
IIHIIIII 
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rd@ISI~t~ 1.8 
WR tfl NG Drapes 

Core Sequence: 1-4 

Suitable for Homework: 
the whole assignment 

Useful for Assessment: 
the whole assignment 

What this Assignment is About: 

• Applying a theme of the chapter to a 
real-world problem 

This is a fair ly reali stic application of area 
to a real-world problem. (The project 
allow you to make it even more realistic.) 
It is complicated enough to demand careful 
and organized work, but simple enough to 
be understandable. 

26 

~iiii§iiji§~ 1.8 Drapes 
WR trt NG 

The A.B. GLARE window store also sells 
drapes. They stock full-length drapes that go 
down to the floor, as well as window-length 
drapes that just cover the window. 

One day a customer, Ms. Phoebe Tall, came 
in with a list of the windows for which she 
needed drapes. 

Window-length drapee: 
three 2-by-3-ft windows 
two 3-by-3-ft windows 

Full-length drapee: 
two 3-by-7-ft door-windows 

Undecided: 
four 3-by-4-ft windows 
six 3-by-5-ft windows 

(The second number 
represents the height.) 

The material Ms. Tall selected is priced at $3 
per square foot. All her windows (except the 
door-windows, of course) are 3 feet above 
the floor. 

She asked Lara to help her figure out what the 
cost of various options would be. She wanted 
to know the smallest amount she could spend. 
She also wanted to know how much it would 
cost if she used full-length drapes for all the 
"undecided" windows. After listening to 
Lara's explanations, she revealed that she was 
planning to spend no more than $800. Figure 
out what Lara should advise her to do. 

l. Figure out the smallest amount Ms. Tall 
could spend, assuming that all the 
undecided windows are covered with 
window-length drapes. (Hint: First find the 
total area. Drawing sketches might help.) 

2. Figure out the largest amount she could 
spend, assuming that all the undecided 
windows are covered with full-length 
drapes. 

3. If she were planning to spend no more 
than $800, how many of the undecided 
windows could she cover with full-length 
drapes? 

4. iilil!lm Write a full explanation of the 
results of your investigation. Include 
sketches that Lara could use to explain the 
options to Ms. Tall . Your report should 
consist of three parts: a problem statement, 
a detailed explanation, and a conclusion. 

5. li4li.WIIi Find out how drapes are actually 
sold, and answer Ms. Tall 's questions with 
information from a store in your area. 

CluJpttr I Ptrimetu and Area Palltrns 

1.8 S 0 L U T I 0 N S 

1. $648 

2. $918 

3. Answers will vary. 
Examples: four 3-by-4 ft . windows 

four 3-by-5 ft. windows 
$26 left over 

Or, two 3-by-4 ft . windows 
six 3-by-5 ft. windows 
$8 left over 

4. Answers will vary. 
Students should organize their 
results. There is a fixed cost associ
ated with the "decided" drapes. The 
"undecided" drapes is what Lara has 
to solve. Some combinations will 
have more left-over money than oth
ers. Students should justify their 
solutions. 

5. Answers will vary. 

-. -



LESSON 

• 
Adding and Multiplying 

l'ii!ii@IIMI. · · · · · · · · · · · · · · · · · · ·: 

41JDITION 

Using the Lab Gear, the addition y + 5 can be 
modeled in two ways. You can show two col 
lections of blocks, y and 5. Or you can line up 
the blocks to get a figure that has length y + 5. 
Both methods are shown here. 

y +5 

or ••••• 
y 

I. Sketch this addition both ways, 3x + 2. 

MUL TIPLICf\ TION 

The multiplication 3 · (2x + I) can be 
modeled in two ways. One way is to show 
three collections of 2x + I. 

~~ 
~ ) ---00 ---0 As you can see in the figure, 

3 · (2x + I)= 6x + 3. 

1.9 Adding and Mulliplying 

The other way is to use the comer piece. First 
set up the factors (3 and 2x + I) on the 
outside. 

Then make a rectangle having those 
dimensions. 

The rectangle represents the product. Again 
you see that 3 · (2x + I) = 6x + 3. This is the 
familiar length • width = area formula for a 
rectangle. 

2. Sketch this multiplication two ways, 
2 · (x + 3). 
a. Use collections of blocks. 

b. Use the comer piece. 

3. What were the length , width, and area of 
the rectangle in problem 2? 

T 1.9 
Adding and Multiplying 

Core Sequence: the whole lesson 

Suitable for Homework: 14 
(Problems 15-22 could be done at home, 
using sketches. But it would be better to 
assign the Pentomino Strips investigation 
from Lesson 7, the Domino Problem from 
Lesson 8, or the Word Figure material 
from Lesson 11 for homework, so the stu
dents will have the Lab Gear within reach 
when working on this lesson.) 

What this Lesson is About: 

• Lab Gear models for addition and multi
plication (when no minus signs are 
involved) 

• Order of operations 

• Common algebra mistakes 

ADDITION 

MULTIPLICATION 

How to model addition and multiplication 
was implied in previous chapters. Here it is 
addressed explicitly. Other operations will 
be discussed in Chapter 2. 

Notice that there are two approaches: one 
based on collections of blocks, and another 
based on a careful rectangular arrangement 
of the blocks. Neither model works in 
every situation, and both should be mas
tered by students. 

1.9 S 0 L U T I 0 N S 

3. L=2 
W=X+3 
A= 2X+ 6 

--
27 
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ORDER OF OPERATIONS 

This issue comes up naturally when writ
ing multiplications such as the ones in the 
preceding section. Note that we introduce 
order of operations one step at a time. 
Subtraction, division, and exponents will 
be treated in later chapters. 

You should decide on the degree of com
plexity you want for the Exploration. 
Should students be allowed to use as many 
pairs of parentheses as they want? If so, 
the problem is more difficult, but it is also 
more informative, because there could 
be discussions of how to handle nested 
parentheses. 

Most scientific and programmable calcu
lators allow several levels of parentheses, 
and that feature can be used when working 
on this problem. 

1.9 

With any factors of degree 0 or I, you can 
model the multiplication in the corner piece. 

4. What multiplication is shown in this 
figure? 

5. .... Multiplying the x by the x gave_;_ 
What other multiplications do you see in 
the figure above? 

6. Multiply with the corner piece. 

a. 3x · 2 b. 3 · 2x 
c. 2x. 3 d. 2x. 3y 

7. Multiply with the corner piece. 

a. 5(x + I} b. x(x+ 3) 

8. Find the area of a recta ngle hav ing the 
sides given below. For each write an 
equati on of the form length times 
width = area. 

a. 5 and x + 3 

b. x and 2x + 5 

9. Find the sides of a rectangle having the 
given area. Each problem has at least two 
solutions. Find as many of them as you 
can and write an equation for each. 

a. 6x b. 6_; + 3x 

10. These eq uations are of the form length 
times width = area . Use the Lab Gear to 
help you fill in the blanks. 

a. y · __ = l + .xy 

b. (x + 2) · __ = 3x + 6 

c. ( __ + 3) · x = 2ry + 3x 

4 28 

Understanding the area model of multipli
cation will help you avoid many common 
a lgebra errors. 

ORDER OF OPERA TIO'-~ 

The figure above showed a mult.iplication. 
Some students write it like thi s: x + I · x + y. 
Unfortunate ly, someone e lse might read it as 
add tile three terms: x , I · x, and y. Simplified, 
thi s would be x + x + y, or 2x + y. But the 
intended meaning was equivalent to 
_; + .xy + x + y, as you can see on the 
figure. To avoid thi s kind of confusion, 
mathematicians have agreed on the 
following rule. I Rule: When the operations of multiplication 

and addition (or subtraction) appear in the 
same expression, multiplication should be 
performed first. If we want to change this 
order, we have to use parentheses. 

This means that one correct way to write the 
multiplication in the fi gure is (x + I )(x + y), 
which can mean only multiply x + I by x + y. 

II. a. Show 2 · x + 5 with the Lab Gear. 
Sketch. 

b. Next to your sketch show 2 · (x + 5) 
with the Lab Gear. Sketch it. Keep 
the blocks on the table for the next 
problem. 

12. a . Copy both collections of blocks from 
problem II , substituting I for x. What 
is each ex pression equal to? 

b. Repeat, using 5 for x. 

c. Repeat, using 0 for x. 

13. Can you find a value of x for which 
2 · x + 5 = 2 · (x + 5)? If so, what is the 
value? If not, why can' t you find a value? 

Chapter I Perimeter and Area l'alterns 

1.9 S 0 L U T I 0 N S 
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4. (x+ y)(x+ 1) 

5. X • 1 , y · X, y · 1 

6. a. 6x 
b. 6x 
c. 6x 
d. 6xy 

7. a. 5x+ 5 
b. x 2 + 3x 

8. a. 5(X+ 3) = 5X+ 15 
b. x(2x+ 5) = 2x2 + 5x 

9. a. 1 by 6x, 1 · 6x = 6x 
6 by X, 6 · X= 6X 
2 by 3x, 2 · 3x = 6x 
3 by 2x, 3 · 2x = 6x 

b. 3 by (2x2 + x), 3(2x2 + x) = 6x2 + 3x 
xby (6x+ 3), x(6x+ 3) = 6x2 + 3x 
3xby (2x+ 1), 3x{2x+ 1) = 6x2 

+3X 

10. a. y+x 
b. 3 
c. 2y 

12. a. 7, 12 
b. 15, 20 
c. 5, 10 

13. No, since 2(x + 5) = 2x + 1 0, which is 
always five more than 2x + 5, no 
matter what value of x we use 

-



14.®!!ffll®l Insert parentheses in each 
expression, so as to get many di ffe rent val
ues. What are the greatest and smallest 
values you can fi nd for each one? 

a. 0 • I + 2 · 3 + 4 · 5 + 6 • 7 + 8 • 9 
b. 0 + I · 2 + 3 • 4 + 5 · 6 + 7 · 8 + 9 

Students sometimes confuse 3 + x with 3x. 
With the Lab Gear, it is easy to see the di ffer
ence. 3 + x involves addition. 

or 

0 I I 
3x involves multiplication. 

or 

IS. Find the value of 3 + x when: 

a. X= 0 b. X= 5 
C. X= 0.5 

16. Find the value of 3x when : 

a. X= 0 b. X= 5 

C. X= 0.5 

1.9 Adding and Multiplying 

1.9 

17. For most values of x, 3x does not equal 
3 + x. In fac t there is only one number 
you can substitute for x that will make 
3 + x equal to 3x. Use trial and error to 
fi nd thi s number. 

18. Build these expressions with the Lab Gear. 
Sketch. Which two are the same? 

a. 6.1)' b. 2x + 3y 

c. 2x . 3y d. 5xy 

19. Build and sketch these two expressions 
with the Lab Gear. 

a. 2x + 3y b. 2xy + 3 

20. Use trial and error lo find a pair of values 
of x and y thai will make the two expres
sions in problem 19 have the same value. 

21. Use the Lab Gear 10 show each 
ex pression. Sketch. 

a. 5 + x + y b. 5 + xy 

c. 5x + y d. 5xy 

22. Choose values for x and y so thai all fo ur 
expressions in problem 2 1 have di fferent 
values. 

29 4 

These problem provide practice with 
bas ic operati ons and ub tituting. They are 
ba ed on traditional mistakes made by 
algebra tudents. The Lab Gear makes it 
ea ier to grasp which expressions are the 
same, and which are different. 

1.9 S 0 L U T I 0 N 

14. a. smallest is 0: 0(1 + 2 · 3 + 4 • 
5 + 6 . 7 + 8. 9) 
greatest is 20,790: (0 · 1) + 2 • 
(3 + 4) . (5 + 6) . (7 + 8) • 9 

b. smallest is 109: 0 + (1 • 2) + (3 • 4) 
+ (5 . 6) + (7 . 8) + 9 
greatest is 9,945: 0 + 1 • (2 + 3) · 
(4 + 5) . (6 + 7) . (8 + 9) 

15. a. 3 
b. 8 
c. 3.5 

16. a. 0 
b. 15 
c. 1.5 

17. 1.5 

18. Sketches will vary. a. and c. are the 
same. 

19. Sketches will vary. 

a. 0 0 Ill 
b. DD ~ 

20. When x = 3/2, y can be any number 
and when y = 1 • x can be any 
number. 

22. Answers will vary. 

' -.... -"' 
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T 1.10 
Three Dimensions 

Core Sequence: 1-10,22-24 

Suitable for Homework: 20-24 

What this Lesson is About: 

• More work with multiplication, 
previewing the distributive law and 
factoring 

• Surface area problems provide more 
practice combining like terms 

• A digression with polycubes, the 3-D 
version of polyominoes 

• This lesson starts students thinking in 
three dimensions, an important skill 
if they are to pursue mathematics or 
science. 

VOLUME 

Volume, like area, provides a model of 
multiplication and the distributive law. A 
fuller discussion of volume will take place 
in Chapter 2. 

MAKE A BOX 

This gives students practice with recogniz
ing the dimensions of a box. This will be 
important later on, as the volume model of 
multiplication is used to explore the di s
tributive law and factoring. 

l E S S 0 

• 
Three Dimensions 

the Lab Gear 

\ O LUME 

I Definition: The volume of a solid is the 
number of unit cubes it would take to 
bui ld it. 

1. What is the volume of thi s box? Explain 
how you got your answer. 

You can find the volume of a Lab Gear build
ing by j ust adding the volume of each block. 
For example, both of these buildings have 
volume x3 + .?. 

or 

2. What is the volume of each of these 
buildings? 

.4 Jo 

\\At\E A 80\. 

I Example: This box has volume 
i + xl + l + xy, length y + x, width y, 
and height y + I . 

For each problem, the volume of a box i 
given. 

a. Get the blocks. 

b. Use them to make a box. 

c. Write the length, width, and height. 

3. 3xy + .?y + xy2 

4. xy2 + 2/ 

5 . .?y + 2xy + y 

6. .?y + xy2 + xy + l 
7. i + l + xyz 

8. ~ + _?y + 2_? + xy + X 

We will return to the volume of boxes in a 
future chapter. 

SURL\( f ,\REA 

I Definition: The surface area of a solid is 
the number of unit squares it would take to 
cover all its faces (including the bottom). 

Chapter I Perimeter and A_rea Patterns 

1. 10 5 0 L U T I 0 N 5 

1. 30 cube units. Count the 1-cubes or 
multiply the dimensions, 5 · 3 · 2 = 30. 

2. y 2x+ y 2+ yx 2 + 6y, 2x3 + 2y2x+ 2xy 
+2X 

3. length = y + x + 3 
width= y 
height= x 

4. length= X+ 2 
width= y 
height= y 

5. length= X+ 1 
width= X+ 1 
height= y 

6. length= X+ 1 
width= y 
height= x+ y 

7. length= x+ y+ 1 
width= y 
height= y 

8. length= X+ 1 
width= x 
height= y+ x+ 1 



In simple cases, to fi gure out the surface area 
it helps to think of a paper jacket that would 
cover the whole block. The area of such a 
jacket is the surface area of the block. 

For example, the surface area of the 5-block is 
22 cm2• Its volume, of course, is 5 cm3. 

9. Find the surface area of the 25-block. 

f,J4fi•)f#;Ji POL YCUBES 

I Definition: Polycubes are obtained by join
ing cubes together face-to-face. They are 
the three-dimensional equi valent of 
polyominoes. Here is a tetracube. 

There is just one monocube, and one dicube. 
There are two tricubes and eight tetracubes. 

All of these polycubes look just like the corre
sponding polyominoes, except three of the 
tetracubes, which are really three-dimensional. 

11. Find all the polycubes, monocube to eight 
tetracubes, with your blocks and try to 
sketch them. Hint: Two of the three
dimensional tetracubes are mirror images 
of each other. 

12. Find the surface area of the polycubes you 
found in problem II . 

13. Find polycubes havi ng volume 8 and as 
many different surface areas as possible. 
There are fi ve di fferent solutions. 

1.10 Three Dimensions 

l.lO'Y 

+-- Y ---+ 

', '- "[ l+l._-_-_-:..:..._i;;-· ~~~:17"1~~ 
The surface area of the blue blocks can also 
be figured out by thin king of their jackets. 
For example, they-block has a surface area 
of 4y + 2. 

10. Find the surface area of each of the other 
blue Lab Gear blocks. 

14. Were any of your surface areas odd num
bers? If yes, check your work. If no, 
explain why not. 

15 . .,_ For a given number of cubes, how 
would you assemble them to get the 
largest surface area? The smallest? 

16. What would the largest possible surface 
area be for a polycube having volume 
100? 

17 . .,_ Explain in words how you would find 
the largest possible surface area for a 
given volume. 

18. For each of the fo llowing volumes, find 
the smallest possible surface area. 

a. 12 b. 18 c. 20 
d. 24 e. 27 f. 30 

19. \1 Explain in words how you would fi nd 
the smallest possible surface area for a 
given volume. 

31 A 

SURFACE AREA 

This is traditionally seen as a difficult 
topic, even though it is taught in middle 
school. What usually makes it difficult is 
that students are asked to visualize three
dimensional objects without getting any 
hands-on experience with them. Here, the 
availability of the Lab Gear blocks and the 
fact that students have done a lot of think
ing, talking, and writing about dimension, 
makes surface area more accessible. 

Again, keep in mind that this is not a core 
topic in an algebra class. You certainly 
should not teach surface area formulas. 
The point of this work is to provide an 
environment in which to do algebraic 
work, specifically combining like terms. 

lt#fi,)fi;Jt POL YCUBES 

Tms is a three-dimensional equivalent to 
Lessons 1 and 2. 

1.10 S 0 L U T I 0 N S 

9. 70 square units 

10. 
Block 

Surface 
Area 

y 4y + 2 

11 ., 12. ll:J ~ ~ ~ 
14. No. This is similar to the 

polyominoes. Since every face has 
5=6 s = 10 s = 14 s = 14 an opposite face and there are no 

~ ~ ~ m unmatched faces, the surface area is 
an even number. 

X 4x + 2 

~ U +4x 

y' 2/ + 4y 

s = 18 s = 18 s = 18 s = 16 
15. For a given number of cubes, the 

~ ~ ~ ~ smallest surface area occurs when 

s = 18 s = 18 s = 18 s = 18 the cubes are arranged into a large 
5x 12x + 10 

5y 12y + 10 ~ 
cube or a rectangular solid with as 
few odd pieces as possible. The 

xy 2..ty + 2x + 2y s = 18 largest surface area occurs when the 
~y U + 4xy 

xy2 2/ + 4xy 

~ w 
I 6/ 

13. ti I I I I I I I) 
0111m 

cubes are arranged like a train . 

s = 34 s = 32 16. largest surface area 

em ~ 
= 4 · volume + 2 = 402 

17. same as number 15. 
s = 30 s = 28 

!Q33 18. a. 32 b. 42 c. 48 
d. 52 e. 54 f. 62 

s = 24 19. same as number 15 



MORE ON POL YCUBES 

M ore three-dimensional th inking. Once 
again, interlocking cubes would be helpful. 

Students need not have completed all of 
Lesson 10. These problems depend solely 
on lO and the text preceding it. 

4;141'41• PERIMETER 

This is homework material, since the stu
dents probably won ' t need to manipulate 
the blocks to find the perimeters. 

'Yuo 

MORE O >.. POl \ Cl 'BES 

20. Find all the polycubes having volume less 
than 5. Put aside all the ones that are box
shaped. The remaining pieces should have 
a total volume of27. Using wooden cubes 
and glue, make a set of puzzle pieces out 
of these polycubes. Assemble them into a 
3-by-3-by-3 cube. (This classic puzzle is 
called the Soma® Cube.) 

21. 0 There are 29 pentacubes. Twelve look 
like the pentominoes, and 17 are "truly" 
three-dimensional. Find them all and 
sketch them. 

49iffiii PERIMETER 

Find the perimeter of each figure. 

22. 

4 32 

23. 

24. 
t-

r--
t-

-

'-

Chapter I Perimeter and Area Palterns 
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20. Be patient. It will probably take many 
tries to bu ild this Soma® Cube. 

21 . Some of the 17 "truly" three-dimen
sional pentacubes have mirror 
images. There are five that do not 
have mirror images. 

22. 2X+ 2y+2 

23. 4y+ 30 

24. 6x+ 2y+ 10 



LESSON 

Word Figures 

\\ORil TRI~~GLES 

Imagine you have a supply of leiter ti les, and 
you use them to make word triangles like 
this one. 

I Rules: Each row contains the leiters of the 
previous one, plus one more. It ' OK to 
scramble the letters from one row to the 
next. 

1. Extend tbis word triangle. 

2. Make a word triangle wi th your own 
leiters. 

3. How many letter tiles are used in a five
row word triangle? 

4. Make a table like this, extending it to 
ten rows. 

Rows Tiles 

I I 

2 3 

3 6 

4 .. . 

5. The numbers you found in problem 4 
(I, 3, 6, ... ) are called the triangular num
bers. Explain how tbey are calcu lated. 

6. Q Extend the above word triangle up to 
ARGUABLE. (Along the way, you might 
use ALGEBRA.) 

1.1/ \'lord Figures 

1. Answers will vary. 

2. Answers will vary. 

3. 15 

4. Rows Tiles 

I I 

2 3 

3 6 

4 10 

5 15 

6 2 1 

7 28 

8 36 

9 45 

10 55 

5. Add the number of rows to the 
previous number of tiles. 

WORD LADDERS 

I Rules: From one row to the next, change 
one letter onl y. It 's OK to scramble the 
letters. 

For example: 

7. Make up a word ladder with your own 
letters. Choose your word length , and use 
as many rows as you need. It 's fun to 
choose related words for the beginning 
and end of the ladder, like CAR and BUS. 

The above example, from REAL to FOOD, 
took four step (and five rows). It is an exam
ple of a perfect word ladder. For a word lad
der to be called perfect, two things must be 
true: 

a. Every letter fro m the ori ginal word 
must be changed in the final word. 

b. If the word has n letter , the ladder 
must take exactly 11 steps. 

For a five-letter word, a perfect ladder would 
take five steps (one per leller) and therefore 
six rows. 

8. How many tiles would a five-letter per
fect word ladder require? 

9. Make a table of the number of tiles 
required for perfect word ladders, 
extended to word length I 0. 

6. IAl 
IIJ[AJ 
[AJIIJ[ID 
[ID[ID[AJIIJ 
IIJ[AJ(ID@][ID 
@][AJ(ID@IIJ[ID 
[AJIIJ@][ID@(ID(AJ 
(AJ[ID@]@](AJ@IIJ[ID 

7. Answers will vary. 

33 .... 

8. (5 steps)(6 rows)= 30 tiles 

9. 

T 1.11 
Word Figures 

Core Sequence: none of the lesson 

Suitable for Homework: the whole lesson 

What this Lesson is About: 

• A digression that starts with word puz
zles and ends up with a method for cal
culating triangular numbers 

Word puzzles may appeal to students who 
do not necessarily like math (though your 
students may be surpri sed to learn that 
mathematicians often like word puzzles). 

Thi s is a short lesson that leads to an inter
esting general approach to how to calculate 
triangular numbers. This previews some of 
the work in Chapter 5 on sums of arithme
tic sequence . 

The lesson can be used as a source of 
homework when no other homework 
seems practical , because you are in a 
lesson that relies heavily on the 
manipulati ves. 

WORD TRIANGLES 

Problem 1 can easily be answered by just 
adding one line to the triangle, but you or 
your students may want to up the ante. If 
so, problem 6 offers a stiffer challenge. 

WORD LADDERS 

Word ladders were invented by Lewis 
Carroll, under the name doublets. 

Rows Tiles 

I I 

2 6 

3 12 

4 20 

5 30 

6 42 

7 56 

8 72 

9 90 

10 110 

... I :oor- . I ... • 1 ·- - ... p - ·~f!""lr'" . 

. . 33 



PUTTING IT TOGETHER 

This is the mathematical payoff of the 
lesson. At this stage, it is enough for stu
dents to figure out a strategy for the calcu
lation of the nth triangular number based 
on the graphic method shown. They should 
also be able to express it in words, and to 
apply it. 

Of course the lesson can lead to a for
mula, if the class is sophisticated enough, 
but this is definitely not to be expected in 
the first chapter of Algebra 1. 

POL YOM INO PUZZLES 

The puzzles are not very difficult, once the 
pieces are made. (Interlocking cubes are a 
big help if you have access to them.) 

Problem 2, once again, is an experience 
with triangular numbers. Recognizing that 
the same pattern underlies problems that 
appear different is what mathematics is all 
about. 

Problem 3 incorporates review of whole 
number factoring and prime numbers. 

The rectangle puzzles are not particularly 
difficult, but there are many of them. 
Students can be encouraged to divide up 
the work. 

The puzzle-solution records can be col
ored and displayed on a bulletin board. 

1.11 

Word Tiles 
Length 

I 2 

2 6 

3 12 

4 

10. The numbers you found in problem 9 (I, 
6, 12, ... )are called the rectangular num
bers. Explain how they can be calculated. 

11. CJ Make up a word ladder from MATH to 
GAME. 

PUTT ING IT TOGET HER 

12. This figure shows the third triangular 
number. 

D 
DO 
DOD 

Draw a sketch of two copies of this 
triangle, arranged together to make a 
rectangle. 

13. This figure shows the fourth rectangular 
number. 

DODD 
DODD 
DODD 
DODD 
DODD 

Show how you could divide it into two 
equal triangular numbers. 

14.fii!,!.f!.j Describe the relationship 
between triangular numbers and rectangu
lar numbers. 

4 34 

15 . ... 
a. Explain how to calculate triangular 

numbers by first calculating rectangu
lar numbers. 

b. Calculate the I OOth triangular number. 

POLYOMINO PUZZLES 

16. Using graph paper and scissors, or inter
locking cubes, make a set of polyominoes 
having area greater than l and less than 5. 
You should have one domino, two tromi
noes, and five tetrominoes, for a total of 
eight puzzle pieces with no duplicates. 

17. Using the same unit as you used for the 
puzzle pieces, draw staircases with base 3, 
4, 5, 6, and 7. The first one is shown here. 

Now cover each staircase in tum with 
some of your puzzle pieces. Record your 
solutions on graph paper. For the last stair
case, you will need all of your pieces. 

18. Make a list of all the rectangles, including 
squares, having area 28 or less. Their 
dimensions (length and width) should be 
whole numbers greater than 1. (In other 
words, the shortest sides should be 2.) 
There are 25 such rectangles. 

19. Draw these rectangles, and use the puzzle 
pieces to cover them. Record your solu
tions on graph paper. (lt is impossible to 
cover one of the rectangles.) 

POL YOMINO AREA AND PERIMETER 

Think of the monomino. Its area is l and its 
perimeter is 4. Think of the domino. Its area is 
2 and its perimeter is 6. 

CluJpter 1 Perimeter and Area Patterns 
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10. Multiply the word length by one plus 
the word length. 

11. Answers will vary. 

12 . ••• 

o•• oo• 
DOD 

13 . •••• 

o••• oo•• ooo• 
DODD 

14. Each rectangular number is twice its 
corresponding triangular number. 

15. a. To get the triangular number, 
divide the rectangular number 
by 2. 

b. rectangular number= 1 00(1 01) = 
10,100 

18 

triangular number = 101 00/2 
=5050 

Area Length Width 

28 14 2 

28 7 4 

27 9 3 

26 13 2 

25 5 5 

24 12 2 

24 6 4 

24 8 3 

22 II 2 

21 7 3 

20 5 4 

20 10 2 

18 9 2 

18 6 3 

16 8 2 

16 4 4 

15 5 3 

14 7 2 

12 4 3 

12 6 2 

10 5 2 

9 3 3 

8 4 2 

6 3 2 

4 2 2 

19. The 9-by-3 rectangle is impossible 
to do since no combination of the 
puzzle pieces will have a total area 
of 27. 

The areas representing the pieces 
are:2,3,3,4,4,4,4,4. 

To cover a rectangle, find combina
tions of these areas that will add up 



20.M@M Is the number representing the 
perimeter of a given polyomino always 
greater than the number representing its 
area, or can it be equal to it, or even 
smaller? Look over your notes and 
sketches from Lesson 2, and experiment 
some more on graph paper if you need to. 
Then write a paragraph to answer this 
question fully, with examples and graph 
paper illustrations. 

21. Find out if there are polyominoes having 
both area and perimeter equal to 
a. 14 b. 15 c. 16 
d. 17 e. 18 f. 20 

WORD SQUARES 

This is a word square. 

a b c d 

· ~~[f][HJ 
b ~[g[ID[ID 
c [f][ID[ID[ID 
d [ffi[ID[ID[!J 

Note that the words can be read across or 
down. The largest word square in the English 
language took years of hard work to discover. 
It is made up of obscure ten-letter words. 

22. How many letter tiles are used in the word 
square above? 

l .ll Word Figures 

1.11 

23. Make a table showing the number of tiles 
required for word squares, extended to 
word length I 0. 

Word Length TUes 

I I 

2 4 

3 9 

4 ... 

24. The numbers you found in problem II (I, 
4, 9, . . . ) are called the square numbers. 
Explain how they can be calculated. 

25. There is an interesting pattern based on 
adding pairs of consecutive triangular 
numbers (I + 3, 3 + 6, ... ) Explain it. 

26. Draw a sketch of the third triangular num
ber put together with the fourth triangular 
number (upside down) to show a square 
number. 

27. What do you think the IOOth triangular 
number and the I 0 I" triangular number 
add up to? 

28. 0 Make a word square using these clues. 
The answer words are all four letters long 
and can be read both across and down. 

a. Made to be played. 

b. You learned about it in this chapter. 
c. Don 't make one! 
d. A piece of cake. 

35 .4, 

Note: The 3-by-9 rectangle puzzle is possi
ble only if you allow the use of the 
monomino (a single square) as a puzzle 
piece. 

For more puzzles of this type, incorporat
ing many math lessons, see Pentomino 
Activities, by Henri Picciotto (Creative 
Publications, 1984). 

WORD SQUARES 

M ore problem solving wi th words and 
numbers. Work with square and triangular 
numbers. 

1.11 S 0 L U T I 0 N S 

to the area of the rectangle. Some 
rectangles have more than one com
bination. 

20. Answers will vary. Here is one 
explanation. 
Draw the line perimeter= area 
(y = x) . 
Draw a vertical line at the given area. 
Look at the intersection of the vertical 
line and the line y = x. If the intersec
tion is between the shortest and 
longest perimeter graphs, inclusive , 
and the area is even, there exists a 
polyomino with the area equal to the 
perimeter. 

If there are even perimeters on this 
vertical line between the line y = x 
and the longest perimeter graph, 
there exists a polyomino with perime
ter greater than the area. 

If there are even perimeters on this 
vertical line between the line y = x 
and the shortest perimeter graph, 
there exists a polyomino with perime
ter less than the area. 

21 . a. No b. No c. Yes 
d. No e. Yes f. Yes 

22. 16 

23. Word Length Tiles 

I I 

2 4 

3 9 

4 16 

5 25 

6 36 

7 49 

8 64 

9 81 

10 100 

24. Square the word length to get the 
number of tiles. 

25. Adding the consecutive triangular 
numbers wi ll give the square 
numbers. 

26 . • 0 0 0 

• • 0 0 

• • • 0 

• • • • 
27. The sum of 1001h and 101 51 triangular 

numbers give the 101 st square num
ber. To get the square number, take 
the term number and square it. So 
the 1 01 st square number is 10,201 . 

28. game 
area 
mess 
easy 



~ 1.12 
Area on the Geoboard 

Core Sequence: the whole lesson 

Suitable for Homework: 
(using dot paper) 4-6, 14-16 

Useful for Assessment: 16 

What this Lesson is About: 

• First experience with a tool that will 
be crucial to our development of ideas 
of proportional thinking, slope, and 
square root 

There will be a geoboard lesson in each 
chapter, in a sequence intended to provide 
a hands-on base on which to build the con
cepts of proportion and square roots. This 
lesson emphasizes area, in accordance 
with the theme of the chapter. Geoboard 
area will eventually lead to work with 
square roots. 

The initial Exploration is designed to get 
students involved with area as counting, a 
necessary prerequisite to a more sophisti
cated understanding. Another purpose of 
the activity is to introduce the concept of 
area of shapes that include angles other 
than 90 degrees. 

TRIANGLES 

VERTICES 

These problems are there to get students 
familiar with this new geometric environ
ment, and with the use of coordinates on 
the geoboard. 

LESSON 

• 
Area on the Geoboard 

Mtil!ii{ji!MI ................... . 

!l~?..?.?.~r.? ...... lll o· . 
dot paper ; ; • 
···················································· 

This geoboard shape has area 18. 

1. @@M Find as many geoboard shapes 
having area 18 as you can. They do not 
need to be rectangles. You are allowed to 
stretch the rubber band in any direction 
whatsoever, including diagonals. Sketch 
each shape on dot paper. 

TRIANGLES 

2. On your geoboard make three triangles, 
each one satisfying one of the fo llowing 
conditions. Sketch each triangle on dot 
paper. 
a. One side is hori zontal, and one is 

vertical. 
b. One side is hori zontal, no side is 

vertical. 
c. No side is horizontal or vertical. 

3. Repeat problem 2 for these conditions. 
a. Two sides are of equal length, one hori

zontal and the other vertical. 

b. Two sides are of equal length, but nei
ther is horizontal or vertical. 

VERTICES 

I Definition: The comers of geometric fig ures 
such as triangles and rectangles are called 
vertices. (Singular: vertex.) 

4. Make a figure on the geoboard having 
vertices in order at (4, 6), (7, 5), (8, 3), 
(8, 2), (6, 0), (2, 0), (0, 2) , (0, 3), (I' 5). 

5. Do not remove the rubber band from prob
lem 4. Using another rubber band, make a 
figure having vertices in order at (2, 2), 
(6, 2), (5 , I), (3, I ). 

6. Add eyes to the face . What are the coordi
nates of their vertices? 

AREA TECHNIQUES 

7. Make a triangle having vertices at (0, 0), 
(0, I 0), and ( I 0, 0). What is its area? 
Explain how you figured it out. 

8. Make a triangle having vertices at (0, 10), 
(0, 6), and (3 , 6). 

a. With another rubber band, make a rec
tangle that shares three of its vertices 
with the triangle. What are the coordi
nates of the fourth vertex of the 
rectangle? 

b. What is the area of the rectangle? 
c. What is the area of the tri angle? 

9. Find the area of a triangle hav ing vertices 
at (0, I 0), (0, 5) , and (7 , 5). 

Chapter I Perimeter and Area Patterns 
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1. Answers will vary 

2. Answers will vary. 

3. Answers will vary. 

4. , 5. 

. \::7. . . . 
(0, 0) 

6. Answers will vary. 

7. 50 square units. Since the area of 
the triangle is half the area of the 
geoboard, divide the area of the 
geoboard by two. 

8. The area of the rectangle is 12 
square units. Since the area of the 
triangle is half that of the rectangle, 
the area of the triangle is 6 square 
units. 

9. 17.5 square units 



10. On your geoboard, make two different
shaped triangles that sati sfy these condi
tions: one hori zontal and one vertical side, 
and area I 0. Record your solutions on 
dot paper. 

11. Repeat problem 10 for area 9. 

12 • .- Copy these fig ures on your geoboard 
(or on dot paper). Find the area of each 
one. Explain how you did it. 

. ·~· ... ·d·. . . . . . . 
a 

. . . . . . . . . 

13. On your geoboard, make the triangle hav
ing vertices at (0, 10), (0, 4), and (3, 6). 

1.12 Area on the Geoboord 

1.12T 

a. With another rubber band, divide the 
triangle into two smaller triangles, such 
that they each have one horizontal and 
one vertical side. Find the area of all 
three triangles. 

b. With another rubber band, make the 
smallest rectangle that covers the origi
nal triangle. What is the area of the 
rectangle? 

14. Find the area of the triangle hav ing 
vertices at (0, 0), (0, 7), and (3, 5). 

15. Record your soluti ons on dot paper. 

a. Make five triangles havi ng a horizontal 
side of length 6 and area 15. 

b. Make five triangles havi ng a horizontal 
side of length other than 6 and area 15. 

c. Make fi ve tri angles having a vertical 
side of length 7 and area I 0.5. 

16. 0 Find the area of the tr iang le having ver
ti ces at (0, 0), (0, 5), and (3, 7). 

J 7 .fii!,!,fjij Ex plain how one fi nds the area 
of a geoboard triangle hav ing one horizon
tal or vertical side. 

37 ... 

AREA TECHNIQUES 

Thi s is the heart of the lesson. Students 
develop an approach to finding the area of 
many geoboard shapes . 

It is essenti al that you avo id teaching area 
formulas here. In later chapter , when dea l
ing with triangles without any hori zontal or 
vertica l sides, knowledge of a formu la 
in volvi ng the base and height of a tri ang le 
wi ll be entirely useles , or more li kely 
destructive, because tudents will know 
neither base nor height. 

Finding area by add ition and subtraction 
of known pieces wi ll a ll ow student to find 
any geoboard area, and reinforce the actual 
meaning of area, which fo r many students 
is hidden by fo rmulas. (For example, they 
believe that "area is when you mu ltip ly," 
which is at best a partial truth , and at wor t 
mi leading because it i not based on a full 
under tanding. Area can be found by add i
tion, subtrac tion, multiplication, or divi 
sion, depending on the context. ) 

1.12 S 0 L U T I 0 N S 

1 0. Any triangle with horizontal and verti
cal sides of 1 and 20, 20 and 1, 4 
and 5, 5 and 4, 2 and 10, or 10 and 2 

11 . Any triangle with horizontal and verti
cal sides of 1 and 18, 18 and 1, 2 
and 9, 9 and 2, 6 and 3, or 3 and 6 

12. The general procedure is to split the 
figure into triangles first, having hori
zontal and vertical sides. Find the 
area of each rectangle that shares all 
three vertices of these triangles. 
Divide these areas by two. The area 
of the figure is the sum of these 
halves. 
a. 7 square units b. 10 square units 
c. 4 square units d. 7 square units 

13. a. This is called the addition method. 
Find the area of the smaller trian
gles and add them up to get the 
area of the original triangle. 

Answers: 6 square units, 3 square 
units, 9 square units 

b. Th is is called the rectangular 
method. Draw the rectangle so 
that it shares the vertical side (or 
horizontal side) of the triangle. 
The area of the rectangle is twice 
the area of the triangle. 
Answer: 18 square units 

14. 10.5 square units 

15. Answers will vary. Students will do 
this problem in different ways, but 
here's one way to proceed. 
Students can double the given area. 
Then find a rectangle that has this 
area and satisfies the stated condi
tion. The triangles that share one 
common side with the rectangle and 
the other vertex anywhere on the 
opposite side have the same area. 

This transformation is called shear
ing. See figure . 

6 

16. 7.5 square units 

17. Answers will vary. 
The two methods are called the addi
tion and rectangular method of find
ing the area of triangles with horizon
tal or vertical sides. See #13 for more 
details. Students can also use the 
formula, area of a triangle = half the 
base times the height, if they've dis
covered it. 



rh@ISI~r~ 1.C 
w R 1 r 1 N i More Window Prices 

Core Sequence: none of the assignment 

Suitable for Homework: 
the whole assignment 

Useful for Assessment: 
the whole assignment 

What this Assignment is About: 

• Another example of looking for a pat
tern in real-world data 

Thi s time, the amount of data is smaller, 
but with the experience from Lesson 8 this 
should be quite straightforward. 

Thi s assignment is a perfect way to assess 
what individual students learned from the 
cooperative work in Lesson 8. 

~dll§i$i§t~ l.C More Window Prices 
_WRITINi?_ 

In Lesson 8 you figured out how window 
prices were determined in an imaginary store. 
Real prices are probably not determined 
thi s way. 

Window manufacturers use a special four
number code fo r describing the size of 
standard two-pane windows li ke those shown 
below. The first two numbers give the width in 
feet and inches, and the last two numbers give 
the height. For example, the code 2636 means 
that the window is 2 feet 6 inches wide and 3 
feet 6 inches high. 

2636 1640 

The prices for some windows are given below. 
You will investigate how the price depends on 
the dimensions of the window. 

Code Price 

3030 $ 108.00 

4030 $ 135.00 

3040 $130.50 

4040 $ 162.00 

1. What are the dimensions of a 1640 
window? 

2. Use the code to fi gure out the dimensions 
of the windows. Make a table showing the 
code, the dimensions, and the price. You 
may also want to include other measure
ments, like the perimeter or area. 

3. Experiment to fig ure out how the prices 
were determined. (The formula is not the 
same as the one used by the A.B. GLARE 
window store.) Try to find a pattern . 
According to your pattern, what should a 
3050 window cost? 

4. illillmllill Write a report about thi s problem. 

• First, clearly state the problem you are 
solving. 

• Next, explain the results of your investi
gation. Include the table you made and 
ex plain how you used it to find a 
formula relating the code to the price. 
Include sketches and show your calcula
tions in a systematic way. Gi ve a couple 
of examples to illustrate that your 
formula really works. Explain why the 
order of the numbers in the code is 
important. For example, compare the 
cost of a 3050 window with the cost of 
a 5030 window. Make another price list 
showing what some other windows 
should cost. 

• Write a brief conclusion commenting on 
your results. Explain why thi s method 
of pricing makes sense. Would it still 
make sense for very large or very small 
windows? If you do not think so, can 
you think of a better way? 

Chapter I Perimeter and Area Pattertrs 

1.C S 0 L U T I 0 N S 

1. 1 foot 6 inches wide and 4 feet high 

2. 

Code 
Width Height Area Perim.• Price 

(feet) (feet) (sq. rt.) (feet) ($) 

3030 3 3 9 15 $ 108.00 

4030 4 3 12 18 $ 135.00 

3040 3 4 12 17 $ 130.50 

4040 4 4 16 20 $ 162.00 

• Note: The perimeter here includes 
the center line. 
P= 2(w+ h)+ W= 3w+ 2h 

3. Price = 4.5P + 4.5A, where Pis the 
perimeter and A is the area. 
A 3050 window costs $153.00 

4. Answers will vary. 
• Since the formula is Price = 4.5P 

+ 4.5A and P = 3W + 2H, the 
order of the numbers in the code 
is important. The first two digits in 
the code represent the width, and 
since the perimeter is 3 W + 2H, 
windows with the same area but 
larger width will cost more. 

• We do not know which window is 
easier to manufacture. But this 
method of pricing makes sense 
because larger width windows will 
need more material for the middle 
line and thus should cost more. 



~ Essential Ideas 

l. Explain, with examples, how to fi gure out 
the names of the other blue blocks by 
using 5-blocks, x-blocks, y-blocks, and the 
corner piece. 

If x = 5 and y = 3, we can use the Lab Gear to 
think of xy, x2y, xy2 

- --+ ffilli 
--+ !EJ~ __., 
- ll 
- I 

Here i s~ + ~ + 3x + 5, if x = 2. 

For each problem, write what the blocks show 
in terms of the variables x and y, then use sub
stitution to evaluate them for: 

a. x = 0 and y = 2; 

b. x = 5 and y = I; 

c. x = 2 and y= 3. 

• Esse~rtialldeas 

2. 

3. 

Combine li ke terms. 

4. 

5. !EJ 

6. 

7. 

8. 

39.4 

• Essential Ideas 

Thi s is a review of the essential ideas. It 
could be useful in preparing for the test. 
These are the algebra concepts that 
students should be starting to master. 

M ost of the problems avoid being exact 
replicas of the ones in the body of the 
chapter. Instead, they take the central ideas 
in a slightly more developed form, or sim
ply in a slightly different context. 

• OS 0 L u T I 0 N s 

1. The names of blue blocks that model 
two-dimensional figures are deter-
mined by multiplying length by width. 
The blue blocks that model three-
dimensional figures are determined 
by multiplying length, width , and 
height. 

2. a. 5 
b . 165 
c. 33 

3. a. 11 
b. 36 
c. 40 

4. 2y2 + 2x+ 3 

5. x2 + 3x + 3 

6. 3x2 + 2y+ 5 

7. 3x2 + 2x+ 10 

8. 3x2 + 2xy+ y 



. 40 

• 
9. 

10. 

11. 

12. My student AI doesn'rlike terms. He 
missed every problem on the Algebra 
Quiz. Please help poor AI with his algebra. 
For each problem, give the correct answer 
and explain what AI did wrong. Use Lab 
Gear sketches when possible. 

a.x2 +x=~ 
b. 3x + x = 3x2 

c. 2- + 2- + 2- + x2 = x8 

d. y. 6 = l 
e. 2x + 3y = 5xy 

A 4o 

13. Use the Lab Gear to show each 
expression. Sketch. 

a. 2 + x + y 

b. 2 +X)' 

c. 2x + y 

d. 2xy 

14. a. Find values for x and y so that all four 
expressions in problem 13 have differ
ent values. 

b. Find values for x and y so that as many 
as possible of the given expressions are 
equal to each other. 

IS. Use the Lab Gear to show each expres
sion. Sketch. (Hint : Use the comer piece 
for the last one.) 

a. x + / 
b. 2- + y 

c. 2- + / 
d. (x + y)2 

16. Find values for x andy so that all four 
expressions in problem 15 have different 
values. 

ORDER OF OPER \ TIO V• 

17. Use the Lab Gear to show 2 + Sy and 
(2 + S)y. Sketch each one. 

18. a. Use trial and error to find a value of y 
such that 2 + Sy = (2 + S)y . 

b. If y = 0, which is greater, 2 + Sy or 
(2 + 5)y? 

c. If y = 2, which is greater, 2 + Sy or 
(2 + S)y? 

Chapter I Perimeter and Area Patterns 

+ S 0 L U T I 0 N S 

9. x3 + 3x2 + ax+ 9 

10. 2x2y+ y2x+ 4xy+ 3y+ 2y2 

11. x3 + 2x2 + 2xy2 + Sxy + 2x + y 3 + 3 y 2 

+6 

12. The Lab Gear is very effective since 
students can see that the right side 
does not equal the left side. 
a. ~+x 
b. 4x 
c. 4~ 
d. 6y 
e. 2x+ 3y 

14. a. Answers will vary. 
b. Answers will vary. When x= 1 and 

y= 2, #13b, 13c, and 13d are 
equal. 

16. Answers will vary . 

18. a. y=1 
b. 2 + Sy 
c. (2 + S}y 



~REA AND MULTIPLICATION 

Use the corner piece fo r problems 19-2 1. 

19. Find the area of a rectangle having the 
sides given below. For each problem write 
a multiplication of the fonn length times 
width = area. 

a. 3 and 5 b. 3 and x 

c. 3 and x + 5 d. x and x + 5 

20. Find the sides of a rectangle having the 
following areas. Each problem has at least 
two solutions. Find as many of them as 
you can and write an equation for each. 

a. 4x b. 4.l + 8x 

c. 3xy + 6.l + 9x 

21. These equations are of the fonn length 
times wid1h = area. Use the blocks to help 
you fi ll in the blanks. 

a. x · __ = .l + xy 

b. (y+ 1) · __ = 5y+ 5 
c. (_ + 3) . y = 21y + 3y 

d. 2x · __ = 4x + 2ly + 6x2 

+ Essential Ideas 

• 
22. Use the Lab Gear to bui ld a ll the rectan

gles (or squares) you can fi nd hav ing the 
fo llowing perimeters. For each one, sketch 
your answer and wri te the length , width , 
and area. 

a. 8x 

b. 6x + 2y 
c. 4x + 4y 

23. What is the area of the triangle in the 
figure if 

a~ 
b 

a. a = 7 and b = 9? 

b. a = 4x and b = y? 

41 .4 

+ S 0 L U T I 0 N S 

19. a. 3 · 5 = 15 
b. 3 ·X= 3X 
c. 3(x+ 5) = 3x+ 15 
d. x(x + 5) = x 2 + 5x 

20. a. 4 · x, 2 · 2x, 1 · 4x 
b. x(4x + 8), 4x(x + 2), 2x(2x + 4) 
c. x(3y+ 6x + 9) , 3x(y + 2x + 3) 

21. a. x+ y 
b. 5 
c. 2x 
d. 2 + y+ 3x 

22. a. length = 2x 
width = 2x 
area = 4x 2 

b. length = y 
width = 3x 
area = 3xy 

c. length = 2y 
width = 2x 
area = 4xy 

23. a. 31 .5 square units 
b. 2xy 

,_ -
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Chapter 2 
fUNGIONS AND OPERATIONS 

O"erview of the Chapter 

This chapter begins with lessons using the 
Lab Gear to model operations, fo llowed by 
a lesson using the calculator to explore 
exponents. Functions are introduced 
through some interesting real-world si tua
tions, and tables and function diagrams are 
used as a tool to understand both functions 
and operations. 

The mai n themes are motion, growth, and 
change, but at the end of the chapter stu
dents take a more sophisticated look at 
some perimeter and area problems related 
to those in Chapter 1, using what they now 
know about functions. 

1. Introduction of New Tools: 

• Two ways to show minu with the 
Lab Gear 

• The scienti fic calculator (though 
your students may have been using 
this tool, thjs is the fi rst time the 
book explicitl y asks them to do so) 

• The functi on diagram 

2. Algebra Concepts Emphasized: 

• Three meanings of minus 
• Additi ve property of zero 
• Opposites 
• Operations with integers 
• Commutati ve and associati ve law 

for addition and multiplicati on 
• The length model of addition and 

ubtracti on 
• The di tributive law 
• Simpli fy ing expre ion 
• Defini tion of exponents 
• Function of one and two variables 

3. Algebra Concepts Reviewed: 

• The volume and area model for 
multiplicati on 

• Combin ing li ke terms 
• Order of operations 
• Using variable to gajn in ights into 

number pattern 
• In ferring a function from data 

CHAPTER 

The equiangular spiral of a nautilus shell 

Coming in this chapter: 
Rmrmmttt!1 1. I, 2, 3, 5, 8, 13, 21, 34, 55, 89, 144, 233, 377. .. 
There are many pattern in this sequence of nu mbers. Find as 
many as you can, u ing addition, subtraction, multiplication, 
and divi ion. 



OPERATIONS AND FUNCTIONS 

2.1 Minus and Opposites 

2.2 Adding and Subtracting 

2.3 Multiplying 

2.4 The Distributive Law 

2.A THINKING/WRITING: 
Operations 

2.5 Powers 

2.6 Finding Patterns 

2.7 Functions and Function Diagrams 

2.8 Time, Distance, Speed 

2.8 THINKING/WRITING: 
The Car Trip 

2.9 Operations and Function Diagrams 

2.10 Perimeter and Surface Area Functions 

2.11 Polyomino Functions 

2.12 Geoboard Triangles 

2.( THINKING/WRITING: 
Towns, Roads, and Zones 

• Essential Ideas 

4. Algebra Concepts Previewed: 

• Distributing a minus sign 
• Factoring 
• Multiplying binomials(++, +-,-+) 
• Functions of two variables 
• Linear and exponential functions 
• Arithmetic sequences 
• Step functions 
• Exponential growth 
• Linear equations 
• tnverse operations 
• Inverse functions 
• Parameters 

5. Problem-Solving Techniques: 

• Trial and error 
• Looking for patterns 
• Using tables 
• Sketching figures 
• Reducing a problem to an easier 

version 
• Systematic search 

6. Connections and Context: 

• Polyominoes 
• Area, perimeter 
• Area of geoboard triangles 
• Motion -time, distance, rate 
• The role of assumptions in modeling 
• Growth and change 
• Square and rectangular numbers 
• Fibonacci numbers 

Note About Homework: Because Lessons 
1-4 and Lesson 10 involve the Lab Gear, 
you may need other sources of homework 
while working on them. In addition to end
of-lesson problems in Lessons 2 and 4, you 
may use material you skipped in Chapter I. 
From further ahead in Chapter 2, you may 
use the Fibonacci material (problems 8-24 
in Lesson 6), or Thinking/Writing 2.C. 

- -
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T 2.1 
Minus and Opposites 

Core Sequence: 1-11 

Suitable for Homework: 
reading about Upstairs and The Minus 
Area, problems 10-16 

Useful for Assessment: 5, 11 

What this Lesson is About: 

o The three meanings of minus 

o The two ways to represent them with the 
Lab Gear 

o The additive property of zero and the 
definition of opposites 

This lesson involves much reading. 
Because of the importance of the concepts 
and techniques introduced, it is crucial to 
have a whole-class discussion about the 
three meanings of minus and the two ways 
of showing it with the Lab Gear, perhaps 
using the overhead blocks. Note: The 
workmat is referred to in this lesson for the 
fust time. You may wish to make copies of 
the Lab Gear Workmat on page 592 for 
your students before beginning the lesson. 
Remind the students to keep their work
mats for use in future lessons. 

Do not choose one or the other method of 
showing minus. It is only by combining the 
two methods that a rich enough model for 
distributing the minus sign, simplifying 
polynomial expressions, and equation solv
ing can be developed in later chapters. 

Be aware of the fact that the 3-D blocks, 
while useful for the visualization of mono
mials of degree 3, cannot be easily used 
with the upstairs method, and in fact are 
probably best left out of work that involves 
minus. 

the Lab Gear 

HII!FE \IFAN INC,S OF MINUS 

The minus sign can mean three different 
things, depending on the context. 

• It can mean negative. In front of a positive 
number, and only there, it means negative. 
Example: -2 can mean negative 2. 

• It can mean opposite. The opposite of a 
number is what you add to it to get zero. 
Example: -2 can mean the opposite of 2, 
which is negative 2, since 2 + -2 = 0. 
Likewise, -x means the opposite of x, and 
x + -x = 0. 

• It can mean subtract. Between two 
expressions, it means subtract the second 
expression from the first one. For exam
ple, x - 3 means subtract 3 from x. 

l. For each of the following, write an expla
nation of what the minus sign means. 

a. y- 5 b. -(5x + I) 
c. -2 d. -x 

2. Write the value of -x if: 
a. X= 2; b. X= -3. 

3. 0 True or False? (Explain your answers.) 
a. -x is always negative. 
b. -x can be positive. 

Notation: ln this book, the minus sign 
meaning negative or opposite will be 
smaller than the one for subtract. In hand
writing, this is not necessary. However some 
calculators use different keys for the two 
meanings: EJ for subtraction, and 18 or 
l+t- 1 for negative or opposite. 

4.44 

There are two ways of showing minus with the 
Lab Gear: upstairs and the minus area. 

lii'~T AIRS 

I Rule: Any blocks placed on top of other 
blocks are preceded by a minus sign. 

This figure shows 5 - 2. Notice that the 
uncovered part of the bottom block equals 3. If 
you remove matching upstairs and downstairs 
blocks, you will be left with three downstairs 
blocks. This is how we show 5 - 2 = 3 with 
upstairs and downstairs blocks. 

This figure shows 2 - 5. If you mentally 
remove matching blocks downstairs and 
upstairs, you are left with 3 upstairs blocks, 
or -3. We can only do this mentally, however, 
since blocks cannot float in mid-air. 

~ 2-5=-3 

Do not stack Lab Gear blocks more than two 
levels high. Two levels are enough to illustrate 
many ideas of algebra and will keep things 
clear. More would be confusing. 

Subtraction with variables is shown in the 
same way. The amount being subtracted must 
be placed upstairs. Note that upstairs blocks 
are shaded in the 2-D sketch. 

-
Chapter 2 Operatwns and Functions 

2. 1 S 0 L U T I 0 N S 

1. a. subtract 
b. opposite 
c. negative or opposite 
d. opposite 

2. a. -2 
b. 3 

3. a. False 
b. True 
Since x may be positive or negative, 
then -x may be positive or negative. 
For ex?-mple, if x = -7 then -x = 7. 



The upstairs method of showing minus is 
important and useful , but it is limited; it cannot 
easily be used to show minus when it means 
negative or opposite. 

THE \11 -.; LJs AREA 

Look at your workmat. The rectangles with 
rounded corners represent the minus areas. 
The whole collection of blocks inside the 
minus area is preceded by a minus sign. For 
example, 2 - 5 can be shown this way. (Here 
the minus sign means subtract.) 

If you remove the matching blocks inside and 
outside the minus area, you will be left with 
three blocks inside the minus area, or -3. (Here 
the minus sign means negative.) 

4. Sketch how you would show each quantity 
on the workmat. You may need to use 
upstairs in some of the problems. 

a. 5 - X b. X - 5 
c. -(x + 5) d. -(5 - x) 

e. -5 

5. fii!,l,fi!ii 
a. Explain, using examples, how the 

minus area can show all three meani ngs 
of minus. 

b. Which of the three meanings does the 
upsta irs method show best? Ex plain. 

c. Put some blocks in the minus area, 
including some blocks upstairs. Sketch. 
What quantity does this arrangement 
represent? 

2. 1 Minus and Opposites 

2.1 

RE \10\ I -.;G OPPOSITES 

When the quantities inside and outside the 
minus area are the same, they add up to zero 
and can be removed. For example, the fi gure 
shows that 5 +x+ 1 - (x + 1) = 5 . 

Simil arly, matching upstairs and downstai rs 
quantities add up to zero, and can be removed. 

6. Two of these four fi gures represent the 
same quantity. Which two? Explain. 

45 .4 

THREE MEANINGS OF MINUS 

The concept of minus is the source of 
many mistakes for algebra students. This 
is partially due to insufficient clarity about 
the meanings of minus. We introduce all 
three meanings at once, so that students 
do not get stuck with a dominant 
interpretation. 

We do not start with an introduction to 
negative numbers. By the time they are in 
an algebra class, students have been intro
duced to negative numbers many times. 
One more introduction is not needed. If 
they do not fully understand negative num
bers yet, students find the subject discour
aging. If they do, they are bored. 

UPSTAIRS 

The upstairs method is the more concrete 
of the two, as it visibly and meaningfully 
shows all three quantities involved in the 
subtraction: the original quantity, what is 
being removed, and the resulting differ
ence. Since the subtraction meaning of 
minus is the most familiar to students, this 
is a good place to start. 

In a complicated fi gure, with many blocks 
upstairs, it is most convenient to think of 
each of them as preceded by a minus sign. 

The upstairs method will be refined in 
Lesson 3. Jt will be essential to help model 
the product of polynomials that involve 
minus signs. 

2: 1 S 0 L U T I 0 N S 

6. Parts a and b signify 2x + x2 - 4. 

- - - -
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THE MINUS AREA 

f t is mo t convenient to think of all the 
block in the minus area as representing 
one quantity, the whole quantity being pre
ceded by a mjnus sign. When writing an 
expres ion involving the minus area, 
parenthese can be used, as in the text fol
lowing the subtitle Removing Opposites . 

C onver ely, when building an ex pres ion 
uch as 5x - 2 - (xy + 5 - x), it i conve

nient to place the 2 up tairs, on top of the 
5x. The whole quantity in parentheses 
hou ld be built in the minus area, with xy 

and 5 downstair and the x up trurs. It is 
helpful to build examples of expressions 
like thi one on the overhead, with all -class 
di scussion, to make sure all students 
under tand how to use both methods of 
showing minus at the arne ti me. 

REMOVING OPPOSITES 

ADDING ZERO 

These are two crucial Lab Gear tech
nique , which will be used extensively in 
simplifying expres ions and equation solv
ing. They are based on the additive proper
ties of zero (a + 0 = a, and a - 0 = a) 
and on the definjtion of opposites. 

MINUS PUZZLES 

Th is is simple work with signed numbers, 
providing more prac tice with the two tech
niques mentioned above. 

2.1 

ADDING ZERO 

The number 2 can be shown most simply with 
two 1-blocks outside the minus area. However. 
sometimes it is useful to show the number 2 
using more blocks. 

For example, after adding a fi ve-block in the 
minus area and a fi ve-block outside, the fig ure 
still shows 2. Since 5 and -5 are opposites, 
their sum is zero, so we rea lly added zero. 
The technique of adding zero is useful in many 
situations. 

7. Sketch two other ways to show the 
nu mber 2. 

A 46 

8. Sketch or ex plain how to show -9 with: 

a. three blocks; b. fi ve blocks; 

c. seven blocks. 

9. Sketch or ex plain how you would show 
5 with: 

a. 3 blocks; b. II blocks. 

10. f Can you show 5 with any number of 
blocks? Can you show it with I 00 blocks? 
With I 0 I blocks? Explain your answers. 

11 . a. Show x- I in at least three di fferent 
ways . Sketch or explain . 

b. Show I - x in at least three different 
ways . Sketch or ex plain . 

MINUS PUZZlES 

12. Nineteen number can be hown with 
exactl y two yellow blocks. What are they? 

13. Find three ways to show -4 using only a 
5-block and a 1-block. Sketch or explain. 

14. Find four way to show 3 with three 
blocks. Sketch or ex plain . 

15. Find four way to how -8 with four 
blocks. Sketch or ex plain. 

16. Make up a puzzle like the above for a 
classmate. Solve a classmate's puzzle. 

Chapter 2 Operations and Fuflctions 

2.1 S 0 L U T I 0 N S 

10. It can be shown only with an odd 
number of blocks. We can construct 
5 with only an odd number of blocks 
and if we add zero to 5 then we 
would be adding an even number of 
blocks. Even plus odd is odd. 

11 . b,. ----

(1) 0 (2) 

I I 
(3) 

12. -50, -30, -26, -24, -20, -10, -6, -4, -2, 
0, 2, 4, 6, 10, 20, 24, 26, 30, 50. 

13. Answers will vary. Two possible 
solutions are given . 

(1) (2) 0 

16. Answers will vary. 
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Adding and Subtracting 

'i""ii"MI .................... : 
the Lab Gear 

ASSOCIATIVE AND C0~1MUTi\TIVE LAWS 

As you know, addit ion can be modeled with 
the Lab Gear by pulling together collecti ons of 
blocks on the workmat. For example. x + 5 
means pw together x and 5 and (x + 5) + - I 
mean pw together x + 5 and - I. This ex pres-
ion can be simplified by removing oppo ites, 

which would give us x + 4. 

Note that the same figure could have been 
used to represent x + (5 + - I). This is 
becau e, in an addition, quantitie can be 
grouped in any way. This is called the 
associative law for addition. 

The arne figure could have been used to 
represent - 1 + (x + 5), or (5 + x) +- I. Thi 
is because in an addition, you can change 
the order of the terms. This is called the 
commutati1•e law for addition. 

Finall y, because of the commutative and a so
ciative propenies, the - I could have been 
shown upstairs on top of the x. or on top of the 
5, instead of in the minus area. In every case. 
the expression wou ld simplify to x + 4. 

2.2 Adding and Subtracting 

1. After simplifyi ng these expression , one 
wi ll be different from the rest. Which one? 
Explain. 

Add these polynomials. (In other words. 
remove opposi tes and combine like terms.) 
It may help to use the Lab Gear. 

2. (xy+3x+ 1)+(2r+3) 

3. (xy - 3x + I) + (-2x - 3) 

4. (xy+3x-l)+(-2r+3) 

5. (3 - 2x + xy) + (3x- I) 

6. .... What do you notice about proble ms 
4 and 5? Explain. 
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... 2.2 
Adding and Subtracting 

Core Sequence: I -19 

Suitable for Homework: none of it 
(See the Note About Homework in the 
chapter overview.) 

Useful for Assessment: 6, 12, 17 

What this Lesson is About: 

• Simplifyi ng on the workmat 

Preview of distributing a mi nu sign 

ASSOCIATIVE AND COMMUTATIVE LAWS 

The commutati ve and associative proper
tie of addi tion are not intere ti ng to stu
dents, because they are self-evident. Do 
not dwell on this terminology, bu t make 
sure the students understand problem 
1 and 4-6, which are application of 
these laws. 

P roblems 2-5 are es enti ally review, ince 
they consist of combini ng like term , a in 
Chapter I, and removing opp ite , as in 
Lesson 1. 

2.2 S 0 L U T I 0 N S 

1. Part c is a different quantity. Part c is 
x2 - 6x - y + 6 whereas parts a, b, 
and d are x2 - 4x - y + 4. 

2. xy+5X+4 

3. xy - 5x - 2 

4 . xy+X + 2 

5. xy + x + 2 

6. They are equivalent because of the 
associative and commutative laws of 
addition. 



UPSTAIRS BLOCKS IN THE MINUS AREA 

The purpose of this section is to lead stu
dents to a discovery of the rule for distrib
uting minus signs. Do not teach any rules 
at the beginning. Instead, explain the 
adding zero/removing opposites strategy, 
perhaps by doing an example on the over
head. The students should be able to dis
cover the rule on their own by working 
through problems 7-11 . Encourage di scus
sion throughout this section, especially 
about problem 12. 

Note that some students may not yet have 
mastered distributing the minus sign with
out using the Lab Gear. This technique, 
and the terminology to describe it, will be 
reviewed in Chapter 3. 

2.2 

UP~TAIRS BLOCKS I~ THE MI~US AREA 

Here is a useful technique. To simplify upstairs 
blocks in the minus area, you can add zero, 
then remove opposites. For example, this fig
ure shows how to simplify 

-<i- y). 

• Add zero by adding y inside and outside 
the minus area. 

• Remove opposites, the matching blocks 
upstairs and downstairs. 

A 4s 

• The simplified form is-/ + y. All the 
blocks are downstairs. 

When working with the Lab Gear on the work
mat, simplifying usuall y means 

• removing opposites; 

• combining like terms; and 

• getting everything downstairs. 

7. Model each expression using the Lab 
Gear. You will have to use both the minus 
area and upstairs blocks. Then simplify. 

a. -(5 - x) b. -(x - 5) 

c. 3 - (x - 2) d. (x - 2) - 3 

For problems 8- 11 below: 

• Build the fi rst expression with the Lab 
Gear on the left side of the workmat. 

• Next, compare each of the expressions a, 
b, c, and d to the original expression. (To 
make the comparison, bu ild the expression 
on the right side of the workmat and sim
plify as needed.) 

8. Which of these expressions are equi valent 
to -(x + y)? 

a. -x + (-y) b. -x - y 

c. -x + y d. y- X 

9. Which of these expressions are equivalent 
to -(x- y)? 

a. -x + y 

c. -(y- x) 

b. -x- y 

d. )'- X 

Chapter 2 Operations and Functions 

2. 1 S 0 L U T I 0 N S 

7. a. -5 + x 
b. -X+ 5 
C. 5 - X 

d. x - 5 

8. Parts a and b are equivalent. 

9. Parts a and d are equivalent. 



10. Which of these expressions are equi valent 
to -(y - x)? 

a. x- y 

C. -y +X 
b. -x + y 

d. -y- X 

11. Which of these expressions are equi valent 
to -(-x + y)? 

a. -x + y 
C. X- y 

b. -y- X 

d. y- X 

12J§§.!§fi(ij11tffll For each expression below, 
write an equi valent one without parenthe
ses. Do not use the Lab Gear. 

a. -(a + b) 

c. -(-a+ b) 

b. -(a- b) 

SUBTRAC liON 

The figure shows the subtraction 

(x + 5 - I) - (Sx - 2). 

13. Use what you learned in the previous sec
tion to simpli fy it. 

14. Simplify, using the Lab Gear. 

a. x - (5x + 2) b. x - (5x - 2) 

20. a. Using the Lab Gear, show -4 in five 
different ways. 

b. What numbers of blocks can and cannot 
be used to show -4? 

2.2 Adding and Subtracting 

2.2 

15. Simplify, with or without the Lab Gear. 

a. (6.x + 2) - (3x + I ) 
b. (3x - 2) - (6x + I) 

c. (6.x - I ) - (3x - 2) 

d. (3x - 2) - (6.x - I) 

16. In (a-c) find the missing expression. It 
may help to use the Lab Gear. 

a. -3x- = -4x 

b. -3y- -- = -6y 

c. -3y- -- = -2x- 4y 

17.fii!..!,6!ii 
a. Write a subtraction problem that you 

could model with the Lab Gear by 
putting blocks upstairs in the minus 
area . 

b. Simplify thi s subtraction without using 
the Lab Gear. Explain the rule you are 
using. 

18. IJ How could you show the subtraction 
y - -x 

with the Lab Gear? (Hint: Remember 
about adding zero.) What would it look 
like after it is implified? What is a rule 
you could use without the blocks to sim
plify thi s kind of expression? 

19. IJ Simplify without the blocks, -(-a - b). 
Ex plain your answer. 
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SUBTRACTION 

/n this section, students apply what they 
learned in the previous one. Problems 
16-19 are particularly interesting. 

For problem 18, students have suggested 
adding zero in the form of (for example) l 
in and out of the minus area, thereby creat
ing "platforms." Then a y-block can be 
placed outside, and an x-block upstairs in 
the minus area. From there on the problem 
is straightforward. 

1;141'4'• MINUS PUZZLE 

An optional review of some material from 
Lesson 1. 

2.2 S 0 L U T I 0 N S 

1 0. Parts a and c are equivalent. 

11 . Only part c is equivalent. 

12.a.-a - b 
b. -a+ b 
c. a - b 

13. -4x+ 6 

14. a. -4x - 2 
b. -4X+ 2 

15. a. 3x+ 1 
b. -3x- 3 
C. 3X+ 1 
d. -3x- 1 

16. a. x 
b. 3y 
c. y+ 2x 

17. Answers will vary. 

18. Put yin the plus region. Add zero by 
putting x in both the plus and minus 
regions. Now, take out an x from the 
minus region leaving y + x. Since a 
minus sign can mean the "opposite 
of," we can interpret y - (-x) to mean 
take the opposite of -x and add it to 
yto get y+ x. 

-19. -(-a- b)= a+ b 

20. a. Answers will vary. One possible 
solution is given. 

DODD 

Ill 
Ill 



... 2.3 
Multiplying 

Core Sequence: 1-1 8 

Useful for Assessment: l, 4, 16 

What this Lesson is About: 

• The volume and area models of 
multipli cation 

• Review of terms and like terms 

• Prev iew of the di tributive law and 
fac toring 

Minus is not used in this les on in an 
effort to make the visual model of mul ti
plication and the di stributive Jaw as clear 
a po sible. The arne materi al, with 
minus, will be tackled in the nex t lesson. 

THREE DIMENSIONS 

You could throw li ght on this by doing a 
ver ion of problem l with a numerical 
example, such as 2 · 3 · 5. Thi would 
allow you to review exactl y how one fi nds 
the volume of a box, incl uding both 
versions: 

length · width · height 
and (area of base) · height. 

ASSOCIATIVE AND COMMUTATIVE lAWS 

A gain, the law them elves are not that 
interesting at thi s level, but it i important 
fo r tudent to be able to visuali ze the di f
fe r nt way to show a product of several 
fac tor . 

the Lab Gear 

THREE DIMENSIONS 

Just as we used the area of a rectangle to help 
us model multiplication of two factors, we can 
use the volume of a box to help us model mul 
tiplication of three factors. 

For example, 5 · x · y can be shown like thi s. 

But another way to show it could be: 

1. .,_ Use the Lab Gear to show how J?y 
can be seen as a product of: 

a. three factors; 

b. two factors; 

c. two factor in another way. 

,A so 

ASSOCIATIVE AND COMMUTATIVE LAWS 

In a mu lt iplication the factors can be grouped 
in any way. For example, (-2 · 3) · 4 = 
-2 · (3 · 4) . This is called the associative law 

for multiplication. 

In a mu lt iplication the factors can be mul ti
plied in any order. For example, 5 · (-6) = 

(-6) · 5. This is called the commutative law for 
multiplication. 

2. Using six xy-blocks, it is possible to make 
a rectangle in four different ways. Find all 
fou r rectangles, and write a mul tipl ication 
equation for each. 

3. Using six xy-blocks, it is also possible to 
make a three-dimensional box. There are 
many such boxes. Find five, and write at 
least two multiplications for each one. 

4. fii!,i,H•i Explain how problems 2-3 
about 6xy provide examples of lhe 
associative and commutative laws for 
multiplication. 

HOW MANY TERMS! 

5. M@M After combining like terms, 
how many terms does the product have 
for each of the following multiplication ? 
Is there a pattern? You may u e the 
Lab Gear. 

a. 2x · 3x 

b. 2(x + 3) 

c. 2x(x + 3x) 

d. (3 + x)(x + 2) 

Chapter 2 Operations and Functio11s 

2.3 S 0 L U T I 0 N S 

For problems 1-4, the answers will vary. 
One possible solution is given for each 
one. 

1. a. An x-block is both the height and 
length . A y-block is the width . 

b. An x 2-block is the length and a 
y-block is the width . 

2. i. Six x-blocks are on the length and 
a y-block is on the width . (6x) · y = 
6xy 

ii. Two x-blocks are on the length 
and three y-blocks are on the 
width. (2x) · (3y) = 6xy 

iii. 3 x-blocks are on the length and 
2 y-blocks are on the width . (3x) · 
(2y) = 6xy 

iv. 6 y-blocks are on the length and 
an x-block is on the width . x · (6y) 
= 6xy 

3. There are 9 boxes possible. The 
dimensions are: 

(1) 6 ·X· y 
(2) 3 · 2x· y 
(3) 3 ·X· 2y 
(4) 2 · 3x · y 
(5) 2 ·X· 3y 
(6) 1 · 3x · 2y 
(7) 1 · 2x · 3y 
(8) 1 • x· 6y 
(9) 1 · 6x · y 

4. The volume of the box remains con
stant even though the dimensions 
are interchanged. 

5. a. one term 
b. two terms 
c. one term 
d. three terms 

Some patterns are: The product of two 
monomials is a monomial. The product 
of a monomial and a binomial is a bino
mial. The product of two binomials is a 
trinomial. 



The figure shows (x + 3)(x + 5). 

The resulting rectangle is made up of four 
smaller rectangles. The area of each one is 
shown in the figure. 

6. a. Which two rectangles are made up of 
the same kind of block? 

b. What is the answer to the multiplication 
(x + 3)(x + 5)? Combine like terms in 
your answer. How many terms are in 
your final answer? 

7. a. Use the comer piece to model the mul
tiplication 3x(x + 5). Sketch it, show
ing the resulting rectangle. 

b. On your sketch, write the area of each 
of the smaller rectangles that make up 
the larger rectangle. 

c. Write the result of the multiplication 
3x(x + 5). Combine like terms. 

d. How many terms are in your final 
answer? 

8. Repeat problem 7 for 
(x + 3)(x + y + 5). 

2.3 Mu/Jiplying 

2.3 

9. Repeat problem 7 for 

(x + y + 3)(x + y + 5). 

10 . .,_ Use the Lab Gear to model a multi
plication problem that has four terms in 
the final answer. Sketch the blocks and 
write the multiplication. 

MI\KE 1\ RF< 11\N(, LE 

Take blocks for each expression. 

a. Arrange them into a rectangle. 
b. Write a multiplication equation of the 

form length times width equals area. 

ll. xy + 5y 

13. 7y + 7x 

15. ~ + 7x + xy 

12. xy + 7x 

14. ~ + 7x 

16 . .,_ Do not use the Lab Gear for this 
problem. Write the addition 

l + 2xy + 3y 
as a multiplication. Explain how you 
solved the problem. 

In problems 17 and 18, take blocks for each 
expression. 

a. Arrange them into a rectangle. 

b. Write a multiplication equation of the 
form length times width equals area. 

17. CJ ~ + 7x + 6 

18. CJ ~ + 7x + 10 

51 4 

HOW MANY TERMS? 

Thi ection simul taneously review term 
and like term , and previews the di tribu
tive law, which will be learned exp lici tl y in 
the next les on. 

MAKE A RECTANGLE 

T his section previews factoring in theca e 
where there is a common factor. Problem 
16 a k the tudents to be able to factor 
without using the block . It may be good to 
have a cla dj cussion of this problem, to 
faci li tate the tran ition to paper-and-penci l 
factoring. 

Problems 17 and 18 are much more chal
lenging than the previous six. They are a 
preview of trinomjaJ factoring and make a 
good geometric puzzle. Use these a an 
extra challenge. There i no need to dwell 
on trinomjal factoring at this early tage. 

2 .3 S 0 L U T I 0 N S 

6. a. 3x; 5x 
b. x2 + ax+ 15. three terms 

7. c. 3x(x+5}=3x2 +15x 
d. two terms 

8. C. X2 +8X+Xy+3y+15 
d. five terms 

9. c. x2 + 2xy+ Bx+ By+ y2 + 15 
d. six terms 

10. Answers will vary. 

16. y(y + 2x + 3) . Notice that y is in every 
term . Soy should be one side of the 
rectangle . Now think of what you 
would multiply y by to get the area. 



... 2.4 
The Distributive Law 

Core Sequence: 1-25, 27 

Suitable for Homework: 27 
(See the Note About Homework in the 
chapter overview.) 

Useful for Assessment: 9, 25 

What this Lesson is About: 

• The length model of addition and 
subtraction 

• The area model of multiplication, with 
minus signs in one of the factors 

• The distributive law 

• Preview of factoring when there is a 
common factor 

liNEAR ADDITION AND SUBTRACTION 

This is probably easy, and for many stu
dents it will not require a lot of effort. 
Nevertheless, it is important that this 
model be mastered, as it is a necessary 
component of multiplication in the comer 
piece. 

THE UNCOVERED RECTANGLE 

This concept will need a discussion, using 
the overhead projector. 

THE DISTRIBUTIVE LAW 

This law has been previewed, but thi s is 
the first time that minus appears in one of 
the factors, and it is the first time that the 
law is articulated. 

The law is difficult to put in words, but 
it is all right for students to use symbols, 
as in problem 10, to explain it. Be sure 
that all students understand problem 10 
before continuing. 

Many students may be able to do prob
lems 11 and 12 without using the 
Lab Gear. 

52 

LESSON 

~~Tdhle~D~i~st1r~ib1u3t~iv~e1L~a~w!i~lelt~~ 
LI NEAR ADDITION AND SUBTRAC:liON 

In the case of x, y, and constant blocks - in 
other words quantities of degree I or 0 - you 
can think of adding as putting together blocks 
end-to-end in a line. For example, 2x + 5 is 
shown by connecting the two x-blocks and the 
5-block on their 1-by- 1 faces. 

••••• 
Similarly, subtraction of quantities of degree 0 
and I can be shown linearl y, by making sure 
that the uncovered area models a single line 
segment. The fi gure shows y - 5. 

This representation is based on a length model 
of addition and subtraction. 

1. Sketch these sums, showing length. 

a. y + 2 b. 3x + I 

2. Sketch these di fferences, showing length . 

a. y - 2 b. 3x - I 

THE UNCOVERED RECTANGLE 

It is possible to use the comer piece for 
multiplication when minus signs are involved. 
For example, thi s fi gure shows the 
multiplication 5(5 - 2). 

.A, s2 

Remember that the shaded blocks are upsLairs. 
Look at the part of the downstairs blocks that 
are not covered by upstairs blocks. The answer 
to the multiplication is represented by the 
uncovered rectangle with dimensions 5 and 
5 - 2. Of course, the product is 5 times 3, or 
15, which is the answer you get when you sim
plify upstairs and downstairs blocks . 

THE DISTRIBUTIVE LAW 

Find these products, using the Lab Gear. 
Remember to use upstairs for minus. 

3. x(5 + y) 

5. 5(x + y) 

7. y(5 + x) 

4. (5 - x)y 

6. (y- 5)x 

8. (y- x)5 

9. fii!,!,fl,j Explain how you can correctly 
remove parentheses from an algebraic 
expression when they are preceded or fol
lowed by a multiplication, and when there 
is more than one term in the parentheses. 

10 . ._ Remove the parentheses. 

a. a(b + c) b. (a - b)c 

The rule you have discovered in this section is 
called the distributive law of multiplication 
over addition and subtraction. 

Use the distributi ve law to multiply. You may 
use the Lab Gear to check your work. 

11. a. 2x(x + I) b. 2x(x- I ) 

12. a. 2x(x + y + 5) 

b. 2x(x + y - 5) 

c. 2x(-x + y + 5) 

d. 2x(x - y + 5) 

Clulpter 2 Operations and Functions 

2.4 S 0 L U T I 0 N S 

3. 5x+ xy 

4. 5y - xy 

5. 5X+ 5y 

6. xy - 5x 

7. 5y+ xy 

8. 5y - 5x 

9. Multiply the monomial term by each 
term in the polynomial. Take the sum 
of all these products. 

10. a. ab + ac 
b. ac - be 

11 . a. 2x2 + 2x 
b. 2x2 - 2x 

12. a. 2x2 + 2xy+ 10x 
b. 2x2 + 2xy - 10x 
c. -2x2 + 2xy+ 10x 
d. 2x2 - 2xy + 10x 

-. -



For problems 13-1 8: 

a. Show the quantity with the Lab Gear. 
using upstairs to show minus. 

b. Arrange the blocks so the uncovered 
pan is a rectang le. 

c. Write a mu ltipl icati on of the type, 
length rimes width = area for the 
uncovered rectangle. 

13 . ..1y- 2y 

JS. ·IJ' - _; 

J7. /+ .xy-5y 

14. xy - 2x 

16. X)'+ X- .~ 

18. / - xy- y 

19. f Explain how someone mi ght have done 
problem 18 without the Lab Gear. 

20. f Write 2 - xy - x as a multiplicati on of 
the type, length rimes width = area, for 
the uncovered rectangle. 

RHMED PRODUCTS 

21. Use the comer piece to show 

(3x + 1)(2x - 1). 

This fi gure shows the product (3x + I )(2x - I). 

2.4 Til e Distributive Ltzw 

2.4 

otice that, inside the corner piece, the 
uncovered rectang le has dimensions 3x + I 
and 2x - I . These are the original fac tors. 
Thi tell s you that we did the multipli cati on 
correctl y. But the product can be simplifi ed. as 
shown below. 

22. a. Explain what was done to the bloch in 
problem 2 1 after using the corner pi ece. 
Which blocks were removed. and why? 

b. Write the final answer. combining li ke 
te rms. 

23. se the Lab Gear to find the product: 
(3x - I )(2r + I). Sketch the proce;; a; 
was done for problem 2 1. 

24. a. Show the multiplication 
(3x + 2)(2x + 5) with the Lab Gea r. 
Write the product. 

b. Write two more multiplications. both 
involving minus, that use the same 
blocks as (3x + 2)(2r + 5). In each 
case write the product. 

53 ... 

The factoring problem , 13-18, are there 
to make sure the main poi nt of the le son 
(the di tributi ve law) has been mastered. 
The terminology (common factor, factor
ing) will be introduced in Chapter 3. 
Y ou may use it when discuss ing these 
problem , but do not expect your student 
to ma ter it now. 

RELATED PRODUCTS 

Th is is about multiply ing two binomials 
by each other with the Lab Gear, except 
in theca e where there i a minu in both 
fac tors. 

M any tudent learned how to multiply 
binomials in pre-algebra, and they may 
re ent learn ing the L ab Gear model. They 
shou ld still learn it, as they can generali ze 
it to trinom ial , and it leads to a better 
understanding of the di tributive law. 

E ven if they are in reality unable to olve 
it, uch tudent hould enjoy struggling 
with problem 26, which is ex tremely 
difficu lt. 

2.4 S 0 L U T I 0 N S 

19. This is using the distributive property 
going backwards. Notice that y is in 
every term, soy will be the width . 
That makes (y - x - 1) the length . 
Therefore, 
y(y - x - 1) = y 2 - xy - y. 

20. x (x - y - 1) = x2 - xy - x 

22. a . Simplify terms. Since 
2x + (-2x) = 0, 
we can remove these blocks. 

b. 6x 2 - x - 1 



2.4 

25. fii!,!,ti'fl You can use the same blocks to 
show all three of these products with the 
Lab Gear. Explain why the products are 
different , even though the same blocks are 
used. Include sketches as pan of your 
explanati on. 

a. (2r + 3)(3x + S) 

b. (2r + 3)(3x - 5) 
c. (2r- 3)(3x + 5) 

27. AI still doesn't like terms. For each prob
lem, give the correct answer, if possible, 
and explain what AI did wrong. Use Lab 
Gear sketches or substitute numbers. 

? a. [ - X= X 

b. 3x- x = 3 
c. 9x - 4y = 5(x - y) 

A. s4 

26. f You will learn how to model 
(2r - 3)(3x - 5) 

with the Lab Gear in a later chapter. Try 
to find a way to do thi s without looking 
ahead in the book. 

Chapter 2 Operations and Fun ctions 

2 .4 S 0 L U T I 0 N S 

27. a. x 2 - xis not equal to x. 

minus I 
is not equal to I 

b. 3x - xis not equal to 3. 

Ill minus I 
is not equal to 0 0 0 

c. 9x - 4y is not equal to 5(x - y). 

m;ous 1111 
is not equal to 

,.rtllllllllllllllllll~( n~o~t:_e :~x is underneath) 

(note: 5x is underneath} 

2.A Solutions 

1. a. Martin multiplied 2 · 3. 
b. 23 = 2 · 2 · 2 not 2 · 3 
c. 8 

2. a. Martin multiplies 3x · x. 

b. 3x + x '* 3x 2 since 

c. 4x 

3. a. Martin subtracted as if they were 
similar terms. He also subtracted 
the exponents. 

b. You cannot simplify dissimilar 
terms. 

c. 2x3 - x 2 = 2x3 - x 2 



~iii@iji§t~ 2.A Operations 
WRITING 

The teacher had just returned the math test. 
and no one was looking very happy. Marti n 
had missed all the problems. 

Test Name: Martin P. 

Operations 

1. 23 = 6 

2. 3x + x = 3i 

3. 2K - K = X 

4. 5 - 2x = 3x 

5. 4 - 2 · 6x = 12x 

6. (2x - 3) - (x - 2) = x + 5 

7. 6x - (l- 4x) = 2x- i 

8. -(/ - l) = -1 - i 

9. (2x + 1)(3x - 5) = 6x' -5 

10. 2x(-y + 5) = 2x- y + 5 

11. 2y + 3x = 5xy 

12. 6 - 2(x + 3) = 4x + 12 

"I hate math tests," Martin groaned. " I'd rather 
have my teeth pulled out." Mary would not 
show her test to anyone, but she looked miser
able, too. ''I' II need a brain transplant to pass 
thi course," she moaned. Lew, the math whiz, 
grimaced at his test score and glared at his 
crutches. He was used to getting everything 
ri ght, but he had just had an operation on his 
knee after an inju ry on the playing fi eld. Math 
had been the last thing on his mind when he 
took the test. 

2.A Operatio11s 

Then the teacher did an unusual th ing. He 
handed out these instructions: 

Free Points! 

You can get extra points on 
the Operations test if you 
can correct your mistakes. 
This is what you need to do: 

a. For each problem, explain 
your mistake. Try to figure 
out what you were thinking. 
Most of your mistakes have 
to do with operations. 

b. Show me you now know how 
to do the problem correctly. 
Use sketches of the Lab 
Gear or explain a rule you 
have learned. Don't just 
give me the answer. 

c. Finally, write the correct 
answer to the problem. 

What shoul d Martin write to gel his free 
points? Write out the corrections for him. 

ss4 

rd@ISI~t~ 2.A 
WRITIN; Operations 

Core Sequence: 1-12 

Suitable for Homework: 
the whole a signment 

Useful for Assessment: 
the whole a signment 

What this Assignment is About: 

• Review of like term 

• Review of order of operation 

• Review of the di t.ribu ti ve law 

Di stributing a minus ign 

Tru i a chance to review all the work on 
operations by thinking about orne of the 
most popular types of student error . If stu
dents can an wer parts (a) and (b) for any 
of Martin' mistakes, they are un l ikely to 
make the arne mi takes them elve . 

N ote that part (a) and (b) make this 
a signment ub tantial ly longer than one 
whjch would con i t olely of findj ng the 
correct answers, but the extra wri ting 
hou ld pay off by yielding better under
tanding. I n the long run , the time pent 

writing will help reduce the ti me spent 
practi cing the ski l l . 

2 .A S 0 L U T I 0 N S 

4. a. Martin was thinking they were sim
ilar terms. 

b. 5 - 2x ;e 3x 

c. 5 - 2x = 5 - 2x. 

5. a . Martin subtracted 2 from 4 and 

then multiplied by 6. This is an 
incorrect order of operations. 

b. First multiply 2 by 6x which is 12x, 
then subtract it from 4. 

c. 4 - 12x 

6. a. Martin saw two minus signs and 
made everything positive. 

b. Distribute the minus sign: 
2x - 3 - (x- 2) = 2x - 3 - x + 2 

C. X - 1 

7. a. Martin confused subtraction with 
multiplication. Distribute the 
minus sign . 

b. 6x - (x 2 - 4x) = 6x - x2 + 4x 
c. 10x - x2 

8. a. He forgot to distribute the minus 
sign. 

b. Distribute the minus sign: 
-(y2 _ x2) = -y 2 _ (-x2) 

c. -y2+ x2 

9. a. Martin forgot to multiply all the 
terms. 

c. 6x2 - 7x - 5 

10. a. He confused subtraction with mul
tiplication and did not distribute 2x. 

b. Distribute 2x: 
2x(-y + 5) = 2x(-y) + 2x · 5 

c. -2xy+ 10x 

11 . a. He confused the operation of addi
tion with multiplication . 

b. 2y+ 3x ;e 5xy 

c. 2y+ 3x = 2y+ 3x 

12. a. Martin did not distribute the -2, 
and he combined dissimi lar terms. 

b. First distribute the -2: 6 - 2(x + 3) 
= 6 - 2x - 6, then combine simi
lar terms. 

c. -2x 

~ - - - -
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.. 2.5 
Powers 

Core Sequence: 1-13 

Suitable for Homework: 6-17 

Useful for Assessment: 5, 15-17 

What this Lesson is About: 

• Introduction to exponents 

• Preview of exponential growth 

• Making assumptions 

DOING DISHES 

This problem provides motivation for the 
concept of exponents. Exponents are not 
actually needed until problem 5, since stu
dents can use repeated multiplication to 
answer problems 1-4. However, they will 
fmd that the use of exponents (and calcula
tors) makes the problem much easier. 

EXPONENTS 

EXPONENTIAL NOTATION 

Thisis justanintroduction.Exponen~ 
will be addressed in much greater depth in 
Chapters 7 and 8. At this point, it is neces
sary for students to master only the nota
tion, and how to use their calculators to 
work with exponen~ . 

The Doing Dishes table, or the use of cal
culators, may help you preview the expo
nent 0. Of course, do not expect mastery of 
that idea. 

Problem 7f is intended to introduce gently 
the use of minus in the context of powers. 
All of problem 7 previews some of the 
laws of exponents. Again, do not expect 
mastery . 

LESSON 

·~Pow~ers~~~ 

IJOI'\GIJI'>IH'> 

Abe agreed to do the di shes dail y in exchange 
fo r one cent on Apri l I st, two cents on April 
2nd , fo ur cents on Apri l 3rd, and so on, dou
bling the amount every day. 

I. To find out how much money Abe was 
earning, make a table like this one, for at 
least the first ten days . 

Day# Cents Total 

I I I I 
--

I 2 2 3 

i 3 4 7 

l 4 
--

2. How are the numbers in the Cems column 
calculated? 

3. How much money did Abe get paid on 
April 30? Ex plain how you fi gured out the 
answer. Do you think you could talk your 
parents into an arrangement like this? 

4. a. Study the table, looking for a pattern in 
the Total column. Describe the pattern. 

b. How much money did Abe make alto-
gether during the month of Apri l? 

Definitions: Exponents 
Exponentiation, or raising to a pawe1; is the 
operation of multiplying a number by itself 
repeatedly. The number that is multiplied is 
called the base. The number of fac tors is 
called the exponent. 

I Examples: 
o The ex pression 2 · 2 · 2 · 2 · 2 is written 

25, where 2 is the base and 5 is the 
exponent. 

A. s6 

o You are already fami liar with squaring and 
cubing, which are special cases of expo
nenti ation in the ca e of raising to the sec
ond and third powers. 

o The numbers in the Cents column in the 
above table are called the powers of 2, 
because they can be obtained by raising 2 
to different powers. 

Notation: 
o On calculators, it is not possible to use this 

notation. Instead, 25 is entered as 2 ~ 5, 
2 ~ 5, or 2 EJ 5. 

o On computers, most word processors 
allow the user to type exponents (called 
superscripts). 

o Computer programming languages use 
2A5, 2**5, or POWER 2 5. 

s. 13§U§fi(ijiN 
a. How much money did Abe make on the 

n th day of April ? (Watch out.) 

b. What is the number in the Total column 
on day n? Explain . 

fXPO'\E'\Tihl '\OIATIO" 

The number 64 can be wri tten in ex ponential 
notation as 26 or 82 (Check this with your cal
culator or by mental multiplication.) 

6. Find another way to wri te 64 in exponen
tial notation. 

7. Write each of these numbers in ex ponen
tial notation. Do not use I as an exponent. 
If possible, find more than one way. It may 
help to use your calcu lator. 

a. 8 1 b. I 

c. I 024 d. 625 

e. 656 1 f. Q -5 12 

Chapter 2 Operations and Functions 

2.5 S 0 L U T I 0 N 5 

1. Day. No. Cents Total month of April , which is 
1 1 1 $10,737,418.23 
2 2 3 5. a. 2n - 1 
3 4 7 b. 2n + 1 - 1 
4 8 15 Look at #4 for an explanation. 
5 16 31 
6 32 63 6. 43 

7 64 127 7. a. 92 
8 128 255 b. X 0, X =F 0 
9 256 511 c. 210 

10 512 1023 d. 54 

2. The amount for each day is doubled e. 94 

from the previous day. f. -29 

3. 229 = $5,368,709.12 

4. a. The earning on day n is 1 cent 
more than the accumulated earn-
ing on day n - 1 . 

b. 230 - 1 = earnings for the whole 



( HAIN LETTER 

Lara received this letter. 

D~:ar Lara, 

S~:nd copi~:s of this letur to five 
people, or the most urrible bad 
luck will afflict you. One man 
broke the chain, and a flower-pot 
fell on his head, giving him a 
urrible headache which 
continues to this day. 

Don't look a gift-horse in the eye. 
Rome was not built in a pond. 
Don't cry over spilt uars. 

Please do not break the chain! 
It was started in 1919 by a 
psychic. 

Be a 

Assume that the chain is not broken, and that 
each person who receives it takes a week to 
send out five copies. 

8. After one week, five people receive Lara's 
letter. After another week, how many peo
ple receive the letter? Make a table like the 
following for the fi rst ten weeks. 

Letters Total number 
Week# received received 

this week so rar 

I 5 5 

2 25 30 

3 

2.5 Powers 

2.5 

9. How many weeks until the number of let
ters received that week is greater than the 
population of the United States? 

10. How many letters were received in the 
n1h week? 

11. If each person made six copies of the letter 
instead of five , how would your answer to 
problem I 0 change? 

12. Do you think that the chain was started in 
19 19? Explain why or why not. 

13. How do the assumptions we made to solve 
this problem compare with what happens 
in the real world with chain letters? 

GETTIN(, HELP 

Assume Lara gave a copy of the letter to 
Lea and they each sent five copies in the 
first week. 

14. If everything continues as in the previous 
section, how many people receive the let
ter? Make a table like the following for the 
first five weeks. 

Letters Total number 
Week# received received 

this week so rar 

I 10 10 

2 50 60 

3 

15. 0 Write the number of letters received 
in the I om week as an expression using 
exponents. 

16. 0 How many letters were received in the 
n'h week? 

17. 0 If each person asked a friend to help in 
the same way, how would your answers to 
problems 14-1 6 change? 

s1 .A. 

CHAIN LETTER 

Exponents allow us to model what hap
pens with chain letters only at the cost of 
assumptions which oversimplify the phe
nomenon. The reality is that not every 
recipient complies with the admonitions 
not to break the chain, and that many 
recipients have common friends, so that 
the same person may receive more than 
one copy of the letter. 

These ideas are explored in problems 12 
and 13. Students should remember that 
mathematical models are no more reliable 
than the assumptions that they are built 
upon. 

The pattern for the Total column is much 
harder to see than in the case of successive 
sums of powers of two, so do not ask stu
dents to generalize. If some of your stu
dents want to pursue this, encourage them 
to start by studying sums of successive 
powers of 1, 2, 3, and 4 before tackling 5. 
They should be able to discover that there 
is a pattern for the sums of successive 
powers of b: Each total can be obtained 
from the previous total by multiplying by b 
and adding l. However, a formula for the 
n1h term is too difficult to find at this level. 

GETTING HELP 

This section previews order of operations 
with exponents (which will be discussed 
explicitly in Chapter 7). Students should 
see that 2 · 5" is different from (2 · 5)". 

2 .5 S 0 L U T I 0 N S 

8. Week Letters Total 
No. received received 

1 5 5 
2 25 30 
3 125 155 
4 625 780 
5 3125 3905 
6 15,625 19,530 
7 78,125 97,655 
8 390,526 488,280 
9 1,953,125 2,441,405 

10 9,765,625 12,207,030 

9. If we take the U.S. population at 
250,000,000 then by the 131h week 
the population is surpassed since 
513 = 1,220,703,125. 

10. sn 

11. 6n 

12. It probably did not start in 1919 since 
that would mean there would have 
been 57396 letters, which is many 
times the present world 
population. 

13. Answers will vary. 

14. Week Letters Total 
No. received received 

1 10 10 
2 50 60 
3 250 310 
4 1250 1560 
5 6250 7810 

15.2·510 

16. 2. sn 

17. If n is the number of the week, then 
instead of the number of letters 
received being 2 · sn, it would be 

2n · sn. This is because the number 
of letters is being doubled each 
week. 

- - ~ -
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.. 2.6 
Finding Patterns 

Core Sequence: 1-6, 28 

Suitable for Homework: 11-29 

Useful for Assessment: 4-6, 20-21 

What this Lesson is About: 

• Patterns in numerical data 

• Preview of step functions 

• Using variables to understand mathe
matical patterns 

You could save some of problems 11-24 to 
serve as a source of homework when 
working on a lesson that requires manipu
latives, such as Lesson 10, Lesson 12, or 
several of the lessons in Chapter 3. 

PARKING RATES 

There's a lot to this section. Students 
should probably work in groups for best 
results. 

An all-class discussion may be necessary 
about problem 7, as students may never 
have seen a step function. (It is not neces
sary for them to learn this word or any 
generalities about step functions but, with 
help, they should be able to graph the rates 
correctly.) 

LESSON 

~r-~F~in~d~in~g~Pa~trte2r~nJs~~~~~~~ 
iillii{ii!MI · · · · · ............... : 

?..r.a.P..~ .. P~P..e.r. .... IW : . . .................................. 
PARKING RATES 

Two downtown parking garages charge differ
ent amounts, as shown by the fo llowing signs. 

Ball Garage Bear Garage 

up to: 'U' pay: up to: fee: 

1/2 hour 35 cents I hour $1.05 

I hour 70 cents 2 hours $2.10 

I 1/2 hr $ 1.05 3 hours $3.15 

2 hours $ 1.40 4 hours $4.20 

3 hours $2.65 5 hours $5.25 

4 hours $3.90 6 hours $6.30 

5 hours $5.15 al l day $7.25 

6 hours $6.40 

7 hours $7.65 

all day $8.90 

1. If you park for two hours and five minutes, 
you have to pay the three-hour fee . How 
much is that at each garage? 

2. People who work downtown tend to use 
one of the garages, and people who shop 
there tend to use the other. Explai n why, 
with examples. 

A ss 

3. Lara notices that for the amount of time 
she is planning to park, the cost difference 
between the two garages is less than a 
quarter. How long is she planning to park? 

4. The parking fees at the Bear Garage 
mostly fit a pattern. Describe the pattern 
in words. Where does it break down? 

5. The parking fees at the Ball Garage fi t a 
more complicated pattern. Describe the 
pattern in words. Why might the owner of 
Bal l Garage have chosen a compl icated 
pattern? 

Analyzing numbers can be useful in making 
intelligent decisions. Here is an example. 

6. Zalman owns an empty lot. He decides to 
convert it to a parking garage. He wants to 
charge a fee that is not too expensive. He 
decides on these rules: 

• The fee should increase by a constant 
amount for each half-hour. 

• For parking ti mes from a half-hour to 
nine hours, the fee should never be more 
than 25 cents higher than either Ball's or 
Bear's fee. 

• The fee should be the highest possible 
fee that satisfies these rules. 

a. Explai n why Zalman might have cho
sen each rule. 

b. What rate should he choose? (For con
venience in making change, it should be 
a multiple of 5 cents.) Explain. 

7. f Graph the parking fees for all three 
garages . Put time on the horizontal axis, 
and cost on the vertical axis. 

Chapter 2 Operations and Functions 

2.6 S 0 L U T I 0 N S 

1. Ball : $2.65 7. 9 
Bear: $3.15 

2. Workers use the Bear Garage since 8 

the ali-day fee is cheaper, whereas 
shoppers will usually not need all-day 7 

parking. So Ball Parking would be 
cheaper for shoppers up to five 6 
hours. 

3. Between 5 and 6 hours. ~ 5 
f-

4. The cost is $1 .05 per hour through 6 
(/) 

0 4 
hours. This pattern breaks down after () 

6 hours. 3 
5. From 0 to 2 hours, the charge is 35 

cents per half hour. After 2 hours, 2 
the charge is $1.25 per hour. The 
owner is encouraging short-time use. 

6. a. Answers will vary. 
b. 40 cents per half hour 0 

0 2 3 4 5 6 7 
TIME (hour) 



FIBONA< < I SEQUENCES 

The following numbers are called FiboTUlcci 
numbers after the Italian mathematician who 
first studied them: 

I, I, 2, 3, 5, 8, 13, 21... 

8. Describe the pattern. Then give the next 
five Fibonacci numbers. (As a hint, if you 
have not yet discovered the pattern, look at 
the Lucas numbers - named after another 
mathematician - which follow the same 
principle: I, 3, 4, 7, II, 18, 29, 47, 76, 123 ... ) 

9. M!ffti® Look for patterns in the 
Fibonacci numbers. You may use addition, 
subtraction, or multiplication. 

I Definition: A sequence is an ordered list of 
numbers or expressions. 

10. You can create your own Fibonacci-like 
sequence. Choose any two numbers, and 
use them as the starting values for a 
sequence like the ones described in prob
lem 8. Name the sequence after yourself. 
Have a classmate check that your 
sequence is correct. 

11. a. Find the first ten terms in a new 
sequence by adding the Fibonacci and 
the Lucas numbers. (The sequence 
should start: 2, 4, 6, 10, 16 ... ) Is the 
resulting sequence a Fibonacci-like 
sequence? (Does it follow the same 
rule?) 

b. Find the first ten terms in a new 
sequence by subtracting the Fibonacci 
numbers from the Lucas numbers. 
Compare your answer to the one in (a). 

c. Find the first ten terms in a new 
sequence by dividing the sequence in 
(b) by 2. The result should be familiar. 

2.6 Finding Panerns 

2.6 

12. Look for odd/even patterns in Fibonacci
like sequences including the original one, 
the Lucas sequence, and three named after 
students in your class. Explain. 

13. Extend the Fibonacci and Lucas sequences 
to the left. ln other words, what number 
should come before the first number? 
What number should come before that, 
and so on? Describe the resulting patterns. 

MIS'>I N<, NU MBE RS 

The following Fibonacci-like sequence frag
ments have numbers missing. Copy the 
sequences and fill in the blanks. 

14. a. 0.5, 1.1 , _ , _ , _ 

b. 5,-4, _ , _ , _ 
c. -6,-7, _ , _ , _ 

15. a. _,_, _ , 11 ,20 
b. 2, _ , 7,_,_ 
c. _,3,_, 9, _ 

You may need to use trial and error for these. 

16. CJ a. I, _ , _ , II , _ 
b. 12,_,_, 13,_ 
c. _ ,8,_,_,10 

17. CJ a. 1,_,_,_, 11 
b. 1, _ ,_, _ , 20 
c. 2, _ , _ , _ , 19 

18. CJ a. 3, _ , _ , _ , _, 29 
b. 5, _, _ ,_,_,_, 17 

59.4. 

FIBONACCI SEQUENCES 

These exercises only scratch the surface. 
There are countless wonderful patterns in 
the Fibonacci sequence. 

Some hints for problem 9: What happens 
when you add strings of consecutive 
Fibonacci numbers? What happens when 
you multiply Fibonacci numbers that are 
separated by one number? (For example, 
the third and the fifth Fibonacci numbers, 
or the fourth and the sixth.) 

Can problem 12 be generalized for multi
ples of 3, 4, 5, and so on? 

We hold off on introducing subscripts 
until Chapter 5. If you want your students 
to learn to use subscripts before tackling 
some or all of problems 8-24, you can 
postpone them until then. 

2 .6 S 0 L U T I 0 N S 

8. The sum of the previous two num
bers equals the subsequent number. 

34,55,89,144,233 

10. Answers will vary. 

11.a. 2,4,6, 10, 16,26,42,68, 110, 
178. It is Fibonacci-like. 

b. 0, 2, 2, 4, 6, 10, 16, 26, 42, 68. It 
is Fibonacci-like. 

c. 0, 1, 1, 2, 3, 5, 8, 13, 21,34 

12. Answers will vary. 

13. Fibonacci: ... , -3, 2, -1, 1, 0, 1, 1, 2, 3 
Lucas: ... , 7, -4, 3, -1, 2, 1, 3, 4, 7 
Both the Fibonacci and Lucas 
sequences will alternate between 
positive and negative numbers. 

14.a.1.6,2.7,4.3 
b. 1, -3,-2 
c. -13, -20, -33 

15.a. 7,2,9, 11,20 
b. 2, 5, 7, 12, 19 
c. 3, 3, 6, 9, 15 

16. a. 1, 5, 6, 11, 17 
b. 12, 0.5, 12.5, 13, 25.5 
c. -7,8, 1, 9, 10 

17. a. 1, 3, 4, 7, 11 
b. 1, 6, 7, 13,20 
c. 2, 5, 7, 12, 19 

18.a. 3,4, 7, 11,18,29 
~ ~~.4.3,~ 1~ 17 



MISSING NUMBERS 

USING VARIABLES 

FIBONACCI PUZZLE 

Trial and error is an important problem
solving skill which is necessary for prob
lems 16-18. If your students are getting 
frustrated, you may lead an all-class dis
cussion to help the students develop trial
and-error techniques. For example, with 
problem 16a, students should be encour
aged to keep a record of what the fourth 
number is for each value of the second 
number. They should observe whether the 
fourth number gets larger when the second 
one does. They can then adjust the second 
number appropriately. 

Most classes would not be ready this early 
in the course for an equation-solving 
approach to these problems. (Equation
solving techniques are introduced in 
Chapter 3 and emphasized in Chapter 6.) 
However, an algebraic approach to pattern 
recognition is explored in problems 19-23. 

Students may want to use Lab Gear blocks 
to work on problems 20 and 21. 

If your students are frustrated by problem 
24, suggest that they conduct a systematic 
search. They can try starting a sequence 
with 1, 1; I , 2; I , 3; and so on. Then 2, 1; 
2, 2; and so on. As they work, they will 
find ways to speed up the search. 

60 

19. Sum of the two outer numbers (the 
number on the left side and the one 
on the right side) is divisible by the 
middle number. 

20. X, y, X+ y, X+ 2y, 2X+ 3y, 3X+ 5y 

21 . Pattern should be the same. 

22. -123,234,111,345, 456 

23. 5x+ By, Bx+ 13y, 13x+ 21y, ... One 
pattern to note is that the coefficient 
of each successive x-term is the 
same as the coefficient of the pre
ceding y-term . 

24. Answers will vary. 

25. Answers will vary. Two possible 
solutions are given. 

2.6 

USING VARIABLES 

19. Look at problem 17. Describe the 
relationship between the middle number 
and the outer numbers. 

20. Create a five-term Fibonacci-like sequence 
in which the first two terms are x and y. 

21. Check whether the pattern you noticed in 
problem 19 works for the sequence you 
just created. Explain. 

22. Fill in the blanks for this Fibonacci-like 
sequence. - 123, _, _ , _, 456 

25. @@N Make sketches of some differ
ent ways that you could put together an 
x-block and an 2-block in two dimensions. 
(They have to touch each other, but they 
don ' t have to make a rectangle.) Use your 
imagination. There are more than two 
arrangements possible. Is it possible to 
sketch all the arrangements you think up? 

26. Find the perimeters of the arrangements 
you sketched in problem 19. Write each 
perimeter next to the sketch. Make sure 
you have found the largest and smallest 
perimeters possible. 

27. \) Find two arrangements that have the 
same perimeter, but look as different from 
each other as possible. 

26. Answers will vary. 

27. Answers will vary. 

2B. a. -12x2 + 12x+ 7 
b. 10x2y - 6xy+ By 
c. 12x2 - 12x - 7 
d. -10x2y+ 6xy - By 

29. A possible solution is: 

23. Extend the sequence you started in prob
lem 20. Look for patterns. 

FIBONACC I PUZZLE 

24. How many Fibonacci-like sequences can 
you find that involve only positive whole 
numbers and include your age in fourth 
place or later? How about your teacher's 
age, or the age of a parent or adult friend? 

f;ljjli$i MISSING TERMS 

28. What terms are missing? More than one 
term may be missing in each problem. 

a. 3x2 - 4x + = -92 + Sx + 7 
b. -2y + 6xy + _ = 92y + Sy 

c. 32 - 4x - ( _ ) = -92 + Sx + 7 
d. -2y + 6xy- ( _) = 92y + Sy 

fQu#.ifi MAGIC TRIANGLE 

29. Put an integer from -4 to 4 in each circle 
to get equal sums along each side of the 
triangle. Find as many different sums as 
you can. 

Clwpter 2 Operations and Functions 
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LESSON 

Functions and Function Diagrams 

ii!liiiji!MM. · · · · · · · · · · · · · ...... : 

graph paper ~ .................................. u 
function diagram paper fTTl ............................................................... u 
FUNCTIONS FROM IN-OUT TABLES 

I Definition: The following tables are called 
input-output tables, or in -ow tables. 

The number that is put in is x, and y is the 
number that comes out. Each table has a rule 
that allows you to get y from x. For example, 
the rule for the table in problem I is to get y, 
add three to x. We say that y can be written as 
afwzction ofx: y = x + 3. 

I Definition: A fzmction is a rule that assigns 
a single output to each input. 

For each of the following problems: 

1. 

a. Copy the table. 

b. Describe the rule that allows you to get 
y from x. 

c. U e the rule to find the missing 
numbers. (In some cases, the missing 
numbers may be difficult to find ; use 
trial and error and a calculator to make 
it easier. ) 

d. Write y as a function of x. 

2. 3. 

I y I y I y 

-5 -2 7 3.8 5 20 

7 10 10 6.8 3 12 

5 0 I 

-7 10 - I 

2.7 Functions and Function Diagrams 

4. 5. 0 6. 

'l -
-~- r-:;- -~ l 

I y I 

7 40 3 8 5 15 

I 16 4 13 2 -6 
I 

-2 4 I -2 - I -9 

-5 7 6 

- 12 20 I 54 

7. @!i!ti!!@l Find as many functions as pos
sible that assign the y value 4 to the x 
value I. 

FUNCTION DIAGRAMS 

20 20 

10 tO 

0 0 

X ---~ y 

The fi gure above shows a function diagram for 
this table. 

I y 

2 0 

5 6 

8 12 

II -~J - · 
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1. X 
-5 
7 
5 

y 
-2 
10 
8 

-10 -7 
Add 3 to xto get y. y= X+ 3. 

2. X y 
7 3.8 
10 6.8 
0 -3.2 
13.2 10 

Subtract 3.2 from x to get y. y = x - 3.2 

3. X y 
5 20 
3 12 
1 4 
-.25 -1 

Multiply x by 4 to get y. y = 4x 

4. X 

7 
1 
-2 
-5 
-6 

y 
40 
16 
4 
-8 
-12 

Multiply x by 4 then add 12 to get y. 
Y= 4X+ 12. 

5. X y 
3 8 
4 13 
1 -2 
7 28 
27/5 20 

Multiply x by 5 then subtract 7 to get y. 
Y= 5x - 7. 

... 2.7 
Functions and Function Diagrams 

Core Sequence: 1- 17 

Suitable for Homework: 4-7, 14-23 

What this Lesson is About: 

• Introduction of function diagrams, a 
new tool 

• Preview of linear functions 

• Preview of linear equations 

FUNCTIONS FROM IN-OUT TABLES 

l'ou could introduce this lesson by playing 
a game of What 's rizy function ? with the 
class . In that game, you ask students for 
input numbers, and respond with the out
put that a secret function would give. The 
students have to guess the function. Both 
the suggested inputs and the outputs are 
written on the chalkboard or on the over
head screen, in an in-out table. 

Any functions can be used in the game. 
The easiest require only one operation. 
Examples: functions of the form y = mx, 
y =X+ b, y = :x?-. 

More challenging are functions that 
require two operations. Examples: func
tions of the form y = mx + b, y = ax2, 

y = :x?- + c, y = x(x +b). 

When students have guesses about the 
function , they can be asked to upply the 
outputs, instead of immediately letting the 
cat out of the bag and revealing the rule. 
Thi will give their cia smates a chance to 
gue the function for themselves. 

Once the function has been found , the 
game can continue by giving students 
inputs and asking for output , and finally 
by giving students outputs and asking for 
the inputs that would have produced them. 

Roblem 7 should produce a long li st of 
possible functions. A good discussion 
could follow: How could one tell which 
one is correct? Trying other inputs, of 
course, would quickly rule out most 
of them. 

FUNCTION DIAGRAMS 

The authors would like to acknowledge 
Dr. Martin Flash man of Humboldt State 
University, Arcata, California, for hi s 
insights into the pedagogical power of the 
function diagram. 



A reproducible page of blank function dia
grams can be found on page 564. These are 
useful , especially when beginning to work 
with function diagrams. Later, students 
will make their own diagram on graph 
paper. 

Thi s is the first of three lessons on func
tion diagram . A function diagram is 
es en ti all y a graphical representation of an 
in-out table. As a learning tool , it has some 
advantage over the Cartesian graph. The 
fo llowing idea are ea ier to ee on a func
tion diagram than on a Cartesian graph: 
definition of function, domain and range, 
inverse function , rate of change. 

Or course, the function diagram does not 
replace the Cartesian graph, which is still 
one of the most powerful models we have 
to understand and apply mathematic . We 
have already worked with Carte ian 
graphs, and we wi ll return to them in 
Chapter 4. 

For clarity, we talk about the x- and 
y-number ]jne in the context of function 
di agrams, while we use the words x- and 
y-ax.es in the context of Cartesian graphs. 

I SEE WHERE YOU'RE COMING FROM 

M ost of these problems cannot be so lved 
by just looking at the diagram. Student 
will have to fi gure ou t some strategy for 
problem whose answers are not directly 
readable. The most effective approach is to 
start by identi fy ing the function repre-
ented by the di agram, but your students 

may find other way . 

For problem 17, do not teach equation-
olving techniques. The purpose f the 

problem i to develop the students' ability 
to work with equations by tri al and error. 
This is a nece sary step for understanding 
what equation are. Preview of equation 
so lving will continue in Chapter 3. Formal 
equation-solvi ng techniques wi ll be intro
duced in Chapter 6. 

UPS AND DOWNS 

R ·oblems 18-20 can be solved visuall y. 

R oblem 2 1 can be solved by trial and 
error, assuming the function was identified 
in the prev iou ection. Make sure that 
your students do not think that problem 
2 la is a repeat of 15a or 17d. 

2.7 

8. What is the functi on i llustrated in the pre
vious functi on diagram? 

For each function in problems 9- 12: 
a. M ake a table, using at least fi ve in-out 

pairs. 

b. M ake a function diagram, using the 
scale shown below. 

10 10 

0 0 

- 10 - 10 

X y 

9. )' =X + 2 10. )' = X - 2 

II. y = 2x 12. y = x/2 

13. M ake a function diagram for each of the 
tables in problems I , 2, and 3. You will 
have to decide what scale to use on the x
and y-number lines. (For each problem. 
use the same scale on both number lines.) 

Function diagrams are an important way o f 
understanding functions. We will use them 
throughout thi s course. 
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15 15 

5 5 

-5 -5 

X ---~ )' 

The following problems are about the above 
functi on diagram. Assume that more in-out 
l ines could be added, following the same 
pan em . 

14. Find the output when the input is: 

a. 0 b. 5 c. -5 

15. Find the output when the input is: 

a. 99 b. - 100 c. 1000 

16. Find the output when the input is: 

a. 1/2 b. 1/3 c. 1/6 

For the following problem, you may need to 
use trial and error. 

17. Find the input when the output is: 

a. 0 b. 5 c. -5 
d. 99 e. - 100 f . 1000 

Chapter 2 Operatio 11s a11d Fu11ctio11s 

2.7 5 0 L U T I 0 N 5 

6. X y 10. y = x - 2 

'"~f 
5 15 X y 
2 -6 7 5 0 0 

-1 -9 0 -2 
6 26 5 3 10 -10 
8 54 -5 -7 x-- y 

Square x then subtract 1 0 to get y. 10 8 
y =>f - 10 11 . y = 2x 

'"~'" 7. Answers will vary X y 

8. y = 2x - 4 0 0 0 0 

3 6 
For problems 9-12, one possible function 5 10 
diagram is given: -10 -10 

-3 -6 x - - Y 
9. Y= X + 2 

'"Fr 
-5 -10 

X y 12. y=xl2 

'"~'" 3 5 0 0 X y 
-2 0 0 0 0 0 
5 7 

-10 -10 6 3 
8 10 10 5 x--Y -10 -10 
0 2 -6 -3 x-- y 

-10 -5 
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Each line in a function diagram connects an 
input point on the x-number line to its output 
point on they-number line. We use the nota
tion (x, y) to refer to such a line. otice that in 
the previous diagram some of the lines go up, 
and some go down. For example: (5 , 12) goes 
up, and (0, -3) goes down. 

18. If you were to draw additional lines in 
the function diagram, could you correctly 
draw one that goes neither up nor down? 
Where wou ld it start? 

19. In de cribing the diagram, one might say 
5 goes to 12, "moving" up 7 units. Which 
point "moves'' down 5 units? 

The volume of a box is given by the fom1Ula 

volume = length · width · height. 

23. Write the surface area of a box as a func
tion of length, width, and height. Compare 
your function with the ones found by some 
of your clas mates. 

2.7 Functions and Fu11ction Diagrams 

2.7 

20. Find a point that moves 

a. up 3 unit ; 

c. up 6 unit ; 

b. down 3 units; 

d. down 4 un its. 

21. U e trial and error to find a point that 
move 

a. up 99 units; 

b. down I 00 units. 

22. i§J.!§fi[ijjN If you know of a point 
that move up 11 units in the previous 
diagram, how wou ld you fi nd a point 
that moves down 11 units? Write a full 
explanation. 
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S tudents may find a pattern for how much 
a given x goe up or down. Such a pattern 
would be u eful fo r olving problem 2 1, 
but it is not necessary. 

In a way, problems 19-2 1 preview simul
taneou linear equation , ince x and y 
have to sati sfy two constrain ts: the linear 
relationship given in the fu nction diagram, 
and the amount given fo r the va lue to 
"move" up or down. 

P roblem 22 depends on seeing the ymme
try in the function diagram. The ordered 
pair di covered in problem 18 gives the 
line of symmetry. Thi problem i quite a 
challenge, and any attempt to o lve it 
should be praised. Class di scussion may 
be needed to achieve orne clo ure on 
thi problem. 

••Uii•Jfi;J• SURFACE AREA O F A BOX 

T his problem is a good opportuni ty to ee 
how comfo rtable your tudent are wi th 
usi ng variables to represent re lati onships. 
It is also interesting to compare the differ
ent formulas that are likely to be found , 
and di scu s how to check whether they are 
equi valent. (One way i to check if they 
give the arne answer when u ed to fi nd 
the urface area of a certain box .) 

S tudents do not need to memorize the fo r
mulas they obtain . 

2.7 S 0 L U T I 0 N S 

For problems 14-17, the function is 
y = 3x - 3: 

14. a. -3 
b. 12 
c. -18 

15. a. 294 
b. -303 
c. 2997 

16. a. -3/2 
b. -2 
c. -5/2 

17. a. 1 
b. 8/3 
c. -2/3 
d. 34 
e. -97/3 
f. 1003/3 

18. Yes; 3/2 

19. -1 moves down 5 units to -6. 

20. a. (3, 6) 

b. (0, -3) 
c. (9/2, 21 /2) 
d. (-1/2, -9/2) 

21 . a. (51 , 150) 
b. (-97/2, -297/2) 

22. Find the horizontal line of symmetry 
such that when you fold over this line 
all the input-output lines coincide. 
From this fold , determine how many 
spaces there will be on the x-line 
where the output will be up n spaces. 
To find desired location on the x-line 
count down the same number of 
spaces from the fold on the 
x-line. Do the same to find the loca
tion on the y-line. 

23. The surface area is 2 · length · width 
+ 2 · height · length + 2 · width · 
height. 



T 2.8 
Time, Distance, Speed 

Core Sequence: l-1 0 

Useful for Assessment: 4 

What this Lesson is About: 

• Introduction to motion problems 

• Interpreting function diagrams in an 
applied context 

Seeing function diagrams applied to real
world data may help motivate their use by 
providing a context. 

MOTION PICTURES 

Real-world data is simplified in order to 
provide us with a workable example of 
traveling at a constant rate. The main point 
of this activity is to see the relationship 
between the three quantities of time, dis
tance, and speed. 

You may return to this section at the end 
of the lesson and discuss with your class 
what the function diagrams might actually 
look like for a real race. Which of the par
ticipants is most likely to tire? In fact, what 
sort of duration is reali stic? How fast 
should they run to be able to maintain their 
speed for a full hour? What if the race was 
over a certain distance rather than a certain 
duration? 
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MOTION PICTU RES 

minutes miles 

60 100 

30 50 

0 0 

time - distance 
Roller Skater 

minutes miles 

60 100 

30 50 

0 0 

time - distance 
Cheetah 

minutes miles 

60 100 

30 50 

0 0 

time - distance 
Needletail 

The above fu nction diagrams represent the 
motion of three li ving creatures: a fast roller 
skater; a cheetah (one of the world's fastest 
mammals, it 's a large, wi ld cat that lives in 
Africa); and a white-throated needletail (one of 
the world 's fastest birds, it li ves in Australia). 

The di agrams assume that the three creatures 
ran a one-hour race, and were able to maintain 
their top speed for the full hour. (This is not 
realistic, but then neither is the idea of a roller 
skater racing with a cheetah and a bird .) 

Each diagram shows minutes on the x-number 
line, and miles on the y-number line. 

l. Use the di agrams to estimate how far each 
went in an hour. 

2. After thirty minutes, approximately 

a. how far is the needletail ahead of the 
cheetah? 

b. how far is the cheetah ahead of the 
skater? 

3. Estimate each speed 

a. in miles per hour; 

b. in miles per minute. 

4. .,_ Explain how time-di stance function 
diagrams allow you to compare speeds. 
Time is on the x-number line, distance is 
on they-number line. Where is speed? 

hours miles 

20 

10 

0 0 

time ------+ distance 
Sloth 

Chapter 2 Operations and Functions 

2.8 S 0 L U T I 0 N S 

1 . roller skater: 30 miles 
cheetah: 65 miles 
needletail: 105 miles 

2. (After 30 minutes, the roller skater 
has gone 15 miles, the cheetah 32.5, 
and the needletail 52.5.) 
a. 20 miles 
b. 17.5 miles 

3. roller skater: 30 miles/hour 
cheetah: 65 miles/hour 
needletail : 105 miles/hour 

4. To determine speed, find the 
distance associated with 60 minutes. 
This is the speed in miles per hour. 
Using the same scale we note that 
the steeper the lines going down 
from left to right, the slower the 
speed. If the lines are going up from 
left to right, then we note that this 
denotes a faster speed than the pre
vious ones. 



5. The preceding diagram shows the 
hypothetical progress of a sloth . The 
x-number line represents time in hours, 
and they-number line represents distance 
in miles. Compare the sloth 's motion to 
the motion of the skater, cheetah, and 
needletai l. How fast is it goi ng per hour? 
Per minute? 

6. Explain why someone comparing the 
sloth's speed to the need letai l's might 
make a mistake and take the diagrams to 
mean the sloth is almost as fast as the 
needletai l. 

THf tll\ll 

In a physics experiment, a ball is launched 
straight up by some device, and its height 
above the ground is recorded at one-second 
intervals. The resulting in formation is 
displayed in the function di agram below, 
where the x-number line represents time in 
seconds, and they-number line represents di s
tance from the ground at that time in meters. 

seconds meters 

10 50 

5 25 

0 0 

time - distance 
Ball 

2.8 Time, Distance, Speed 

2.8 

On the function di agram, follow the motion of 
the ball with your finger on the y-number line, 
second by second . 

7. During which one-second interval(s) did 
the ball move the fastest? The slowest? 

8. At what time did the ball change 
direction? 

9. Make a table like thi s one, showing the 
height of the ball at one-second intervals. 
Extend the table until you have included 
all the information given on the function 
diagram. 

Time Height 
(seconds) (meters) 

0 0 

I 25 

2 

10. Estimate the times when the ball was at 
the following heights. (Give two times for 
each part, one on the way up, and one on 
the way down.) 

a. 40 m b. 30m 

c. 20 m d. 10m 

65 ... 

THE BALL 

Thi s activity previews quadratic functions, 
though the questions can be answered 
totally visually, without finding the actual 
function that describes the ball 's trajectory. 

Notice how a function diagram highlights 
the varying rate of change of a quadratic 
function . 

2.8 S 0 L U T I 0 N S 

5. 1/15 mile per hour; 1/900 mile per 
minute 

6. The needletail 's function diagram 
lines are almost horizontal like the 
sloth's. However, their scales are 
different. 

7. fastest: between 0 and 1 second, 
also between 5 and 6 seconds 
slowest: between 2 and 3 seconds, 
also between 3 and 4 seconds 

8. at 3 seconds 

9. Time Height 
(seconds) (meters) 

0 0 

I 25 

2 40 

3 45 

4 40 

5 25 

6 0 

1 0. a. 2 seconds, 4 seconds 
b. between 1 and 2 seconds and 

between 4 and 5 seconds 
c. Just below 1 second and just after 

5 seconds 
d. Under 0.5 seconds and over 5.5 

seconds 



rhii~ISI~t~ 2.8 
WRJTJN; The Car Trip 

Core Sequence: none of the assignment 

Suitable for Homework: 1-2 

Useful for Assessment: 1-2 

What this Assignment is About : 

• Reading a data-based function di agram 

• Relationship of time, di stance, and rate 

• Creating a data-based function di agram 

Thi s is an ex tension of the work in 
Lesson 8. However, instead of a mathe
matical function , we have one derived 
fro m plausible data. 

N evertheless, a number of mathematical 
concepts are ub umed in it, the mo t 
important being that of rate of change. 
When the car's position moves fast, 
s lowly, or not at all , thi is reflected in the 
rate of change of the y-value as a fu nction 
of time (the x-va lue). 

You might di scuss with your students 
what it means for two in-out line to meet 
on the y-number line. What would it mean 
if two in-out lines in a car trip function 
diagram crossed between the x- and 
y-number lines? 

For problem 2, you may be able to get a 
class et of road maps for your student 
fr m an automobile club or your State 
Department of Tran portation. 

~n@@@t~ 2.8 The Car Trip 
_WRITIN~ 

E 
B D 

A c 
A fami ly is traveling by car from City A, in 
Cool County, towards City E. On this diagram, 
the x-number line repre ems the time of day, 
wi th 9 A.M . near the bottom, and 7 P.M. near the 
top; the y-number line represents di stance from 
City A in miles. 

miles 

time ~ distance 

Car T rip 

1. QW Describe the trip as best you can 
from the information on the function dia
gram. In your paragraph, make clear what 
you get from the diagram and where you 
are making guesses to interpret the infor
mation. Your paragraph should include 
answers to the fo llowing questi ons, but 
should not be limited to them. 

A 66 

• What time did the trip start? 

• What happened from I 2 to I? Where 
did it happen? 

• When did the family drive fa ter than 
the speed limit? How fast were they 
going then? 

• How could you explain the changes in 
peed that are evident from the diagram? 

• What time did they arrive at their 
destination? 

• How far is City E from City A? 

2. t ii4Ud 
a. Using real towns and distances (perhaps 

taken from a road map), draw a map 
and a function diagram for another 
car trip. 

b. Get the map and function diagram that 
one of your classmates made in part (a). 
Write a paragraph describing the trip 
shown. Discuss your description with 
the per on who made the map and dia
gram. Do you agree on what the figures 
convey? If you disagree, is one of you 
mi interpreting the figure ? Or are both 
interpretations correct? 

Chapter 2 Operations and Fu 11ctions 

2.8 S 0 L U T I 0 N S 

1. • The trip started at 9 A.M. 

• From 12-1, they had a lunch break 
perhaps. They did not go any dis
tance during this time. They are 
160 miles from home during this 
time. 

• They traveled faster than the 
speed limit between 2 and 3 P.M. 

They were going 80 mph. 
• Explanations of changes in speed 

will vary . 
• They arrived at their destinations 

at 5 P.M. 

• The distance from City A to City E 
is 360 mi les. 

2. Answers will vary. 
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: graph paper . . ............................... .. 

• function diagram paper fTTl ................................................................ L.:!....,!pl 

ADO IT ION 

1. Draw a function diagram to represent each 
of these functions. 
a. y = X + 6 b. y = X + 3 

c. Compare the two diagrams. How are 
they alike? How are they different? 

The two function diagrams you just drew both 
represented functions of the form y = x + b, 
where b is a constant. In the first case, b was 6. 
In the second case, b was 3. 

2. Draw three other function diagrams of the 
form y = x + b. Be sure to try at least one 
negative value of b. 

3. a. Draw a function diagram for the func
tion y = x. 

b. The function y = x is also of the form 
y = x + b. What is b? 

4. .,_ The function diagrams you drew in 
problems 1-3 represent addition. In each 
case, to get the value of y , you added the 
number b to x. How are all of these 
diagrams alike? How are they different? 
How does the value of b affect the 
diagram? 

MUL TII'LI( II liON 

5. Draw a function diagram to represent each 
of these functions. 
a. y = 2x b. y = 3x 

c. Compare the two diagrams. How are 
they alike? How are they different? 

2.9 Opera/ions alld Function DiJJgrams 

The two function diagrams you just drew both 
represented functions of the form y = mx, 
where m is a constant. In the first case, m 
was 2. In the second case, m was 3. 

6. Draw three other function diagrams of the 
form y = mx. Be sure to try at least one 
negative value of m and one value of m 
between 0 and I. 

7. The function y = x, for which you 
already have a diagram, is also of the 
form y = mx. What is m? 

8. The function diagrams you just drew rep
resent multiplication. In each case, to get 
the value of y you multiplied x by a num
ber. How are all of these diagrams the 
same? How are they different? 

9. .,_ Look at your multiplication diagrams. 
For each one, as the value of x increases 
from the bottom of its number line, follow 
the value of yon its number line with 
your finger. 
a. For what values of m does the value of 

y go up? Down? 

b. Is there a value of m for which y goes 
neither up nor down, but remains 
unchanged? 

c. For what values of m does the value of 
y change faster than x? More slowly? 

d. Is there a value of m for which y 
changes at the same rate as x? 

T 2.9 
Operations and 
Function Diagrams 

Core Sequence: 1-17 

Suitable for Homework: 11-17 

Useful for Assessment: 16 

What this Lesson is About: 

• The relationship between addition and 
subtraction, multiplication and division 

• Preview of inverse functions 

• Using parameters 

This straightforward lesson completes the 
introduction to function diagrams. 

ADDITION 

MULTIPLICATION 

The parameters in the linear function 
y = mx +bare m and b. In Chapters 3 and 
beyond we will look at linear functions 
using both parameters at one time. In this 
lesson, we deal with them separately for 
the most part. 

For y = x + b, the diagrams consist of 
parallel lines. As a geometric transforma
tion of the number line, this function is a 
translation. 

For y = mx, the diagrams consist of con
current lines. (The lines all meet at one 
point. Your students may not notice this. 
They do not need to at this stage; we will 
return to the function diagrams of linear 

2.9 S 0 L U T I 0 N S 

1. Numbers chosen on each axis will 3. Numbers chosen on each axis will 5. Numbers chosen on each axis will 
vary. Possible examples are given. vary. Possible examples are given. vary. Possible examples are given. 

a "M" ... rr a. 

"~" 
a. 

"~f b. "~" 
0 0 0 0 0 0 0 0 0 0 

-10 -10 -10 -10 -10 -10 -10 -10 -10 -10 

x --Y x--Y x-y x - y x --Y 
Y • X+6 Y • X+3 Y • X Y • 2x Y• 3x 

c. Both function diagrams have par- b. b=O c. Both diagrams have similar shapes 
ailel lines. The lines for y = x + 6 

4. The diagrams are alike in that the 
in that the slopes of the lines 

have a steeper slope than the increase the farther up you go from 0 
lines for y= X+ 3. function diagram lines are parallel. 

and decrease the farther down from 

2. Answers will vary. 
They differ in the slopes of the func-

0. y = 3x increases more quickly. 
tion diagram lines. The parameter b 
affects the slope of the function dia- 6. Answers will vary. 

gram lines. 7. m= 1 



functions in Chapter 6.) As a geometric 
transformation of the number line, thi s 
fun ction is a dilation. 

R ·oblem 9 focuse on the concept of rate 
of change. In Chapter 8, we will connect 
thi s understanding of rate of change with 
the concept of slope in a Cartesian graph. 
(Slope will be introduced in Chapter 5.) 

MIRROR IMAGE DIAGRAMS 

The mirror i a vertical line between the 
two number lines. (Refl ection across a hor
izontal minor would yield a diagram that 
would correspond to the same function a 
the ori ginal di agram.) 

We will return to mirror image functi on 
di agrams in Chapter 3, when we work on 
inverse functi ons. 

The most di fficult part of problem 16, and 
the one mo t worthy of class di scussion is 
about y = mx and y = xlm, when m is 
between 0 and 1. Values of m between - 1 
and 0 are not mentioned in the tudent tex t, 
in order to keep the statement of problem 
16 from being even longer than it already 
is, but of course students can di cuss those 
values as well. 

R oblem 17 prov ides an opportuni ty to 
preview linear fun cti ons, with m = -1 and 
di fferent values for the parameter b. 

We do not look at the functi on d iagram 
for fun cti ons of the form y = mix until 
Chapter 5, becau e they are qui te 
complicated. 

2.9 

MIRROR IMAGE DIAGRAMS 

x ----+ y X 
___ ,.. y 

The two functi on d iagrams above are mirror 
images of each other. 

10. Ex plain how to draw the mirror image of a 
functi on di agram. 

For each of the following functions: 

a. Draw the function di agram, using the 
same scale on the x- and y-number 
lines. 

b. Draw the mirror image diagram. 

c. Find the function corresponding to the 
mirror image. 

11. y = x + 3 12. y = 4x 

13. y = x - 4 14. y = x/3 

15 . ..,_ Explain the relationship between the 
functi on corresponding to the mirror 
image and the original function. 

.4,. 68 

16.iil!IW Write a repon summarizing what 
you learned in thi Je son. lllu trate your 
repo n with examples of function dia
grams. Your report should include, but not 
be limited to, an wers to the following 
questions: 

• Addition can be represented by 
functions of the form y = x + b. What 
do their func tion diagrams look like if 
b = 0? What if b is greater than 0? 
Less than 0? 

• Subtraction can be represented by func
tions of the form y = x - b. How do 
the ir function di agrams compare with 
those of addition? 

• Multiplicati on can be represented by 
functions of the form y = mx. What do 
their functi on diagrams look like if m is 
negati ve? If m i positi ve? What if m is a 
number between 0 and I? 

• Di vision can be represented by function 
o f the form y = xlm. How do their func
tion di agram compare with those of 
multiplication? What if m is positi ve? 
Negati ve? What if m is a number 
between 0 and I? 

17. f Compare function di agrams of the 
form y = b - x with tho e o f the form 
y =X - b. 

Chapter 2 Operations Ofld F unctiOfJS 
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8. Analyzing y = mx: When m = 1, all 
lines are parallel and horizontal. 
When m = 2, all lines starting on the 
x-axis above zero will go up from left 
to right. All the lines starting below 
zero go down from left to right. As m 
becomes more positive , the lines 
become steeper. In all cases, if the 
function lines were extended, they 
would intersect on the left side of the 
x-axis . If m is negative, the lines 
intersect in one point between the 
x- and y-axes. If 0 < m < 1 and we 
extend the function diagram lines, 
they would intersect on the right side 
of the y-axis . 

9. a. m > 0; m < 0 
b. m=O 
c. m > 1, m < - 1; -1 < m < 1 
d. m= 1 

1 0. Interchange the x- and y-values. 

11 . Numbers chosen on each axis wil l 13. Numbers chosen on each axis will 
vary. Possible examples are given. vary. Possible examples are given . 

a. 1oH b. 10 H 1o a. 1 0~10 b. 1 0~10 0 0 0 0 0 0 0 
-10 -10 -10 -10 -10 -10 -10 

x - - Y x-- Y 
Y= X+ 3 Y= X - 3 

c. y = x - 3 

12. Numbers chosen on each axis will 
vary. Possible examples are given . 

a. 1: kl ~o b. 1:kJ 
-10~ -10 -10f?[ 

x - - y 

y= 'Y· 

c. y =(1/4)x 

x-- y 

y= 4x 

x-- Y 
Y= X - 4 

c. Y = X+ 4 

x-- Y 
Y=X+ 4 

14. Numbers chosen on each axis will 
vary. Possible examples are given . 

a. 1:w~o b. 1:u~o 

-10n -10 -10n -10 
x-- y 

Y='h 

c. y= 3x 

x - - y 
Y= 3x 

(Solutions continued on page 509) 



iiiiiiijiiMI. · · · · · · · · · · · · · · · · · · ·: 
the Lab Gear 

PERIMETER 

1. Look at this sequence of block figures. 
Think about how it would continue, 
following the pattern. Then: 

a. Sketch the next figure in the sequence. 

b. Copy and complete the table below. 

c. Describe the pattern in words. 

o rn ITIJ 

Figure# Perimeter 

I 4 

2 6 

3 8 

4 ... 

10 

100 

II 

Repeat problem I for each of these sequences. 

2. 

2.10 Perimeter and Surface Area Functions 

If you have trouble answering questions 7-8 by 
tri al and error, try making graphs from the data 
in your tables, with the figure number (n) on 
the horizontal axis and the perimeter on the 
vertical axis. 

7. In problem I, which figure would have 
peri meter 50? 

8. Is it possible to have perimeter 50 for any 
of the patterns in problems 2-6? 

69.A 

• 2.10 
Perimeter and Surface 
Area Functions 

Core Sequence: 1-12 

Suitable for Homework: 1-8, 23-24 

Useful for Assessment: 11 

What this Lesson is About: 

• Recogni zing number patterns in a 
geometric context 

• Using variables and functions to repre
sent and understand numeric and geo
metric information 

• Preview of arithmetic sequences, linear 
functions, and linear equations 

/n this lesson the Lab Gear is a source of 
an interesting problem, rather than a tool 
used to model a given algebra technique. 

PERIMETER 

Roblems 1-8 provide opportunities to rec
ognize a number pattern in a sequence of 
perimeters. Actually, the sequence is an 
arithmetic sequence, and the function is 
linear. The n line in the table is an opportu
nity to express the pattern algebraically. 

Roblems 9-12 are an interesting manipu
lative generalization, using a blue-blocks 
figure to model each sequence, with x 
standing in for n. 

2.10 S 0 L U T I 0 N S 

1. Figure# 

I 

2 

3 

4 

10 

100 

n 

2. Figure# 

I 

2 

3 

4 

10 

100 

II 

Perimeter 

4 

6 

8 

10 

22 

202 

2n + 2 

Perimeter 

12 

22 

32 

42 

102 

1002 

I On+ 2 

Perimeter is two 3. 
times the figure 
number plus two. 

Perimeter is ten 4. 
times the figure 
number plus two. 

Figure# 

I 

2 

3 

4 

10 

100 

II 

Figure# 

I 

2 

3 

4 

10 

100 

II 

Perimeter 

12 

14 

16 

18 

30 

2 10 

10 +211 

Perimeter 

12 

16 

20 

24 

48 

408 

411 + 8 

Perimeter is 5. 
twice the figure 
number 
plus ten. 

Perimeter is four 6. 
times the figure 
number plus 
eight. 

Figure# 

I 

2 

3 

4 

10 

100 

II 

Figure# 

I 

2 

3 

4 

10 

100 

II 

Perimeter 

12 

20 

28 

36 

84 

804 

811 +4 

Perimeter 

12 

18 

24 

30 

66 

606 

611 + 6 

Perimeter is 
eight times the 
figure number 
plus four. 

Perimeter is six 
times the figure 
number plus six. 

7. Figure number 24 in table 



SURFACE AREA 

MORE SURFACE AREA 

These problems are algebraicall y very 
much the arne, but they are vi ually a lit
tle more difficult to handle. Many students 
would have trouble solving these without 
hav ing the manipu lati ves at hand . For that 
reason, you may rever e the order of the 
lesson : Start with problems 13- 16, next do 
problems l - 12, then retum to problems 
17-22. Doing thi ng this way allows you to 
start in class with the blocks, to continue at 
home, and to fini sh in class the next day . 

You may also save problem 18-22 for 
review at some later date. 

'Y2.10 

9. Look at the x-block. 

a. What is the perimeter of its top face ? 

b. What is its perimeter if x = I, 2, 3, 4, 
I 0? Make a table like the ones above. 

c. Compare your table with those in prob
lems 1-6. It should be the same as one 
of them. Which one? Ex plain why you 
think thi s works. 

10. a. This fi gure represents the tops of five 
x-blocks. What is its perimeter? 

b. What is its perimeter if x = I, 2, 3, 4, 
I 0? Make a tab le li ke the ones above. 

c. This fig ure is related to one of problems 
2-6. Which one? Ex plain. 

ote that in problems 9 and I 0, just one fig ure 
represents a whole infinite sequence of fig ures, 
because of the use of vari ables. 

ll . Find the blue block that is related to prob
lem 3. Explain . 

12. f For each of problems 4-6, build a 
related fi gure made of blue blocks. Check 
your answer by making a tab le. 

SURFACE AREA 

13. Look at the sequence of cube fig ures. 
Think about how it would contin ue, 
following the pattern . Then: 

a. Sketch the nex t figure in the sequence. 

b. Copy and complete the following table. 

c. Describe the pattern in words. 

,A. 70 

f igure# Surface Area 

I 6 

2 10 

3 14 

4 

10 ... 

100 

II . .. 

Repeat problem 13 for each of these 
sequences. 

14. ffi:lil ~ ~ 

15. ffi:lil ~ ~ 

16. ffi:lil tt:mJ ~ 
17. For each of problems 13- 16, build a 

related fi gure made of blue blocks. Check 
your answers by maki ng a table. 

MORE SURFACE AREA 

18. Look at the sequence. Think about how it 
continues, fo llowing the pattern . Then: 

a. Sketch the next fig ure. 

b. Make a table like the fo llowing one. 

Chapter 2 Operatious and Functions 
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8. Figure number 20 from problem #3. 

9. a. 2x + 2 
b. X Perimeter 

I 4 

2 6 

3 8 

4 10 

10 22 

c. It's the same as problem #1 since 
both have the same rule for the 
perimeter, which is 2n + 2. 

10. a. 10x + 2 
b. X Perimeter 

I 12 

2 22 

3 32 

4 42 

10 102 

c. This is the same as #2 since both 
have the same rule for the perime
ter, which is 1 On+ 2. 

11 . 5x-block since 20 perimeter is 
1 0 + 2x, which is the same rule for 
the perimeter in #3. 

12. i. 4X+ 8 

ii . 8X+4 

6x+ 6 

13. Figure# Surface A rea 

I 6 

2 10 

3 14 

4 18 

10 42 

14. 

Each one-block has a surface area of 
six , so for the dh figure we get 6n. 
Each time we add a new one-block, 
we lose a surface area of two. So the 
total surface area is 6n - 2(n - 1) = 
6n - 2n + 2 = 4n + 2. 

Figure# Surface Area 

I 22 

2 34 

3 46 

4 58 

10 130 

100 1210 

II 1211 + 10 



Figure# Surface Area 

I 4x + 2 

2 8x + 2 

3 12< + 2 

4 ... 

10 

100 

n ... 

c. De cribe the panern in words. 

This i a game for two players. Stan with 
three dots on a piece of paper. These represent 
towns. Players take turns. To make a move: 

• Join a town to itself or to another town 
with a road (a line). 

• Place another town somewhere on the 
road you just created. 

Rules: 

• A road cannot cro s it elf, another road , 
or an existing town. 

o town can have more than three roads 
coming out of it. 

2.10 Perimeter and Surface Area Functions 

Repeat problem 18 for each of these 
sequences. 

19. 

20. 

21. 

2.1o'Y 

22. Make a figure out of blue blocks such that 
by substituting I, 2, 3, ... for yin its ur
face area you get the same sequence as 
you did in problem 19. Check your work 
by making a table. 

The win ner is the last person able to make a 
legal move. 

23. Play the game with a classmate. 

24. What is the maximum number of moves 
possible in a game? 

71 .. 

GiiUI SPROUTS 

S ee Chapter I of Mathematical Carnival, 
by M artin Gardner (N ew Y ork, 1965), for 
more information on th i game. 

In a way, the game prev iews 
Thinking/Writing 2.C. Y ou do not have 
to ass ign i t before the tudents do C. 

2.10 S 0 L U T I 0 N S 

15. 

Each five-block has a surface area of 16. Figure# Surface A rea 
22, so for the d h figure we get 22n. 
Each time we add a new five block, 
we lose a surface area of 1 0. So the 
total surface area is 22n - 1 O(n - 1) 
= 22n - 10n+ 10 = 12n + 10. 

Figure# Surface Area 

I 22 

2 36 

3 50 

4 64 

10 148 

100 1408 

II 1411 + 8 

Each five-block has a surface area of 
22, so for the nth figure we get 22n. 
Each time we add a new five-b lock, 
we lose a surface area of eight. 
So the total surface area is 
22n - 8(n - 1) = 14n + 8. 

I 22 

2 38 

3 54 

4 70 

10 166 

100 1606 

II 1611 + 6 

Each five-block has a surface area of 
22, so for the d h figure we get 22n. 
Each successive time we add a new 
five-block, we lose a surface area of 
six. So the total surface area is 
22n - 6(n - 1) = 16n + 6. 

17. i. 4n+ 2 

ii. 
12n + 10 

18. 

iii . 
14n + 8 

16n + 6 

Figure # ~urface Area 

I 4x+ 2 

2 8x+ 2 

3 12x+ 2 

4 16x+ 2 

10 40x+ 2 

100 400x + 2 

II 41Lf + 2 

Each x-block has a surface area of 
4x + 2, so for the n th figure we get 
n(4x + 2). Each time we add a new 
x-block, we lose a surface area 
of two. So the total surface area is 
n(4x+ 2) - 2(n - 1) = 4nx + 2. 

509.) 



T 2.11 
Polyomino Functions 

Core Sequence: none of the lesson 

Suitable for Homework: 2-7, 12-17 

Useful for Assessment: 17 

What this Lesson is About: 

• More number patterns from a geometric 
context, generalized with variables 

• A function of two variables 

• Square and rectangular numbers 

The lesson wraps up the question of the 
relationship between polyornino area and 
perimeter that was opened in Chapter 1, 
Lessons 1 and 2. 

POl YOMINO EYES 

Polyomino eyes are the second variable 
that accounts for the range of possible 
polyomino perimeters possible for a given 
area. 

Roblems 1-2 help students organize their 
research by keeping area constant, in order 
to highlight the relationship between 
perimeter and eyes. If the Exploration is 
very successful , problem 2 can be skipped. 
If, on the other hand, you do not want to 
spend too much time on this lesson, you 
may skip problem I, and provide more 
guidance, so as to get to the formula in 
problem 5 more rapidly. 

LESSON 

Polyomino Functions 

.. .~~,li"e::.~- ~~~~:. .. 0 ....... l 

. . .................................. 
POL YOMINO EYES 

I Definition: The points of intersection of 
the grid lines inside a polyomino are 
called eyes. 

1. li£!il@iiM Any polyomino has an area, a 
perimeter, and a number of eyes. Is there a 
relationship between the three numbers? 
Can you express the perimeter as a func
tion of the area and the number of eyes? 
(Hint: To find out, draw several polyomi
noes that have the same area, but different 
perimeters. For each one, write the number 
of eyes and the perimeter. As the number 
of eyes increases, does the perimeter get 
longer or shorter? Repeat the proces for a 
different area.) Write a paragraph telling 
what you di scover. 

2. Complete the table shown at the top of the 
next column. Use data from these figures. 

3. Write a formula for the perimeter of a 
polyomino having area 12 and e eyes. 
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Figure Eyes Area Perimeter 

0 12 

4. Fill out a similar table for another area. 
Write a formula for the perimeter as a 
fu nction of the number of eyes for 
your area. 

5. If you know that a polyomino has 0 eyes, 
and area I 00, how could you get its 
perimeter? 

6. Answer question 5 using area I 00 and 
10 eyes. 

7. i§§.!§fiijiM Write a formula for the 
perimeter p of a polyomino having area a 
and e eyes. (This formula is a function of 
two variables, a and e.) 

8. CJ For a given area, what is the maximum 
number of eyes? Find a pattern by experi
menting with areas 4 and greater. 

A G RAPH PAPER SPIRAL 

9. Make a polyomino spiral on your graph 
paper by shading in one square at a time. 
See the figure below. 

5 4 . 3 

6 1 2 
7 : 8 . 9 :10~ 
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1. Answers may vary. One can express 9. 
the perimeter as a function of the 
area and the number of eyes. See 
the formula for this function in #7. 

2. Figure Eyes Area Perimeter 

a 0 12 26 

b I 12 24 

3. perimeter = 26 - 2e 

4. Answers may vary. 

5. perimeter = 2 · 1 00 + 2 = 202 

6. perimeter = 202 - 2 · 1 0 = 182 

7. perimeter= 2 · a+ 2 - 2e 

8. If area is rf , then the maximum num
ber of eyes is (n - 1 )2. 

Area Perimeter 

I 4 

2 6 

3 8 

4 8 

5 10 

6 10 

7 12 

8 12 

9 12 

10 14 



Every time you shade a square, write the 
perimeter of the figure in a table like the 
following. Continue until you see a pattern. 

Area Perimeter 

I 4 

2 6 

3 8 

... . .. 

10. Describe the pattern you see. 

11. Now make a new spiral the same way. 
This time record only the areas of squares 
and rectangles that you get along the way, 
in two tables like those below, continuing 
until you see a pattern in all the columns. 
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Square# Area Perimeter 

I I 4 

2 4 8 

3 ... 

2.1 I Polyomino Functions 
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Rectangle# Area Perimeter 

I 2 6 

2 6 10 

3 

12. Describe the patterns you see in each 
column. 

13. What will the area and perimeter be for 
square #100? 

14. Write a function for: 

a. the area of square #x ; 

b. the perimeter of square #x. 

15. What will the area and perimeter be for 
rectangle #I 00? 

16. Write a function for: 

a. the area of rectangle #x; 

b. the perimeter of rectangle #x. 

17 .illil!lm What do you know about the 
relationship between area and perimeter of 
polyominoes? You may draw information 
from this lesson, as well as from Chapter 
I, Lessons I and 2. Use graphs and 
illustrati ons. 

The formula is called Pick's formula. 
(Since they are unlikely ever to need it, 
students should not memorize it.) 

The pattern in problem 8 is hard to find, 
but pretty. The maximum number of eyes 
is related to the minimum perimeter which 
was investigated in Chapter 1, L esson 2, 
and to some of the issues investigated in 
the next section. 

A GRAPH PAPER SPIRAL 

This is yet another way to think about the 
problem of the minimum perimeter for 
polyorninoes of given area. 

Along the way, students get to work with 
square and rectangular numbers and to 
use variables and functions. Rectangular 
numbers first appeared in Chapter 1, 
Lesson 11. 

Problem 17 asks students to summarize all 
they have learned about polyornino area 
and perimeter. Once again, what is impor
tant here is not the specific content that 
was covered. That content is pure mathe
matics, in that it has no immediately obvi
ous applications. What mattered was the 
process of the investigation. A large and 
complex problem was approached from 
various angles, over a period of weeks, 
before it was completely understood. 
In the process, students both used and 
learned algebra. 

Polyorninoes will return in Chapter 7. 

2 . 11 S 0 L U T I 0 N S 

10. Upon completing a rectangle, your 
next perimeter will remain two higher 
than the previous one until you have 
completed a new rectangle again. 

11 Square# Area Perimeter 

I I 4 

2 4 8 

3 9 12 

4 16 16 

5 25 20 

6 36 24 

Rectangle# Area Perimeter 

I 2 6 

2 6 10 

3 12 14 

4 20 18 

5 30 22 

12. The patterns for the square are as 
follows: Area equals the square of 
the square number. The perimeter is 
four times the square number. The 
patterns for the rectangle are as fol
lows: The area is the quantity of the 
rectangle number plus one times 
the rectangle number. The perimeter 
is four times the rectangle number 
plus two. 

13. Area = 10,000. Perimeter= 400. 

14. a. Area= x2. 
b. Perimeter= 4x 

15. Area = 1 0,1 00. Perimeter = 402. 

16. a. Area= (x+ 1) · x 
b. Perimeter = 4x + 2 

17. Answers will vary. However for both 
the rectangular and square polyomi
nos, the area starts out less than the 

perimeter but soon will overtake the 
perimeter. The area will equal the 
perimeter in the square polyomino 
when rf = 4n. For the rectangle, the 
area will equal the perimeter when 
n(n + 1) = 4n + 2. 



T 2.12 
Geoboard Triangles 

Core Sequence: 1-18 

Suitable for Homework: 
(u ing dot paper) 10-12, 14-18 

Useful for Assessment: 10-12, 18 

What this Lesson is About: 

• L earning to find the area of any 
geoboard tri angle 

• Using operations in a concrete context 

• Using vari ables and f unctions to express 
relation hips 

• Solving a difficult problem by breaking 
it down into smaller problems 

This lesson is a necessary part of the pro
cess that will lead to a geometric approach 
to square roots later in the course. 

The lesson i long and does not have to be 
covered at once. For example, you may 
save problems 13- 18 for later. Just make 
sure to do them before Chapter 3, Lesson 
12, the next geoboard lesson. 

Do not teach or remind the students about 
the formula for the area of a triangle. It is 
important at this stage that they learn to 
fi nd areas by their own methods, and that 
several approaches for the same figure be 
compared. For some geoboard triangles, 
the formul a (base times height divided by 
two) is u eless or even misleading, becau e 
neither base nor height are known. Yet tu
dent-devi ed method will work even in 
tho e ca e . 

..................... 
1 11"1l!'11iiml • : 
: geoboards : 

• dot paper D • 
. . .................................. 

I. moom lf many triangles have one 
vertical side in common, how is their area 
related to the position of the third vertex? 
To find out, make many triangles having 
vertices at (0, 0) and (0, 8). For each one, 
keep a record of the coordinates of the 
third vertex and the area. Look for 
patterns. Write a paragraph explaining 
what you found out. Use sketches. 

HORIZONI!\l ANDVERT IC\1 SIDES 

2. Make a triangle having a horizontal side of 
length 6 and a vertical side of length 4. 
What is its area? 

3. In this problem, use triangles having a hor
izontal side of 6. 
a. Make a table like the following. All tri

angles should have a horizontal side of 
length 6, but the length of the vertical 
side will vary. Extend the table all the 
way to vertical side of length l 0. 

Vertical Side Area 

0 

I ... 

2 6 

.. . 

.4. 74 

b. Explain how you could find the area of 
a triangle having horizontal side 6 and 
vertical side 100. 

c. Express the area as a function of the 
vertical side. 

4. Repeat problem 3 for a horizontal side of 
length 9. 

ONF HOR IZONTAl OR VERTIC AI SIDF 

5. Make a triangle having vertices at (0, 0) 
and (0, 7) and the third vertex at (l , 4). 
What is its area? 

6. Make a table like the following for trian
gles having vertices at (0, 0) and (0, 7) and 
the third vertex as indicated. Extend the 
table all the way to vertex (7, 4 ). 

3"' Vertex Area 

(0, 4) 

(1, 4) 

(2, 4) ... 

... . .. 

7. Write the area as a function of the x-coor
dinate of the third vertex. 

8. a. Make the triangle having vertices (0, 0), 
(0, 7), and (9, 4). Guess its area. 

b. With another rubber band, make the 
smallest rectangle that covers the trian
gle. If you did it correctly, you should 
now see two new triangles. Find the 
area of the rectangle and the area of the 
two new triangles . 

c. Find the area of the original triangle. 
This should match your guess from 
part (a). 

Chapter 2 OperaiWns and Functions 
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1. Answers will vary. The area turns out 
to be 1/2 · 8 · the x-coordinate of the 
third vertex . See #6 & 7 for a table 
and a similar formula. 

2. Area= 12 

3. a. Vertical Side Area 

0 0 

I 3 

2 6 

3 9 

4 12 

5 15 

6 18 

7 2 1 

8 24 

9 27 

10 30 

b. Area = 300. The rectangle that 
goes around this triangle has an 

area of 600; the triangle is one 
half the area of the rectangle . 

c. Area = 3 · vertical side 

4. a. Vertical Side Area 

0 0 

I 4.5 

2 9 

3 13.5 

4 18 

5 22.5 

6 27 

7 31.5 

8 36 

9 40.5 

10 45 

b. Area = 450. Explanation is like 
problem #3b. 

c. Area = 4.5 · vertical side 

5. Area= 7/2 

6. 3"' Vertex Area 

(0, 4) 0 

( I, 4) 7/2 

(2. 4) 7 

(3. 4) 21/2 

(4, 4) 14 

(5, 4) 35/2 

(6. 4) 2 1 

(7, 4) 4912 

7. Area= 7/2 · (x) 

8. a. Area = 63/2 
b. Area of rectangle = 63 

Area of one triangle = 13.5 and 
the other triangle is 18. 

c. The area of the original triangle 
is 63/2. 



9. t-- How would you find the area of the 
triangle having vertices at (I, 0), (6, 0), 
and (9, 9)? Find it and explain what you 
did, using a sketch and a paragraph. 

'34·i§fiiffiiM#J 
10. a. Make triangles having vertices at (0, 0) 

and (0, 6) and the third vertex at (x, 9), 
where x takes each of the whole num
ber values from 0 to 10. Make a table 
of values to show the area as a function 
ofx. 

b. Make triangles having vertices at (0, 0) 
and (0, 6) and the third vertex at (9, y), 
where y takes each of the whole number 
values from 0 to 10. Make a table of 
values to show the area as a function 
of y. 

c. How do the answers to (a) and 
(b) differ? 

11. a. Make at least three triangles having 
vertices at (0, I) and (0, 6) and the third 
vertex at (x, y), where x and y take 
whole number values from I to 8. 
Sketch each one and find its area. 

b. Explain how you would find the area 
of a triangle having vertices at (0, I), 
(0, 6), and (99, 99) without drawing a 
picture. 

12. () Explain how you would find the area of 
a triangle having vertices at (0, 0), (b, 0), 
and (x, h), where band h are nonnegative. 

2.12 Gtoboard Tri4nglts 
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NO HO RI ZONTAL OR \ ERTI( At SIIJlS 

n JM@Itiftl What is the area of the triangle 
having vertices (0, 6), (7, 8), and (6, I)? 
Explain how you arrive at the answer. Use 
sketches on dot paper. 

14. What is the area of the four- sided shape 
having vertices at (0, 7), (2, I 0), ( I 0, 5), 
(5, 0)? Hint: First find the area of the 
whole geoboard, then use subtraction. 

15. Make a triangle having no horizontal or 
vertical sides and having vertices on the 
outside edges of the geoboard. Use 
subtraction to find its area. 

16. Repeat problem 15 on another triangle. 

17. What is the area of the triangle having ver
tices at ( I , 8), (2, 4), and (9, 3)? Hint: You 
may use the triangles having these 
vertices. 

( I , 8), (1 , 3), (9, 3) 

(2, 4), ( I, 3), (9, 3) 

( I , 8), (2, 4), ( I, 3) 

IS.IIil!ill!lili Write an illustrated report on how 
to find the area of any geoboard triangle . 
Give examples of the different techniques. 
Make sure you include examples of using 
division by two, addition, and subtraction . 

7s .A. 

Throughout the le on, the key problem-
olving techn ique is to reduce the given 

problem to a combinati on of easier 
problem . 

R oblem 1 prepare tudent for 
problem 2-9. 

HORIZONTAl AND VERTICAl SIDES 

The best trategy, whi ch some student i 
ure to find , is to enclo e the tri angle in a 

rectangle with the horizontal and vertical 
ides a length and width. The area of the 

tri angle is half the area of the rectangle. 

ONE HORIZONTAl OR VERTICAl SIDE 

H ere at lea t two trategie are possible: 
one based on addition (splitting the tri angle 
into two tri angles of the type tudied in the 
previou ection); and one based on ub
traction , a ugge ted in problem 8. 

Only subtraction works for the example 
given in problem 9. 

R oblem 10-12 guide student into an 
algebraic representation. In particular tu
dent may recognize the u ual formula for 
the area of a tri angle a the outcome of 
problem 12. 

NO HORIZONTAl OR VERTICAl SIDES 

For the e cases again , onl y ubtracti on 
works, (in combination with other 
method ). 

The Report (problem 18) ummarize the 
whole Je on. 
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9. Area= 27. One way is to put a rec
tangle around the triangle. Find the 
area of the rectangle and then sub
tract the areas of the two new trian
gles that are formed. 

10. a. 3"' Vertex Area 

(0. 9) 0 

(1, 9) 3 

(2, 9) 6 

(3, 9) 9 

(4, 9) 12 

(5, 9) 15 

(6, 9) 18 

(7, 9) 21 

(8, 9) 24 

(9, 9) 27 

(10, 9) 30 

b. 3"' Vertex Area 

(9, 0) 45 

(9, I) 45 

(9, 2) 45 

(9, 3) 45 

(9, 4) 45 

(9. 5) 45 

(9. 6) 45 

(9, 7) 45 

(9, 8) 45 

(9, 9) 45 

(9, 10) 45 

c. In part a the area is increasing, 
while in part b the area is 
constant. 

11 . a. The area for all triangles is (1/2) · 
(5) · (x-coordinate). It does not 
matter what the y-coordinate is. 
Changing y shears the triangle but 

does not change its area. 
b. The area is (1 /2) · 5 · 99 

12. Answers will vary. However, one 
explanation is similar to problem #9. 
Another interesting way is if we sheer 
the triangle until we get a right trian
gle with equal area. The right triangle 
will have vertices (0, h), (0, O) and 
(b, 0) . The area of both triang les will 
be 1/2 · b · h. 

13. Area is 23.5. The solution is very 
similar to #9, except you need to 
subtract the area of three triangles 
from the area of the rectangle. 

14. Area= 47. 15. Answers will vary. 

16. Answers will vary. 17. Area= 13.5 

18. Students' reports will vary. However 
explanations like problems #9, 12, 
and 13 should be included. 



rd@ISI~t~ 2.C Towns, Roads, 
WRITING and Zones 

Core Sequence: none of the assignment 

Suitable for Homework: 2-8 

Useful for Assessme.llt: 7 

What this Assignment is About: 

• Using tables and variables to represent a 
number pattern 

• Functions of two variables 

• Preview of equivalent equations 

/t is best to do problem 1 in class. It is not 
likely that the whole problem will be 
solved in one sitting while working on this 
Exploration. Its purpose is to help the stu
dents become clear on the terminology and 
give them a chance to find their own strate
gies for solution. Problems 2-6 should help 
them get more specific. 

The questions in problem 7 are intended to 
lead to three equivalent equations, each 
one solved for a different variable. Your 
students probably do not yet know how to 
transform equations into each other 
formally , but they should be able to do 
this based on their understanding of the 
numerical relationships between the three 
quantities. 

~il@iiji@t~ C T d d WRITINj 2. .owns, Roa s, an Zones 

Ouargla 

This is a simplified road map of part of 
Algeria. It shows 7 towns and 10 roads. For 
the purposes of this Jesson we will call any 
area completely surrounded by roads, (and not 
crossed by any road,) a zone. As you can see, 
there are 4 zones on this map. 

Rules: Each town is connected to all the others 
by roads (not necessarily a direct connection); 
all roads begin and end at a town. It is possible 
for a road to connect a town to itself. It is pos
sible for more than one road to connect two 
towns. 

In maps like this one there is a relationship 
between the number of towns, roads, and 
zones. Your goal in this Jesson is to find it. 
The relationship was discovered by the Swiss 
mathematician and astronomer Leonhard 
Euler. It is part of a branch of geometry called 
topology, which he created. 

.A, 76 

1. MmMfjm Make many different "maps" 
like the ones above. Keep track of the 
number of roads, towns, and zones in a 
table. Try to find a pattern in the relation
ship of the three numbers. (If you cannot 
find a relationship between all three num
bers, keep one of the numbers constant 
and look for a relationship between the 
other two.) 

2. Make at least six different three-town 
maps. What is the relationship between the 
number of roads and the number of zones? 
Express it in words, and writer (the num
ber of roads) as a function of z (the num
ber of zones). 

3. Make at least six different four-town 
maps. What is the relationship between the 
number of roads and the number of zones? 
Express it in words and write a function. 

4. Make at least six different five-road maps. 
What is the relationship between the num
ber of towns and the number of zones? 
Express it in words and write a function. 

Chapter 2 Operations and F11nc/Wns 
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1 . There is a relationship between the 
numbers of towns, roads, and zones. 
Look at #7 for these formulas. 

2. Roads = Zones + 2 

3. Roads = Zones + 3 

4. Towns + Zones = 6 



S. Make at least six different six-road maps. 
What is the relationship between the num
ber of towns and the number of zones? 
Express it in words and write a function. 

6. Make at least six different four-zone maps. 
What is the relationship between the num
ber of roads and the number of towns? 
Express it in words and write a function. 

7. limDI Write an illustrated report describ
ing what you have learned about towns, 
roads, and zones. Give examples. Your 
report should answer the following ques
tions, but not be limited to them: 

2.C Towns, Roods, and Zones 

2.C 

• If there are t towns and r roads, how 
many zones are there? 

• If there are t towns and z zones, how 
many roads are there? 

• If there are r roads and z zones, how 
many towns are there? 

8. lllilZ!IW Euler 
Find out about Leonhard Euler and/or the 
Koenigsberg Bridge Problem. Prepare an 
oral presentation or a bulletin board 
display. 

PROJECT: EUlER 

This should probably not be assigned to 
the whole class. But a student or group in 
need of extra credit, or someone particu
larly inspired by this assignment may want 
to pursue it. One source of information is 
Men of Mathematics , by E.T. Bell (© 1965, 
T.T. Bell). The problem can easily be split 
into two presentations or displays, one on 
Euler's life in general (he was an extraor
dinarily prolific mathematician and scien
tist), and the other on the Koenigsberg 
Bridge Problem (which is very accessible 
and interesting to students). 

2.C S 0 L U T I 0 N S 

5. Towns +Zones = 7 

6. Roads= Towns+ 3 

7. Zones = Roads - Towns + 1 
Roads = Towns + Zones - 1 
Towns= Roads - Zones+ 1 

8. Answers will vary. 



• Essential Ideas 

ADDING AND SUBTRACTING 

MULTIPLYING 

By now many students may not need the 
Lab Gear for these problems. If they do, let 
them have access to the blocks. 

~ Essential Ideas 

THREE MEANINGS OF MINUS 

l. For each of the fo llowi ng, write an expla
nation of what the mi nus sign means. 

a. -2 b. -(2 + 2x) 
C. X- 2 d. -y 

OPPOSITES 

2. Find the opposite of each quanti ty. 
Remember: A quant ity and its opposite 
add up to zero. 

a. x 

c. -2 

e. x + 2 

b. 2 
d. -x 

f. X - 2 

ADDING AND SURTRAC TIN(, 

In problems 3-4 you may want to make 
sketches or use the Lab Gear. 

3. Simpli fy. (Add and combine li ke terms.) 

a. (/ + ~ - 3y) + (y + 3~ - .~) 
b. x + (25 - yx - /) + (xy - y - x) 

4. Simplify. (Subtract; co1r.b ine li ke terms.) 

a. (4 - ~ - 5x) - 3x - 2 

b. (4 - x2 + 5x) - (3x- 2) 

c. (4 + ~ - 5x) - (3x + 2) 

d. (-4- ~- 5x)- (-3x + 2) 

MUL TIPL YIN(, 

In problems 5-8 you may want to make 
sketches or use the Lab Gear. 

5. Multi ply. 

a. 2x · 4x 
c. 3xy · 10 

b. 5x · 6y 

6. The quantity 36xy can be written as the 
product 9x · 4y. Write 36.\)' as a product in 
at least four other ways. 

7. Mult iply. 

a. 2(x + y - 5) b. x(x + y + 5) 

c . x(-x + y + 5) 

8. Choose two of the three multiplications 
in problem 7. Make a sketch of what 
they look like when modeled with the 
Lab Gear. 

EXPONENTIAl NOTATION 

9. Write each of these nu mbers in exponen
tial notati on. Lf poss ible, find more 
than one way. It may help to use your 
calculator. 

a. 32 b. 64 c. 256 

d. 4096 e. I f. 656 1 

FUNCTIONS AND FUNCTION DIM,RAMS 

For each of the fo llowing problems: 

10. 

X 

- I 

4 

0 

a. Copy the table. 

b. Descri be the rule that allows you to get 
y from x. 

c. Use the rule to find the missing 
numbers. (In some cases, the missing 
numbers may be difficul t to find ; use 
trial and error and a calculator to make 
it easier.) 

d. Write y as a function of x. 

11. 12. 

y X y X y 

-7 3 4 5 2 

28 12 I 3 4 

6 3 I 

7 5 - t 

13. a. Make a function diagram in which the 
output (y) is always 4 more than the 
input (x). 

b. Write a rule (function) for your function 
diagram. 

Chapter 2 Operatio11s and Functions 
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1. a. negative number 
b. opposite of 
c. subtract 
d. opposite of 

2. a. -x b. -2 c. 2 
d. x e. -x - 2 f. -X+ 2 

3. a. y 2 + 3x2 - 2y b. 25 - y2 - y 

4. a. 2 - x 2 - ax b. 6 - x 2 + 2x 
c. 2 + x 2 - ax d. -6 - x 2 - 2x 

5. a. ax2 b. 30xy c. 30xy 

6. 4x· 9y; 6x· 6y; 12x· 3y; 1ax· 2y 

7. a. 2x+2y-10 
b. x2 + xy+ 5x 
c. -x2 + xy+ 5x 

a. a. length = 2; width = x + y - 5; 
area= 2x+ 2y - 10 

b. length = x; width = x + y + 5; 
area= x 2xy+ 5x 

c. length = x; width = -x + y + 5; 
area= -x2 + xy+ 5x 

9. Answers will vary. One example is 
given for each problem. 
a. 25 b. a2 c. 44 

d. 642 e. 11oooo f. g4 

10. x y 
-1 -7 
4 2a 
0 0 
1 7 
y= 7x 

11 . X y 
3 4 
12 1 
6 3 
0 5 
Y= (-1/3)X+ 5 

12. x y 
5 2 
3 4 
1 6 
a -1 
Y= -X+ 7 

13. a. Answers will vary 
b. Y= X+ 4 

14. a. Answers will vary 
b. Y= 4x 

15. One possible diagram is: 
time distance 

(minules) (miles) 

~s15 40 10 
30 
20 5 
10 
0 0 

x-y 



14. a. Make a function diagram in which 
the output (y) is always 4 times the 
input (x). 

b. Write a rule (function) for your fu nction 
diagram. 

15. Make a function diagram with rime on the 
x-number line (show one hour fro m the 
bottom to the top), and distance on the y· 
number line, to represent the motion of a 
cyclist riding at a constant speed of 15 
miles per hour. Your diagram should have 
fi ve in-out lines. 

PA TTER'<S ~'<D FU"OIO"S 

16. Look at the sequence of figures. Think 
about how it would continue, following 
the pattern. Then: 

a. Sketch the next figure in the sequence. 

b. Copy and complete a table like the one 
below. 

c. Describe the pattern in words. ------Figure# Perimeter 

I .. . 

2 

3 

4 

10 

100 

II 

Repeat problem 16 for these sequences. 

17. - •Ill 

+ Essential Ideas 

• 
18. 

19. 

20. 

21. In problem 16, what figure would have a 
perimeter of 88x + 2? Use trial and error 
if necessary. 

22. Which sequence in problems 17-20, if any, 
contains a perimeter of 

a. 2x + 100? 

b. l00x +2? 
c. lOOx + 100? 

23. C) Look at the xy·block. 

a. What is the perimeter of its top face? 

b. What is its perimeter if y = I , 2, 3, 4, 
I 0? (Do not substitute a number for x.) 
Arrange your answers in a table. 

c. Compare your table with those in prob· 
lems 16-20. It should be the same as 
one of them. Which one? Explain. 

24. C) Use blue blocks to make a fig ure. 
Substitute I, 2, 3, ... for y in its perimeter 
to get the same sequence as problem 18. 
Check your work; make a table. 

C,EOBOARD TRIANG LES 

25. On dot paper, sketch tri angles having area 
18, and having 

a. one horizontal and one venical side ; 

b. one horizontal side, no venical side ; 

c. no horizontal or venical side. 

79 A 

PATTERNS AND FUNCTIONS 

This section is based on Lesson 10. 

The generalized formulas on line n of the 
tables will be expressed in terms of both 
x and n. 

The generalization in problems 22-23 
involves y standing in for n. 

+ 5 0 L U T I 0 N 5 

16. 

17. 

Figure # Perimeter 

l 2x+2 

2 4x + 2 

3 6x+ 2 

4 8x +2 

10 20x+2 

JOO 200x + 2 

n 2nx + 2 

Each x-block has a perimeter of 
2x + 2, so the rfh figure's perimeter is 
n(2x + 2). However, after each suc
cessive block is added we lose 2 
units of perimeter. So we get 
n(2x+ 2) - (n - 1)2 = 2nx+ 2. 

Figure # Perimeter 

I 2x+2 

2 2x +4 

3 2x + 6 

18. 

4 2x + 8 

10 2x + 20 

100 2x + 200 

II 2x + 211 

The explanation is similar to #16 except 
wegetn(2x+2) - (n - 1)2x=2x+2n. 

Figure# Perimeter 

I 10+ 2x 

2 20+ 2x 

3 30 + 2x 

4 40+ 2x 

10 100 + 2x 

100 1000 + 2x 

II I On + 2x 

The explanation is similar to #16 
except we get n(2x + 1 0) 
- (n - 1 )2x = 1 On+ 2x. 

19. Figure # Perimeter 

I 2x+ 10 

2 4x + 10 

3 6x + IO 

4 8x+ 10 

10 20x+ 10 

100 200x+ 10 

n 2nx+ 10 

The explanation is similar to #16 
except we have n(2x + 1 0) -
(n - 1)10 = 2nx+ 10. 

(Solutions continued on page 509) 



Chapter 3 
WORKING BACKWARDS 

Overview of the Chapter 

The chapter begins with an engaging 
problem about a "get rich quick" scheme. 
Students begin by using their calculators 
and trial and error, but they quickly see 
the need for developing more systematic 
techniques to solve the problem. The 
remainder of the chapter concentrates on 
developing these algebraic techniques. 

The problem-solving strategy of working 
backwards ties together many key topics: 
the arithmetic of signed numbers, inverse 
operations and functions, the uses of oppo
sites and reciprocals. Mastery of these top
ics will help students develop an in-depth 
understanding of equation solving. In fact, 
near the end of the chapter, one equation
solving technique is introduced. 

I. Introduction of New Tools: 

• Arrows to represent functions 
• Division in the Comer Piece 
• A "table" technique for multiplying 

polynomials without the Lab Gear 
• Using calculators for division 

2. Algebra Concepts Emphasized: 

• Cartesian graphing vocabulary 
• Subtracting a negative number 
• Multiplying by a negative number 
• Multiplying by -1 
• Distributing a minus sign 
• Adding the opposite 
• Combining functions 
• Iteration of functions 
• Inverse operations, especially multi-

plication and division 
• Division by zero 
• Understanding and using reciprocals 
• Multiplication and division by num

bers between 0 and I 

CHAPTER 

The double helix of a DNA molecule 



WORKING BACKWARDS 
3. Algebra Concepts Reviewed: 

• Understanding and using opposites 
• Substitution 
• The distributive law 
• The associative and commutative 

laws 

3.1 Instant Riches 
• Properties of zero and one 
• Order of operations 

3.2 Two Negatives 4. Algebra Concepts Previewed: 

3.3 More on Minus • Iterating linear functions 

3.4 Algebra Magic 
• Solving linear equations 
• Solving linear inequalities 

3.A THINKING/WRITING: • Applications of linear functions 
Secret Codes • Factoring 

3.5 Introduction to Inequalities 
• Slope 
• Inverse functions 

3.6 Multiplication and Division • Writing equations 

3.7 Reciprocals 5. Problem-Solving Techniques: 

3.8 A Hot Day 
• Trial and error 
• Working backwards 

3.8 THINKING/WRITING: • Extending patterns 
Opposites and Reciprocals • Using variables to understand num-

3.9 Equations and the Cover-Up Method 
ber patterns and real-world problems 

Combining Functions 
6. Connections and Context: 

3.10 
• Mathematics as a tool for decision-

3.11 Math on Another Planet making 

3.12 Similar Figures 
• Modular arithmetic 
• Cryptography 

3.( THINKING/WRITING: • Graphing data 
More Banking • Finite groups 

• Essential Ideas 

• PRACTICE 



T 3.1 
Instant Riches 

Core Sequence: 1-12 

Suitable for Homework: 5-15 

Useful for Assessment: 12-15 

What this Lesson is About: 

• Iterating linear functions 

• Solving a real-world problem by trial 
and error and by working backwards 

• Using mathematics as a tool for 
decision-making 

AMAZING OPPORTUNITY! 

This problem is difficult enough to chal
lenge all students, but simple enough to 
allow everyone to participate. A more fully 
algebraic discussion of the problem is 
saved for Thinking/Writing 3.C, at the 
end of the chapter. 

The Exploration should lead to some inter
esting discussions, and will be a good way 
to make sure everyone understands the big 
question that this lesson addresses. 

Students are likely to use trial and error 
for problem 2. Problem 3 should get the 
point across that the plan is advantageous 
to some, but not to others. In addition, it 
supplies students with a new tool, using 
arrows to represent functions . 

RUNNING OUT OF MONEY 

This section is a generalization of 
problem 2, and should lead students to see 
the benefits of working backwards for 
solving this sort of problem. (For example, 
in problem 4 it is easy to see that if sub
tracting $100 from Bea's balance left $0, 
then there must have been $100 in the 
account, which means that she must have 
started with $50.) 

lf some groups continue to use trial and 
error, a class discussion of different strate
gies could be helpful, so that everyone 
understands the strategy of working back
wards. The arrow representation makes it 
easy to trace one's way backwards. The 
key is to understand that to travel back
wards along an arrow, you have to use the 
inverse operation. 

lESSON 

AMAZING OPPORTUNITY! 

The following ad appeared in the school paper. 

Amazing investment opportunity 
at Algebank! Double your money 
instantly! Invest any amount! No 
amount is too small . Our bank 
will double the amount of money 
in your account every month. 
Watch your money grow! 

A service charge of $100 will be 
deducted from your account at the end 
of every month. 

1. N@Md Do you think this is a good 
deal? Why or why not? Use some calcula
tions to back up your opinion. 

2. Reg was interested in this investment. 
After calling to make sure that the $100 
fee would be deducted after his money 
was doubled, he decided to join. However, 
after his service charge was deducted at 
the end of the fourth month, he discovered 
that his bank balance was exactly $0! How 
much money did he start out with? Explain 
your answer. 

Three other students invested their money. 
Gabe staned with $45, Earl with $60, and Lara 
with $200. The figure shows a way to keep 
track of what happened to Lara's investment. 

Month: 
0 I 

@~400~@~600 ... 

.4 82 

3. a. Use arrows in this way to show what 
happened to Lara's, Gabe's, and Earl's 
investments for the first five months. 

b. Give advice to each of these students. 

RUNN ING OUT OF MONEY 

4. Bea joined the plan, but discovered after 
one month that she had an account balance 
of exactly $0. How much money had she 
invested? 

5. Lea discovered that she had an account 
balance of exactly $0 after two months. 
What was her initial investment? 

6. Rea had an account balance of exactly $0 
after three months. How much money did 
she start out with? 

7. Summarize your answers to problems 4-6 
by making a table like the one below. Then 
extend the table to show up to at least ten 
months. 

Months to Reach 
a Zero· Dollar Balance 

Months Amount Invested 

I 

2 

8. Describe the pattern in your table. 

GAINING AND LOSING 

9. Mr. Lear joined the plan, but discovered 
that at the end of every month he had 
exactly the same amount of money as 
when he started. How much money is it? 
Explain how that happened. 

Chapter 3 Working Bac/cwards 

3. 1 S 0 L U T I 0 N S 

1. This is a good deal if more than $100 
is invested. Anything under $100 will 
eventually be depleted. 

2. $93.75 
Start at the end of the 4th month 
before the $100 was deducted. Work 
backwards for each month, adding 
the $100 to the amount and dividing 
the result by two. 

3. a. Gabe 
0 1 

. 2 -100 
@-go-® 

2 
. 2 -100 . 2 
--2o-@-

3 
-100 . 2 

-24o-@--sao 

Earl 

4 
-100 . 2 
-@--1560 

5 
-100 
-@ 

0 1 
. 2 -100 

@-12o-@ 
2 

. 2 -100 . 2 
-4o-®-

3 
-100 . 2 

-12o-@--44o 
4 

-100 . 2 
-@--1080 



10. Algebank sends its customers statements 
quarterly (every three months). Several 
students were comparing their statements 
at the end of the first quarter. One had $50, 
another had $ 1 00, and a third had $ 150 in 
the account. 

a. What will happen to each student? Will 
all of them eventually gain money? 
What will their next quarterly 
statements look like? Explain. 

b. Explain how you can fig ure out how 
much money each of them started with. 

11. Find two initial investment amou nts 
that differ by $1 , such that one of them 
will make money in thi plan, and the 
other will lose money. How far apan will 
the amounts be in six months? Explain. 

12.11iDm You have been asked to wri te an 
article on Algebank 's investment plan for 
the Consumers' Guide column in the 
school paper. Write an article giving gen
eral advice to people wanti ng to join this 
plan. Describe the plan clearly and explain 
the pros and cons of joini ng it. Who will 

3.1 Instant Riches 

3.1 

benefit from the plan? Who will lose in the 
long run? Explain , giving some examples. 
Make your article intere ting, eye-catch
ing, and readable. 

t3J3§.!§i.iiffij@ Use what you have learned 

in this lesson to an wer the following 
que tions about plans with similar 
policies, but diffe rent numbers. 

a. Give advice to people wanting to join 
a plan, if their money is tripled every 
month and the service charge is $ 100. 

b. Give advice to people wanting to join 
a plan if their money is doubled every 
month but the service charge is $200. 

14. Suppo e Algebank were to deduct the 
ervice charge befo re doubling the money. 

How would this change your answers to 
problems 12 and 13b? 

15. Describe another possible investment 
scheme and give advice to people about 
who hould join and who shou ld not. 

83 ,A 

GAINING AND LOSING 

R oblems 9-11 are intended to nudge the 
tudents towards a thorough under tanding 

of who gains and who lo e and why. The 
Report in problem 12 wi ll give them a 
chance to show their under tanding. 
However, if the Report doe not include a 
mathemati cal explanation of the problem, 
insi t that such an explanation be pre ent 
in problem 9-11. 

R oblems 13-15 are optional ex ten ion 
which you can u e to explore thi problem 
in more depth. In either ca e, Thinking/ 
Writing 3.C will be a chance to come 
back to the problem at a higher level of 
understanding. 

R oblem 15 is del iberatel y vague. It 
allows students to design plans that are 
imilar to the one presented in thi le on. 

But very intere ting mathematic can 
emerge from an open-ended que lion of 
this type. For example, a plan that double 
the inve tment and charge no fee wi ll 
yield a geometric equence. A plan where 
a certain amount i added to the account 
each month, but the fee is a percent of the 
account, behaves yet another way. If you 
do not want such an open-ended ituation 
kip the problem or specify the limits you 

want your students to respect. 

3. 1 S 0 L U T I 0 N S 

5 
-100 
--@ 
Lara 

0 1 
. 2 -100 

@--4oo--@ 

2 
· 2 -100 · 2 
-- 600 --@V--

3 
-100 . 2 

1ooo--@--18oo 

4 
-100 . 2 
--~--3400 

5 
-100 
--@ 

b. Gabe and Earl should not invest, 
but Lara made a good deal. 

4. $50 5. $75 6. $87.50 

7. Months to Reach 
a Zero Dollar Balance 

Months Amount invested 

I 50 

2 75 

3 87.50 

4 93.75 

5 96.88 

6 98.44 

7 99.22 

8 99.6 1 

9 99.80 

10 99.90 

8. The amount invested is increased by 
half the difference between the two 

previous months' investments. 
e.g. (75 - 50)/2 + 75 = 87.50 

9. $100. At the end of each month , his 
money is doubled to $200, but $100 
is deducted as service charge. So 
the amount invested remains the 
same, $100. 

10. a. The student with $50 will lose all 
of it. The one with $1 00 will nei
ther gain nor lose. The third stu
dent with $150 will make a profit. 
Next quarter's statement: -$300, 
$1 00, $500 

b. Starting with the amount on the 
statement, add $1 00 and divide 
the result by two. Repeat adding 
$1 00 and dividing two more times. 
The final result is the original 
investment. 

(Solutions continued on page 51 0) 



• 3.2 
Two Negatives 

Core Sequence: I, 3-23 

Suitable for Homework: 2-23 

Useful for Assessment: 6, 11, 15-16, 
22-23 

What this Lesson is About: 

• Cartesian graphing vocabulary 

• Subtracting a negative number 

• Multiplying by a negative number 

• Multiplying by -1 

These topics have not yet been addressed 
in this book. Your students are likely to 
have learned about operations and negative 
numbers more than once in their school 
careers. It would not be interesting or 
effective to go over the same ground again 
in the same way. 

Instead, in this lesson we look at these 
topics from arithmetic through a distinc
tively algebraic perspective, by looking at 
the functions y = 5 - x andy= -3x. We 
use two different tools to do this, Cartesian 
graphs and function diagrams. One benefit 
is that students who would react negatively 
to yet another review of signed number 
arithmetic will have something else to 
think about. 

1. @@§'*D Many people have heard the 
rule that two negatives make a positive. 
Investigate to decide whether this rule is 
always, sometimes, or never true when 
you add two negative numbers. Explain, 
giving examples. Then repeat your investi
gation for subtracting, multiplying, and 
dividing two negative numbers. Write a 
brief summary explaining your 
conclusions. 

2. What does not unilliterate mean? What 
about not uninteresting? Look up irregard
less in a dictionary. 

O.,l BIW\( 110' 

3. This function diagram represents a func
tion of the type y = b - x. What is the 
value of b? 

5 5 

0 0 

-5 -5 

X -----'~y 

4. Make an in-out table for the in-out lines 
shown on the function diagram. 

484 

S. Copy the function diagram. Extend the 
table and the function diagram for nega
tive values of x. 

6. .,_ If you know the values of b and x, 
how can you calculate b - x by using 
addition? Explain, using examples. 

When you draw horizontal and vertical axes 
and plot points you are using a Canesian coor
dinate system. It is named after the 
French mathematician and philosopher Rem~ 
Descartes. He is credited with bringing 
together algebra and geometry by using graphs 
to make geometric representations of algebraic 
equations. 

An important skill in algebra is predicting 
what the graph will look like from the 
equation, or what the equation will be from 
the graph. 

You should know the vocabulary of the 
Cartesian coordinate system. 

• The horizontal number line is the x-axis. 
• The vertical number line is the y-axis. 
• The numbers (x, y) associated with a point 

are the coordinates of the point. 

• The axes divide the coordinate system into 
four parts, called quadrants. 

• The quadrants are numbered counter
clockwise, as shown. In the first quadrant, 
the coordinates of every point are both 
positive. 

• The point where the axes cross is called 
the origin. The coordinates of the origin 
are (0, 0). 

Chapter J Working IIDckwtuds 

3.2 S 0 L U T I 0 N S 

1. Answers will vary. 
The sum of 2 negative numbers is a 
negative number. 
The difference of 2 negative numbers 
can be either a negative, positive, or 
zero number. Let A and 8 be nega-
tive numbers. The difference, A - 8, 
is negative if 8 > A, positive if 8 < A, 
zero if 8 = A. Examples: 

-3- (-1) =-2 

-2- (-5) = 3 

-9- (-9) = 0 

The quotient of 2 negative numbers 
is a positive number, and the product 
of 2 negative numbers is also a posi-
tive number. 

2. Not unilliterate means not being able 
to read or write. 

3. 

4. 

Not uninteresting means interesting. 

Though English teachers may object, 
some dictionaries define irregardless 
as meaning regardless. Other dictio
naries call it nonstandard English, no 
such word. 

b=5 

X , 
5 0 

4 I 

3 2 

2 3 

I 4 

0 5 

5
· 5H5 

0 0 

-5 -5 

x-y 

X , 
5 0 

4 I 

3 2 

2 3 

I 4 

0 5 

-I 6 

-2 7 

-3 8 

6. Add b to the opposite of x. 



y 

• (2, 4) 

II I 
X 

III IV 

7. In which two quadrants does a graph lie if 

a. the second coordinate is always 
positi ve? 

b. the first coordinate is always positive? 
c. the two coordinates always have the 

same sign (both positive or both 
negative)? 

8. What can you say about the signs of x 
and/or y if you know that (x, y ) is in either 

a. the third or the fourth quadrant? 

b. the second or the fourth quadrant? 

c. the second or the third quadrant? 

9. lf a point is on the x-axis, what is its 
y-coordinate? lf a point is on the y-axis, 
what is its x-coordinate? 

I Important: Zero, 0, is neither positive nor 
negative. 

10. Make a Cartesian graph for the function 
from problem 3, using the in-out table you 
made in problems 4 and 5. 

11. ,._ Look at the part of the graph where 
the y-value are greater than 5. What are 
the x-values there? Explain what this says 
about two negatives. 

3.2 Two Negatives 

3.2 

"!Ut TIPLICA liO N 

The graph below shows the function y = 3x. 
They-coordinate is always three times the 
x-coordinate. Three points are labeled . 

y y = 3x 

12. a. List three more (x, y) pairs that would 
be on the graph above, including at 
least one negative and one fractional 
value for x. 

b. In which two quadrants does the 
graph lie? 

X 

c. In each (x, y ) pair, how are the signs of 
the x-coordinate and the y-coordinate 
related? 

13. Thi problem is about the function 
y = -3x. 
a. Make a table of at least six (x, y ) values 

for this function. Use negati ve numbers 
and fractions as well as positive whole 
numbers. 

b. Write the multiplication fact that is rep
resented by each (x, y) pair in your table. 

c. Use your table to make a graph of the 
function y = -3x. 

as .A 

Allow students to use their calculators for 
problem 1 if they want to. The purpose of 
the Exploration is not to test their grasp of 
signed number arithmetic, but to help them 
review it rapidly. 

Encourage students to discuss problem 2 
with an English teacher. Is it always better 
to simplify and say interesting instead 
of not uninteresting? The definition of 
irregardless in some dictionaries may 
surpri e you. 

SUBTRACTION 

THE CARTESIAN COORDINATE SYSTEM 

The rule for subtracting negative numbers 
is obtained by extending a pattern from 
subtracting positive numbers. 

As indicated above, much of this lesson 
can be done as homework. However it is 
essential that problems 6 and 11 be 
discussed in class, because some students 
may find it difficult to interpret the 
diagram and the graph correctly. 

The vocabulary about axes, coordinates, 
quadrants, and the origin is important. 

3.2 S 0 L U T I 0 N S 

7. a. I, II b. I, IV c. I, Ill 

8. a. x can be positive or negative but y 
can only be negative. 

b. x and y can be positive or 
negative. 

c. y can be positive or negative but x 
can only be negative. 

9. If a point is on the x-axis, its y-coordi
nate is 0. If a point is ·on the y-axis, 
its x-coordinate is 0. 

10. y 

11 . x-values are negative, when y-values 
are greater than 5. Since xis nega
tive, -xis positive, which shows that 
two negative numbers will multiply to 
give a positive number. 

12. a. Answers will vary. 
b. 1,111 
c. x- and y-coordinates have the 

same sign. 

13. a. & b. Answers will vary. See table 
below. 

X y Multiplication 

-2 6 -3(-2) = 6 

- I 3 -3(-1) = 3 

0 0 -3(0) = 0 

1n -3/2 -3(ln) = -3n 

I -3 -3(1) = -3 

2 -6 -3(2) = -6 

c. y 

y= -3X 

d. II , IV 
e. The x- and y-coordinates have 

opposite signs except for (0, 0). 



MULTIPLICATION 

MULTIPLICATION BY -1 

The same visual methods are applied to 
multiplication by a negative number. 

I f orne tudent use their calculators for 
problem 16, make sure to have a cla dj -
cu ion of the shortcut other students prob
ably djscovered. 

Roblems 20-23 generalize the rule about 
multiplying signed numbers to multiply ing 
monorrual s with negative coefficients. 

3.2 

d. In which two quadrants does the 
graph lie? 

e. In each (x, y) pair in your table, how 
are the signs of the x-coordinate and 
the y-coordinate related? 

14. a. Make a function diagram for the func
tion y = -3x. 

b. On the diagram, see how the signs of x 
and -3x are related. When x is negative, 
what can you say about -3x? 

15 . .... What is the sign of the an wer (posi
tive or negative) when you 

a. multiply a negative number and a posi
tive number? 

b. multiply two negative numbers? 

c. multiply three negative numbers? 

16. What is the sign of the answer? (You do 
not need to find the answer.) 

a. (-5)(-4)(-3)(-2)(- 1 )(0)( I )(2)(3)(4)(5) 

b. (-9)(-87)(-7.65)(-4321 0) 

c. (-9)9 d. (-99)99 

MUL TIPL YtNG BY 1 

Match each function diagram 17- 19 with one 
or more functions from thi s li st. 

17. 

a. y = 0 
C.)'= X+ 0 
e. y = -x 
g.)'= 0 · X 

5 

0 

-5 

b.)'= X 

d. y = I · x 
f. )'=- I • X 

h. y = 0 . _; 

X -----'~ )' 

A sG 

5 

0 

-5 

18. 
5 5 

0 0 

-5 -5 

19. 
5 

0 

-5 

X ---ilo- y 

20. Multiplying x by -1 is the same as taking 
the opposite ofx. Explain. 

21. i§§.!§f!@iM Explain each step of thi s 
calcul ati on. 

a. (-x)(-y) = (- I)(x)(- I)(y) 

b. = (-1)(- l )(x)(y) 

c. = ( I )(x)(y) = .xy 

22 . .... Simplify (-a)(b)(-c)(-d) by the same 
method. 

23. Find each product. 

a. -3 · 5y(-x) 

b. (-2y)(-3x)(-4)( 12xy) 

c. (-1.3x)(-7x2) 

d. (-3d 
e. (-3x)3 

Chapter J Working Backwards 

3.2 S 0 L U T I 0 N S 

14. a. 

X----+Y 
Y= -3x 

b. Where x is negative, -3x is 
positive. 

15. a. negative 
b. positive 
c. negative 

16. a. zero 
b. positive 
c. negative 
d. negative 

17. e, f 

18. a, g, h 

19. b, c, d 

20. Answers will vary. 
Multiplying x by -1 changes only the 
sign of x, except when x = 0. This is 
the same as taking the opposite of x. 

21. a. Multiplying by -1 is the same as 
taking the opposite. 

b. Commutative Law of 
Multiplication . 

c. (-1)(-1) = 1 and 1 times any num
ber is the same number. 

22. (-a) (b)(-c)(-a) 
= (-1 )(a)(b)(-1 )(c)(-1 )(a) 
= (-1 )(a)(b)(-1 )(-1 )(c)( a) 
= (-1 )(a)(b)(1 )(c)( a) 
= (-1 )(a)(b)(c)(a) 
= -abed 

23. a. 15xy 
b. -288.x2y2 
c. 9.1.0 
d. 9.x2 
e. -27.0 



LESSON 

More on Minus 

'""""'"' .................... : 
the Lab Gea r 

1. @t·@M Choose several numbers and 
investigate the fo llowing questions. Wri te 
an explanation, using variables, of what 
you di cover. What is the result when you 

a. add a number to its opposite? 

b. subtract a number from its opposite? 

c. multi ply a number by its opposite? 

d. divide a number by its opposite? 

\IINU~ ANI> THE DISTR IBUTIVE LAW 

For each problem below: 

2. 

3. 

4. 

5. 

• Use the Lab Gear to model the first 
expression on the left side of the workmat. 

• lf possible, simpli fy the ex pression by 
adding zero and removing matching 
blocks. Get all blocks downstai rs. 

• Then decide which of the expressions a, 
b, c, or d is equal to the given express ion. 
Setting up each one in tum on the right 
side of the workmat may help. Ex plain 
your answers. 

X- (5 + 2x) 

a. x- 5 + 2x b. x-5-2x 
C. X+ 5 + 2x d. x+5-2x 

2x- (-4 + 3x) 

a. 2x-4 + 3x b. 2x- 4- 3x 

c. 2x + 4 + 3x d. 2x + 4 - 3x 

3y + (5 - 2y) 

a. 3y- 5 + 2y b. 3y- 5- 2y 

c. 3y + 5 + 2y d. 3y + 5- 2y 

X- (7- 2y) 

a. x- 7 + 2y b. X- 7 - 2y 

C. X+ 7 + 2y d. X+ 7- 2y 

3.3 More on Minus 

6. 0 6x - (-3 - x) 

a. 6x - 3 + x 
c. 6x- 3- x 

b. 6x + 3 + x 
d. 6x + 3- x 

7. Write an equi valent expression without 
parentheses . 

a. u-(4-x-r) 
b. (U - 4) - (x - r) 
c. (y - 5) - 3x - 2 

d. y - 5 - (3x - 2) 

8. Write an ex pression containing at least one 
pair of parentheses that is equivalent to the 
given expression. (Do not put parentheses 
around the whole expression, or around a 
single term.) 

3_..3- 6x + 2- 5y 

9. Compare your answers to problem 8 with 
your classmates. Try to find several differ
ent correct answers. 

A minus sign preceding parentheses te ll s you 
to subtract or take the opposite of everything 
in the parentheses. Writing an equivalent 
ex pression without parentheses is called 
distribwing the minus sign. 

to.fii!,l,fifl Explain how to di stribute a 
minus sign. Use examples. 

11. Write an equivalent ex pression without 
parentheses. 

a. -(r + s) 

c. -(r - s) 
b. -(-r + s) 

d. -(-r - s) 

12. Write an equ ivalent expression without 
parenthese . 

a. - l (r + s) b. - 1(-r + s) 

c. - l (r -s) d. - 1(-r - s) 

You can see from these problems that di strib
uting a minu sign is reall y just distributing - I . 

87,4. 

... 3.3 
More on Minus 

Core Sequence: 1-29 

Suitable for Homework: 10-21 , 30 

Useful for Assessment: 10, 16 

What this Lesson is About: 

Distributing a rninu ign 

• Adding the opposite 

• Review of the distributive law 

• Preview of factori ng 

After this lesson, and certai nly after this 
chapter, you should expect your students to 
have some degree of mastery of the basic 
rules of working with minus. However, 
experience shows that tudent often con
tinue to make mistake in th i connection. 
Do not turn this into a li fe and death issue. 
There will be plenty of review of the e 
techniques during there t of the year. 
Keep things in perspective; correctly 
manipulating symbols i an important tool , 
but it's only a tool. Correctly mani pulati ng 
symbols under time pressure i not impor
tant (except perhaps to do well on certai n 
tests- but tests will be changing). 

Roblem 1 is not difficul t, but it is interest
ing. It should reinforce the meaning of 
opposite, as well as give an opportunity to 
use variou rule of worki ng w ith sign . 
To get the most out of the Exploration, 
have a class di cussion of it, highl ighting 
the answer of those students who used 
variable . 

3.3 5 0 L U T I 0 N 5 

1. Let 5 be the number. 
a. 0, e.g. 5 + (-5) = 0 
b. The result is the opposite of twice 

the number, e.g. -5 - 5 = -10 
c. The result is the opposite of the 

number itself, e.g. (5)(-5) = -25 
d. The result is -1, e.g. 5/-5 = -1 

2 . b 

3. d 

4. d 

5. a 

6. b 

7. Encourage students to combine like 
terms. 
a. 2~ - 4+x +~= 3~ +x - 4 
b. 2~ - 4 - X+ ~ = 3~ - X - 4 
c. y - 5 - 3x - 2 = y - 3x - 7 
d. y - 5 - 3x+ 2 = y - 3x - 3 

8. Answers will vary. 
e.g. 3x'3 + (-6x+ 2) - 5y 
(3x'3 - 6x) + (2 - 5y) 

9. Answers will vary. 

10. Answers will vary. 
Remove the minus sign in front of the 
parentheses. Change every sign 
inside the parentheses to its opposite 
sign . 

11. a. -r - s 
b. r - s 
c. - r+ s 
d. r+ s 

12. a. -r - s 
b. r - s 
c. - r+ s 
d. r+ s 



MINUS AND THE DISTRIBUTIVE LAW 

The distributive law and the relationship 
of opposites to multiplying by -1 laid the 
groundwork for distributing the minus 
sign, which is presented in this section. 

Roblem 6 is difficult to show with the Lab 
Gear. See the note about "platforms" in the 
Teacher's Guide for Chapter 2, Lesson 2, 
Subtraction. 

ADDING THE OPPOSITE 

Students have probably heard of the idea 
of adding the opposite in the context of 
operations with signed numbers. In fact, a 
specific case was seen in the last lesson in 
the context of subtracting negative num
bers. In this lesson the emphasis is on alge
braic expressions, and the method is pre
sented in all its generality. 

It is possible to use the method of adding 
zero and removing opposites to develop all 
the rules for signed numbers on the work
mat. In particular, it is possible to use this 
approach to start with minus as "take 
away" and derive "adding the opposite" 
from there. We have omitted this work 
because too much focus on these rules in 
an algebra course is a mistake, particularly 
early in the year. It is not interesting to 
most students and can make the course 
bog down. 

3.3 

ADDING THE OPPOSITE 

Find the expression that must be added or sub
tracted. It may help to use the Lab Gear. 

13. a. 3Y + (-5x) + _ = -(5x + Y) 
b. 3x2 + (-5x) - (_) = -(5x + _.2) 

14. a. -2xy + x + _ = 6xy - 2x 

b. -2xy + X - (_ ) = 6~)1 - 2x 

15. a. - l2 + 4yx+ _ =7xy- l5 

b. - 12 + 4yx- (_ ) = 7xy - 15 

16 . ._ Compare your answers to parts (a) 
and (b) in problems 13- 15. How are they 
related? Explai n. 

17. 1§§U§fiiM® Problems 13- 15 illustrated 
the fo llowing fact: Subtracting is the same 
as adding the opposite. For each subtrac
tion, write an equi valent addition. 

a. y- (-x) 

f;/ip/41. AREA AND MUL TIPL/CA TION 

21. What is the other side of a rectangle, if one 
side is x and the area is 

a. 5x? 

b. x2? 

c. y + 2xy? 

d. x2 + 2xy + 5x? 

The fo llowing equations are of the form length 
times width= area of the rectangle. Fill in the 
blanks. You may use the Lab Gear to help you. 
If you do, remember to use upstairs for minus 
and to build a figure with an uncovered 
rectangle of the required dimensions in the 
comer piece. 

A ss 

b. y- X 

C. -y- X 

18. Find the sign of the answer. (You do not 
need to find the answer. ) 

a. 1646 - (-2459) 
b. -2459 - 1646 
c. - 1646- (-2459) 
d. 2459- (-1646) 
e. -1646 - (2459) 

19. Simplify each expression. 
a. 6- (-5) 

b. -5- (-7) 
c. -2 1 - (-3x) + 15 
d. -2x- (-12x) - 5xy 

20. Find each difference. 

a. 2y - 7y b. 3xy - (-2xy) 

c. -Y! - 4Y d. 2xy - 2x 

22, X ' __ = xy - _.2 

23. (y - 2) • -- = 5y - 10 

24. ( __ -3) · x = 2xy- 3x 

25. 2x · __ = 2xy + 4Y - I Ox 

Use the Lab Gear for these. 

26. (x + _)(y - 5) = xy + 5y - 5x - 25 

27. (y- I)· __ = xy + 5y - x- 5 

28. (y + 2)(y- I) = __ 

(S impli fy.) 

29. (/ (y- I) · __ =/+ 4y- 5 
(Hint: Study problem 28.) 

Chapter 3 Working Backwards 

3.3 S 0 L U T I 0 N S 

13. a. -4.x2 
b. 4.x2 

14. a. -3x+ 8xy 
b. 3x - 8xy 

15. a. 3xy - 3 
b. -3xy+ 3 

16. The expressions have opposite 
signs. In both parts (a) and (b) , the 
expressions on the right side are the 
same. So the expressions needed on 
the left side are the same. But in part 
(b), there is a minus sign in front of 
the parentheses, which means taking 
the opposite or multiplying by -1 . 
Therefore, the expressions in part (a) 
and (b) have opposite signs. 

17. a. y+ x 
b. y+ (-x) 
c. -y + (-x) 

18. a. positive 
b. negative 
c. positive 
d. positive 
e. negative 

19. a. 11 
b. 2 
c. 3x - 6 
d. 10x - 5xy 

20. a. -5y 
b. 5xy 
c. -5.x2 
d. 2xy - 2x 

21 . a. 5 
b. X 

C. X+ 2y 
d. X+2y+5 

22. (y - x) 

23.5 

24. 2y 

25. (y+ 2x - 5) 

26.5 

27. (X+5) 

28.1 + y - 2 

29. (y+ 5) 



ftJ&ii.Ji#jii A SUBSTITUTION COD£ 

This message has been coded by a simple 
substitution code. 

Rules: 
• Each letter is always replaced by the same 

letter throughout the message. 

• No letter is ever replaced by itself. 

QEB NRIB CLN QEFP GFKA LC TLAB FP 
QEHQ BHTE IBQQBN FP HISHUP NBMI
HTBA OU QEB PHJB IBQQBN 
QENLRDELRQ QEB JBPPHDB. 

3.3 More on Minus 

3.3 

30. 0 Try to break the code. (Copy the 
message carefully, leaving blank space 
between the lines. If you have a guess for 
a letter, enter it every place that letter 
appears. For clarity, use lower-case letters 
for your solution, and capitals for the 
coded message. Use a pencil and an eraser. 
Hint: The first word is a very common 
three-letter word.) 

fQ;/if/4$j MAKf A RfCTANGLf 

31. 0 For each problem make a Lab Gear 
rectangle having the given area. Write a 
multiplication equation. 

a. x'- + 9x + 8 
b. x'- + 6x + 8 

a9 .A. 

This is not to say that understanding oper
ations with signed numbers is unimportant. 
In fact, we address these questions again 
with function diagrams and graphs in this 
chapter and in Chapters 5 and 6. Also, in 
many places throughout the book, you will 
find interesting number-oriented problems 
that students can explore with calculators. 
If you want to use the Lab Gear with 
signed numbers, see Chapter 2 in The 
Algebra Lab, High School, or Lessons 4-7 
in The Algebra Lab, Middle School, (both 
by Creative Publications, 1990). 

f,gti,lfi;J. A SUBSTITUTION CODE 

This problem previews Thinking/Writing 
3.A. 

t;iif141• AREA AND MULTIPLICATION 

IP;IiitU. MAKE A RECTANGLE 

Even though this is a review (of Chapter 
2, Lesson 3), this section is difficult, and 
will take time. It can be skipped for now, 
but it must be done at some point before 
Lesson 6, which it previews. 

The problems gradually increase in diffi
culty. It is important to have a class discus
sion of problems 28-29. 

Roblem 31 can be skipped, given as a 
challenge to those who finish early, or 
saved for the opening or closing of a 
future Lab Gear-based lesson. 

3.3 S 0 L U T I 0 N S 

30. Decoded message: The rule for this 
kind of code is that each letter is 
always replaced by the same letter 
throughout the message. 

31 . a. x2+ 9x+ 8 = (x+ 8)(x+ 1) 
b. x2+ 6x+ 8 = (x+ 4)(x+ 2) 



T 3.4 
Algebra Magic 

Core Sequence: 1-13 

Suitable for Homework: 6-9, 12-13 

Useful for Assessment: 13 

What this Lesson is About: 

• Preview of composition of functions 

• Using variables to understand number 
patterns 

• Undoing operations (preview of 
equation solvi ng) 

• Review of the commutative law 

MAGIC TRICKS 

ff some of your students suggest using x 
instead of a number and carrying out the 
steps that way, that's great. Otherwise the 
idea will be uggested in the next section. 

lAB GEAR MAGIC 

The Lab Gear helps make the transition to 
algebra. Some students will not need the 
blocks once they understand the basic idea, 
but others might find them useful through
out the rest of the lesson. You may chal
lenge students to follow the algebra of 
tricks mentally. (Instead of picking a num
ber, students all start with x. Then they 
carry out your instruction in their heads.) 

ii.!iii,jllltt§l§11 .........••••. ••.•.• : 

the Lab Gear 

MAGIC TRICKS 

1. 1$@® A magician asked everyone in 
Lhe audience to Lhink of a number. "Don ' t 
tell your number to anyone," she said. 
"Now do the following things to your 
number. 

Step I : Add the number to one more 
than the number. 

Step 2: Add 7 to the result. 
Step 3: Divide by 2. 
Step 4: Subtract the original number. 
Step 5: Divide by 4. 

When you are fini shed, you should all 
have the same number" 

What was the number, and how did Lhe 
magician know it would be the same for 
everyone? 

2. Try the following algebra magic problem. 
Record your result and compare it with 
others in your group. Do you all get Lhe 
same answer, or does your answer depend 
on the number you started wilh? 

I) Think of a number. 

2) Multiply the number by 3. 

3) Add 8 more than Lhe original number. 

4) Divide by 4. 

5) Subtract the original number. 

3. Do the same trick, but change Lhe final 
step to subtract 2. Compare answers wilh 
your group members again. Are they the 
same or different? Explain . 

.A, 90 

LAB GEAR MAGIC 

The following trick has been modeled wilh Lhe 
Lab Gear. 

I) Think of a number. 

2) Add 6 more Lhan Lhe original number to 
Lhe number. 

3) Divide by 2. 

4) Subtract 2. 

4. a. ln thi s magic trick, do you think every
one should end up wilh the same or dif
ferent answers? Explain. 

b. How will a person 's answer be related 
to his or her original number? Explain. 

Cllapter 3 Working Backwards 

3 .4 S 0 L U T I 0 N S 

1. The number is 1. The magician cre
ated this trick in such a way that the 
result is always 1 no matter what you 
pick as your number. Use a variable 
and show the trick with the Lab Gear. 

2. All answers should be 2. 

3. The answers students get wi ll be the 
same number they started out with . 

4. a. Since we end up with the x-block 
and the 1-block, everyone should 
have different answers depending 
on what value was chosen for x. 

b. The answers will be one more 
than the original number because 
the blocks show x + 1 , where x 
can be any number. 



5. Do the following magic trick with the Lab 
Gear. Start with an x-block, which repre
sents the number a person chose. Sketch 
each step and write it algebraically. 

I) Start with any number. 
2) Multiply the number by 4. 

3) Add 5. 

4) Subtract I. 
5) Divide by 4. 
6) Subtract one more than the original 

number. 

Should everyone have the same result? If 
yes, what is it? 

REVISING MAGIC TRICKS 

6. Change the magic trick in problem 5 by 
reversing the order of Steps (3) and (4). 
Do you get the same answer as you did 
before? Explain. 

7. Change the magic trick in problem 5 by 
reversing the order of Steps (2) and (3). 
Was this harder or easier than reversing 
Steps (3) and (4)? Explain. 

8. Change the last step in problem 5 so that 
everyone ends up with the number they 
started out with. 

9. Do the following algebraic magic trick. 
Which steps can you reverse without 
changing the result? Why? 
I) Think of a number. 

2) Subtract 7. 
3) Add 3 more than the number. 
4) Add4. 

5) Multiply by 3. 

6) Divide by 6. 

You should end up with the original 
number. 

3.4 Alg•bra Magic 

3.4 

INVENTING MAGIC TRICKS 

The following trick has one step missing. 

I) Think of a number. 

2) Take its opposite. 
3) Multiply by 2. 
4) Subtract 2. 

5) Divide by 2. 

6) ????? 

10. Use the Lab Gear to model the first five 
steps of this trick. Use y to represent the 
original number. Then translate each step 
into an algebraic expression. Compare 
your result after step (5) with your class
mates' answers. 

11. Decide what step (6) should be, so that the 
given condition is satisfi ed. 

a. The final result is one more than the 
original number. 

b. The fi nal result is the opposite of the 
original number. 

c. The final result is always zero. 

d. The final result is always - I. 

12. For each of these conditions, (a-d), make 
up an algebra magic trick with at least 
fi ve steps. 
a. The final result is the original number. 
b. The final result is 2, regardless of what 

the original number was. 
c. The final result is the same, whether 

you do the steps backward or forward. 

d. The trick uses all four operations 
(multiplication, division, addition, 
subtraction). 

13.fii!,l,fifl Choose one of the tricks you 
wrote in problem 12. Test your trick with 
three numbers, including a negati ve num
ber and a fraction. Show your work. Use 
algebra to explain the trick. 

9t .A 

REVISING MAGIC TRICKS 

Reversing the steps has no effect when the 
operation is addition or multiplication, 
since these operations are commutative. A 
subtle point is that if you reverse steps like: 

add 3 
subtract 5 

you are changing x + 3 - 5 to x - 5 + 3. 
This is not commutativity for subtraction, 
but for adding 3, then -5. In fact, changing 
the order of the subtraction would have 
given x + 5 - 3, which is indeed a differ
ent amount. (It is not necessary to dwell 
on this.) 

One way to organize thinking about these 
tricks is to draw arrows for each step in the 
way that was introduced in Lesson 1. For 
example, for problem 5: 

x-{· 4)~ ... -{+5)~ ... -{-!)~ ... 
-{/4)~ ... -{-(x + I ))~ ... 

INVENTING MAGIC TRICKS 

Roblems 10-11 prepare the students for 
the challenge of creating their own tricks, 
which they do in problem 12. Ask students 
to try their tricks on each other in their 
groups. 

3 . 4 S 0 L U T I 0 N S 

5. Everyone should end up with 0. 

6. Yes. Adding 5 and subtracting 1 is 
the same as adding 4. Reversing the 
order is also the same as adding 4. 

7. Answers will vary. 

8. Subtract 1 

9. Steps 2 and 3, 3 and 4, 2 and 4 can 
be reversed without changing the 
result, because the order in which we 
subtract or add does not change the 
result. 

10. -y- 1 

11 . a. Add two more than twice the origi
nal number. 

b. Add one. 
c. Add one more than the original 

number. 
d. Add the original number. 

12. Answers will vary. 

13. Answers will vary. 



rdii~i91~t~ 3.A 
WRITIN; Secret Codes 

Core Sequence: none of the assignment 

Suitable for Homework: 4-9 

Useful for Assessment: 9 

What this Assignment is About: 

• An application of linear functions to 
cryptography 

• Undoing operations 

• Preview of inverse functions 

• Modular arithmetic 

Roblem 30 at the end of Lesson 3 
previewed this assignment. However, there 
is a difference between that code and the 
ones here. Both are simple substitution 
codes, but the ones in this assignment are 
limited to shifts in the alphabet, or to 
reversing the alphabet and then shifting. 
Nevertheless, the suggestions given in that 
problem about how to set up a decoding 
can be used. (Use pencil , skip Lines, capi
tals for coded message, lower case for 
plaintext.) 

Roblems 1-3 should probably be done in 
class, to make sure everyone understands 
the assignment. The Report asks students 
to generalize. Most students should be able 
to include a formula for the decoding func
tions. If there is no class time to spend on 
problems 5-8, a description of decoding 
in words, based on specific examples, 
is acceptable. 

More codes can be found in many Sunday 
papers, and in puzzle magazines such 
as Games. 

~iii@$1@[~ 3.A Secret Codes 
_WRITIN~ 

First we will use functions to create codes. 
Later we will use functions to break codes. 
Assign a number to each letter of the alphabet. 
A is I, B is 2, and so on. 

I Definition: The text of a message, before it 
is encoded, is called the plaintext. 

The easiest code works by replacing each letter 
by one that follows it at a certain distance in 
the alphabet. For example, A (letter I) is 
replaced with H (letter 8), B (2) is replaced 
with I (9), and so on. The function used in this 
example is y = 7 + x, where x is the number 
of the plaintext letter, and y is the number of 
the coded letter. 

If the number of the coded letter is greater than 
26, subtract 26 from it. For example, Y's num
ber is 22, 22 + 7 = 29, 29 - 26 = 3, so the 
code letter for V is C. 

1. Copy and complete this table to show the 
y = 7 + xcode. 

Plaintext Code 

A H 

B I 

c ... 

A 92 

2. Use y = 7 + x to encode the words 
smile, juggle, dance, puzzle. 

3. Choose a number, b, and use y = b + x to 
encode a message for a classmate. (Let the 
classmate know the value of b so he or she 
will be able to decode the message 
quickly.) 

4. Decode the following message, which has 
been encoded with y= 10 + x. 
DRSC COXDOXMO ECOC RKVP ORO 
VODDOBC SX ORO KVZRKLOD. 

5. Find the function that would decode the 
message in problem 4. Check your answer 
by actually using it on DRSC, and making 
sure it gives the expected plaintext. 

6. a. Use the function y = 27 - x to encode 
these names. 
Bernard, Carol, Ellen, Peter 

b. Describe in words the code obtained 
from this function. 

7. a. Encode your name with y= 30 - x. 
b. Now take the answer to (a) and encode 

it with y = 30 - x again. 

c. Comment on the result in (b). 

8. a. Encode the word bilingual with 
y = 8 - x and then with y = x - 8. 
Do you get the same answer? Explain . 

b. Find a decoding function for each func
tion in part (a). 

9. illi1lim In this lesson you learned about two 
kinds of coding functions. Some look like 
y = 7 + x, and others look like y = 8 - x. 
Write a report on how to decode messages 
coded by each kind of function and also by 
functions like y = x - 8. Give examples 
using other numbers for each of the three 
kinds of functions. Mention any special 
numbers. (For example, what happens 
when y = x + 26?) 

Chapter 3 Working Backwards 

3.A S 0 L U T I 0 N S 

1. 
Plaintext Code 

A H 

B I 

c J 

D K 

E L 

F M 

G N 

H 0 

I p 

J Q 

K R 

L s 

M T 

Plaintext Code 

N u 

0 v 

p w 

Q X 

R y 

s z 

T A 

u B 

v c 

w D 

X E 

y F 

z G 

2. smile = ztpsl 
dance = khujl 

juggle = qbnnsl 
puzzle = wbggsl 

3. Answers will vary. 

4. Decoded message: This sentence 
uses half of the letters in the 
alphabet. 

5. y= x - 10, If x - 10 is a negative 
number, add it to 26 to get the 
decoded letter. 
DRSC=THIS 

6. a. Bernard = yvimziw Carol = xzilo 
Ellen = voovm Peter = kvgvi 

b. A is replaced by Z, B by Y, 
C by X, etc. A physical model can 
be built by writing the alphabet in 
a column or row. Then fold the 
paper between the letters M 
and N such that A is paired with Z, 
B withY, etc. This can be used to 



Introduction to Inequalities 

ii.!iliJ!IMI. · · · · · · · · · · · · · · · · · · ·: 
the Lab Gear . . .................................. 

WHI( H IS G REA TER 1 

You can te ll which of two numbers is greater 
by their positions on the number line. 

~ ~ ~ ~ ~ ~ ~ 0 1 2 3 4 5 6 7 

I I I I I I I I II I I I I I 
The number that is greater is farther to the 
right. The number that is less is farther to 
the left. 

I Notation: The symbol for less than is <. For 
example, -5 < 3, 0 < 7, and -6 < -2. The 
symbol for greater than is > . For example, 
6 > 3, 0 > -2, and - 5 > -9. 

1. Use the correct symbol. 

a. -5 ? -7 b. -5 ? - I 

This workmat hows two expressions. 

x + 4 - 5 - (x + 5) and 10 + 2x- I - (2x- I) 

Which is greater? The questi on mark shows 
that thi s i unknown. 

3.5 Introduction to In equalities 

2. Put out blocks to match the fi gure. 
Simpli fy both sides. Write an expression 
for the blocks that remain on the left side. 
Write an expression for the blocks on the 
right side. Which side is greater? Show 
your answer by writing the correct 
inequality sign between the two 
expressions. 

For each problem, put out blocks to match the 
fi gure, and 

3. 

4. 

a. wri te the two expressions; 

b. simplify both ides on the workmat; 

c. decide which side is greater or whether 
they are equal, and write the correct 
sign between the expressions. 

93 A 
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(3.A Solutions continued) 
encode/decode words instead of 
Y= 27 - X. 

7. Answers will vary. 
The student will obtain his/her name 
again. y = 30 - xis the encoding and 
decoding function. 

8. a. y = 8 - x: bilingual = fyvytamgv 
y = x - 8: bilingual = tadafamsd 
The two functions are not the 
same, so we do not get the same 
decoded message. 

b. encode: y= 8 - x 
decode: y= 8 - x 
encode: y= x- 8 
decode: y= X+ 8 

9. Answers will vary. If we encode with 
y = x - b, then we decode with y = x 
+ b. If we encode with y = b - x, then 
we decode with the same function . 

1. a. -5 > -7 
b. -5 < -1 

2. 4 + x - 5 - (x + 5) ? 
10 + 2x - 1 - (2x - 1) 
-1 + x - x - 5 ? 9 + 2x - 2x + 1 
-6 < 10 

3. 3 < 5 

4. X=X 

T 3.5 
Introduction to Inequalities 

Core Sequence: 1-31 

Suitable for Homework: 12-31 

What this Lesson is About: 

• Preview of solving linear inequalities 

• Review of substitution 

• Review of distributing the minus sign 
and order of operations 

Thi s lesson is important, even though 
most of it is not directly related to the 
chapter's theme of Working Backwards. 
The reason we address inequalities early in 
the course is that, with a tool-based 
approach, they put equations in a broader 
context and thereby help students focus on 
the meaning of equations, instead of just 
on solving techniques. 



WHICH IS GREATER? 

CAN YOU TELL? 

The e ecti on u e the Lab Gear to intro
duce student to the concept of inequali 
ties. Thi s work will be picked up again in 
Chapter 6, when we concentrate on equa
tion and equation solving. Be sure you 
have done the e problem yourself before 
do ing them in cia s, o you will be able to 
anticipate student questions. 

3.5 

5. 

6. 

CAN YOU TEll! 

To compare 2r - x + 5 - (5 - x) wi th 
5 + 3x- I - (x - 3), first show the two 
expressions with the Lab Gear. 

7. Simplify both sides, then arrange the 
blocks in a logical man ner to determine 
which side is greater. 
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Your workmat should look li ke this. 

Both sides include 2x. but the right side is 
greater, as it also includes 7 more units. So we 
can wri te 

2x < 2r + 7. 

ow compare these expressions. 

8. Write both expressions as they are shown 
in thi s figure . 

9. Simplify both sides, then arrange the 
blocks in a logical manner to determine 
which side is greater. 

Chapter J \Vorking Backwards 

3.5 S 0 L U T I 0 N S 

5. 10 = 10 

6. 15 > 3 

8. 4x + 2 - 5 - (2x - 3}? 
3.x2 - _x2 + X+ 2 - 1 - (2_x2 - 1) 

9. 2x? x+ 2 
2X = X + 2 if X = 2 
2X > X + 2 if X > 2 
2X < X+ 2 if X < 2 



Your workmat should look li ke this. 

- rn --
In this case, it is impossible to tell whi ch side 
is greater, because we do not know whether x 
is greater or less than 2. 

For problems I 0- 13, write both expressions 
as they are given. Then simpli fy, using your 
block , and write the expressions in simplified 
form. Decide which side is greater, whether 
they are equal, or whether it is imposs ible to 
tell . Write the correct symbol or?. 

10. 

IJ . 

3.5 Introduction to Inequalities 

3.5 

12. 

13. 

TESTING VALUES OF X 

Look at these two expressions. 

2x- 5 -3x + 6 

Which is greater? The answer depends on the 
value of x. 

14. a. Substitute - I for x in both expressions 
and tell which is greater. 

b. Substitute 3 for x in both expressions 
and te ll which is greater. 

c. Find another value for x which makes 
2x - 5 greater. 

d. Find another val ue for x which makes 
-3x + 6 greater. 

15. For each of the fo llowing pairs of expres
sions, find two values of x, one that makes 
the first expression greater and one that 
makes the second expression greater. 
Show all your calculations. 

a. ?x - 4 3x - 2 

b. -2x + 6 Sx - 4 

C. X -x 
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TESTING VALUES OF \ 

Your students may wonder whether there 
is a value of x that makes the two expres
sions equal. That is a good question. 
Suggest trial and error as an approach to 
seeking an answer. Other techniques will 
be introduced later (working backwards in 
Lesson 9, symbol manipulation in Chapter 
6, graphing in Chapters 4 and 10.) 

Note that problems 16-21 have a format 
similar to a standard SAT type of question. 
In addition to previewing inequalities, 
these questions test and develop students' 
understanding of variables and operations. 

3.5 S 0 L U T I 0 N S 

10. 3x < 3x+ 1 

11 . 5x= 5x 

12. 3x + x 2 + 1 > 3x 
(because x 2 + 1 is positive) 

13. 3x + 5 and 4x; impossible to tell 

14. a. -7 < 9 
b. 1 > -3 
c. Any number greater than 11/5. 
d. Any number less than 11/5. 

15. Answers will vary. 



For problems 23-25, there are infinite 
numbers of solutions. Class discussion of 
student answers to problems of this type 
can be extremely useful. 

l,gfi,)fi;Jw MORE CODES 

This section extends the work with coding 
functions . It focuses on the issue of 
whether a function has an inverse, which 
was mostly avoided in the body of the 
chapter. 

t•Ui•lfi;Jw SUMMING UP 

This section does not require having done 
Thinking/Writing 3.A, as it does not rely 
on functions . (However, your students will 
need to use the table of letter values.) 

3.5 

For each pair of expressions, write 

A if the expression in column A is greater; 
B if the expression in column B is greater; 

? if you would have to know the value of 
x in order to know which is greater. 

Remember that x can have negati ve and frac
tional values. It may help to think about the 
Lab Gear. In each case explain your answer, 
giving test values of x if it helps your 
explanation. 

A 

16. 7x 

17. 7x + I 

18. 7x + I 

B 

7x- I 

-7x + I 

7x - I 

If the coding function is of the form y = m.x, it 
is more difficult to encode and decode. (For 
the letter values, see Thinking/Writing 3.A.) 

26. a. Encode the word extra using y = 3x. 

b. What did you do when 3x was larger 
than 26? 

27. Decode the following sentence which was 
encoded with y = 3x. It may help to make 
a table showing the matching of the plain
text and coded alphabet. 

APIBOCEO HXO VOCIO. 

28. Encode the word multiplication with: 

a. y = x; b. y = 2x; 

c. y = l3x; d. y = 26x. 

29. 0 
a. Decode the fo llowing message, which 

was encoded with y = 2x. It may help 
to make a table showing the matching 

19. 7x- I -7x - I 

20. 7x + I -7x- I 

21. 7Y- I 7x- I 

22. Compare your answers to problems 16 -2 1 
with other students' answers. Discuss your 
di sagreements. If you di sagree with 
another student, try to find an example to 
show which answer is not correct. 

23. Write an expression containing x, that is 
less than 4 when x is less than 9. 

24. Write an expression containing x, that is 
less than 4 when x is more than 9. 

25. 0 Write an expression containing x, that is 
less than 4 for all values of x. 

of the plaintext and coded alphabet. 
HD NPJ JRNPN NPRBN. DPN PDT 
FBB XDP NJXX TPBN'L JRNPN? 

b. What makes y = 2x a difficult code 
to crack? 

f•Ufit1t#jJi SUMMING UP 

Say that the sum of a word is the sum of the 
numbers corresponding to its letters. (For the 
letter values, see Thinking/Writing 3.A.) For 
example, the word topic has value 

20 + 15 + 16 + 9 + 3 = 63. 

30. What is the sum of the word algebra? 

31. Find as many words as possible having 
sum 100. 

Chapter 3 Working Backwards 
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16.A 

17.? 

18. A 

19. ? 

20. ? 

21 . ? 

22. Answers will vary. 

23. Answers will vary. Possible solutions 
are expressions of the form 
x - b, where b :2::: 5. 

24. Answers will vary. Possible solutions 
are expressions of the form 
-x + b, where b ::; 13. 

25. Answers will vary. Possible solutions 
are expressions of the form 

4 - (~ + b2 + 1 ); where b is a real 
number. 

26. a. othbc 
b. When 3x is larger than 26, one 

way to deal with this is to divide 
the number by 26 and use only 
the remainder to encode the letter. 
Another way is to keep subtracting 
26 until you get an integer 
between 1 and 26. 

27. Decoded message: Increase the 
peace. 
The decode function is y = x/3. If x is 
not a multiple of 3, add 26 to it until 
the result is a multiple of 3. Now 
divide the number by 3 and use the 
quotient to decode the letter. 

28. a. multiplication 
b. zpxnrfxrfbnrdb 
c. mmzzmzzmmmzmmz 
d. multiplicztion 

29. a. Decoded message: Do the right 
thing. But how can you tell what's 
right? 

b. Each letter could be decoded to 2 
letters. So we have to rely on the 
context and use the trial and error 
method to decode a word. 

30.46 

31. Answers will vary. 



lESSON 

Multiplication and Division 

ii.liil.ji!MI · · · · · .... . . . ........ : 

the Lab Gear 

Notation: In a lgebra, the symbol + is not 
used, perhap because it looks too much like 
a + sign. To show division , use the fo rmat 
of a frac tion. 

.§_=3 
2 

Or, if you' re using a typewriter or computer, 
write it with a s lash , 6/2 = 3. 

In thi s book we will write divi ion both 
ways. 

ONE MULTIPLICATION, TWO DIVISIONS 

For most multiplication equati ons, there are 
two division eq uati ons. For example, 
corresponding to 7 · 3 = 2 1, we have 

2 1/7 = 3 and 21/3 = 7. 

With the Lab Gear, you can use a rectangle to 
model multiplication and d ivision. 

Arrange your comer piece and blocks to match 
thi s fi gure. 

I 1nn 
C- f- >--
f- f- I-

>-- f- I-

>-- f- >--
'--- '--'---

3.6 Multiplication and Division 

~ 

L Write the multiplicati on equation that is 
shown by the figure. 

2. Write the two division equati ons that are 
shown by the fi gure. 

3. You could use the corner piece to set up 
several different divisions havin g numera
tor 12. For each, write the di vision equa
tion and the corresponding multiplication 
eq uati on. 

4. Explain why it is imposs ible to set up the 
divi sion 12/0 with the Lab Gear. 

5. .... Some algebra students believe that 
12/0 = 0. Explain why they are wrong by 
discussing the multipli cati on that would 
correspond to this division. 

6. a. Using the corner piece, multipl y 
(x + 4)(x + 3). 

b. Write two divi sion equations re lated to 
the multiplication. 

DIVISION IN THE CORNER PIECE 

Here is an example of dividing in the comer 
piece. 

numerator 
denominator 

97 .4 

.. 3.6 
Multiplication and Division 

Core Sequence: 1-22 

Suitable for Homework: I 3-20, 22 

Useful for Assessment: 5, 18- 19 

What this Lesson is About: 

• The relationship between multiplication 
and di vision 

• A geometric model for division 

• Division by zero 

• A technique for mu ltiplying polynomial 
without the Lab Gear 

ONE MUL TIPLJCATION, TWO DIVISIONS 

DIVISION IN THE CORNER PIECE 

T his is a straightforward extension of the 
area model for multiplication to an area 
model fo r di vision. It was previewed at the 
end of Lesson 3 in the what is the other 
side? and missing term problems, 22-29. 

T he arrangement of the blocks in the cor
ner piece is the same as the arrangemen t of 
the divisor, dividend , and quotient in the 
traditional long di vis ion layout. 

R oblem 11 is difficult, but some of your 
students should be able to o lve it with the 
help of the 3-D blocks. It is a preview of 
more work on multipl ication and div is ion, 
which will take place in Chapter 5. 

3-6 S 0 L U T I 0 N S 

1. 5 . 7 = 35 

2. 35/5 = 7 
35/7 = 5 

3. 1· 12 = 12 
12/1 = 12 
12/12 = 1 

2 . 6 = 12 
12/6 = 2 
1212 =6 

3 . 4 = 12 
12/4 = 3 
12/3 = 4 

4. We cannot bu ild a rectangle having 
width or length zero. 

5. If 12/0 = 0, then we can write 0 · 0 = 
12, but 0 · 0 equals 0 not 12. 
Therefore 12/0 "# 0. 

6. a. x 2 +7x+ 12 

b. x2 +7X+12 =X+ 3 
X+4 

X2 +7X+12 =X+ 4 
X+ 3 



MULTIPLICATION WITHOUT 
THE LAB GEAR 

The "table" method for multiplying poly
nomials looks very much like multiplica
tion in the corner piece. It is less concrete 
but more convenient than using the corner 
piece, since it does not require blocks. 
In addition, minus is somewhat easier to 
deal with . 

H owever, to use the method correctly, 
students must see polynomials as sums of 
terms, and make sure that terms that are 
preceded by a minus sign are written with 
thei r minus sign in the table. 

Thi s method is much superi or to "FOIL," 
since it works with absolute generality to 
multiply any two polynomials (not just 
binomials) . 

MULTIPLICATION PUZZLES 

These should help your students consoli
date what they have learned in the previous 
section. 

4;jiii4J• W HAT'S YOUR SIGN? 

This easy problem reviews the rul es for 
multiplying by negati ve numbers and pre
views the Zero Product Property. 

3.6 

• Put the denominator to the left of the 
corner piece. 

• Make a rectangle out of the numerator 
and place it inside the corner piece so that 
one side of the rectangle matches the 
denominator. 

• Finally, to get the answer, fi gure out 
what blocks go along the top of the 
corner piece. 

7. Write the division equation shown by 
the figure. 

The denominator was a factor of the numera
tor, and a rectangle was fo rmed with no pieces 
left over. However, in some cases, there wi ll 
be a remai nder. Here is an example. 

.A 9s 

_r: 

remainder: D 

~ 

8. What are the numerator, denominator, 
quotient, and remainder in the above 
di vision? 

D 

Chapter 3 Working Backwards 
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7. x2 : 3x = X + 3 

8. numerator: 2x 2 + 5x + 2 
denominator: 2x + 1 
quotient: x + 2 
remainder: 2 



9. Divide. 
a. 6x2 + 3x _3_x_ b. 9x + 3 

3 
c. x' + x + xy + y d. xy + 2x + xl 

x+y x+y 
e. 2x' + 6x + 4 f. 3x' + I Ox + 5 

x +2 x+3 

10. For each division in problem 9, write the 
related multiplication equation. 

11. cv 
a. Divide. Y2X + x'y + 2xy + x' + Y' + x + y 

x+ l 

b. Write four multiplications having the 
product 
lx + 1-y + 2xy + J- + l + x + y. 

MUL TII' LI CA TION WIT HOUT THE LAB GEAR 

Here is a method for multiplying polynomials 
without the Lab Gear. To perform the multipli
cation (x + 2)(3y - 4x + 5), write the terms 
along the side and the top of a table. 

3y -4x 5 

: 1----1 f---t-----1 

Then enter the products of the terms in the 
corresponding boxes. 

3y -4x 

: r-l-36-: -· -+-~4-~-+-~:--j 
Then combine like terms, and you are done. 

22. What is the sign of the missing factor? 

a. - 123.4 · = 567.89 

3.6 Multip/U:Diion and Division 

3.6 

(x + 2)(3y - 4x + 5) = 

3xy - 41" - 3x + 6y + 10 

Use this method for the following products. 

12. x(2x + 3xy + /) 

13. (2x - y)(x + 3y) 

14. (2x - y)(x - 3y) 

15. (2x + y)(x - 3y) 

16. (2x + y)(x + 3y) 

17. (x + xy + 2yx)(y + 2 + x) 

This method for multiplication is a way to 
apply the distributive law to the multiplication 
of polynomials. Every term must be multiplied 
by every term. 

MULT I PUC A TION PUZZLES 

Fill in the tables, including the polynomial fac
tors along the side and the top. All coefficients 
are whole numbers. Is more than one solution 
possible for either table? 

18. 
-6x 

-x -3 

19. 
12xy 

20. CV Create a puzzle of thi s type that has a 
unique solution. Give the solver as few 
terms as possible. 

21. Solve a classmate's puzzle. 

b. 98.76. (-54.3) .- = -2 1 
c. 98.76. (-54.3).- = 0 

99 A 
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9. a. 2x+1 
b. 3X+ 1 
C. X+ 1 
d. x remainder 2x 
e. 2x+ 2 
f. 3x + 1 remainder: 2 

10. a. 3x(2x+ 1) = 6x2 + 3x 
b. 3(3x + 1) = 9x + 3 
c. (x+ y)(x+ 1) = x2+ X+ xy + y 
d. (x+ y)x + 2x = xy+ 2x+ x2 

e. (X+ 2)(2X+ 2) = 2X2 + 6X+ 4 
f. (x+ 3)(3x+ 1) + 2 = 3x2 + 10x+ 5 

11. a. y 2 + xy + y + x 

12. 2x2 + 3x2y+ xy2 

13. 2x2 + 5xy- 3y2 

14. 2x2 - 7xy+ 3y2 

15. 2x2 - 5xy - 3y2 

16. 2x2 + 7xy+ 3y2 

17. x2 + 3xy2 + 3x2y+ 7xy+ 2x 

22. a. Negative 
b. Positive 
c. Zero 



I 

.. 3.7 
Reciprocals 

Core Sequence: 1-12, 17-27 

Suitable for Homework: 8-12, 19-28 

Useful for Assessment: 6, 16, 21, 23 

What this Lesson is About: 

• Understanding and using reciprocals 

• Multiplication and division by numbers 
between 0 and 1 

• Preview of solving linear equations 

• Review of division by zero 

Even though the Lab Gear is mentioned 
in the lesson the students do not need the 
blocks. 

/n spite (or because) of many years of 
doing arithmetic by rote, many students 
have a lot of trouble understanding recipro
cals, and multiplication and division by 
numbers between 0 and 1. This can be a 
major handicap in doing any sort of calcu
lations in any science, or even in daily life. 

We will study opposites and reciprocals 
algebraically, as functions, in Thinking/ 
Writing 3.B, after Lesson 8. 

This lesson concentrates on number sense. 
The goal is not to teach any particular 
algorithm for arithmetic with decimals and 
fractions. Instead, the focus is on under
standing what happens, and developing an 
intuition for it. Some of the problems 
specifically discourage the use of calcula
tors, while others encourage it. As always, 
in those problems that do not specify, cal
culator use is acceptable. 

Even more than usual , the Explorations 
are crucial in this lesson. They provide 
challenging problems for students to grap
ple with and discuss, something they may 
not be accustomed to doing when dealing 
with numbers. It is that discussion which 
will make it possible to make some head
way in their understanding. 

A MODEL FOR MULTIPLICATION 

A MULTIPLICATION SHORTCUT 

You may play an estimation game based on 
problem 2. For example, ask students to 
give you a number for x, if 3x is: between 
1 and 2; between 10 and 20; between -1 
and -2; between -10 and -20. 

100 

A MODEL FO R MUL TII'LICATION 

You cannot easily show multiplication by frac
tions with the Lab Gear, but the Lab Gear can 
help you think about it. For example, ( 1/5) · 50 
is read one-fifth of fifty. This means that we 
divide 50 into five parts and take one of them. 

The diagram shows that (1/5) ·50 = 10. 

(2/5) is two of five parts, so 2/5 · 50= 20. 

1. Find a number you cou ld multiply by 8 to 
get a number less than 8. 

2. Without finding its value, decide whether 
x would be more or less than I. Explain 
how you know. 

a. 8 · X = 50 b. 8 ' X = 5 

C. 8 'X = 0.05 

3. Find the value of x for each equation in 
problem 2. (Hint: Remember that for any 
multiplication, there are two related divi
sions. You may use a calcul ator.) 

A MULTIPLICATION SHO RTCUT 

4. Take 8, 3, and 2. They are three numbers 
whose product is 48. Another multiplica
tion possibility is 6 · 4 · 2. Find as many 
ways of writing 48 as a product of three 
different numbers as you can. Do not use 
I as a fac tor. 

A, 100 

5. ®@tiM Do not use I as a factor. 

a. Write 2 as a product of two different 
numbers. 

b. Write 4 as a product of four different 
numbers. 

c. Write 6 as a product of six different 
numbers. 

d. Write 12 as a product of twelve differ
ent numbers. 

I Definition: The product of a number and its 
reciprocal is I . Another way of saying this 
is, the reciprocal of a number is the result of 
dividing I by the number. 

I Examples: 3 · 1/3 = I 
2/3·3/2 = 1 
0.31 · 100/31 = I 

6. .... Explain how the reciprocals of 3, 213 , 
and 0.31 may have been found for the 
examples above. (No calculator was used.) 

Guess the value of x, without using your calcu
lator. If you think about reciprocals you will 
have to do very little arithmetic. 

7. a. 5 · t · x = 6 

b 4 ' X ' 9 ' _!_ = 45 . 4 

C. X ' 8' 7 = 8 
d. X' 8' 3 = 3 

e 2 • X • 3 • _!_ = 15 
. 3 2 

8. a. 2 · x · 3 = 2 
b. X ' 2 ' 2 ' 9 ' 3 = 6 

c. t · (5x) · 3 = I 

I 3 
d. 5 · (5x) = 5 

9. Make up two more equations like 
problems 7 and 8 and solve them. 

Chapler 3 Working Backwards 
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1. Answers will vary. c. (1/5). 5. (1/3). 6. (1/4). 12 

2. a. x would be more than 1 since 50 d. (1/2) . 2 . (1/3) . 3 . (1/4) . 4 . 

is greater than 8. We must multi- (1/5). 10. (1/6). 12. (1n). 21 

ply 8 by an integer greater than 1 6. Answers will vary. 
to get 50. Use the definition. 

b. x would be less than 1 since 5 is 
7. a. 6 

smaller than 8, so we must multi-
b. 5 

ply 8 by a fraction to get 5. 
c. 1n 

c. x would be less than 1. 
d. 1/8 

3. a. 6.25 e. 15 
b. 0.625 8. a. 1/3 
c. 0.00625 

b. 1/18 
4. Answers will vary. c. 1/3 

The key is to use fractions, e.g. d. 3/5 
8·12·1/2 9. Answers will vary. 

5. Answers will vary. Use fractions. One 
possible solution for each is given. 
a. (1/2} · 4 
b. (1/2). 4. (1/3). 6 



10. Find two numbers a and b that wi ll sat-
isfy each equation. Don 't use your calcula
tor. Instead, think about reciprocals. Do 
not use I for a or b. 

a. a · b · 14 = 28 b. a · b · 28 = 14 

C .!. · a· b = 10 d a· b · 10 = .!. . 3 . 3 

RKIPROCALS ON THE CALCULATOR 

Most scientific calculators have a key for reci
procals: ~. or ~ . (On calcul ators that do 
not have such a key, you can di vide I by a 
number to find the number 's reciprocal.) 

11. Find the reciprocal of: 

a. 1/23; b. 0 .456; c. 7.89. 

12.iiQ!f!lil What is the result when you 

a. mult iply a number by its rec iproca l? 

b. divide a number by its reciprocal? 

Be sure your results work for all numbers. 
Explain how you reached your 
conclusions. 

13. 1/82 < 0.0 123 < 1/8 1. Ex plain. 

14. Find two consecutive whole numbers such 
that 0.00 123 is between their reciprocals. 

15. Repeat problem 14 for 0.000 123 

16 • ._. Explain your method for olving 
problems 14 and 15. 

A MODEL FOR DIVISION 

17.1#$]$f!W Find a positive number such 
that when you divide that number by 5, 
your answer is 

a. a number less than I; 

b. a number between I 0 and 20; 

c. a number greater than I 00. 

3. 7 Reciprocals 

3.7 

18. Find a positive number such that when you 
divide 5 by it, your answer is 

a. a number less than I ; 

b. a nu mber between I 0 and 20; 

c. a number greater than I 00. 

Division by nu mbers between 0 and I i hard 
to show with the Lab Gear. 

These diagrams show I 0/5, I 0/2, and I 0/1 . 

What would 10/( 112) look like? We cannot 
actuall y bui ld this wi th the Lab Gear, but we 
could imagine what it would look like if we 
sliced each block in half. 

101 .A 
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10. Answers will vary. 

11. a. 23 
b. about 2.1930 
c. about 0.1267 

12. Answers will vary. 
Students should give more than one 
example and they should also use 
fractions and negative numbers. 
a. 1 
b. The number squared (i!) 

13. The reciprocal of 0.0123 is 81.3, 
which means 1/81.3 = 0.0123. 
So 1/82 < 1/81.3 < 1/81 

14. 813 and 814 

15. 8130 and 8131 

16. Find the reciprocal of the decimal 
and take the two consecutive whole 
numbers that are closest in value 
to the reciprocals. One number 
should be greater than the reciprocal 
and the other one less than the 
reciprocal. 

17. a. Any number less than 5 
b. Any number between 50 and 100 
c. Any number greater than 500 

18. a. Any number greater than 5 
b. Any number between 1/4 and 1/2 
c. Any number less than 1/20 

R oblem 5 is very important. I f necessary, 
give the hi nt that the numbers need not be 
whole numbers. Or you may hold off until 
a student thinks of the hint and have the 
student give it to the class. 

R ob I em 6 is a bit of review of arithmetic. 
It is best to let students help each other 
with it in their groups, rather than have a 
class di scussion of it, which would be bor
ing for many. 

R oblems 7-9 prev iew the use of recipro
ca l in equation sol ving. 

RECIPROCALS ON THE CALCULATOR 

You can precede problem J I w ith another 
e timation game. (What i an approximate 
va lue of the reciprocal of. .. ?) 

Some tudents will do problem 12 by try
ing var ious numbers. Others may u e vari 
able . Make sure to have a class di cu sion 
in which tho e who u ed variab les can 
explain to the cia what they did. 

Make sure that student understand the 
notation in problem 13. Prob lem 14 and 
15 can be done by trial and error, but orne 
tudents may discover a quicker way (find-

ing the reciprocal of the given number). 

-
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A MODEL FOR DIVISION 

A DIVISION SHORTCUT 

Mo t students do not know that you can 
d ivide a number by something, and end up 
with an answer greater than the original 
number. 

R ·oblem 2 1 helps prepare students for the 
next secti on, and also rev iews division by 
zero . If tudents insist that 8/0 = oo (infin 
ity), te ll them that di vision by zero is not 
defin ed, because infinity is not a real num
ber. For one thing, it would follow that oo · 
0 = 8, but also oo · 0 = 9, and so on, so all 
numbers would be equal. However, it is of 
course true that 8 divided by a very small 
number i a very large number. 

Do not necessaril y expect tudents to 
believe that one cannot di vide by zero. For 
some reason some students re ist thi s idea, 
and no amount of logic seems to convince 
them. At least they should know how math 
teacher feel about thi . 

R oblem 23 is phra ed in a way parallel to 
the comparable rule for ubtraction, draw
ing attention to the fact that the rules 
refl ect similar structure . 

SMALl NUMBERS 

Thi s mall optional problem shoul d rein
force students' under tanding of the ari th
meti c of small number . 

3.7 

19. a . What is the answer to the di vision 
shown in the fi gure? 

b. Dividing by 1/2 is equi valent to multi 
plying by what number? 

20. a. Will the result of the di vision 8/( 1/4) be 
more or less than 8? 

b. Use a ske tch to show the di vision 
8/( 1/4) . 

c. What is the answer to the di vision? 

d. Dividing by 1/4 is equi valent to multi 
pl ying by what number? 

21. .... 

a. What is the result o f the di vision of 8 
by 0. 1. 0.0 1, 0.001 ? 

b. What would happen if you di vided 8 by 
a number that is much smaller than 
0.00 1. almost equal to zero? 

c. How about di viding 8 by 0? 

A DIVISION SHORTCUT 

22. a. If you mul tiplied 5 by a number and got 
30, whal was the number? 

b. If you di vided 5 by a number and got 
30, what was the number? 

c. Compare your answers to parts (a) and 
(b). How are these numbers related? 

,A 1oz 

23 . .... Dividing by a number is the same as 
multiplying by irs reciprocal. Ex plain , 
using examples. 

Use thi s fact to perform each of the following 
di visions without your calculator. 

24. 12/( 114) 

26. 10/0.4 

25. 12/(2/3) 

27. Xl!( llx) 

SMAll NUMBERS 

28. Find two numbers such that you get a 
result between 0 and I whether you add 
them, multiply them, subtract one from 
the other, or di vide one by the other. 

Chapter 3 IVorkiug Backwards 
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19. a. 20 
b. 2 

20. a. More than 8 
b. Similar to picture in text. 
c. 32 
d. 4 

21 . a. 80, 800, 8000 
b. The result is extremely large. The 

number would be 8 followed by 
many, many zeroes. 

c. Impossible. Or, if we extend the 
conclusion of part b, 8/0 is infinity. 

22. a. 6 
b. 1/6 
c. They are reciprocals of each 

other. 

23. See #11 . 

24. 48 

25. 18 

26.25 

27. x 3 

28. Answers will vary. 



A Hot Day 

The sign at Algebank near Abe's house gives 
the time and temperature. The temperature is 
given two ways, using both the Celsius and 
Fahrenheit temperature scales. One hot day 
Abe made a record of the time and temperature 
at several times during the day. He tri ed to 
look at the bank sign exactly on the hour, but 
usually he was off by a few minutes . His data 
appear below. 

Time Temp (C) Temp (F) 

tt :03 3 t 87 

t2:00 32 90 

2:00 35 95 

3:04 35 95 

4:08 34 93 

8:03 27 8 1 

1. @tif!jjffifil Abe heard on the radio that the 
low for the night had been 74 degrees 
(Fahrenheit) at 4 :30 A.M. and the high for 
the day had been 97 degrees at 3:30 P.M. 
Using the info rmation in the table, 
estimate what you think the Celsius read
ings on the bank sign would have been at 
those two times. Explain how you got 
your answers. 

TEMPERATURE VARIATION 

2. a. Draw a pair of axes on graph paper. 
Label the horizontal axis Time and the 
vertical ax is Temp. 

3.8 A Hot Day 

b. Plot the points that show how the 
Celsius temperature changes wi th time. 
Your first point will be ( II :03, 3 1 ). 

3. a. Draw another pair of axes like the 
fi rst one. 

b. Plot the points thai show how the 
Fahrenheit temperature changes with 
time. Your first point will be ( II :03, 87). 

4. Write a short description of what your 
graphs show. Compare the two graphs. 

COMPARI NG TEMPERA lURE SCALES 

A graph will help to show how the two 
temperature scales are related. 

5. Draw a pair of axes. Put the Fahrenhei t 
temperature on the vertical ax is {label it F) 
and the Celsius temperature on the 
hori zontal ax is (label it C). Put the axes in 
the middle of your graph paper and leave 
plenty of room to extend your graph in all 
directions. Plot the points in Abe's table. 
Your first point will be (3 1, 87). 

6. The points of your graph should fa ll 
approx imately in a straight line. Draw a 
straight line that seems to go through most 
of the points. 

Use your graph to estimate the answers 
to these questions. If necessary, extend 
your graph. 

7. Approximately what is the 

a. Fahrenheit temperature when the 
Celsius temperature is 25°? 

b. Celsius temperature when the 
Fahrenheit temperature is 50°? 

c. Celsius temperature when the 
Fahrenheit temperature is -30°? 

1o1A. 

3.8 S 0 L U T I 0 N S 

T 3.8 
A Hot Day 

Core Sequence: 1-17 

Suitable for Homework: 11-17 

Useful for Assessment: 9, 10, 13, 15, 17 

What this Lesson is About: 

• Graphing data 

• Applying linear functions 

• Preview of slope 

• Preview of inverse functions 

This is a real-world application. The big 
question is the conversion from Fahrenheit 
to Celsius and back. In the Exploration, 
students are asked to extrapolate from the 
limited data in the table. In the course of 
the lesson, they will be introduced to other 
ways to solve the problem. The end of the 
lesson returns to the technique of working 
backwards. 

The first two sections involve graphs. 
Students may need help sorting out issues 
of scale for the axes. 

TEMPERATURE VARIATION 

This section does not appear to be related 
to the main question of unit conversion, 
but actually it is. Comparing the two 
graphs should show the students that the 
actual changes in temperature are the 
same, irrespective of the units used. 

COMPARING TEMPERATURE SCALES 

You may discuss with your students the 
issue of whether the points should lie 
exactly on a line. (After all, the points in 
the previous graphs didn't. These are the 
temperatures Abe read on a sign on a par
ticular day. Why should they form a 
straight line?) You could also point out 
that he did not make the readings exactly 
on the hour. (This is irrelevant, since the 
time is not involved in this graph.) 

If your students expect the points to lie 
exactly on a straight line, how do they 
explain the fact that they do not? (The 
actual reason is that the bank' s thermome
ter seems to round values to the nearest 
degree, which will mean a small error in 
some cases. You do not need to explain 
thi s to your students, at least not until the 
end of the lesson.) 

- -
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The main point of this section is to use the 
fact that the data are nearly linear to make 
predictions by using the graph. 

Roblems 9-10 are not easy. Students 
should be encouraged to discuss them in 
their groups. Do not get into a big formal 
discussion of slope. This will happen in 
Chapter 8. The point here is just to rai se 
the question. 

CONVERTING CELSIUS TO FAHRENHEIT 

CONVERTING FAHRENHEIT TO CELSIUS 

The conversion methods in problems 
11-12 could be represented with arrows, 
as in Lessons 1 and 4. This wiH help enor
mously when trying to reverse the process 
in problems 16-17. 

Any discussion showing the relationship 
between the formula and the graph in the 
previous section should be encouraged. (If 
you graphed values given by the formula, 
would you get an exactly straight line?) 

It students find a discrepancy between 
what the formula predicts and what the 
bank' s thermometer indicated, be sure to 
discuss the causes of the discrepancy. (See 
above.) 

Students will derive the formulas from the 
definitions of Celsius and Fahrenheit in 
Chapter 10. 

104 
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3.8 

8. \; Is there a temperature where a 
Fahrenheit and Celsius thermometer show 
the same number? If so, what is it ? 

Abe's sister Bea wanted to estimate the 
Fahrenheit temperature for 17° Celsius. 
Someone had told her that the best way to 
remember the Celsius-Fahrenheit re lationship 
was to memorize the fact that 16° Celsius is 
6 1° Fahrenheit. Abe joked, "So 17° Celsius 
must be 7 1° Fahrenhe it! " Bea replied, ''I' ll just 
add one degree. That means 17° Celsius must 
be 62° Fahrenhe it." 

9. Explain what Bea did wrong. Use your 
graph. Gi ve examples ex plaining to Bea 
how to make the conversion correctly. 

10 . ..,_ Judging from your graph, if you 
increase the Celsius temperature by one 
degree, by about how much does the tem
perature increase on the Fahrenheit scale? 

CONVERTI NG CELSIUS TO f •\ HREN HEIT 

Bea and Abe's parents, Mr. and Mrs. Gral, 
were planning a trip to Europe, where temper
atures are given in Celsius. They asked their 
children to he lp them fi gure out how to 
convert fro m Celsius to Fahrenheit. 

Abe asked his sc ience teacher, who gave him 
the fo llowing rule: To get the Fahrenhe it tem
perature, multiply the Celsius temperature by 
1.8 , then add 32. 

11 . .... 
a. Write a formul a for this rule. Use F for 

the Fahrenheit temperature and C for 
the Celsius temperature . 

b. Check your fo rmul a by using it to con
vert one of the Celsius temperatures in 
Abe's table. 

Bea looked up the subject in an almanac, 
whi ch gave these instructions: To get the 
Fahrenhe it temperature, multipl y the Celsius 
temperature by 9, di vide by 5, then add 32 . 

.A lo4 

12 . .... 

a. Write a formula for this rule . 

b. Check your formula by using it to con
vert one of the Celsius temperatures in 
Abe's table. 

13. Compare the two formul as you wrote. Do 
you think they a lways give the same 
results? Ex plain, giving examples . 

14. Use either method to convert these two 
Celsius temperatures to Fahrenheit. 

a. 20° Celsius = 
b. 2 1° Celsius = 

Fahrenheit 

Fahrenheit 

15 . .... According to your calculation in 
problem 14, when you increase the Celsius 
temperature by one degree, by about how 
much does the temperature increase on the 
Fahrenhe it scale? Where does this number 
appear in the formula? Explain . 

CONVERTING FAHRENHEIT TO CELSIUS 

A journali st from Spain, G. Balear, is staying 
with the Grals. She is writing an article for a 
Spanish newspaper about her ex periences in 
the United States . She wants to convert 
Fahrenheit temperatures to Celsius for 
her art icle. 

16. The Fahrenheit temperature dropped to 
4 1°. Bea is trying to he lp Ms. Balear con
vert it to Celsius. She has the idea of 
working backwards using the rule from the 
almanac. Use thi s method, or another 
method you think might work, to convert 
4 1 o F to Celsius. 

17 . .... Describe the method you devised in 
problem 16 for converting Fahrenheit to 
Celsius. Explain why it works. Show that 
it works for other temperatures by using it 
to convert some of the temperatures in 
Abe's table. 

Chapter 3 Working Backwards 
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8. Yes. (-40, -40) 

9. Answers will vary. 
If Bea is right, then 1 oc is the same 
as 1°F. Examples from the graph will 
show that this is not true. 

10. Exact answer is 1.8. 

11 . a. F = 1.8°C + 32 
b. Answers will vary. 

12. a. F= (9/5)C+ 32 
b. Answers will vary. 

13. Yes. 9/5 = 1.8 

14. a. 68°F 
b. 69.8°F 

15. 1.8. This number is the coefficient of 
C in the formula. 

16. 5°C 

17. C= (5/9) · (F - 32). This formula 
works because it is only a rearrange
ment of the first formula. 

•f ·c 
87 30.56 

90 32.22 

95 35 

93 33.89 

8 1 27.22 

-. 



~!1!1ff1~~ 3.8 Opposites and Reciprocals 

OPPOSITES 

The function y = -x can be thought of as the 
opposite funct ion, since y and x are opposites. 

1. a. Make a function diagram for the func-
tion y = -x. 

b. Describe the in-out lines. (Are they 
parallel? Do they meet in a sing le 
point? If so, where is that point?) 

2. To answer these questions, look at the dia
gram you made for problem I. 
a. As x increases, what happens to y? 

b. Are x and y ever equal? Explain. 

c. When x increases by 3, what happens 
to y? 

3. Find the number and its opposite that are 
described. Use trial and error. Look for 
patterns. Try to develop a shortcut strategy. 

a. a number 16 more than its opposite 

b. a number 0.5 more than its opposite 

c. a number 21 less than its opposite 
d. 0 a number A less than its opposite 

e. 0 a number 8 more than twice its 
opposite. 

4. ilil!lm In a few paragraphs, summarize 
what you learned about opposites and their 
function diagrams. Include examples. 

RECIPROCALS 

The function y = llx can be thought of as 
the reciprocal function, since y and x are 
reciprocals. 

5. a. Make an in-out table for the function 
y = llx, using the following values for 
x: -5 , -4, -3, -2 , - I' -0.8, - 0.6, -0.4, -0.2, 
and the opposites of these numbers 
(0.2, 0.4, etc.) 

b. Make a whole-page function di agram 
for the func tion. 

3.B OpposiJes and Reciprocals 

6. Use the function diagram you made in 
problem 5. Follow y with your finger as x 
goes up its number line. Answer these 
questions. 

a. As x increases, what happens to y? 
b. Are x andy ever equal? 

7. ._ On your fu nction diagram of y = llx, 
as x moves up the number line, answer 
questions (a-h), describing what happens 
to y. (Does it move up or down? Fast or 
slowly? From what to what?) 

a. when xis a negative number far from 0 
b. when x approaches - I 

c. when x passes - I 

d. when x approaches 0 
e. when x passes 0 

f. when x approaches I 
g. when x passes I 

h. when x is a large positive number 

8. Use your calculator to look for a number 
and its reciprocal that satisfy these require
ments. lf you cannot find an exact number, 
get as close as you can by trial and error. 
One is impossible. 
a. The number is 9 times its reciprocal. 

b. The number is 1/9 of its reciprocal. 

c. The number equals the opposite of its 
reciprocal. 

d. 0 The number is 3 times its reciprocal. 

e. 0 The number is one more than its 
reciprocal. 

9. ilil!lm Summarize what you learned 
about reciprocals and their function 
diagrams. Include examples. (Do not for
get to discuss what happens when x = 0.) 

1os.A 
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1. a. 5 5 

-5 -5 

x---Y 
b. The lines all meet at one point on 

the zero line. 

2. a. y decreases. 
b. Yes, at zero 
c. y decreases by 3. 

3. a. 8, -8 b. 1/4, -1/4 
c. -21/2, 21/2 d. -A/2, A/2 
e. 8/3, -8/3 

4. Answers will vary. 

5. a. X 

-5 

-4 

-3 

-2 

- I 

-o.s 

-o.6 

-o.4 

-o.2 

0.2 

0.4 

0.6 

0.8 

I 

2 

3 

4 

5 

y 

- 1/j 

_,,, 
_,,, 
_,,, 
- I 

- 1.25 

- 1.67 

-2.5 

-5 

5 

2.5 

1.67 

1.25 

I 

112 

1/3 

1/4 

115 

(Solutions 
continued 
on page 510) 

rii@ISI~t~ 3.8 Opl;losites 
w R 1 r 1 N G and Rec1procals 

Core Sequence: 1-9 

Suitable for Homework: 1-9 

Useful for Assessment: 4, 9 

What this Assignment is About: 

• Relationship between numbers and their 
opposites 

• Relationship between numbers and their 
reciprocals 

• Preview of solving equations 

OPPOSITES 

This section is considerably easier than the 
next. If you plan to assign it separately, 
you can make it more substantial by asking 
students to attempt to write up a general
ized strategy for problems like 3a, b, c. 
(They may be able to do this even if they 
cannot answer 3d in formal algebraic 
notation.) 

RECIPROCALS 

Neatness and a large scale will pay off in 
problem 5b. 

Roblem 7 is important and should be dis
cussed in class before or after the assign
ments are turned in. 

Roblem 8c is impossible, as students can 
see by observing that a (real) number and 
its reciprocal always have the same sign. 
Problems 8d and 8e are difficult. Getting 
within one tenth of the answer is good 
enough. Point out to your students that sci
entific calculators allow the user to enter 

L .5 B 1.5 1 £ 1 I EJ, for example, to find 
the difference between 1.5 and its recipro
cal. (Programmable calculators make this 
even more convenient once you know how 
to enter a formula and evaluate it for di f
ferent values of the variable.) 
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T 3.9 
Equations and the Cover-Up 
Method 

Core Sequence: 1-8, 10-12 

Suitable for Homework: 4-8, 10-15 

Useful for Assessment: 10-12 

What this Lesson is About: 

• Introduction to writing equations 

• Introduction to equation solving by 
symbol manipulation 

• Review of division by zero 

W citing and solving equations will be the 
focus of the work in Chapters 4, 6, and 
beyond. In this lesson we apply the idea of 
working backwards to the solving of linear 
equations. This work is motivated with a 
real-world application. 

WRITING EQUATIONS 

In the long run, it is far more important to 
learn to write equations than it is to learn 
how to solve them. This is especially true 
in the electronic age, as computers and cal
culators provide many ways of solving 
equations, but still no way to create them. 

LESSON 

Equations and the Cover-Up Method 

WRITING EQUATIO NS 

A seamstress makes dresses for a living. After 
an illness, she has only $100 in her business 
bank account. She takes out a $1000 loan at 
Algebank. The interest on the loan is $15 per 
month if it gets paid back in the first year. She 
spends $720 on dress-making materials, and 
keeps the rest in her bank account to cover 
additional costs, such as sewing machine 
repairs or whatever else may come up. 
Materials for one dress come to $20. She 
makes two dresses a day, four days a week, 
and spends one day a week selling the dresses 
and dealing with other matters related to her 
business. 

She sells as many dresses as she can to private 
customers for $160 each, and the rest of the 
dresses to stores, for $ 100 each. She needs 
$750 a week for living expenses and puts any 
income over that in her bank account. She 
hopes to pay back her loan, and to make 
enough money so that when she needs to buy 
more materials, she does not have to take out 
another loan. Can the seamstress meet her 
goals? How could she improve her financial 
situation? 

One way to think about a problem like this one 
is to break it down into smaller problems, and 
to write and solve equations for those. For 
example, let's write an expression that would 
tell us how much money the seamstress puts in 
her bank account every week. 

1. @@!M Assume the seamstress has 
x private customers a week. Answer the 
following questions for one week, in terms 
of x. 

a. How many dresses does she sell 
to stores? 

b. How much money does she receive 
from private customers? 

.A lo6 

c. How much money does she receive 
from stores? 

d. What is the total amount of money she 
receives every week? 

e. How much of it is she able to put in her 
bank account? Simplify your answer. 

If you answered the questions correctly, you 
should have ended up with the expression 
60x + 50 for the amount she deposits every 
week as a function of x. Let's say that she 
would like this amount to be $300. This gives 
us the equation 60x + 50 = 300. Remember 
that xis the number of private customers per 
week. We can now find out how many private 
customers she would need to deposit $300 per 
week. All we need to do is solve the equation. 

SOLVI NG EQ UAf iONS 

I Definition: Finding all the values of a vari
able that make an equation true is called 
solving the eq~tion. 

You have already solved equations by trial 
and error. The cover-up method is another 
technique for solving equations. It is based on 
the idea of working backwards. 

Example 1: 60x +50= 300 

With your finger, cover up the term that has 
the x in it. The equation looks like 

0 +50= 300. 

Clearly, what's in the box is 250. So 

60x = 250. 

Think of a division that is related to this 
multiplication, and you will see that 

X = 250/60 

or X= 4.1666 •••• 

So in order to deposit $300 a week, the 
seamstress needs to have more than four 
private customers a week. 

Cluzpttr 3 Working &Jekwtuth 
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1. a. 8- x 
b. 160x 
c. 100(8- x) 
d. 160x+ 100(8- x) 
e. 160x+ 800- 100x - 750 = 

60X+ 50 

-



Example 2: This one is about a more com
plicated equation. 

5 +3x- t = 7 
4 

Cover up the expression 3x - 1. You get 
4 

5 + 0 = 7. 

Whatever is hidden must be equal to 2. So 

Jx- t = 2 
4 

Now cover up 3x - I with your finger. 

0 =2 
4 

What is under your finger must be 8. So 

3x- I = 8. 
Cover up the term containing x. 

0 -I =8 
What's under your finger must equal9. So 

3x = 9 
and X= 3. 

2. Check the solutions to examples I and 2 
by substituting them in the original 
equations. 

Solve each equation. Use the cover-up method, 
then check each answer by substituting. 

3. a. 3(x - I 0) = 15 

b. 3(x + 10) = 15 

c. 3 + fo = 15 

d . .!! + 12 = 15 
X 

3.9 EqUIIJions and the Cover-Up Method 

3.9 

4. a 34 -2x + 6 = 4 . 2 

b 34 - 2x + 6 = -4 . 2 

5. a. 21 = 12 + f b. 12 = 21 + f 
6. a. 5 + f = 17 

c. 5 -+= 17 

b. 5 +~= 17 
X 

d. 5 -~ = 17 

7. a. 3 = _Q_ 
x + l 

X 

b 3=~ . t 2 

c. 3 = _Q_ d. 3 = ~ 
X+ 7 12 

8. ..... Make up an equation like the ones 
above that has as its solution 

a. 4 ; b. -4; I 
c. 4. 

Since the cover-up method is based on cover
ing up the pan of the equation that includes an 
x, it can be used only in equations like the ones 
above, where x appears only once. ln other 
equations, for example 

l60x + 100(8 - x) - 750 = 300, 

you cannot use the cover-up method, unless 
you simplify first. 

9. f Find out how many private cu tomer 
the seamstress need every week o that, 
at the end of four week , she has enough 
money in her bank a count to pay back 
her loan and buy dress-making materials 
for the next four week . Use equations 
and the cover-up method if you can. 
Otherwise, u e any other method. In 
either case, explain how you arri ve at 
your an wers. 

107 ... 

In thi lesson, make sure the tudents can 
work together on problem I . The purpo e 
is imply to introduce student to the idea 
of writing an equation to olve a problem. 
They will get much more practice with that 
later, and you should not expect mastery at 
th is earl y date. If they have trouble doing 
it you should help them. Do not let this 
take too much time, as it i simply a moti 
vator for the mai n part of the lesson. 

SOLVING EQUATIONS 

The cover-up method is related to working 
backwards, to the concepts of inver e oper
ation , and to reciprocal s and oppo ite . 
Demon trate some examples and make 
sure tudent understand the ones gi ven in 
the text. 

A ssign problem 9 i f you want your tu
dent to analyze the seamstress problem 
fully. A llow them to use whatever 
techniques they want. Trial and error and 
making organized table are likely to be 
more widespread techniques than equation 
solving at thi s point. Th is i fine. However, 
make sure that the variou approache are 
di cu sed, so students can learn f rom each 
other. 

B ecau e the problem is so complicated, 
student may forget one or another of the 
detail (for example, the interest on the 
loan or the fact that for the next four-week 
peri od she will need material for only 28 
dres e ). Neverthele , it hould not be too 
di fficul t to reach the correct an wer, parti c
ularly i f tudent are allowed to work in 
group . 

3.9 S 0 L U T I 0 N S 

3. a. 15 9. To pay back her loan plus interest, 
b. -5 she needs to make $1015 after four 
c. 120 weeks, or $253.75 a week. Dress-
d. 6 making materials cost $160 a week 

4. a. 27 ($20 per dress, 8 dresses a week) . 

b. 35 So for one week, she needs to put 

5. a. 24 
$413.75 (253.75 + 160) in the bank. 
Now solve the equation for x, 60x + 

b. -24 50 = 413.75. We get x = 6.0625. She 
6. a. 72 needs more than six private 

b. 0.5 customers a week. 
c. -72 
d. -0.5 

7. a. 3 
b. 35 
c. -3 
d. 29 

8. Answers will vary. 

. '*--..- . -
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t;l41141• DIVIDING BY ZERO 

M ake sure to di cuss the difference 
between problem 11 and 12. ln one case, 
there i no po ible quotient; in the other, 
there is an in finite number of them. In 
neither case is there a unique poss ibiUty, 
which i why di vi ion by zero i not 
defined. 

f,gfi,Jf#;J• BE PRODUCTIVE 

Thi s secti on doe not require hav ing done 
Thinking/Writing 3.A, as it does not rely 
on function . (However, your students will 
need to u e the table of letter values .) 

108 

1 0. Multiply both sides by 5. The equa
tion holds, i.e. 20 = 20. 

11. 20/0 = q. A related multiplication is 
q · 0 = 20. There is no number, q, that 
multiplies 0 to give 20. Therefore, q 
is not defined, which means 20/0 is 
not defined. 

12. 0/0 = q. A related multiplication is 
q · 0 = 0. q can be any real number 
since any number multiplied by 0 will 
give 0. Since q has many values, q is 
not defined. 

13. 15, 120 

14. The word beddy-bye, which is not in 
any dictionary, has a product of 
exactly one million. It is not likely that 
any dictionary word does. 

3.9 

f;/ip/Jii DIVIDING BY ZERO 

10. Explain , using multiplication , why 
20/5 = 4. 

II. Explain , using multiplication , why 20/0 is 
not defined. (Hint: Start by writing 
20/0 = q. Write a rel ated multiplication. 
What must q be?) 

12. Explain, using multiplication, why 0/0 is 
not defined. (Hint: Start by writing 
010 = q. Write a related multiplication. 
What must q be? Could it be something 
else?) 

4 108 

15. Some answers-others may be 
possible: 
a. FA, CAB 
b. BAD, DAB, AHA 
c. FAB, CAD, LA 
d. BAG, AN , GAB 
e. ACE, 0 
f. DAD, PA, BAH 
g. AT, BABE, ADE 
h. FAD, AX, LAB 
i. AGE 
j. MAGE, GAME, GEM 
k. MAKE 
I. AWES, SEW 
m.QUICK 
n. OXYGEN 

fQ4fit)j#;Ji BE PRODUCTIVE 

Say that the product of a word is the product of 
the numbers corresponding to its letter . (For 
the letter value , ee Thinking/Writing 3.A.) 
For example, the word opti c ha value 

15 . 16. 20 . 9. 3 = 129,600 

13. What is the product of the word ALGEBRA? 

14. Find words who e product i a close to 
one mi ll ion a pos ible. 

15. Find word having these products. 
(Hint: It wou ld help to fi nd the prime fac
tors of the numbers.) 

a. 6 b. 8 
c. 12 d. 14 

~ 15 f 16 

g. 20 h. 24 

i. 35 j. 455 

k. 715 I. 2 185 

m. I06,029 n. 4,410,000 

Chapter J 1Vorki11g Back wards 
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~-r~ .P.-~ .. P~P.~_r ___ Itt~ . 
DIAGRAMS OF COMBINED FUNCTIONS 

Function diagrams can be used to show the 
result of combining fu nctions. Here are two 
simple functions . One function doubles x. The 
other function adds I to x. 

Yt = 2x Y2 = X + I 

Notation: The 2 in the name y2 is called a 
subscript. It is written lower and smaller 
than the y. It does not mean multiply by 2 or 
square. It is just a way to distingui sh two 
variables that would otherwise have the 
same name. 

I. Draw function diagrams for y 1 and Y2 · 

This two-step function diagram shows one 
way of combining y1 and )'2. First, double x. 
Then add I to the result . They value of y 1 

becomes the new x value for y2. 

7 

5 

3 

- I 

-3 

-5 

X Yl Y2 
multiply (new x) then 

by 2 add / 

3. 10 Combining Fullcliolls 

7 

5 

3 

- I 

-3 

-5 

These two steps can be combined as shown in 
thi s one-step function diagram. 

7 7 

5 <:::-. 5 

3 / .· 3 . __ _......~ 
-----

- I - I 

-3 -----.. -3 
·-·--~-

-5 -5 

X---+Y 

2. Write a rule for this function diagram. 

The functi ons y 1 and y2 can also be combined 
in the other order: First , add I to x. Then dou
ble the result . The y value of y2 becomes the 
new x value for Yt· 

3. Draw a two-step function di agram show
ing the combination of I he func tions in 
thi s order. 

4. Summarize your two-step function 
diagram in a one-step function diagram. 

5. Write a rule for the one-step functi on 
diagram you drew. 

6. .... Does the order in which we combine 
the functi ons matter? Ex plain. 

These problems are about the fo llowing two 
functions. 

Yt = -3x )'2 = x + 2 

7. Show a two-step function diagram, com
bining the functions by performing y 1 first 
and then Y2 · 

109 ... 

T 3.10 
Combining Functions 

Core Sequence: 1-23 

Suitable for Homework: 7-14, 19-23 

Useful for Assessment: 6, I I, 22 

What this Lesson is About: 

• Composition of functions 

Preview of inverse functions 

• Review of the distributive law 

• Review of the commutative law 

• Review of inverse operations, recipro
cals, and opposites 

This lesson wraps up much of the diverse 
work of this chapter by addressing the 
underlying mathematics. Do not be intimi
dated by the title; this chapter has provided 
plenty of preparation for students to handle 
the concepts presented here. Their expo
sure to the arrows tool and function dia
grams is one of the main reasons these 
concepts are accessible to first-year 
algebra students. 

At the same time the lesson provides 
review of such basic ideas as the commuta
tive and distributive laws. 

We do not use functional notation, as it 
would not be used enough in this course to 
justify the time and effort needed to learn 
it. On the other hand, the Yt. Y2 notation is 
the one used on some graphing calculators, 
and subscripts will be used in Chapter 5 
when discussing sequences. 

3.10 S 0 L U T I 0 N S 

1. 5 5 5 5 3. 10 10 5. Y= 2X+ 2 

6. Yes. From #2 and 5, we can see that 
switching the order in which we com-

0 0 
bine functions results in two different 

0 0 0 0 functions. 

7. 10 10 

-5 -5 -5 -5 -10 -10 

x-y x-y X Y2 Yt 
Yt =2X Y2 =X+ 1 0 0 

4 . 10 10 
2. y= 2x + 1 

-1 0 -10 
0 0 

X Yt Y2 

-1 0 -10 

X y 

. ... -.... 
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DIAGRAMS OF COMBINED FUNCTIONS 

After doing problems 1- 10, you may have 
a cia di cuss ion of the ame problems 
with the help of the arrow representation, 
using variables. For example, for problem 
7 and 9: 

x -(y,)---7 -3x -(y2)-? -3x + 2 
X -{y2)-7 X + 2 -{y1)-7 -3(x + 2) 

H owever, do not start with thi . Give tu
dent a chance to come up with their own 
generalization fust. 

INVERSE ACTIONS 

INVERSE FUNCTIONS 

R oblem 15 can be explored at many lev
els. At the lowest level it i just a review of 
inverse operations. Some of your tudent 
may be ready to take th is further and use 
more complicated fu nction ( uch a linear 
function of the form y = mx + b). 
Obviou ly, orne function would be too 
difficult for many tudent to work with at 
thi stage. For example, do not involve the 
whole cia in a discu ion of the inver e 
function for y = x2 + 3x or of which func
tions have and do not have inver e . These 
idea are beyond what can be expected at 
thi level. 

Problem 16 reviews reciprocals and the 
relati on hip between multiplication and 
divi ion . 

'Y3.10 

8. Summarize your two-step diagram in a 
one-step diagram and write the functi on 
that corresponds to your one-step fu ncti on 
diagram. 

9. Repeat problems 7 and 8, but this time 
combine the two functi ons by performing 
Y2 first, followed by y 1• 

10. Did the resulting functi on change, when 
you changed the order in which you com
bined the two functi ons? Exp lai n. 

uJMMftW Sometimes you can combine 
two functi ons in either order and the 
resulting funct ion is the same. Find pairs 
of functions that have thi s propen y. You 
may use function diagram to verify your 
answer. Discuss any patterns you notice. 

INVERSE A( liONS 

The in verse of an acti on is the action that 
undoes it. For example, suppose you were 
leav ing home in the car. You would perform 
these four actions. 

ACTION I: Open the car door. 
ACTION 2: Get into the car. 
ACTIO 3: Close the door. 
ACTION 4: Stan the car. 

If, before dri ving away, you suddenl y reali zed 
that you forgot something, you would have to 
undo all these actions. You would undo the 
actions in the reverse order: 

First, UNDO ACTIO 4: Stop the car. 
Second, UNDO ACTION 3: Open the door. 
Next, UNDO ACTION 2: Get out of the car. 
Last, UNDO ACTION I: Close the car door. 

12. Describe how to undo these actions. 

a. In the morning, you put on your socks, 
then put on your shoes. What do you do 
in the evening? 

b. To take a break from this homework, 
you close your math book. stand up 

.A 11o 

from your desk, turn on the television, 
and sit down on the sofa. What do you 
do to get back to work ? 

13. AI believes that the way to undo the 
actions open the car window; stick your 
head 0 111 is close the car window; pull 
your head in. Comment on thi s idea. 

14. Create your own example of in verse 
actions. 

INVERSE FU N( liONS 

ts.'@l@tt.pi Choose any function and make 
a function di agram for it. Then draw the 
mirror image of this function di agram. 
What is the function associated with the 
mirror image? How is it rel ated to the 
ori ginal function? Try this with several 
functi ons. Write about any patterns you 
notice. 

The in verse of a function is a function that 
undoes it. For example, look at the e two 
input-output tables. 

16. a. What happens when you use an output 
fro m the first table as the input for the 
second table? 

b. What two function do you think are 
represented by these two tables? How 
are the functions related? 

Chapter J ll'orki11g Backwards 

3.10 S 0 L U T I 0 N S 

8. 10 10 10 10 11. Answers will vary. 
Any pairs of functions of the form 
Y = X + b or y = mxwill work. 

12. a. Take off your shoes, take off your 
0 0 0 0 socks. 

b. Get up from the sofa, turn off the 
TV, sit down at your desk, open 

-10 -10 -10 -10 your math book. 

X y Y= -3X+ 2 X y y = -3(x + 2) 13. If AI closes the window first, his head 

10. Yes. The order of operations is 
would get stuck. 

9. 10 10 14. Answers will vary. important. Performing y1 and then Y2 
is the same as multiplying a number 15. Answers will vary. 
by -3 and then adding 2. On the The function for the mirror image is 

0 0 other hand, reversing the order is the the inverse function , i.e. it undoes 
same as adding 2 to a number and the effect of the first function. So the 
then multiplying by -3. The results final output is the same as the 
are not the same. original input. 

-10 -10 

X Y2 y , 

- - - - -
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If y1 = 2x and Y2 = (l/2)x, a two-step function 
diagram shows that Yl undoes y 1• 

5 

3 

-I 

-3 

-5 

x---+YI---n 
multiply (new x) multiply 

by 2 by 1/2 

5 

3 

-I 

-3 

-5 

This is shown dramatically when the two-step 
diagram is summarized in a one-step diagram. 

:l·-· n -=- - : 
-~ ~ - - - -~ ~ -~ 
-4 - - -4 

X y 

A function y1 perfonns the following 
operations on a number. 

Multiply the number by 3. subtract I. 

3.10 Combining Functions 

J.1oT 

17. Write in words what the inverse function 
does. (Call it .\'2.) 

18. a. Write a rule in the form y 1 = for the 
original function. 

b. Write a rule in the form Y2 = for the 
inverse function . 

19. a. Make separate function diagrams for 
Yt andy2. 

b. Describe how the diagrams you made 
are related. 

20. Make a two-step function diagram for the 
combination of Yt and .\'2· 

21. Make a one-step function diagram summa
rizing your two-step diagram. Would it 
matter if you combined y, and Y2 in the 
other order? 

22.fii!,!,fiifl Write a summary of what you 
have learned in this lesson about combin
ing function diagrams, especially those of 
inverse functions. Use examples. 

23. () Find functions that are their own 
inverses. What do you notice about their 
function diagrams? Explain. 

111.6. 

Roblems 17-21 explore the inverse func
tion for y = 3x - l. Do not expect all stu
dents to be able to generalize from this one 
example. What students should have mas
tered and reflect in problem 22 is that: 
inverse functions have mirror image dia
grams; combining inverse functions leads 
to the function y = x (the identity function, 
though this vocabulary is not necessary at 
this stage); and that reciprocals and oppo
sites are useful in finding inverse 
functions. 

MORE INVERSE FUNCTIONS 

This is difficult. Some examples can be 
constructed by working backwards: think
ing about what must be true of the function 
diagram of a function that is its own 
inverse, creating such a diagram, and find
ing its function. 

Students who have done Thinking/ 
Writing 3.A may remember that functions 
like y = b - x are their own inverses. 

3 . 10 S 0 L U T I 0 N S 

16. a. We get back the original input. 
b. Y= 3xand y= (1/3)x. 

The two functions have 
coefficients that are reciprocals of 
each other. One function is the 
inverse of the other. 

17. Add 1 to the number, divide the 
result by 3. Or, add 1 to the number. 
multiply the result by 1/3. 

18. a. Y1 = 3x- 1 
b. Y2 =(X+ 1)/3 = (1/3)(X+ 1) 

19. a. 

5~5 0 0 

-5 -5 

X y 
y, = 3x - 1 

20. 

:-bJ: 
-5~-5 

X y 
Y2 = x; 1 

b. The Y1 axis Is a line of symmetry. 
If we fold the paper along the y, 
axis, all the lines will match up. 
Also, the output of Y2 is the same 
as the input to Y1 -

5 5 

0----:::c--...::::::J~,___-:::I::""O 

-5 -5 

x-y,-y2 

21. 

22. Answers will vary. 

- . 
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T 3.11 
Math on Another Planet 

Core Sequence: none of this lesson 

Suitable for Homework: 9-17 

Useful for Assessment: 17 

What this Lesson is About: 

• Opposites and reciprocals 

• The properties of zero and one 

• Modular arithmetic 

This lesson should appeal to the students' 
imagination and show that mathematics 
can be interesting when it is frivolous, 
as much or more as when it is serious or 
useful. 

The properties of zero and one in addition 
and multiplication, respectively, are not 
very interesting to students (or teachers) in 
the context of the real numbers. After eight 
or nine years of exposure to the fact that 
2 + 0 = 2, it loses its appeal. In this les
son, the identity element for mathematical 
structures other than the real numbers pro
vides a fresh environment in which to 
think about one and zero. In addition, 
opposites and reciprocals are approached 
in an unfamiliar context. 

LESSON 

• . , Math on Another Planet 

SMAll POCKETS 

On the treeless planet of Glosia, the currency 
consists of florins, ecus, and ducats. One florin 
is worth two ecus, and one ecu is worth two 
ducats. Since there is no paper, there is no 
paper money, and the people of Glosia have 
to carry coins everywhere. King Evariste Vll, 
being immensely rich, must wear bloomers 
with enormous reinforced pockets to hold 
his money. 

One day the King realizes that there is a new 
trend in Glosian fashion. Elegant men and 
women wear onl y small pockets. Evariste Vll , 
not one to be left behind by the great move
ments of style, decides to institute a drastic 
economic reforrn by enacting a strange law: 
One ducat is worth two florins! (The old rules 
are not changed.) When you reali ze trades can 
be made in either direction, you can see how 
the King's brilliant legislation wi ll abolish 
poverty forever. 

The people of Glosia are ecstatic. With the 
new system, one may have a fortune in one's 
pockets, and yet never carry more than three 
coins! One can be rich and fashionable at the 
same time. For example, if you own eight 
ecus, you can go to the bank, and trade them 
in for four florins. These can be traded again, 
for two ducats, which equal one ecu, which 
will certainly fit in your pocket. 

.6. 112 

1. mwm 
a. The IGng trades his coins at the bank, 

according to their offi cial value, with 
the object of having as few coins as 
possible in the tiny pocket of his slinky 
new pants. He starts with I 000 florins. 
What does he end up with? 

b. Prince Enbel has one ducat. He buys a 
toastereo (a popular appliance which, 
unfortunately, does not make coffee), 
costing 50 ecus. If he is given the 
fewest coins possible, how much 
change does he get? 

c. Princess Lisa has one ecu. She wins 
the fi rst pri ze in a contest in Names 
Magazine. The prize is one ducat, one 
ecu, and one florin . She now has four 
coins, but they won' t fit into her 
pocket. What does she have after trad
ing them in to get as few coins as possi
ble? (The second prize would have 
been a T-shirt with the Names logo 
and no pockets at all.) 

d. Sol Grundy has no money. He gets a 
job at the toastereo store, earning one 
florin per day, seven days a week. Since 
hi s pockets are fashionably small , he 
trades his money as often as possible in 
order to have as few coins as possible. 
lf he starts his new job on Monday, how 
much doe he have each day of the 
week? The next week? (Assume he 
doesn' t spend any money.) 

Chapter 3 Working Backwards 
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1. a. e, d 
b. e, f 
c. e 

d. Date Amount 

Mo f 

Tu d 

We d + f 

Th e 

Fr e + f 

Sa e +d 

Su e + f +d 

For next week, Sol Grundy has the 
same amount of money. 

2. f, d, e, d + f, d + e, e + f, e + f + d 

3. Sum r e d 

f d f + e d +f 

e f + e f d+ e 

d d+ f d+ e e 

d + e e + f + d d + f f 

d+f e e + f +d e + f 

e + f e +d d e + f +d 

e + f + d f e d 

d+e d+f e+f e + f+ d 

e + f+ d e d+ e f 

d+ f e + f +d d e 

f e + f e +f + d d 

e + f d e d+ e 

d d+ e f d + f 

e f f+d e + f 

d+ e d+ f e + f e +f+d 



1. Make a list of the amounts of money one 
can have that cannot be reduced to a 
smaller number of coins. (Hint: There are 
seven possible amounts.) One of the 
amounts is (d + e). 

3. Make an addition table for Glosian money. 
It should be a seven-by-seven table, with a 
row and column for each of the amounts 
you found in problem 2. For example, 
your table should show that 
(d +e)+ d =f 

4. One of the seven amounts you found in 
problem 3 can be considered to be the 
"zero" of Glosian money, since adding it 
to a collection of coins does not change 
the collection's value (after trading to get 
the smallest possible number of coins). 
Which amount is the zero for Glosian 
money? 

S. The opposite of an amount is the amount 
you add to it to get the zero. Find the 
opposite of each of the seven amounts in 
problem3. 

'" \ll P'O( ll..fl' 

The King can never remember which month 
it is and how many days the month has. He 
decides to start a new calendar, with a single 
infinite month, the month of Evary, named 
after himself. This is what the calendar 
looks like. 

3.11 Mllllt 011 A11Dllur Plmttt 

3.11 ... 

Evary 

Mo Tu We Th Fr s. Su 

I 2 3 4 

s 6 7 8 9 10 II 

12 13 14 IS 16 17 18 

19 20 21 22 23 24 25 

26 27 28 29 30 31 32 

33 34 35 36 37 38 00 0 

6. What day of the week will it be on Evary 
lOOth? Explain how you figured it out. 

The King is so pleased with the new calendar 
that he decides to invent a new kind of math. 
He calls it Calendar Math. In Calendar Math, 
Monday + Tuesday ~ 

5 + 6 = 11 ~ Sunday, 
or, more briefly, Mo + Tu = Su. 

7, Check whether, if you picked different 
numbers for Monday (such as 12, 19, etc.) 
and Tuesday (13, 20, etc.), you would still 
get Sunday for the sum. 

8. Make an addition table for Calendar Math. 
It should be a seven-by-seven table. with 
the days of the week along the left side 
and across the top and their sums inside 
the table. 

1n.A. 

The mathematical content underlying this 
lesson is not a traditional part of the pre
college curriculum. Yet, the ideas of iden
tity and inverse element and the mathemat
ical structures known as groups and fields 
are the backbone of arithmetic and algebra. 
The approach presented here proves that 
these ideas do not have to be presented in 
the super-abstract and dull manner that was 
too often the case with the New Math of 
the sixties and seventies. 

SMALL POCKETS 

This is the most alien-looking section. It 
can be skipped if you are uncomfortable 
with it. It is not needed in order to do the 
next section which is based on numbers. It 
would be a good idea for you to work out 
the problems before attempting them with 
the class. (They are not difficult, just 
unusual.) 

This section requires a lot of reading. 
Perhaps students should be encouraged to 
take turns reading aloud in their groups. 

Roblem I requires a certain amount of 
careful computation. The computations are 
almost purely algebraic and involve very 
little work with numbers. This Exploration 
previews all of problems 2-5. 

3. 11 S 0 L U T I 0 N S 

4. e+f+d 

5. Amount Opposite 

f d+e 

d e+f 

d+f e 

e d+f 

e+f d 

e+d f 

e+ f+d e+ f+d 

6. The 100th day in Evary is a Friday. 
One way to do this problem is to 
extend the calendar and fill in the 
days. Another way is to use modular 
arithmetic. The cycle starts on 
Thursday and ends on a 
Wednesday. If we divide 100 by 7, 
then a remainder of 1 corresponds to 
Thursday, 2 to Friday, 3 to Saturday, 

4 to Sunday, 5 to Monday, 6 to 
Tuesday, and 0 to Wednesday. A 
similar method to this is to subtract 4 
from 100. Then divide the result by 7. 
A remainder of 1 corresponds to 
Monday, 2 to Tuesday, 3 to 
Wednesday, 4 to Thursday, 5 to 
Friday, 6 to Saturday, and 0 to 
Sunday. 

7. Yes, we still get a Sunday. 

8. Sum Mo Tu We Th Fr Sa Su 

Mo Sa Su Mo Tu We Th Fr 

Tu Su Mo Tu We Th Fr Sa 

We Mo Tu We Th Fr Sa Su 

Th Tu We Th Fr Sa Su Mo 

Fr We Th Fr Sa Su Mo Tu 

Sa Th Fr Sa Su Mo Tu We 

Su Fr Sa Su Mo Tu We Th 
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A LONG MONTH 

There are computational shortcut po i
ble. For example, in problem II , 

Mo + Mo ~ 5 + 5 ~ 10 ~ Sa. 
So, Mo + Mo + Mo = Mo + Sa ~ 

5 + 3 = 8 ~ Th. 

In problem 14 point out that Calendar 
Zero, just like zero among the real num
bers, does not have a reciprocal. Also, zero 
times any number equals zero. 

B oth problems 11 - 12 and also 16 point out 
the cyclical nature of thi s mathematical 
structure. A ubtle point, probably too dif
ficult for students to di scover or even 
understand, is that the addition table for 
Calendar Math has exactly the same under
lyi ng structure a the addition table of 
ducats, ecus, and florins, in the prev iou 
section . 

You will fi nd masters for the addition and 
mult iplication tables for problems 3, 8, and 
13 in the back of thi s Teacher's Edition. 

For problem 17, you may ask students to 
investigate whether the commutative, asso
ciative, and di tributi ve laws hold in 
Calendar Math. You can also introduce the 
term identity element to describe 0 for 
addition and l fo r mu ltiplication and ask 
that these be incl uded in the summary, 
along with information on oppos ite and 
reciprocal . 

3.11 

9. Calendar Zero is a day of the week such 
that, when you add it to any other day, you 
get that other day for the answer. What day 
is Calendar Zero? 

10. Fi nd the Calendar Opposite for each day 
of the week. That is the day you add to a 
given day to get Calendar Zero. If a day 
does not have an opposite, or is its own 
opposite, explain. 

11. Calcul ate. 

a. Mo + Mo 

b. Mo + Mo + Mo 

c. Mo + Mo + Mo + Mo, etc. 

12. How many times do you add Mo to itself 
to get back Mo? 

13. Make a multiplication table for Calendar 
Math . Here is an example of a resu lt that 
would appear in it. 
Mo · Tu ---? 5 · 6 = 30 ---? Fr, 
so, Mo · Tu = Fr. 

.6. 114 

14. What is special about Calendar Zero in 
multiplication? 

15. Calendar One is a day of the week such 
that when you multiply it by any other day, 
you get that other day for the answer. 
What day i Calendar One? 

16. The Calendar Reciprocal of a day i the 
day you multiply it by to get Calendar 
One. Find the Calendar Reciprocal for 
each day. If a day does not have a recipro
cal, or is its own reciprocal , ex plain . 

17. Calculate Su2, Su3, etc. What power of Su 
is equal to Su? 

ts.fii!:,lr:Fiej Summarize Calendar Math. 

Chapter 3 Working Backwards 

3. 11 S 0 L U T I 0 N S 

9. Calendar Zero is Wednesday. 

10. Day of Calendar 
Week Ot>positc 

Mo Fr 

Tu Th 

We We 

Th Tu 

Fr Mo 

Sa Su 

Su Sa 

11 . a. Mo + Mo = Sa 
b. Mo + Mo + Mo = Th 
c. Mo + Mo + Mo + Mo = Tu 
d. Mo+Mo+MO+MO+MO=Su 
e. Mo + Mo + Mo + Mo + Mo + Mo 

= Fr 
f. Mo + Mo + Mo + Mo + Mo + Mo + 

Mo=We 

g. Mo + Mo + Mo + Mo + Mo + Mo + 
Mo + Mo = Mo 

12. 8 times 

13. Times Mo Tu We Th Fr Sa Su 

Mo Su Fr We Mo Sa Th Tu 

Tu Fr Th We Tu Mo Su Sa 

We We We We We We We We 

Th Mo Tu We Th Fr Sa Su 

Fr Sa Mo We Fr Su Tu Th 

Sa Th Su We Sa Tu Fr Mo 

Su Tu Sa We Su Th Mo Fr 

14. The result of all the multiplications 
with Calendar Zero is Calendar Zero. 

15. Calendar One is Thursday. 

16. Day of Calendar 
Week Reciprocal 

Mo Sa 

Tu Tu 

We none 

Th Th 

Fr Su 

Sa Mo 

Su Fr 

By definition, Calendar Zero has no 
reciprocal and Calendar One is its 
own reciprocal. 

17. Su2 = Fr 
Su3 = Th 
Su4 = Su 
Now the cycle repeats . 

18. Answers will vary. Students should 
give and define Calendar Zero, 
Opposite, One, and Reciprocal. 
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geoboards 

dot paper • u •••••••••••• u ••• l : : J 
EQUIVALENT FRACTIONS 

I. Using a rubber band, connect the origin 
and (6, 9). The line misses most geoboard 
pegs, but it goes exactly over two of them 
(in addition to the pegs it connects). What 
are their coordinates? 

Problem I provides a way to fi nd equivalent 
fractions on the geoboard. If you thin k of (6, 9) 
as representing 6/9, you have found two other 
fractions equivalent to it, making thi s a set of 
three equ ivalent geoboard fractions. 

2. U!il&WM Find as many sets of equi va
lent geoboard fractions as possible. Do not 
use zero in the numerator or denominator. 
There are 56 fractions distributed in 19 
sets. Do not include sets that consist of j ust 
one fraction. 

ENLARGING WITHOUT DISTORTION 

3. a. Make the face of an alien with rubber 
bands on your geoboard. The whole 
face needs to fit in the bottom left quar
ter of the board. In other words, none of 
the coordinates can be greater than 5. 
Don' t make it too complicated. 

b. Make a record of the coordinates you 
used. You will need those in the next 
problems. 

c. Copy the face on dot paper. 

3.12 Similar Figures 

4. Doubl ing the x-coordi nates and leaving the 
y-coordinates the same, make a copy of 
your alien's face on dot paper. Th is is 
called the (2x, y) copy. 

5. Repeat problem 4, but this ti me leave the 
x-coordinates as in the original and double 
they-coordinates onl y. This is called the 
(x, 2y) copy. 

6. Repeat problem 4 again , with both x- and 
y-coordinates doubled. Thi s is called the 
(2x, 2y) copy. 

7. fii!,I,F!ii Wri te a paragraph answering 
these questions: Which of the copies looks 
most like an enlarged version of the origi
nal? How are the other copies distoned? 

8. Write a story about the alien's adventures, 
explaining why its face went through these 
changes. 

9. f Enlarge the following fi gures without 
di storti on. Explain how you did it. 

0. ........ . . . . . . . . . . . . . . . 
:~ ... . 
~ ... . 

[J. Gij: . . Q·d· . . . . . . 
b c . . . . . 
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... 3.12 
Similar Figures 

Core Sequence: 1-7, 10-16 

Suitable for Homework: 3-9, 15-17, 20 

Useful for Assessment: 16 

What this Lesson is About: 

• Review of equival ent fractions 

• Preview of similar fi gures 

• Proportional thinking 

Thi s lesson prepares students for several 
lessons on direct variation in Chapter 4 
and on proportional thinking and slope 
throughout the course. 

EQUIVALENT FRACTIONS 

R oblem 2 will require a lot of work, but it 
is worth doing, as it provides a review of 
the key mathematical concept underl ying 
this lesson. I t is a good activity for collabo
ration with a partner or a group. 

If students seem to be having trouble with 
it, remind them to use the method shown in 
problem 1 to fi nd the sets. 

ENLARGING WITHOUT DISTORTION 

This section establishes an intuitive foun
dation for the idea of similar figures and 
proportionality. Do not expect full rna tery 
of these ideas. We will return to them 
many times throughout the course. 

3.12 S 0 L U T I 0 N S 

1. (2 , 3) , (4, 6) 

2. Answers will vary. 

3 . Answers will vary . 

4. Answers will vary . 
This will stretch the alien along the 
x-axis . 

5. Answers will vary . 
This will stretch the alien along the 
y-axis . 

6. Answers will vary. 
This is an enlargement of the alien 
without any distortion . 

7. See #4-6. 

8. Answers will vary. 

9. One way to do this is to make a list of 
the coordinates. Double, triple , etc. 
each coordinate. This represents an 
enlargement without distortion . 

-
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You may use class discussion of problem 7 
to generalize to (3x, 3y) or (4.5x, 4.5y) 
copies, but do not be heavy-handed about 
it, as the ideas are still new. 

R oblem 9 is quite difficult for many stu
dent . Their best bet i s to use the (2x, 2y) 
technique. I f they want to do it vi sual ly, 
they should make sure every side is 
enlarged by the same ratio. (Doubling is 
ea ie t. ) 

SIMILAR RECTANGLES 

R oblems 10-14 analyze one set of three 
similar rectangles. The ideas are related to 
the work in the previous two sections. The 
number hi nted at in problem 14 i the ratio 
of the sides of the rectangles. 

You should lead a whole-class discussion 
of the different methods for determjning 
whether fractions are equivalent, including 
the ones suggested in the text. 

R oblem 17 is challenging. Students may 
be able to solve it by noticing that the long 
side i twice a long as the short side in 
each rectangle. They can see this even i f 
they don' t know how long the sides are. 
One way is to di vide each rectangle into 
two squares. 

3.12 

SIMILAR RECTANGlES I Definition: When one figure can be 
obtained from another by enlarging it or 
shrinking it without distortion , the figures 
are said to be similar. 

10. Make a rectangle having vertices at (0, 0) , 
(4, 0), (4, 6), and (0, 6). Find a smaller rec
tangle that is similar to it by fi nding a 
number you can multiply the given coordi
nates by to get whole number coordinates 
that wi ll fi t on the geoboard. Sketch both 
on the same figure. 

11 . Repeat problem I 0, but find a larger 
rectangle that is similar to the given one. 
Sketch it on the same figure as in 
problem 10. 

The following questions are about the three 
rectangles from problems I 0 and II. 

12. Connect the origin with the opposite ver
tex in the largest rectangle. Does your rub
ber band pass through vertices of the other 
two rectangles? 

13. What are the length and width of each 
rectangle? How are they related to each 
other? 

14. Can you think of a single number that tells 
what all three rectangles have in common? 

Here are two ways to te ll whether two rectan
gles are simi lar. 

Geoboard diagonal method: Make both rec
tangles in the bottom left of a geoboard, with 
one vertex on the origin, and sides along the 
x- and y-axes. Then connect the ori gin to 
the opposi te vertex of the larger rectangle. 
If the diagonal you created pa es exactly over 
the vertex of the smaller rectangle, they 
are similar. 

.A 11 6 

Calcula tor di vision method : Check whether 
the ratio of the dimensions is the same in both 
the rectangles. 

Example: 

a. a 2-by-6 rectangle and a 3-by-8 rectangle 

b. a 2-by-6 rectangle and a 3-by-9 rectangle 

2/6 = 0.3333333 ... 
3/8 = 0.375 

3/9 = 0.3333333 ... 

15. Explain the results of the two methods in 
this example. 

You may know other methods for recognizing 
whether fractions are equivalent. You can use 
those also, to determine whether rectangles are 
similar. 

16.fiiHUuf!ii Explain how the ideas of similar 
rectangles and equivalent fractions are 
related . 

17. f Are these two rectangles similar? The 
ftrSt one has vertices: (0, 1), (2, 0), (4, 4), 
and (2, 5). The other one ha vertices (7, 3), 
(9, 6), (3, 10), and ( I, 7). Since the methods 
outlined above wi ll probably nOt work, 
explain how you arrive at your answer. 

Chapter 3 Working Backwards 

3.12 S 0 L U T I 0 N 5 
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1 0. Multiply each coordinate by 1/2. 

11 . Multiply each coordinate by 3/2. 

12. Yes 

13. The ratios: width/length or 
length/width are constant. 

14. 2/3 or 3/2 

15. The 2-by-6 and 3-by-9 rectangles are 
similar. 

16. Similar rectangles have ratios that 
will reduce to the same fraction in 
lowest terms. Equivalent fractions 
are fractions that will reduce to the 
same fraction in lowest terms. 

17. Yes. The ratio of sides is 2:1 for both 
rectangles . This may not be easy to 
see, but students will find creative 
ways to show this . 

-



f;/Um• THE COMM U TATI VE AND 
ASSOC/A T/VE LAWS 

18. Write an expression using 

• the numbers I, 2, and -3, in any order, 

• two subtractions, 

in as many ways as possible. 

In each case, calculate the value of the 
expression. 

I Examples: 2- I - -3 = 4 
2-( 1 --3)=-2 
(-3-1)-2=-6 

19. Do the commutative and assoc iati ve Jaws 
apply to subtraction? Explain. 

3. 12 Similar Figures 

3.12 ... 

fiJ4fitJP#;Ji CLOCKMA TH 

Clock Math can be defined by say ing that on ly 
the numbers on the face of a clock ( I, 2, .. . , 
12) are used. In Clock Math, 5 + 9 = 2, and 
5 X 9 = 9. This is because when you pass 12, 
you keep counting arou nd the clock. 

20.iid!l!il Write a report on Clock Math . You 
may start with a science fiction or fa ntasy 
story to explai n an imaginary orig in for 
Clock Math. Your report should include, 
but not be limited to, answers to the 
following questions: Is there a Clock Zero? 
What is it? Does every number have a 
Clock Opposite? What is it ? Is there a 
Clock One? Does every number have a 
Clock Reciprocal? What is it? Don' t forget 
to make add ition and multiplication tables. 

11 7.& 

t;liilii• THE COMMUTA TI VE AND 
ASSOCIATIVE LAWS 

Jn addition to the commutati ve and asso
ciati ve laws (in a negati ve sort of way) 
these problems review distributing the 
minus sign. 

w•Ufi•Jfi;Jt CLOCK MA TH 

Thi s works very much l ike Calendar 
M ath, with one major di fference. In Calen
dar M ath, every day except Wednesday 
has a reciprocal. In Clock Math, several 
numbers have no reciprocal. (There is an 
interesting pattern there.) One consequence 
is that one could defi ne division (except 
di vision by zero) in Calendar Math, but not 
in Clock M ath . 

3.12 S 0 L U T I 0 N S 

18. Answers will vary. 

19. 2 - 1 --3 = 4 
Since 1 - 2 - -3 = 2, the commuta
tive law does not hold for subtraction . 
Since 1 - (2 - -3) = -4, the associa
tive law does not hold for subtraction. 

20. Answers will vary. 
• Clock Zero = 12. 
• Every Clock number has a Clock 

Opposite. They are (number, its 
opposite) 1, 11 ; 2, 1 0; 3, 9; 4, 8; 
5, 7; 6, 6; and 12, 12. 

• Clock One = 1 . 
• Not every number has a Clock 

Reciprocal. The ones that do are 
(number, its reciprocal) 1, 1; 5, 5; 
7, 7; and 11 ,11 . 

,_ 
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rl#@i(Mr~ 3.C 
WRJTtN; More Banking 

Core Sequence: 1-11 

Suitable for Homework: 1-12 

Useful for Assessment: 11-12 

What this Assignment is About: 

• Combining functions 

• Using variables and function diagrams 
to analyze a real-world problem 

In this assignment we go back to the prob
lem that opened this chapter. The differ
ence is that now students should be able to 
analyze the problem at a somewhat higher 
level , with the help of variables and func
tion diagrams. 

Iterating a function of the type y = mx + b 
yields a sequence of numbers that is not 
that easy to analyze with complete general
ity. Do not expect your students to under
stand completely all the ramifications of 
this problem. 

For your own information: If the formula 
was simply of the form y = x + b, we 
would have an arithmetic sequence (these 
will be studied in Chapter 5); if the 
formula was of the fonn y = mx, we would 
have a geometric sequence (these will be 
studied in Chapter 8); finally, the form y = 

mx + b with -1 < m < l yields a sequence 
that converges towards a limit (these too 
will be studied in Chapter 8). 

~iii@$@~ 3.C More Banking 
_WRITIN~ 

Reg works for Algebank. He was trying 10 

analyze the in vestment plan described in the 
first lesson of thi s chapter. He dec ided to use 
x's and y's in hi s analysis. He wrote: 

x = amount of money the person in vests 
y = amount of money the person has after 
one month 

Since the bank doub les the in vestor's money 
and deducts the $ 100 fee, the functi on relating 
x and y is y = 2x - 100. 

1. Make a functi on di agram for thi s function. 

2. Use your function di agram to find out 

a. how much an investor, who had $300 
after one month , started wi th ; 

b. how much an in vestor, who started with 
$300, had after one month . 

3. Use your function diagram to find the 
amount of money the investor started with , 
who ended up with the same amount of 
money after one month . (This is called the 
fixed poim of the function.) 

4. What happens to an in vestor who starts out 
with an amount of money less than the 
fi xed point? With an amount of money 
greater than the fi xed point? 

To analyze what happens to an in vestment 
over a period of more than one month , Reg 
connected functi on diagrams. Since the 
amount at the end of the first month is the 
amount at the beginning of the second month , 
he used they-nu mber line fro m the first 
diagram as the x-number line of the nex t, 
doing thi s many times. 

.A11a 

5. Describe what the linked function 
di agrams show. 

6. How could one use a single-function dia
gram to fo llow what would happen to an 
investment over a peri od of more than one 
month? 

7. ,._ Use Reg's method 10 analyze a plan 
where the investment is multiplied by 1.5 
and the service charge is $50. Describe 
what your linked diagrams show. 

8. Compare the plan in problem 7 with the 
first plan for someone who in vests 

a. $90; b. $ 100; c. $ 11 0. 

9. Which do you think has a bigger influence 
on the amount of money the investor 
makes, the service charge, or the number 
by which the in vestment is multiplied? 
Write an explanati on supporting your 
opinion. Use several example . 

10. Explain why Although! it was important 
to know whether the service charge was 
deducted before or after the money was 
doubled. Use some examples. Ex press 
each policy with a function. 

11. illil!liWii Write a report on in vestment plans 
of the type studied in this assignment and 
in Lesson I , plus, opt ionally, other plans 
of your design. Use vari ables. Your report 
should include, but not be limited to, 
answers to problems 9 and I 0. 

12. iliU!lW Find out what the service charge 
and interest rate are at three real banks. 
Figure out what would happen to $ 100 
invested at each ervice charge and interest 
rate over a period of three years. Write up 
what you discover as if it were an article 
for the school new paper, and you were 
giving advice to students. 

Chapter 3 Worki11g Back wards 

3.C S 0 L U T I 0 N S 

1. 5. The linked function diagrams show 7. This is similar to #5, and the fixed 
400 400 how one's money grows in a certain point is still $100. However, in this 
350 350 number of months. From left to right, plan an investment grows slowly and 300 300 
250 250 the first vertical axis represents one's loses money more slowly than the 
200 200 initial investment. Each vertical axis one in #5. 
150 150 

afterward represents one's balance 100 100 8. First plan: y1 = 2x - 100 
50 50 at the end of one month. The fixed 

0 0 point is still $1 00, shown by the hori-
a. The investor will have a debt of 

-50 -50 $60 at the end of the 4th month. 
zontal line. Any investment below the b. Neither gain nor lose money 

X y fixed point will eventually be less c. The investor will have $260 in the 
Y= 2x - 100 than zero dollars, and any invest- 4th month. 

ment above the fixed point will gain Second plan: Y2 = 1.5x - 50 
2. a. $200 in value. a. The investor will have a debt of 

b. $500 6. We can use a single function $13.91 at the end of the 6th 
3. $100 diagram to show how an investment month. 

4. An investor who starts out with an grows in a certain number of months, b. Neither gain nor lose money 

amount less than the fixed point will but we cannot use one function dia- c. The investor will have $150.63 in 

lose money. One who starts out with gram to show what happens for any the 4th month. 

an amount more than the fixed point number of months. 

will gain money. 

-
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WORKING BACKWARDS 

Abe and Bea had baked a batch of cookies. 
They told Reg, AI , and Lara that they could 
each have one-third of the cookies. Later. Reg 
went into the kitchen and took one-third of the 
cookies. An hour after that, not knowing that 
Reg had already taken his share. Lara claimed 
one-third of the remaining cookies . A few 
minutes later AI, thinking he was the first to 
find the cookies, devoured one-third of what 
was left. 

1. If 8 cookies are left, how many must Abe 
and Bea have baked? 

TWO NEGA liVES 

2. Find the sign of the result. 

a. 3 - 5 b. 3 - (-5) 

c. -5 - (3) d. -5 - (-3) 

3. Find the ign of the result. 

a. -(5)(-3) b. -(5 - 3) 
c. -[-3 - (-5)] d. -(-5)(-3) 

POSITIVE, NEGATIVE, OR ZERO! 

4. For each expression. write P, N, and/or 0, 
depending on whether it can possibly be 
positive. negative, or 0. (Try various val
ues for the variables to help you decide. 
For example, -2, 0, and 2.) Explain your 
an wers. 

a. 5x 
c. -9y 

e. ~J 

b. -2; 
d. 5y~ 

f. -a4 

SIMPliFYING EXPRESSIONS 

Simplify each expression. 

5. 12x- 6xy- (-3x)- (-2y) 

6. -3-r- (3)2 + _;- <2 - .rJ 

7. x - (x - 5) - (5 - x) 

• Esse11tial ldeas 

FROM WORDS TO AlGEBRA 

8. a. Translate each step into algebra. 

I) Think of a number. 

2) Add 4. 

3) Multiply the result by 2. 
b. If I got46, what was my original 

number? 

9. a. Translate each step into algebra. 

I) Think of a number. 

2) Multiply by 2. 
3) Add 4. 

b. If I got 46, what was my original 
number? 

c. Compare your answer to pa rt (b) with 
your answer to part (b) in problem 8. 
Were your answers the same or differ
ent? Explain. 

COMPARING EXPRESSIONS 

10. Find a value of x for which 

a. -8x - I is Jess than 8x + 3; 

b. -8x - I is greater than 8x + 3; 

c. f -8x - I is equal to 8x + 3. 

MUlTIPliCATION TABLES 

Find these products. Combine like terms. 

11. (x + 3)(2r + 4) 

12. (x + 3)(2t + 4y) 

13. (x + 3 + v)(2x + 4v) 

Fill in the blanks. 

14. X -3 

- 1 2t' -6x 

15. 

Sy 

IOxy 

3y L -6t'y 1 15/ t -3yJ 

16. __ (x - 2) = 2- x 

119A 

(T hinking/Writing 3.C continued) 

There is a reproducible page of linked 
function diagrams in the back of thi 
Teacher's Edition . 

S 0 L U T I 0 N 

(3.C Solutions continued) 1. 

9. Answers will vary. 2. 
Assuming the service charge is not 
extremely large, the number by 3. 
which the investment is multiplied 
has a bigger influence in the long 

4. run . 

10. Answers will vary. 
Deducting the $1 00 service charge 
first and then doubling the amount is 
the same as doubling the amount 
and then deducting $200 as a ser-

5. vice fee . So doubling first is more 
beneficial to AI. 6. 

11. Answers will vary. 7. 

12. Answers will vary. 8. 

27 

a. negative 
c. negative 

a. positive 
c. negative 

a. P, N, O 
b. 0, N 
c. P, N, 0 
d. P, 0 
e. P, N, O 
f. 0, N 

15x - 6xy + 2y 

-x2- 8 

X 

a. 1) x 
2) x + 4 
3) 2(x+ 4) 

b. 19 

b. positive 
d. negative 

b. negative 
d. negative 

9. a. 1) x 
2)2x 
3) 2x + 4 

b. 21 
c. The answers are not the same, 

because the order of operations is 
important. 

10.a. x >-1/4 
b.x <-1/4 
C.X= -1/4 

11 . 2x2 + 1 Ox+ 12 

12. 2x2 + 6x+ 4xy+ 12y 

13. 2x2 + 12y+ 4y2 + 6x+ 6xy 

14. 2x 

15. -2x2, 5y, -1 

16. -1 

- - - -
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17.a. 15 b. -16x c. 0.5 

18. Answers will vary. 

19. a. numbers between -1 and 0, 
numbers greater than 1 

b. numbers less than -1, numbers 
between 0 and 1 

c. 1, -1 
d. negative numbers 
e. 0 

1 20. a. a; 

21. a. y-1 =i- 2 

b. y-1 :X~ 2 

C. y-1 = x;4 

22. a. y-1 = -x 
b. y-1 = -(2x- 5) 
c. y-1= -(6x- 3) 

• 
()Pf'() .... llf' ,,1) l<f( Jl'l<()( ,, .... 

17. Simplify each expression. Look for shan
cuts. 

a. 9 . .!..2 . 5 . l 
3 3 2 

b. [5x- (-5x)) - [5x- (-5x)) - 16x 
c. 0.5 • 25 • 0.02 . 2 

18. Gabe and Abe were arguing about xy. 
Gabe said that the opposite of xy is yx. 
Abe said that the opposite of xy is -xy. 
Lara overheard them, and said she thought 
that the opposite of xy is -yx. Write an 
explanation that will settle their argument. 

19. What numbers are 
a. greater than their reciprocal? 
b. less than their reciprocal? 
c. equal to their reciprocal? 
d. less than their opposite? 
e. equal to their opposite? 

20. a. Which of the following is the reciprocal 
of 3x? 

I 3 I 
3.f'7 ' or3 

b. Check your answer by substituting two 
different numbers for x and showing 
that the product of 3x and its reciprocal 
is I in both cases. 

Write the inverse of each of the following 
functions. 

21. a. The function adds 2 to x and multiplies 
the result by 4. 

b. The function multiplies x by 4 and adds 
2 to the result. 

c. \) y = 7x- 4 

22. a. The function takes the opposite of x. 
b. The function takes the opposite of x, 

adds 5, and divides the result by 2. 

c.\) v=~ . 6 

4120 

23. 620.6°F 

24. First subtract 273 from Kto get C. 
Then use F = 1.8C + 32 to convert 
CtoF. 
To convert Fto K, first convert Fto C 
by using C = (5/9)(F - 32). Then add 
273 to C to get K. 

25. a. 5 5 

0 0 

Scientists sometimes use the Kelvin tempera
ture scale. To conven Kelvin temperatures to 
Celsius, you subtract 273. For example, the 
melting temperature of iron is 1808° Kelvin, or 
1535° Celsius. 

23. Lead melts at 600° Kelvin. What tempera
ture is that in Fahrenheit? (Use the infor
mation from Lesson 8.) 

24. Explain how to conven Kelvin tempera
tures to Fahrenheit, and how to conven 
Fahrenheit to Kelvin. (Hint: Use arrows to 
show each step of the conversion.) 

25. a. Make a function diagram for the func
tion Yl = (x/2) + I. 

b. Make the function diagram of its 
inverse and find the rule. 

c. Find the function that results from com
bining y1 and its inverse. Does the order 
in which you combine the functions 
maner? Explain. 

Use the cover-up method to solve these 
equations. 

26 _1i_+3=9 27 ~+3=9 ·x-5 • 24 

28 ~+3=9 29 ~+3=9 
" 24 " 5- X 

30. Compare the solutions to each pair of 
equations. (Use related multiplication 
equations.) 

a. ft = 6 and -t, = 2 

b. f, = 4 and -it = 8 

c. ~ = 5 and -l, = 20 

d. Make up another example like this. 

31. Describe the pattern you found in problem 
30. Explain why it works. 

Chopttr J Wotting Btlekwards 

b. 5 5 

0 0 

-5 -5 

X y 

C. yO y-1 =X 

26. 9 

No, it doesn't matter in which 
order 

27. 149 

28. -139 

29. 1 

. - - -



PRACTICE 

REVIH\'/I'REVIEW SIMPLIFY 

1. X+ 0.2x 

3. X+ 0.8x 

5, X- (l/4)x 

2. X- 0.2x 

4. X+ (l/4)x 

IRIIifli'i EQUAL lt4 TIOS 

The equations below all involve two 
equal ratios. Find the value of x that 
will make the ratios equal. You may 
want to use trial and error with your 
calculator. 

JC 6 
6• 4 = T 7 l = ~ 

• JC 7 

JC s 
8· 3 = 7 

3 6 
9• T = x+ 7 

4 6 
10• S = x+ 7 

REVIEW/PREVIEW EQUATIONS 

11. For each equation, use trial and 
error to find a value of n that 
makes it true. 

a. 3n + 10 = 5n 
b. Sn + 10 = 3n 
c. 7n + 10 = 8n 
d. 8n + 10 = 7n 

12. Use trial and error or the cover-up 
method to solve these equations. 

a. 2(x + 5) = 8 

b. 5 + 2(x + 4) = 19 
c. 3(2x + 4) - 7 = II 
d. -4(10x- 3)- 6 = -14 

13. Find a positive integer that satis
fies each equation. 

a. 3n- I= 47 
b. n2 - 5 =59 

14. Find a negative integer and a 
positive integer that satisfy the 
equation 

n2 - n = 20. 
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30. a. 1/3,3 1. 1.2x 12. a. -1 
b. 2, 1/2 2. 0.8x b. 3 
c. 4, 1/4 c. 1 
d. Answers will vary. 3. 1.8x d. 0.5 

31. Answers are reciprocals of each 4. (1 1/4)xor (5/4)x 13. a. 16 

other. Let's look at ~ = 2. The 5. (314)x b. 8 

related multiplication is 6 = M • 2. 6. 24 14. 5,-4 

Since 2 times 3 is 6, M must be 3. 7. 4.2 

Now, ~ = 6. The related multiplica- 8. 1.§ 
7 

tion is 2 = M • 6 so 6 divided by 3 is 9. -5 
2. But dividing by 3 is the same as 

10. 0.5 
multiplying by 1/3. 

11. a. 5 
b. -5 
c. 10 
d. -10 



Chapter 4 
INTERPRETING GRAPHS 

Overview of the Chapter 

This chapter concentrates on the meaning 
of Cartesian graphs. On the one hand, this 
means thinking about applications and the 
meaning of different units on the axes. On 
the other hand, it means understanding the 
relationship between the coordinates of 
individual points and the equations of 
graphs. 

A number of numerically-oriented activi
ties offer a change of pace, while address
ing issues like rounding, estimation, and 
the use of calculators. 

1. Algebra Concepts Emphasized: 

• Three representations of functions: 
tables, graphs, and equations 

• Functions 
• Using different units on the x- and 

y-axes 
• Which polynomial graphs are 

straight lines 
• Which polynomial graphs pass 

through the origin 
• Intercepts 
• What it means for a point to be on or 

off the graph of a function 
• Horizontal and vertical lines 
• Proportional thinking 
• Direct variation 
• Points on direct variation lines 
• Discrete vs. continuous functions 
• Step functions 
• Writing and graphing simple 

inequalities 
• Discovering a two-variable function 

from data 
• Identity and inverse elements 
• Order of operations (exponentiation) 
• Algebraic structure 
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The spiral curve of a West African chameleon's tai l 

Coming in this chapter: 
Rmrmmmtl 

• Find a many functions a po ible whose graph go 
through the origin . 

• Find as many functi ons as possible who e output is 5 
when the input is 2. 

- - - ' -



INTERPRETING GRAPHS 
2. Algebra Concepts Reviewed: 

• Subtraction of signed numbers 
• Estimation and rounding 
• Geoboard area 
• Dividing on a calculator 
• Review of repeating decimals 

4.1 A 1 00-Mile Trip 3. Algebra Concepts Previewed: 

4.2 Points, Graphs, and Equations • Inverse variation 

4.3 Polynomial Functions 
• Intersection of graphs 
• Slope 

4.4 Graphs Through Points • Area under a line 

4.A THINKING/WRITING: 4. Problem-Solving Techniques: 

The Bicycle Trip • Trial and error 

4.5 Lines Through the Origin 
• Looking for patterns 
• Drawing a picture 

4.6 In the Lab • Organized searches 

4.7 Real Numbers and Estimation 
• Creating algorithms 

5. Connections and Context: 
4.8 jarring Discoveries 

• What information is and is not 
4.8 THINKING/WRITING: conveyed by graphs 

Direct Variation • Interpreting graphs 

4.9 Rules of the Road • Motion: speed, distance, time 
• Density, weight, volume 

4.10 Up in the Air • Similar rectangles 

Horizontal and Vertical Lines 
• Measurement error 

4.11 • Fitting a line to data 

4.12 Campi icated Areas • Dimensions 
• 1t 

4.( THINKING/WRITING: • Unit conversion 
Letter Strings • Traffic safety 

• Essential Ideas • Pick ' s Formula 
• Abstract algebra (finite groups) 

• PRACTICE 
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T 4.1 
A 1 00-Mile Trip 

Core equence: l-13, 18-20 

Suitable for Homework: 6- 17 

Useful for Assessment: 5, 11, 13, 15-17 

What this Lesson is About: 

• What information i s and is not conveyed 
by graphs 

• Preview of motion 

• Preview of inverse and direct variation 

• Using different units on the x- and 
y-axes 

T hi les on u e travel at con tant peed 
a a contex t to introduce the interpretation 
of graph . Secondarily, it serves as a pre
view of the algebra of motion. (A more 
complete exploration of motion will take 
place in Chapter 12.) 

R oblems l -2 w ill start your tudents 
thinking about the three variable in a 
motion problem: distance, time, and speed. 
You may use them as a springboard for 
cia discu ion, but at least make sure 
there i an opportunity to discuss these 
que tions in groups. W ithout ome sen e 
of the meaning of these three variables stu
dent will not get a lot out of the le son. 

Do not teach a formu la about the relation
ship of di tance, time, and speed. Students 
wi ll be guided to one through the building 
and interpretation of tables. 

i'iiiiiliile::h. ~~~~: .u. i ....... : 
1. By which of these methods do you trunk a 

person could travel I 00 miles in one day? 
Explain how you arri ve at your guess. 

walld ng running 

bicycling ice skating 

riding a scooter riding in a car 

riding in a helicopter 

2. Ophelia and Xavier are traveling along a 
road. If you could view the road from 
above and make a sketch of what you saw 
every ten minutes, your sketches might 
look something like the fig ure below. 

a. Which person (0 or X) is traveling 
faster? 

b. If the enti re length of the road is six 
miles, can you fig ure out approximately 
how fast each person is traveling? 
Explain. 

0 10 20 30 40 50 60 
min. min. min. min. min. min. min. 
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3. Copy and complete this table showing 
how many hours it would take each person 
to travel I 00 miles. 

Person 
Mode of Speed Time 
Travel (mph) (hours) 

Abe walking 4 25 

At van 50 

Bea skating 10 

Gabe SCOOie r 30 

Lara helicopter 100 

Lea bike 25 

Reg running 8 

4. Copy and complete the graph that shows 
how long it would take for each person to 
make the 100-mile trip. 

y 

32 

28 

~24 

" ,520 
~ 16 
.... 12 

8 

4 

• (4, 25) 

• (50, 2) 

0 10 20 30 40 50 60 70 80 90 IOOX 
SPEED (miles per hour) 

Chapter 4 Interpreting Graphs 
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1. Answers will vary. Some sample 
examples are as follows: 

bicycling: Yes. Triathletes bicycle 
100 miles in one race. The winners 
take as few as 5 to 6 hours. 

walking: No. An average walking 
time is about 3 mph on flat ground. 
100 miles/3 mph = 33.33 hours, 
which is more than one day. 

riding a scooter: Yes. A scooter can 
go 30 mph so 1 00 miles/30 mph = 
3.33 hours. 

riding in a helicopter: Yes. A heli
copter can go faster than a car (80-
1 00 mph). 100 miles/SO mph = 1.25 
hours. 

running: Yes. There are 100-mile 
races, one of which is called the 
Western States Ultra Endurance 

Race. The fastest runners take 
between 15 and 16 hours. 

ice skating: Yes. Skating seems to 
be a more efficient means of travel 
than runn ing because the skater 
glides on the ice. If a runner can run 
100 miles in a day, a skater should 
be able to do it also, because she's 
going faster. 

riding in a car: Yes. One example of 
a day trip is from San Francisco to 
Death Valley (550 miles) in 12 hours. 

2. a. Ophelia is traveling faster than 
Xavier. 

b. Yes. A certain number of miles per 
hour tells how fast an object, such 
as a car, is traveling. The person 
with the circle marker is travel ing 
about 6 mph because the entire 
distance of 6 miles is traveled in 

3. 

the one hour of observation time. 
The X marker is slightly less than 
3 mph, say 2.7 mph. Let the dis-
tance between the X marker and 
3-mile point (the midpoint of the 
full 6-mile segment) be one unit. 
The six miles can be divided into 9 
of these units. The dash marker is 
4/9 of the entire 6 miles. 4/9 · 6 = 
2.67 miles. 

Person Mode of Travel Speed Time 
Abe walking 4 25 
AI van 50 2 

Be a skating 10 10 
Gabe scooter 30 3.33 
Lara helicopter 100 1 
Lea bike 25 4 
Reg running 8 12.5 



s. +a;u;mrmm 
a. What pattern do you notice in the table? 

b. How long would it take fo r someone 
who travels at a constant speed of S 
miles per hour to cover 100 miles? 

]so 
:§.70 
0 

~ro 
>50 

~40 
t:l30 z 
~20 
VJ 
010 

I>I'>TA,CE VS TI\IE 

y 

0 2345678x 
TIME (hours) 

6. The graph shows Sea's progress on the 
trip. It shows that after 5 hours of roller
skating she had traveled 50 miles. 

a. Copy the graph onto graph paper. Use a 
whole piece of graph paper. You will be 
adding more to this graph. 

b. One of the points on the graph is (5, 50). 
Mark and label three more points on the 
graph of S ea's progress. 

7. In this lesson we are assuming everyone 
travels at a constant speed. How valid is 
this assumption? For each mode of travel 
what might make it impossible to travel at 
a constant speed? Explai n. 

4. 1 A 100-Mile Trip 

4.1 

The table shows how long it took for Abe to 
go cenain distances. 

Abe's Progress 

Time (hours) Distance (miles) 

I 4 

2 8 

8. a. Copy and complete the table up to 
20 miles. 

b. For thi s problem, use the same axes you 
used for Sea. Plot and label the points 
from the table in pan (a). 

c. Connect the points with a straight li ne. 
Then find and label a point that is on 
the li ne but not in your table. Interpret 
the coordinates of the point in terms of 
this problem. 

9. Make a table like the one you made for 
Abe showing Gabe's progress on his 
scooter and Al's progress in the van. Make 
graphs of their progress on the same axes 
you used to show Abe's and Sea's 
progress. Label the fo ur different li nes. 

10. Use your graphs to help you answer these 
questions. If Sea and Abe stan out at the 
same time, 

a. how far apan wi ll they be after 
one hour? 

b. how far a pan wi II they be after 
two hours? 

tt. i§§.!§fi@i@ii Look for a pattern . How far 
apan will Abe and S ea be after H hours? 
Explai n. 

12s .A 

You can use thi les on to inu·oduce the 
terminology " time ver u peed" which 
means " time a a functi n of peed." 

TIME VS. SPEED 

Thi s section preview inver e variation, 
which will be tudied in more detail in 
Chapter 5. Unless your tudents bring it 
up, there is no need to dwell on generali 
ti es about thi s at this time. 

H owever, it i u eful to di cus the pat
tern, which students are likely to see as a 
constant product pattern , and to write an 
equation relating speed to time, as 
suggested in problem 5. 

DISTANCE VS. TIME 

R·oblem 7 is there to point out the limita
tions of the mathematical model this lesson 
i based on. Student may point out that a 
skater could tire and low down, that peed 
may change when going up or down hills, 
that traffic condition can affect the speed 
of a car, or wind that of a helicopter . .. . 

A more sophisti cated analys i of motion 
will have to wait for Chapt r 12, where the 
concept of average peed will be discussed 
and will provide j usti f ication for the u e
fulness of work with con tant peed. 

R oblem 13 should be di cu sed in class, 
even i f it was as igned a homework. 

4. 1 5 0 L U T I 0 N 5 

4 ' 26 • (4 25) Abe 
24 ' 
22 

~20 
~ 18 
616 
::_ 14 (8, 12.5) Reg 
UJ 12 • 
~ 10 . (10,10) Bea 
f- 8 

6 
4 
2 

Lea 
(25, 4) Gabe 

• (30, 3.33) 
• • (50, 2) AI 

Lara 
(100 •• 1) 

10 20 30 40 50 60 70 80 90 100 
SPEED (miles per hour) 

5. a. The product of the speed and time 
is 1 00 miles. 

b. It would take (1 00/s) hours 

6 . a., b. 80 
8. b. 
9. Ci)70 

Q) 

12 . a. ]_ 60 

-g 50 
Qi 
i040 
~ 
a>30 
<..> 
c: 
~ 20 
(/) 

0 10 

0 mph and accelerate to a speed of 
50 mph; this is not a constant speed . 

skating: A sudden white-out or fall 
would slow down the skater. 

scooter: Same as the van 

helicopter: Wind conditions might 
slow down the helicopter. 

bike: Hills or fatigue would slow 
down the biker. 

running: Same as the bike 
1 2 3 4 5 6 7 8 9 10 1112 

TIME (hours) 8 . a . Time (Ius.) Distance (mi.) 

7. Constant speed is an unrealistic 
assumption. 

walking: The person may tire or have 
steep hills to climb which would slow 
her down. 

van: Heavy traffic may slow down 
the van . The van must start from 

I 

2 

3 

4 

5 

4 

8 

12 

16 

20 

-
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DISTANCE VS. SPEED 

Use this section if you want your students 
to have more practice with the ideas in this 
lesson. 

SPEED BY GRAPHS AND FORMULAS 

This section wraps up the lesson. Problem 
16 is the main point of the lesson and 
deserves a full -class discussion. 

F or problem 17 students should ani ve at a 
formula from looking at the patterns in the 
data tables. Once the f01m ulas are found, 
you may point out that speed can be mea
sured in miles per hour. In that way, the 
units reflect what is being done: To get 
speed, you divide di stance by time. 

w•Ufi,)f#;Jt FRAMING PHOTOGRAPHS 

T hi somewhat challenging applicati on 
reviews similar rectangles, which were 
introduced in Chapter 3, Lesson 12. It also 
helps lay the groundwork for the concept 
of di rect variation, to which we will devote 
much of this chapter. 

E ven if they are done at home, problems 
18-20 should be discussed in class. 

4.1 

12. Mrs. Gral was trave ling at a constant 
speed. She started at the same time as 
Abe, and was two miles ahead of him 
after one hour. 

a. Add a graph of Mrs. Gral's progress 
to your axes . 

b. How fa r ahead was Mrs. Gral after 
two hours? 

c. After three hours. how fa r was Mrs. 
Gral behind Bea~ 

d. How fast was Mrs. Gral go ing? 
What mode of trave l do you thin k she 
was using? 

13.fi'''""f!i11 
a. How does the mode of travel affect the 

steepness of the line? Explain . 

b. What is the meaning of poi nts on two 
of the graphs that have the same x
coordin ate but different y-coordinates? 

c. What is the meaning of the vertica l dis
tance between two li nes fo r a given 
va lue o f x? 

A photograph is mounted on a background 
whi ch sti cks out one inch on each side. The 
width of the photo is two inches and the height 
is three inches. 

18. a. Sketch the photo and its frame. 

b. What are the dimensions of the frame? 

c. Are the photo and frame si mil ar rectan
gles? Ex plain . 
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14. Using the same speed data, figure out how 
far each person could travel in two-and-a
half hours. Make a table and a graph 
showing speed on the hori zontal axi s and 
di stance on the vertica l axi s. 

IS . .... How would the graph be changed if 
the travel time was greater? Less? Explain . 

SPEED BY GRAPHS AND FORMULAS 

16.f4il,h:6!ii Each graph in thi s lesson gives 
informati on on how fast people travel, but 
it does it in a di fferent way. Explain . 

17J§§.!§6'@1M If someone is traveling at 
a constant speed of S miles per hour, for a 
di stance of D miles, and takes T hours, 
what is the relati onship between S, D, and 
T? Write thi s re lationship in more than 
one way. 

19. The photo needs to be enl arged so it will 
fit in a frame having a height of 12 inches. 
Agai n, the width of the frame is to be one 
inch. Find the dimensions o f the enl arged 
photo and its frame. Of course the photo 
cannot be di storted ! 

20. Is the frame for the enlarged picture simi 
lar to the picture? Is it similar to the origi
nal frame~ Ex plain . 

Chapter 4 lmerpreting Graphs 
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8. c. Answers will vary. Take the point 
(6 , 24). This point means in 6 
hours Abe walks 24 miles. 

9. Gabe's progress: 

Ti me (hrs.) Distance (mi.) 

I 30 

2 60 

3 90 

4 120 

5 150 

Al's progress : 

Time (hrs.) Distance 

I 50 

2 100 

3 150 

4 200 

5 250 

1 0. a. 6 miles 
b. 12 miles 

11 . 6H miles. 
After H hr. 

1 
2 
3 
4 
H 

Miles apart 
6 
12 
18 
24 
6H 

The number of miles apart is always 
six times the number of hours they 
have traveled . 

12. b. 4 miles 
c. 12 miles 
d. 6 mph . She was probably jogging, 

since she was going faster than 
walking and slower than running. 

13. a. The faster the speed, the steeper 
the line. Al's van is faster (50 mph) 

14. 

than Abe's walking feet (4 mph) 
and Al 's line is steeper than Abe's 
line. Each hour, AI travels more 
miles than Abe. 

b. This means one is traveling a 
greater distance in the same time 
as another. 

c. This measures the difference in 
the distance they traveled at a 
given time. 

Person Mode of Travel Dist. 
Abe walking 10 
AI van 125 

Bea skating 25 
Gabe scooter 75 
Lara helicopter 250 
Lea bike 62.5 
Reg running 20 

(Solutions continued on page 51 0) 



ii.!iipiiiiftml. 

PMTERNS FROM POINTS 

J . a. Draw a pair of axes and plot the e 
points. 

X I y I 

4 

b. Study the table and your graph. 
Describe the relationship between the 
x-va lue and y-va lue of each pair. 

c. Use the pallem you found to add more 
points to your table and graph . 

d. Write an equation that tells how to get 
they-value from the x-value. 

2. Repeat problem I for each of these tables . 

a. b. c. f 
X y 

6 I 4 

12 -2 
1--

- 1 II 

0~ 

4.2 l~oims, Graphs, am/ Equations 

1. a. 

• (5. 4) 

(0. -1) 

(-2, -3) 

(·5. 6) 

b. The y-value is one less than the 
x-value. 

c. Answers will vary. One possible 
extension is: 

X 

1 
2 
3 
4 
-1 

y 
0 

2 
3 
-2 

GRAPHS fROM PAl TERNS 

3. For each description below. make a table 
of at least fi ve (x, y) pairs that fit it. Then 
graph the (x. y ) pair~. Use a separate coor
dinate system fo r each graph. 

a. They-coordinate is a lways equal to the 
x-coordinate. 

b. The y-coordi natc is always fo ur less 
than the x-coordinate. 

c. The _,·-coordinate i' a lways one-half of 
the x-coordinate. 

d. The _,·-coordinate i> always the oppo; ite 
of the x-coordinate. 

e. They-coord inat e is always the square 
of the x-coordinatc. 

EQUATIONS fROM PATTERNS 

4. For each description in problem 3. find an 
equation that describes the relati onship 
between x andy. Write the equations on 
your graphs. 

5. a. Make a table of fo ur number pair; (x. y) 
that have thi s propen y: The sum of x 
and y is always 6. 

b. Graph these (x. y) pairs. 
c. Connect the points with a straight line. 

d. Write the relati onship between x and y 
a; an equation. 

6. a. Usi ng fractions and negati ve numbers. 
write two more (x. y) pairs hav ing the 
propen y that the sum of x and y is 6. 
Do these poinb li e on the line? 

b. Choose a point that is not on the li ne. 
Do its (x. y) coordinates add up to 6? 

c. Write any number pair (x. y) whose sum 
is not 6. Find thi s point. Is it on the line 
you drew? 
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-3 -4 
-4 -5 

d. Y= X - 1 

2. a. i. 
(3, 6) 

(0, 0) 

• ( 1, 2) 

• (4 , -8) 

ii. If you multiply each x-value by 
negative 2, you get the associated 
y-value. 

.. 4.2 
Points, Graphs, and Equations 

Core Sequence: 1-13 

Suitable for Homework: 4- 13 

Usefu l for Assessment: ll- 13 

What this Lesson is About: 

• Three representations of fu ncti ons: 
tables, graph , and equations 

• Review of imilar rectangle 

• Prev iew of direct vari ation 

T his is a straightforward bu t very impor
tant lesson that allow tudents to get ex pe
rience going from one to another of the e 
three representation of function . 

T he key idea this lesson is driv ing towards 
is that if a point lies on the graph of an 
equation, its coordinates must sati sfy the 
equati on. Conver ely, if the coordjnate of 
a point sati fy an equation , the point mu t 
lie on the graph of the equation. This 
eemjngly simple idea i difficult fo r stu

dents to master. We will return to it in 
Les on 4. 

ii i. One possible table of values is: 
X y 
-2 4 
-1 2 
2 
3 

iv. y = -2x 

b. i. 

(-3, -3) 

-4 
-6 

1-s. -3) • I · (5. -3> 
(-1, -3) 

ii . The x-value can be any number 
and the y-value is always -3. 
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4.2 

EQUATIONS FROM GRAPHS 

On each graph below. fou r points are labeled. 
For each graph: 

7. 

- 10 

8. 

- 10 

a. Make a table of the (x, y) pairs and look 
for a relationship between x andy. 

b. Add three more points to the table, 
making sure each one does belong on 
the graph. 

c. Write an equation describing the rela
tionship between x andy. 

10 

10 
(-5 , -1.5) 

A. 12a 

9. 

-20 

10. 5 

(-4, 1.25) (1.25, 1.25) 

(-1, 1.25) (3, 1.25) 

-5 5 

-5 

POINTS •\NO EQUATIONS 

The following questions are about the graph of 
the function y = 4x + 5. Try to answer the 
questions without graphing. 

11 . ._ Is the point (7, 32) on it ? Explain. 

12 . ._ The point (3, y) is on it. What is y? 

Explain. 

13 • ._ The point (x, 6) is on it. What i x? 
Explain. 

Chapter 4 Interpreting Graplrs 
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iii . One possible table of values is: 
X y 
-5 -3 
-4 
-2 
0 
1 
2 
3 
4 

iv. y= -3 

c. i. 

-3 
-3 
-3 
-3 
-3 
-3 
-3 

• (3, 7) 

• (6, 4) 

. (12, -2) 

ii. The sum of x andy is 10. 
iii . One possible table of values is: 

X y 
0 10 
1 9 
2 8 
4 6 
5 5 
7 3 
-2 12 
-3 13 

iv. y= 10 - x 

3. a. y= x 
• (4. 4) 

• (2, 2) 

(-1,-1)• (0, 0) 

(-3, -3) • 

b. Y= X - 4 

(-1, -5) . 

(-3,-7) . 

c. y= 0.5x 

• (-2, -1) 

• (-4, -2) 

(6 ~ 2) 

• (2, -2) 

(4, 2) . 

• (2 , 1) 

(Solutions continued on page 510) 



11.!11\ili'::h. ~~~~: .u. i~ ....... : 
I Definition: A polynomial f unction is a func

tion of the form y = a polynomial. 

1. ®Mf'A Which of these polynomial 
functi ons do you thi nk have graphs that 
are straight lines? Which have cu rved 
graphs? Explain why you think so. 

a. y = -~ b. y = 2x - I 

c. y = 2~ d. y = . .-1 

ORDER OF OPERA liONS 

2. Make a table of at least eight (x, y) pairs 
for each functio n. Use negative numbers 
and fracti ons as well as positive whole 
numbers in your tables. Then make a 
graph from each table. Label each graph 
with it equation. You wi ll need to refer to 
these graphs later. 

a. y = y} b. y = .? 
To make a table of values for graphing y = -y}, 
we have lO know what the ex pression -y} 
means. Does it mean square x, then rake its 
opposite or take the opposite of x , then square 
it ? Which operati on should be done fi rst? 

To avoid th is kind of confusion, mathematicians 
have agreed on the fo llowing ru le. 

I Rule: Exponemiation should be petformed 
before other operations. To change thi s 
order, we have to use parentheses . 

I 
Examples: 

• -y} means square x , then take the opposite. 

• (-xi means take the opposite ofx, then 
square the result. 

4.3 Polynomial Functions 

3. Make a table of at least e ight (x, y ) pairs 
for each function. Use negative nu mbers 
and fractions as well as positi ve whole 
numbers in your tables. Then make a 
graph from each table. Label each graph 
with its equation. 

a. y = (-x)2 b. y = --~ 

4. ._ Compare your graphs in problem 3 
with the graph of y = x2 Explain what 
you observe. 

5. Graph these polynomial functi ons. 

a. y = -.? b. y = (-x)3 

6. ._ Compare your graphs in problem 5 
with the graph of y = .?. Explain what 
you observe. 

DEGREE 

I Definition: The degree of a polynomial 
function in one vari able is the highest 
power of the variable that appears in the 
polynomial. 

I Examples: y = .? and y = -~ + 2.-l are both 
third-degree polynomial functions. The 
equati on y = 2x is fi rst-degree. and the 
equati on y = I is zero-degree. 

7. What is the degree of each of these poly
nomial functi ons? 

a. y = 5 + -~- x 
b. y = 4.? - 3x2 + 5 
c. y = 45 

8. Make a table of at least eight values for 
each th ird-degree function. Use negati ve 
numbers and fractions as well as positi ve 
whole numbers in your tables. Then make 
a graph from each table. 

a. y = 2x1 b. y = .? + I 

c. y = -x3 - 2 
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T 4.3 
Polynomial Functions 

Core Sequence: 1-15, 17 

Suitable for Homework: 8- 17 

Useful for Assessment: 4, 6, 12- 15 

What this Lesson is About: 

• Order of operati ons (exponenti ati on) 

• Which polynomial graphs are traight 
line 

• Which po lynomial graph pa s through 
the origin 

• Rev iew of subtraction of signed 
numbers 

If you have access to graphing calcul ators, 
problem 1 prov ides an opportun ity to u e 
them. With that tool students can carry out 
the Ex plorati on with many more examples 
than the ones given. Groups can report 
their findin g by maki ng large posters on 
butcher paper. 

ORDER OF OPERATIONS 

H ere we expand on the rules we learned 
in Chapter l , Lesson 9. (Your students 
probably know them by now, but if nece -
sary you could review them briefl y first. ) 

The next secti on will provide some prac
tice applying thi s rule. More prac ti ce will 
come up naturall y in the course of the 
work. 

4.3 5 0 L U T I 0 N 5 

1. The straight line is b. The curved 
graphs are a, c, and d. Use of a 
graphing calculator supports this 
conclusion . Students may see from 
Lesson 2 that when the pattern 
between each x- and y-value in a 
table of ordered pairs involves only 
multiplication and addition (rather 
than exponentiation) the graph is a 
line (rather than a curve) . 

2. a.y=x2 

i. One possible table of values is: 
X y 
-3 9 

-2.5 6.25 
-2 4 
-1 1 
0 0 
1 1 

1.5 2.25 
2 4 

(3, 9) 

(2, 8) 

b. y = J(l 
i. One possible table of values is: 

X y 
(-2, -8) 

-3 -27 
-2.5 -15.625 
-2 -8 
-1 -1 
0 0 

1.8 5.832 
1 1 
2 8 



DEGREE 

The degree of a polynomial was defined 
in Chapter l , Lesson 6, in the Lab Gear 
model. Here the degree of a polynomj a) i 
defined in term of the powers of the vari
ab le. Both definitions are equi valent, 
though of course this one is more general. 

Roblems 8- l 1 could take a long time for 
students to do as homework. You might 
have them do the problems in class , in 
groups. Or, you could assign one-trurd of 
the students to do part (a) of those prob
lems, one-third part (b), and one-third part 
(c). The results could then be hared in 
class. Thjs is also the perfect opporturu ty 
to use the graphing calculator. 

THE EFFECT OF DEGREE 

Again , the use of graphing calcul ators 
could enhance thi ill cu sion. 

lf;i4f'41• POSSIBLE OR IMPOSSIBLE? 

M ore thinkjng about the ari thmetic of 
igned numbers. 

4.3 

9. Repeat problem 8 for these second-degree 
functions. 

a. y = .l- I b. y = -3.? 
c. y = -.l + 2 

10. Graph these first-degree functions. 

a. y = Sx b. y = x 
c. y = -2x + I 

11. Graph these zero-degree functi ons. 

a. y = 4 b. y = -3 
c. y = 0 

I Hf HFECI OF DEGKH 

12 . .... Tell whether each sentence (a-b) 
cou ld describe the graph of a zero-degree, 
fir t-degree, second-degree, or third
degree polynomial functi on. More than 
one answer may be possible for each 
description. 

a. The graph is a straight line. 

b. The graph is a curve. 

17. Decide whether each of the following situ
ations is possible or impossible. If it is 
possible, give an example. If it is impossi
ble, ex plain why it is impossible. Can 
you subtract 

a. a negative number from a negati ve 
number to get a positive number? 

b. a negative number from a negati ve 
number to get a negative number? 
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13 . .... Repeat problem 12 for these 
descriptions. 

a. The graph goe through the origin . 

b. The graph never crosses the x-axis. 

c. The graph never crosses they-ax is. 

14 . .... Repeat problem 12 for these 
descriptions. 

a. The graph passes through quadrants I 
and lll only. 

b. The graph passes through quadrants [[ 
and IV only. 

c. The graph passes through quadrants I 
and II only. 

Js. ifi1!,!,6'N How does the degree of the 
equation affect its graph? Write a 
summary explaining everything you 
know about this. 

16. ' 
a. Make a table of value and graph the 

function y = 24/x. 

b. Is this a polynomial function? Explain . 

c. a negative number from a positive 
number to get a positive number? 

d. a negati ve number from a positive 
number to get a negati ve number? 

e. a positi ve number from a negative 
number to get a negative number? 

f. a positi ve number from a negative 
number to get a positi ve number? 

Chapter 4 lmepreting Graplrs 

4.3 S 0 L U T I 0 N S 

3a. i. A sample table of values is: 
X y 
-3 9 

-2.5 6.25 
-2 4 
-1 1 
0 0 
1 1 

1.5 2.25 
2 4 

ii. The graph is the same as #2a. 

3b. i. A sample table of values is: 
X y 
-3 -9 

-2.5 -6.25 
-2 -4 
-1 -1 
0 0 
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-1 
1.5 -2.25 
2 -4 

ii. Y = -x2 

4. The graph of y= (-x)2 is the same 
as the graph of y= x 2. The graph of 
y = -x 2 is the reflection of y = x 2 over 
the horizontal axis. 

5. a. and b. 

6. y = -x3 andy= (-x)3 are each the 
reflection of y = x 3 over the y-axis . 

7. a. 2 
b. 3 
c. 0 

(Solutions continued on page 511) 



LESSON 

Graphs Through Points 

~iii!iljj!MI '''' 'ffiEj ' ''' '' ''''; 
; ?.r.?..P.~.P.~.P.:r. .. 8::J:3iil ; 

INHR< Fl'l'-1 I Definitions: They-intercept of a graph is 
the point where the graph crosses the y-axis. 
The x-intercept of a graph is the point where 
the graph crosses the x-axis. 

I Example: The curve in the figure above has 
y-intercept (0, -3), and x-intercepts (-3 , 0) 
and (2, 0). 

For problems 1-5: 

a . Guess the coordinates of the x- and 
y-intercepts (if you think they exist). 

b. On graph paper draw the graph 
described. 

c . Check the correctness of your guess. 

I. A line is parallel to the y-axis and passes 
through the point (2, -3). 

4.4 Graphs Through Points 

2. A line passes through the origin and the 
point (2, -3). 

3. The sum of every (x. y) pair on the line 
is 8. 

4. The line passes through the points (2, -3) 
and (3, -2). 

5. To get the y-coordinate, square the x-coor
dinate and add I. 

I'OIN I ' ON Al'\1> Off GRAPH\ 

6. Bea thinks that 8 - 2x means multiply x by 
2 and subtract the result from 8. Lea 
thinks it means subtract 2from 8 and mul
tiply the result by x. Who is right? 
Explain . 

7. Which of these points do you think will lie 
on the graph of y = 8 - 2x? Explain . 

a. (2, 4) b. (2, -4) 
c. (0.5, 6) d. (0.5, -6) 

e. (- I, - 10) f. (- 1, 10) 

For the remaining problems in this lesson 
(8-23), use a graphing calculator if you have 
one. Otherwise, use graph paper. 

8. a. Graph y = 8 - 2x. 

b. Use your graph to check your answers 
to problem (a). 

c . Write both coordinates of the 
x-intercept of y = 8 - 2x. 

d. Write both coordinates of the 
y-intercept of y = 8 - 2x. 

I Definition: If two graphs share a point, they 
are said to intersect at that point. 

9. a. On the same coordinate system, graph 
y = 2x- 8. 

b. Do your two graphs intersect at any 
point? If so, where? 
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~ 4.4 
Graphs Through Points 

Core Sequence: 1-12, 14-23 

Suitable for Homework: 19-23 

Useful for Assessment: 19, 23 

What this Lesson is About: 

• Intercepts 

• What it means for a point to be on or off 
the graph of a functi on 

• Preview of intersection of graph 

• Graphs that pass through the origin 

INTERCEPTS 

Encourage di scussion of tudent guesses 
fo r problems 1-5 before proceeding with 
part (b) and (c). Do not expect many tu
dent at thi s stage to be able to predict the 
intercepts in all case . On the other hand , 
do not teach any technique to do it yet. 
The purpo e of these activ ities i to famil
iarize students with the definition of inter
cept and to lay the groundwork for later, 
more in-depth work. 

R oblem 10-12 could be di vided among 
three groups of student u ing large grid 
paper, if they don' t have graphing calcula
tors. Then the groups should hare the ir 
re ult with the entire class . 

4.4 5 0 L U T I 0 N 5 

1. a. x-intercept: (2, 0) b. 4. a. x-intercept: (5, 0) 
y-intercept: none y-intercept: (0 , -5) 

b. b. 

(5, 0) 

' (2, 0) 

3. a. x-intercept: (8, 0) 

2. a. x-intercept: (0, 0) 
y-intercept: (0, 8) 

y-intercept: (0, 0) 
b. (0, -5) 

5. a. x-intercept: none 
y-intercept: (0, 1) 

(8, 0) 



POINTS ON AND OFF GRAPHS 

FIND AN EQUATION 

Roblem 19 addre ses the key concept of 
thi s lesson and of the chapter o far. Keep 
its question in mind when teaching these 
ections. You may ask students to read tlli s 

problem before starting work on these ec
tion , so that they will use the section 
well. 

For problem 10-13, you should probably 
discus what "between the two graphs" 
means. The best way to determine if a 
point Pis between the two graphs i to 
draw a vertical line through P. If P is 
between the points where the vertica l line 
meets the two graphs, it can be said to be 
between the graphs. 

Here i an intere ting activi ty to tllrow 
light on the concept of which points are on 
and which are off the graphs. Use a graph
ing calculator or computer program to 
graph a function. Then challenge the stu
dent to era e the graph by using the calcu
lator's point-plotting commands. For 
example, on the TI-8 1 use the PT-CHG 
command on the DRAW menu to erase a 
graph point by point. 

Roblem 13 previews slope and the idea of 
translating a graph up and down. With a 
graphing calculator, it can be extended to 
ask for many graphs between the gi ven 
two. 

/n problems like 14-18 it is important to 
have a class discu sion in order to how 
tudents the wide range of possible 

an wer . Student working alone or in a 
mall group are likely to find only a few 
olution , and will not get as much out of 

thi ection as they could in a teacher
guided di cu ion. 

GRAPHS THROUGH THE ORIGIN 

This ection gives student an opportunity 
to apply what they have learned in the pre
viou ections to a specific ca e: the point 
(0, 0). Be ure to di cu problem 2 1 in 
cia s. 

Le on 5 wi II focus on lines through the 
origin. 

4.4 

Follow these instructi ons for problems I 0 
through 12 below. 

a. Make tables of values for the two func
ti ons given. Then graph them on the 
same pair of axes. Label at least three 
points on each graph. 

b. Find and label a point that is not on 
either graph. 

c. Find and label a point that is on both 
graphs (if there is one). 

d. Find and label a point that is in the 
region bet ween the two graphs. 

e. Find and label a point that is neither 
on nor between the graphs. 

10. y = 2x and y = 0.5x 

11. y = xand y =x + 2 

!2. y = .l and y = ~ - 3 

!3. For problems I 0- 12, find an equation 
who e graph is entirely contained between 
the two given graphs. 

FIND AN EQUATION 

In problems 14- 17, find the equation of any 
graph that sati sfies the characteri stics given. 

14. A second-degree functi on whose graph 
passes through the point (0, 0) 

15. A second-degree function whose graph 
passes through the point (0, I) 

16. A third-degree functi on whose graph 
passes through the point (0, - I) 

17. A first-degree function whose graph 
passes through the point (- I, - I) 

18. a. Write any equati on whose graph con
tains the point ( I, 2). 
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b. Write any other equation whose graph 
passes through the point (1 , 2). 

c. Graph the two equations. Where do 
they intersect? 

19.iiW!W Write a report ex plaining the 
answers to these questions. Use examples 
in your explanations. 

a. Gi ven an equation, how can you fi gure 
out which points lie on its graph? 

b. Gi ven a point and an equation, how can 
you te ll whether or not the point lies on 
the graph of the equation? 

GRAPHS THROUGH THE ORIGIN 

20. Which of the following equati ons have 
graphs that go through the origin? How 
could one tell without actuall y graphing 
them? 

a. y = 2x - 6 b. y = ~ - x 

c. y = -~- 4 

21. Give three equati ons (one each of fi rst, 
second , and third degree) that satisfy each 
of these two given conditions. 

a. The graph will pass through the ori gin . 

b. The graph will not pass through the 
ori gin . 

22. Write the equati on of a graph that lies in 
quadrants l and ru only and 

a. passes through the ori gin ; 

b. f does not pass th rough the origin . 

23.fii!.,!,fiij Explain how you can tell from 
an equati on whether or not its graph goes 
through the origin. Give some examples. 

Chapter 4 Interpreting Graphs 

4.4 S 0 L U T I 0 N S 

5. b. 

6. Lea is correct. Find the product 
before the difference, according to 
the order of operations rules . 

7. Analyzing y = 8 - 2x 
a. Yes: 8 - 2(2) = 8 - 4 = 4 
b. No: -4 is not equal to 8 - 2(2) 

which equals 4. 
c. No: 6 is not equal to 8 - 2(0.5) 

which equals 7. 
d. No: -6 is not equal to 8 - 2(0.5) 

which equals 7. 

e. No: -10 is not equal to 8 - 2(-1) 
which equals 1 0. 

f. Yes:8 - 2(-1)=8+2=10. 
So a and flie on the graph. 

8. a. 

b. Student checks work using the 
graph 

c. (4, 0) 

(Solutions continued on page 512) 



~011§!$@~ A h · I · WRITINj 4. T e B1cyc e Tnp 

Sally is riding her bike on a trip with her bicy
cle club. She left the staging area in Chapley at 
I 0 A.M. and took a break at a rest area located 
about halfway to the fina l destination of 
Berkhill , 70 miles away. Neil is driving the 
sweep vehicle. a van with food. water, first aid. 
and a bicycle rack . The di stance-time graph 
below shows their progress. There are train 
tracks along the road. The progress of a train is 
a lso shown on the graph . 

80 

70 

-;;-60 ., 
]_SO 
t:J 40 
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;:: 30 
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2 3 4 
T IME (hours) 

- Sally - Neil - - Train 

l. Compare Sally ' and eil's progress . Who 
left first? Where did she or he stop? What 
happened at the end? What was the total 
distance covered? 

2. Including the origin, the coordinates of s ix 
points on Sally 's graph are given. Describe 
her ride betwee n consecutive points. 

a. At what time did each leg of her trip 
stan and end? How far did she ride 
each time? How long did it take? How 
long were her breaks? 

b. How fast was she going during each leg 
of the trip? 

3. a. If you were to guess about which part 
of the trip wa downhill or uphill . what 
would you guess? Why? 

4.A The Bicycle Trip 

b. How e lse mi ght one account for the 
different speeds? 

4. How fast did Neil drive in each leg of 
hi s trip? 

5. Describe the trai n's progress. Which way 
wa it goi ng? Where and when did it pass 
Sally and Neil? 

6. Where were Sally. Neil . and the train at 
12:30 P.M .? 

7. At what times were Sally. Neil. and the 
train 20 miles from the stagi ng area? 

8. The eq uation of the tra in 's motion is 
D = 160 - 40t. 

a. Choose three points on the train 's graph 
and check that the ir coordinates sati sfy 
the equati on. 

b. Do any points in Sally 's and Neil's 
graphs sati sfy the train 's eq uati on? If 
so, which ones? 

9. fi''"'"ti'ii 
a. In a di stance-time graph. what does it 

mean if two points are on the sa me hor
izontal line? On the sa me vertical line? 

b. As you go from left to right on the 
graph. what is the meaning of a part 
that goes up? Down? What is the mean
ing of a hori zont al seg ment? Wh y is a 
vertical segment impossible? 

c. What is the s ignificance of a point that 
belongs to the motion graphs of two 
different people? 

IO.IIil!iiWI Tell the story of the bi cycle trip . 
Use informati on yo u gathered from the 
graph. Make guesses about the trip. 
Inc lude a graph for lrva. another member 
of the bicycle club. She too left at I 0 A.M. 

and stopped at the rest area. 
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4.A S 0 L U T I 0 N S 

1. Sally left first. She rode 37.5 miles in 
1.5 hours. She rested for 45 min. and 
then rode 20 miles in one hour. She 
rested again for 15 min . before her 
last ride of 12.5 miles in 15 min. Her 
total time for the 70-mile trip was 3 
hours and 45 min. 

Neil started 1 hour after Sally and 
drove 37.5 miles in 45 min. when he 
caught up with Sally during her first 
rest. He stopped for one hour and 
then drove 20 miles in 30 min . where 
he caught up again with Sally who 
was beginning her second rest. They 
stayed together from then on with 
Neil stopping for Sally's 15- min. rest 
and then staying with her on the last 
15 min. , 12.5-mile leg of the trip. His 
total time for the 70-mile trip was 2 
hours and 45 min. 

2. a. Sally's first leg started at 1 0 A.M. 

and ended 37.5 miles later at 
11 :30 A. M. The second leg started 
at 12:15 P.M. and ended 20 miles 
later at 1:15 P.M. Her final leg 
started at 1:30 P.M. and ended 
12.5 miles later at 1 :45 P.M. She 
took two breaks: the first from 
11 :30 A.M. to 12:15 P.M. (45 min.) 
and the second from 1 :15 P.M. to 
1:30 P.M. for a total of 1 hour rest
ing time. Her total riding time was 
2 hours and 45 min. The entire trip 
took 3 hours and 45 min. 

b. Sally traveled 23 mph on the first 
leg , 20 mph on the second leg , 
and she hustled at 50 mph for the 
final leg. 

(Solutions continued on page 513) 

rl#@i!U~t~ 4.A WRITIN; The Bicycle Trip 

Core Sequence: l- 10 

Suitable fo r Homework: 4- 1 0 

Useful for Assessment: 9-10 

What this Assignment is About: 

• Interpreting graphs 

• Speed, distance, time 

This acti vity is remin iscent of Chapter 2, 
Thinking/Writing 2.B (The Car Trip). 
A Cartes ian graph can cany considerably 
more information than a function di agram, 
and therefore it is a more powerfu l tool, 
but on the other hand it is somewhat harder 
to interpret. 

If problems 1-3 are di scussed in class, the 
res t of the assignment, while challenging, 
hould be acces ible to most students. 

Problem 1 should help establi sh the gen
eral meaning of the graph. Problem 2 
hould help students learn how to interpret 

spec ific data points on it. Some tudents 
may need help with problem 2b. Problem 3 
is intended to chall enge the natural but 
erroneous assumption that uphill on the 
graph COLTesponds to uphill in the motion 
represented. In fact, given Sa ll y' s speed, 
one might guess that much of the trip is 
downhi ll or fl at, except perhaps for the 
very last stretch. 

N ote that time on the graph i indicated 
with Sally' ride starting at time 0, whi le 
in fact she started at I 0 A.M . You could 
di cus whether it would be better to label 
the graph with the actual times, and let 
student do it e ither way in their report. 

You may have students compare with each 
other the graphs they created for lrva in 
problem 10 and di cuss their piau ibi lity. 
The di cussion can be continued with the 
who le class by putting the mo t intere ti ng 
graphs on transparencies and di scussing 
them. 



.. 4.5. 
lines Through the Origin 

Core Sequence: 1-20 

Suitable for Homework: 10-22 

Useful for Assessment: LO, 13-14, 20 

What this Lesson is About: 

• Proportional thinki ng 

• Preview of direct variation 

• Preview of lope 

• Application to peed, distance, time 

R oblems 1-2 review the ideas that ended 
Lesson 4, in the more specific ca e of 
linear fu nctions. 

Thi s le on preview direct variation , 
which is the ubject of the next les on , and 
slope, which will be studied in depth in 
Chapter 8. 

RATIO 

The main poin t of thi s section i that 
points whose x- and y-coordi nate are in 
the same ratio are on a li ne though the ori
gin . Conversely, the coord inates of points 
that are on the ame line through the origin 
have the same ratio. 

The problems should guide students to this 
di scovery, particul arl y since they have 
een similar rectangles not long ago 

(Chapter 3, Les on 12). 

1. band c pass through the origin. 
We can check 1 a by substitution: 
y= 4 - 2x: 0 is not equal to 
4 - 2(0) = 4. Soy= 4 - 2xdoes 
not pass through the origin . 

2. Answers will vary. One possible solu
tion is y = 6x: 0 = 6(0) = 0. The coor
dinates (0, 0) can be substituted into 
the equation with valid results. 

3. 3c 

3b 

LESSON 

Lines Through the Origin 

ii.!iiij!IMI .................... : 

graph pa pe r 

I Definition: Since the graphs of fi rst-degree 
equations are straight lines, these equations 
are also called linear equations. 

1. Predict whether or not the graph of each 
linear equation will pass th rough the ori 
gin . Explain how you know, using graph 
or calculations. 
a. y = 4 - 2x b. y = -2x 

c. y = 2x d. y = 2x - 4 

2. Write two linear equations which you 
think will have graphs through the ori gin . 
Explain your reasoning. 

RATIO 

Lara and Lea were arguing about points and 
graphs. Lea said, " If the point ( I, 4) lies on the 
line, then the point (2, 8) must also lie on the 
line." Lara showed her that she was wrong by 
drawing three lines. 

3. On graph paper, draw a line that goes 

a. through both points; 

b. through ( I, 4) but not through (2, 8); 

c. through (2, 8) but not through ( I , 4). 

4. Of the three lines you drew in problem 3, 
which goes through the ori gin? 
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4. The first line through (1 , 4) and (2, 8) 
also goes through the origin. 

5. a. See solution #3. 
b. y= 4x 

6. 

a. (3, 6) , (1, 2) , (-1, -2) and (-3, -6) lie 
on the same line through the ori
gin. (-1, 2) and (1 , -2) also lie on 
the same line through the origin . 

5. a. Plot and label at least three more 
points that are on the line through 
( I , 4) and (2, 8) . 

b. Find the equation of the line through 
( I , 4) and (2 , 8). 

6. ._ Plot these eight points on the same 
axes. Label them with their coordinates. 

( I , 2) 

(- I , 2) 

(6, 3) 

(- 1' -2) 
(3 , 6) 

(6, -3) 

( I , -2) 

(-3, -6) 

a. Draw a line connecting each point with 
the origin. Which point lie on the same 
line through the origin? 

b. Explain how to find the equations of the 
lines you drew. 

I Definition: The ratio of a to b is the result 
of the di vision alb. 

I Example: The ratio of 6 to 3 is 6/3 or 2, 
while the ratio of 3 to 6 is 3/6, or 1/2, or 0.5. 

7. a. Write two (x, y) pairs fo r which the 
ratio of y to x is 1/3 . 

b. Plot these two points and graph the 
straight line through them. Find the 
equation of the line. 

c. Write two (x, y) pairs fo r which the 
ratio of y to x is 3. 

d. Plot these two points and graph the 
straight line through them. Find the 
equation of the line. 

Chapter 4 lttterpreting Graphs 

b. To find the equation of the lines, 
look for a pattern. y is a multiple of 
x, y = kx. To find k divide y by x. 
(Or find the ratio of y to x.) 

7. a. Sample pairs (6, 2) and (-3, -1) 

b. 

c. Sample pairs (2, 6) and (-1, -3) 



8. For each line in the graph below, fi nd three 
points on the line. Then find an equation 
for the line. 

a b 
- ). 

'") - I~ 
(, tr tt 

e 

9. Explain how you can find more points on 
the same line through the origin as (4, 5) 
without drawing a graph. Then check by 
graphing the line. Find the equation of 
the line. 

Lea noticed that forthe points ( I , 4) and (2, 8) 
the ratio of they-value to the x-value was the 
same. That is, 411 = 8/2 . She guessed that 
(100, 400) will lie on the same line through the 
origin because the ratio of they-va lue to the 
x-value is a lso 4. 

10 . .... Tell whether or not you agree with 
Lea, and why. 

11 . Find a point whose coordinates have the 
same ratio of y to x as the point (4, 12) . 
Does thi s point lie on the same line 
through the ori gin as (4, 12)? If so, find 
the equation of thi s line. 

12. a. Graph the line through (- 1, 2) and (3, 4). 

b. Is the rati o of 5 to - I 0 equal to the ratio 
of - I to 2? 

c. Is the point (5, - 10) on the line? Explain 
why or why not. 

4.5 Li11es Through the Origi11 

4.5 
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a. What would be the ratio of the coordi

nates of points on the line through the 
origin and the point (a, b)? Ex plain . 

b. If bla = die. what can you say about 
the line joining (a, b) to (c. d)? Explain . 

14.fi'!,!,FIIJ Explain whal ratio has to do 
with lines through the origin . 

SPEED 

The table shows the amount of time it took 
several people to travel the di stances given. 

Time Distance 
Person 

(hours) (kilometers) 

A 3 80 

B 7 140 

c 12 320 

D I 30 

E 2 30 

F I 20 

G 5 150 

15. a. Draw a pai r of axes and label the veni
cal axis distance and the hori zontal ax is 
time. Plot and label the poinls in the 
table. Draw lines connecting each point 
with the ori gin. 

b. Whi ch points li e on the same line 
through the origin? 

16. Use the table and your graph to answer 
these questions. 

a. Which people are traveling at the 
same speed? 

b. Who is traveling faster, A orB? 

c. How far wi ll A have traveled in 
four hours? 

135 ... 

SPEED 

This section connects what wa learned in 
the previou one with the material in 
Les on 1 and in Thinking/Writing 4.A . 

4.5 S 0 L U T I 0 N S 

d. 

8. The following are sample ordered 
pairs: 
a. (0.5, 4) , (0.25, 2) , (-1, -8) ; y = 8x 
b. (2, 2) , (- 1, - 1 ), (3.5, 3.5) ; y =X 

c. (4 , 0.5) , (2, 0.25) , (-8, -1 ); 
y= (1 /8)x 

d. (4, -0.5), (2 , -o.25) , (8, -1 ); 
y= - (1 /8)x 

e. (-2, 2) , (3 , -3) , (2 .5, -2.5) ; y = -x 
t. (0.5, -4) , (0.25, -2) , {1 , -8) ; y =-ax 

9. Find the ratio of y to x which is 5/4, 
then find other pairs of coordinates in 
this ratio by multiplying y and x by a 
constant. For example, multiplying 4 
and 5 by 2 results in (8, 1 0) which 
also has the ratio of 10/8 = 5/4. 

y= (5/4)x 

10. I agree with her because the ratio of 
y to xin (1 00, 400) is 400/100 = 4/1. 
When the y to x ratio of coordinates 
remains constant, the points lie on 
the same line that goes through the 
origin. 

11 . Sample point (1 , 3). Yes. y = 3x. 

12. a. 

-
135 



••#ii•lili'• HAPPY NUMBERS 

This activity i well suited fo r group work. 
It is a good preview of Chapters 5 and 7, 
where it is u eful for tudent to recogni ze 
perfect quare . 

For problem 22, students should be able 
to describe what the fin al outcome is for 
"unhappy" number . 

4.5 

17. a. H has been traveling two hours at the 
same speed as G. Add H to your graph. 

b. I have been trave li ng fo ur hours at 
the same speed as A. Add me to 
your graph. 

18. J is traveling faster than B but more lowly 
than D. Draw one possible dista nce-time 
graph showi ng J 's progress. 

19. Each line you drew has an equation that 
relate~ distance to time. Find these equa
tion and add them to your graph. 

r-----------------, 
: Take the number 23. : 
1 Square each digit and add. 1 
I 22 + 32 = 13 I 
: Repeat this process. : 
I 12+ 32= 10 I 
I 12 + 02 = 1 I 
I 12 = 1 I 

: The final result is 1. : 

L-----------------J 
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a. Explain how one can th ink of speed a 

a ratio. 
b. If you are given time and distance for 

two travelers, explain how to use calcu
lations or graphs to compare their 
speeds. 

Whenever the final result of this procedure i 
I, the ori ginal number is cal led a happy num
ber. So 23 i a happy number. 

21. There are 17 two-digit happy numbers. 
Try to fi nd all of them. It will ave you 
time and help you look for patterns if you 
keep a neat record of Lhe above process 
for each number. 

22. De cribe any pattern you notice. 

Chapter 4 Interpreting Graphs 
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12. b. Yes, because both ratios equal 
-(1/2). 

c. No, because the line containing 
(-1, 2) and (5, -1 0) passes through 
the origin. The line containing 
(-1, 2) and (3, 4) does not. 

13. a. y/x = b/a. We found in this lesson 
that if a line passes through the 
origin, then the coordinates of the 
points on the line have the same y 
to x ratio. 

b. The line containing (a, b) and 
(c, d) passes through the origin 
because if two points have the 
same y to x ratio, then the line 
containing those points passes 
through the origin. 

14. If a line passes through the origin, 
then the coordinates of the points on 
the line have the same y to x ratio. If 

the coordinates of a set of points 
have the same y to x ratio, then they 
are on the same line which passes 
through the origin . 

15 a - y = 30x 
· · ~ y = 26 213x 

y= 20x 
y= 15x 

Time (hrs.) 

b. (1 , 30)and(5, 150) 
(1 , 20) and (7, 140) 
(3, 80) and (12, 320) 

16. a. Traveling at the same speed are: 
A and C, B and F, and D and G 

b. A (26 and 2/3 km/hr) is traveling 
faster than B (20 km/hr.) 

c. A will have traveled 106 and 2/3 
km . 

17. a. Add point (2, 60) to graph in 
number 15. 

18. 

b. Add point (4, 106 2/3) to graph in 
number 15. 

Y = 25x ...,. 
E (4, 100) 
6 
Q) 
0 
c 

"' ;;; 
o (1, 25) 

Time (hrs.) 

(Solutions continued on page 514) 
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A MYSHRY LIQUID 

Reg, Bea, and Gabe were doing an experiment 
in science class. They had an unknown liquid 
whose volume they measured in a graduated 
cylinder. A graduated cylinder is a tall, narrow 
container that is used for measuring liquid vol
ume accurately. They used a cylinder that 
weighed 50 grams and measured volume in 
milliliters. They used a balance to find the 
weight of the liquid to the nearest gram. 

Reg's Data 

Volume Weight 

lOrn! 16 g 

20m! 32 g 

50ml 80 g 

80ml 128 g 

1. Plot Reg's data, with weight on the vertical 
axis and volume on the horizontal axis. 

2. Does it make sense to connect the points 
on your graph? Explain. 

3. Find an equation relating weight to 
volume. 

4. Estimate the weight of: 

a. 60 ml of liquid; 

b. I ml of liquid. 

5. If you add 30 ml to the volume, how much 
are you adding to the weight? See if you 
get the same answer in two different cases. 

4.6 In the Lab 

'' 

6. If you double the volume, do you double 
the weight? 

Bea's Data 

Weight Volume 

16 g !Om! 

32 g 20 m! 

48 g 30 m! 

64g 40 ml 

7. Plot Bea's data with volume on the vertical 
axis and weight on the horizontal axis. 

8. Connect the points on your graph with a 
line and write an equation for the line. 

9. Estimate the vol ume of: 

a. I 00 g of liquid; b. I g of liquid. 

10. Compare Bea's graph with Reg's graph . 
Explain the similarities and differences. 

We say that Reg graphed weight versus 
volume, whi le Bea graphed volume versus 
weight. 

11. If you add 10 ml to the volume, how much 
are you adding to the weight? See if you 
get the same answer in three different 
cases. Is the answer consistent with what 
you found in Reg's data? 

Definition: Density equals weight per un it 
of volume. This means that to find the den
sity of the mystery liqu id, you would find 
the weight of I ml of the liquid. (Actually, 
scientists use mass rather than weight, but 
we wi ll use weight which is equivalent for 
our purposes.) 
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T 4.6 
In the lab 

Core Sequence: 1-24 

Suitable for Homework: 7-20, 23-27 

Useful for Assessment: 24 

What this Lesson is About: 

• Direct variati on 

• Application to den ity, weight, volume 

• Preview of lope 

The data presented in this le son invo lve 
no measurement error, in order for the 
mathematical structure to be more appar
ent. If you have acce to a cience lab, 
you may carry out your own ex periment 
imilar to the one de cribed in thi s lesson. 

You would then have to deal with the i ue 
of measurement error, wh ich w ill be 
addressed in Les on 7. 

A MYSTERY LIQUID 

THE MYSTERY GROWS 

B ecause the inve tigation is very gu ided, 
students should be able to carry it out w ith
out too much troub le. The ri k is that they 
wi ll do it mechanically and not really get a 
en e of the pattern that unfold. The key 

point of the le on i the concept of direct 
variation, which i di cus ed in detail in 
the next ection . 

4.6 S 0 L U T I 0 N S 

1. -c-
-9 (80, 128) 

1:: 
Ol 
'Qj 

~ 

Volume (ml) 

2. Yes. The four points fall on a line. 
Each unit of volume has a constant 
weight (1 .6 grams) . So each change 
in volume should result in a propor
tional change in weight. 

3. 

4. 

5. 

6. 

w = (8/5) v where w = weight in grams 
and v = volume in milliliters. 

a. w = (8/5) · 60 = 96 grams 
b. w= (8/5) · 1 = 1.6 grams 

48 grams. Yes, from (20, 32) to 
(50, 80) and from (50, 80) to 
(80, 128) 

Yes 

7. ~ 

E 

8. V = (5/8)w 

9. a. V= (5/8) • 100 = 62.5 ml 
b. V = (5/8) • 1 = 0.625 ml 

1 0. Both graphs are lines that contain the 
origin. The points on Reg's graph 
have a common weight to volume 

-. 
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Since Reg 's and Bea ' s data switch the role 
of x and y, the corresponding functions are 
inverse of each other. However, unless the 
axes are marked w ith the same uni ts, the 
graphs are not symmetri c with respect to 
the y = x li ne. In fact, if the axes do not 
have the same scale, the y = x line is not at 
a 45-degree angle. This, not the standard 
equal scal e used in traditional algebra 
course , is the mo t common situation in 
all applications of mathematics. 

G abe' mistake is that he included the 
weight of the graduated cylinder in his 
data. For problem 20, do not teach any 
algorithms for f inding the equation. I f stu
dents are stuck, suggest that they think of 
what made up the total weight indicated in 
Gabe' data. They should see that it is the 
sum of the weight of the cy linder, which is 
constant (50 grams), and the weight of the 
liquid, which was figured out in problem 3. 

DIRECT VARIATION 

Roblems 21-23 should probably be done 
in cl ass to allow for a full discussion of the 
ideas that came up in problems 1-20. 

The pattern referred to in problem 23a 
i that for every LO ml added, the weight 
increases by 16 grams, or for every 
milliliter added, the weight increases by 
1.6 grams. 

4.6 

12. Find the density of the mystery liquid, 
using three different pairs of weight/vol
ume values from Reg's and Bea's data. Do 
all your answers agree? Explain. 

13. In problems 4b and 9b, you have found the 
weight in grams of one ml of liquid, and 
the volume in ml of one gram. Multiply 
the two numbers. Explain the result. 

lftF MYSTFH \ ( ,ROWS 

Gabe's Data: 

Volume Weight 

IOml 66g 

20ml 82 g 

40ml 114 g 

60ml 146 g 

14. Draw a pair of axes and label the vertical 
axi s weight and the horizontal axis volume. 
Plot Gabe's data. 

15. If you double the volume, does the weight 
double? Check this in two cases. 

16. If you add 20 ml, how much weight are 
you adding? Is this consistent with what 
you learned from Reg's and Bea's data? 

17. According to Gabe 's graph, what is the 
weight of 0 ml of the liquid? Does this 
make sense? 

A. no 

18. What might be the real meaning of the 
y-intercept on Gabe's graph? Did Gabe 
make a mistake? Explain. 

19. Find the density of the mystery liquid by 
dividing weight by volume for three dif
ferent pairs of values from Gabe's data. 
Do all your answers agree? Explain. 

20. 0 Write an equation that expresses weight 
as a function of volume for Gabe's data. 

IJIHH I V~HI ,\IION 

I Definition: If the relationship between two 
variables x and y can be expressed in the 
form y = mx, we call this a direct variation, 
or say that y varies directly with x. 

21. Which of Reg's, Bea's, and Gabe's data 
are an example of a direct variation? 
Explain. 

22. Compare Gabe's graph to Reg 's. How are 
they the same and how are they different? 

23 . ... There are number patterns in all 
the data. 

a. What pattern is there in all of Reg's, 
Bea's, and Gabe's data? 

b. What patterns are true only of Reg 's 
and Bea's data? 

24.fil!,!,fipj What do you know about direct 
variation? Be sure to discuss equation, 
graph, and number patterns. You may get 
ideas from this lesson and Lesson 5. 

Chapter 4 lnteproting Graphs 
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ratio of 8/5 and points on Bea's 
graph have a common volume to 
weight ratio of 5/8. The coordinates 
are reversed, for example (1 0, 16) 
on Reg's graph is (16, 10) on Bea's 
graph. 

11 . 16 grams. Yes, this is consistent. 

12. Three possible ratios are: 
16/1 0 = 1 .6 g/ml 32/20 = 1 .6 g/ml 
48/30 = 1.6 g/ml 
All solutions agree since the weight 
is proportional to the volume. 

13. (8/5)(5/8) = 1. The numbers are reci
procals. The product of a pair of reci
procals is 1 . 

(40, 114) 

Volume (ml) 

15. No. When volume doubles from 
10 ml to 20 ml , the weight of 66g 
changes to 82g, not 132g. Volume 
change of 20 ml to 40 ml results in 
weight change from 82g to 114g, 
rather than 164g. 

16. 32g. Yes, this is consistent with 
Reg's and Bea's data. 

17. 50g. No. 0 ml of liquid should weigh 
0 grams. 

18. 50g represents the weight of the 
graduated cylinder when it is empty. 
Gabe should subtract 50g from each 
weight so his points will show the 
weight of the liquid only. 

19. 146/60 "" 2.433g/ml 
114/40 = 2.85g/ml 
82/20 = 4.1 g/ml 

Gabe's points fall on a line that does 
not contain the origin. The weight to 
volume ratios of the coordinates are 
not the same, so the density calcula
tion is not constant. 

20. Weight = 1.6 · Volume + 50 

21 . Reg and Bea's data are examples 
of direct variation. Reg's equation is 
w = (8/5) V and Bea's equation is 

-



OTHER SUBSTANCES 

25. The graph shows the relationship between 
weight and volume for some familiar sub
stances. The sub tances are aluminum 
cork, gold, ice, iron, and oak. Which s~b
stance do you think is represented by each 
line? Explai n why you think so. 

2 4 6 
VOLUME(ml ) 

4.6 l tr til e Lab 

(d) 

(e) 

(f) 

8 X 

4.6 

26. Usi ng the graph , estimate the densiti es of 
the ub lances in problem 25. 

27 .lliZZ!ld 
a. Look up the den ities of those 

substances in a cience book, almanac, 
or other reference book. How close 
were your estimates? 

b. Based on your research, what do you 
think the mystery liquid is? Could it be 
water? Explai n. 

139 A 

OTHER SUBSTANCES 

This optional ection is straightforward 
and gives students a chance to apply what 
they learned in the le son. 

· 0 L U T I 0 N S 

V = (5/8) w. These are both in the 
form of y = mx. 

22. Gabe's and Reg's graphs have the 
same steepness. Each of Reg's 
points is 50g lower than each corre
sponding point on Gabe's graph. 
The weight-intercepts are different, 
Gabe's at (1 0, 50) and Reg's at (0, 0) . 

23. a. For each change of 1 0 ml of vol
ume in Reg's, Bea's, and Gabe's 
data, there is a corresponding 
change of 16g of weight. 

b. Reg's and Bea's data have a con
stant weight to volume ratio for 
each pair of coordinates. Gabe's 
coordinates each have a different 
ratio. 

24. Direct variation can be expressed in 
the form y = mx. The graph of a 
direct variation equation is a line con
taining the origin. The coordinates of 
each point on a direct variation have 
a constant y to x ratio. For each con
stant change in x there is a 
corresponding constant change in y. 

25. From densest to least dense, the 
substances are gold , iron, aluminum, 
ice, oak, and cork. For each change 
of one unit of volume, graph (a) has 
the largest change in weight. Its 
weight/volume ratio (or density) 
would be the largest. Graph f is the 
least steep of all so its weight/volume 
ratio would be the smallest. 

26. a. 8/0.5 = 16 
b. 8/1 = 8 
c. 8/3 = 2.67 
d. 7.5/8 = 0.9375 
e. 6.6/8 = 0.825 
t. 1.sn = 0.2 

27. a. Student research 
b. Dishwashing liquid 



.. 4.7 
Real Numbers and Estimation 

Core Sequence: l-13 

Suitable fo r Homework: 7-19 

Useful fo r Assessment: 7, 12, 18 

What this Lesson is About: 

• Measurement error 

• Fitting a line to data 

• Estimation 

• Creating algorithms 

In the real world , number rarely have the 
perfection of tex tbook numbers. In thi 
les on we try to addre s thi s in two ways: 

• introducing the idea of measurement 
error, a crucial concept in stati tics and 
sc ience; 

• di scussing algorithms for mental calcu
lations leading toe timates. 

A graphing ca lculator could be used, but is 
not essential. 

MEASUREMENT ERROR 

M ake sure the students do not connect the 
dot in the graph. The idea of f itting a line 
i to u e it rather than Line segments con
necting the dots to approximate the rela
tionship between the variables. 

Some teacher pass out spaghetti (un
cooked! ) to place on the graph a a help 
in finding the line of best fit. At this level, 
eyeballing the be t fit is sati sfactory. 

If you use a graphing ca lculator for prob
lem 2, do not u e the automatic line-fitting 
feature. Instead, plot the point and try 
graphing vari ou line through the origin 
unti l you f ind one that provides a sati fac
tory fit. 

I n problem 6, student may use the aver
age of the four numbers they found in 
problem 5, or they may pick a number in 
the midd le of the range, o that there 
would actually be a total of three methods 
to di cuss in problem 7. Class discussion 
of thi s would be u eful. 

LESSON 

·~R~e~a3/~N~u~m~b~er~s1a!!n~d~E!stfiml!a!ti!!o:2n~~~ 

fi.!li\!1::: ~~: .. iii .......... ~ 
graphing ca lculator 
·iai:liio.iiai)···· .................................. 

MEASU REMENT ERROR 

The three tables in Lesson 6 contained data 
that were invented. You can tell because all the 
points lie exactly on a line. In real experiments 
measurements can never be exact. This table 
contains more reali stic data. 

Volume Weight 

!Om! 32 g 

20 ml 63 g 

50ml 146 g 

80 ml 245 g 

I. Draw and label a pair of axes and plot 
these points. 

2. You cannot draw a straight line through a ll 
the points, but draw one that passes as 
closely as possible to all of them. Be sure 
your line goes through the origin. (Explain 
why it must pass through the origin.) 

3. What is the equation of the line you drew? 
(Hint: Choose a point on the line to help 
you figure th is out. ) 

4. Based on your answer to problem 3, what 
would you estimate the density of the sub
stance to be? 

5. Find the ratio of weight to volume for each 
data point in the table. 
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6. Based on your calcu lations in problem 5, 
what do you estimate the densi ty of the 
substance to be? 

7. fiih.!,fid You estimated the density of 
thi s substance in two different ways. If 
you did not get the same answer using 
both methods, expla in any d ifference . 
Which method do you li ke better, 
and why? 

ESTI.\1,\T I ~G TEMPERATURE 

In Chapter 3, Lesson 8, you learned this rule 
for converting Celsius to Fahrenheit: 
Multiply the Celsius temperawre by 1.8. 
Add 32 to the result. 
If 

F = the Fahrenheit temperature and 
C = the Celsius temperature, 

then this statement can be written as a 
function: 

F = 1.8 C + 32. 

8. Draw and label a pair of axes with F on 
they-axis and Con the x-axis. Make a 
table of va lues, using values of C from - 10 
to 30. Use your table to graph the function 
F = 1.8 C + 32. Label a few points on 
your graph. 

Abe doe n ' t like to multiply by 1.8. Since 1.8 
is a little less than 2, and 32 is a little more 
than 30, he made up thi s rule for estimating: To 
estimate the Fahrenheit temperature, multiply 
the Celsius temperature by 2 and add 30. 

9. Using the letters C and Fa was done in 
prob lem 8, write a function for Abe's rule. 

l 0. Make a table using values of C from - I 0 to 
30 for the function you wrote for Abe' 
rule. Use your table to graph the function 
on the same pair of axes as you used in 
problem 8. 

Chapter 4 Interpreting Graphs 
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1. § y-unit = 30 

1: 
Ol 

"(ii 

~ 
(80, 245) 

{50, 146) 

(20, 63) 

(10, 32) x-unit = 10 

Volume {ml) 

2. The line goes through the origin, 
because 0 ml of a substance weighs 
Og. 

3. Answers will vary. One possible solu
tion is w = 3.0625 · v. 

4. 3.0625 

5. 32/1 0 = 3.2, 63/20 = 3.15, 
146/50 = 2.92, 245/80 = 3.0625. 

6. Answers will vary: Sample solution is 
3.1. 

7. Answers will vary. Differences found 
in the densities will be due to a point 
taken that is close to but not exactly 
on the line. 

8. Celsius Fahrenheit 
-10 14 
-5 23 
0 32 
10 50 
20 68 
30 86 



11. Compare the two graphs. 

a. How far off would Abe's estimate be if 
the Celsius temperature were 0? 

b. Compare the result from Abe's estima
tion method with the exact values for 
several other temperatures . Be sure to 
try some negati ve Celsius temperatures. 
Do you think Abe's method is a good 
one? Why or why not? 

c. There is one temperature for which 
Abe's estimation method gives the 
exact value. What is it ? 

12 • .,_ For what range of temperatures 
would you judge Abe's method to be 
acceptable? Explain . 

Sometimes exact answers are impon ant . In 
everyday life, estimates or rules of rhumb are 
often just as good. For example, Mr. and Mrs. 
Gral , who are planning a trip to Europe, are 
not really intere ted in knowing how to make 
exact temperature conversions. They just 
want some advice about what to wear. 

13. Bea and Abe are making a chan for their 
parents' reference. Complete it. 

Celsius temperature 
You should wear: 

between and - -

your coolest clothes 

a sweater 

a coat 

heavy coat. gloves. 
haL and scarf 

a space suit 

4.7 Real Numbers and Esrimation 
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EST I\t .\JI , (, .\T IP 

Here is a method to fi gure out how much tip to 
leave for the server at a restaurant. Say the bill 
was for $20.73. 

• Round up to the next even whole number 
of dollars, in this case 22. 

• Add half of the number you got to the 
number, in this ca e 22 + II = 33. 

• Round up to the next multiple of five, in 
this case 35. 

• Divide by ten to get the tip, in this case 
$3.50. 

14. What percentage of $20.73 is $3.50? 
(Round off your answer.) 

15. Does this method always gi ve the same 
percentage of the bill? Try it for several 
amounts to see whether the percentage 
varies . Lf it does, what seem to be the low
est and the highest value it will give? 

Here is another method to fi gure out the tip. 

• Divide the amount of the bill by ten. 
(Ln thi s case you would get $2.07 .) 

• Multiply the result by two. (Ln this case 
you would get $4. 14.) 

• Take the average of the two numbers, 
rounded to the nearest nickel. 

16. a. What is the tip by thi s calculation? 

b. What percentage of the bill is it? 

17. Does the second method always give the 
same percentage of the bill? Explain. 

ts.fii!:.!,fiij Compare the two methods. 
Explain which one you prefer and why. 

19. \) What percentage of the bill do you 
think i an appropriate tip? Create your 
own method to fi gure it without a 
calculator. 
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ESTIMATING TEMPERATURE 

Thi s ection extends the work from 
Chapter 3, Lesson 8. Here students are 
given an alternate method for conversion 
that lends itself to mental calculation, but 
is less accurate. 

A graphing calculator, including its trace 
feature, could be useful for this section. 

Roblem 13 could make for animated dis
cussions. Student may use Abe's method 
to make conversions for this problem. 

ESTIMATING A TIP 

There wiU be more discussion of percent 
in Chapters 6 and 8. If your students' arith
metic is shaky, you can use this section as 
an opportunity to review the meaning of 
percent, but do not get bogged down. 

Note that algorithm like these, while per
fectly reasonable, are difficult to describe 
in terms of an equation. 

For many students, the methods given 
would not be that easy to use. A tip of 10% 
or 20% is easier to estimate than 15%! 

Roblem 19 deserves group and/or class 
discussion. 

4. 7 S 0 L U T I 0 N 5 

9. F=2C+30 

10. Celsius 
-10 
-5 
0 
10 
20 
30 

x-unit = 10 

Celsius 

Fahrenheit 
10 
20 
30 
50 
70 
90 

--- - · F = 2C + 30 
-- F= 1.8C+ 32 

11 . a. At 0 degrees C Abe's estimate is 2 
degrees F too low. 

b. Answers will vary. When looking 
at temperatures for weather, Abe's 
method is a good one because it 
is only a few degrees off. His 
method becomes less accurate as 
the Celsius temperatures get very 
large or very small. 

c. (10, 50) 

12. Answers will vary. One possible solu
tion is that Abe's method is accept
able for temperatures from -10 
degrees C to 30 degrees C. See 
#11 b for an explanation. 

13. Answers will vary (higher numbers in 
warmer climates and lower numbers 
in colder climates). One possible 
solution is: 

Celsius temperature 
between _ and _ You should wear: 

above 20 degrees C your coolest clothes 

between 13 degrees 
a sweater 

C and 20 degrees C 

between 5 and 13 
degrees C 

a coat 

between -20 and 5 heavy coal, gloves, 
degrees C hat, and scarf 

below -20 degrees C a space suit 

(Solutions continued on page 514) 
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... 4o8 
jarring Discoveries 

Core Sequence: 1-10, 12-1 6, 25-30 

Suitable for Homework: 5- 11 , 18-31 

Useful for Assessment: 7-10, 14, 21 , 24 

What this Lesson is About: 

• Application of direct variation to geo-
metric questions 

• Preview of slope 

• Dimensions 

• Preview of n 

• Di viding on a calculator 

O ur approach to direct vari ation has been 
very algebraic up to now. The point of 
this lesson is to give it some geometric 
meaning. 

FLAT SCIENCE 

This acti vity relates our recent work with 
graphs and direct variati on to the work we 
have been doing on area. What students 
will di scover is that if the sides of the jar 
are parallel, then the area grows di rectly 
with the height. However, if the sides 
move apart from each other, the area grows 
fa ter and faster, and if they move towards 
each other, the area grows more and more 
slowly. 

11iiliii§IIMI .................... : 

~ .~:~_t_irr1:t~r ~r.~P..~ ... P..a..P.~r. ... D 
; i~r. _li?.S. str.i~~~ ~ 

: centimeter ru lers 

FLAT SCIENCE 

Doctor Dimension is a flat scientist. He stores 
two-dimensional liquids in two-dimensional 
jars, li ke the ones shown in thi s fig ure. 

One day, as part of his scienti fic research, he 
dec ides to graph the amount of li quid in a jar 
as a function of the height of liquid. Since he 
lives in a two-dimensional world. liquid is 
measured in square units. For example, jar (a) 
is fi lled to a height of six units and contains 
eight square uni ts of liquid. 
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The fo llowing graph represents jar (a). 

~ 1 8 
~ 

16 • 
14 

12 • 
10 

8 • (6, 8) 

6 • 
4 • • 
2 • • 
0 

0 2 3 4 5 6 7 8 9 
height 

1. Some of the dots lie on one straight line. 
In which part of the graph does this hap
pen? Explain why this is so. 

2. Make a graph fo r each of the remain
ing jars. 

3. For which jars is the area of liquid a direct 
variation func tion of the height? Ex plain . 

Chapter 4 Interpreting Graphs 

4.8 S 0 L U T I 0 N S 

1. Points representing an equal number c. m y-unit = 4 e. ~ y-unit = 3 
for height and area lie on a straight ~ <l: 
line. They are (0, 0), (1 , 1 ), (2, 2) , 
(3, 3) , (4 , 4). 

2. b. <1l y-unit = 2 
Q) 

~ 
0 

0 

x-unit = 1 0 x-unit = 1 0 
0 

0 

Height Height 

d. m y-unit = 1 f. <1l y-unit = 3 
~ 

x-unit = 2 ~ <l: 

Height 

x-unit = 1 x-unit = 1 

Height Height 

-
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4. Draw two different jars for each 
graph below. 

a'j36 
a 

32 

28 

24 

20 

16 

12 

8 

4 

a 

00 

b 
a'j36 
a 

32 

28 

24 

20 

16 

12 

8 

4 

00 

I 

2 3 4 5 6 7 8 9 
height 

• 

2 3 4 5 6 7 8 9 
height 

5. Draw a jar for part (a) of problem 4 for 
which the area of liquid is not a direct 
variati on function of the height. 

4.8 Jarring Discoveries 

4.sT 
6. Predict the shape of the graph for this jar. 

Then test your prediction. 

7. fii!.,l,fil•i xplain how the shape of the jar 
affects the shape of the graph. Explain 
what it takes for a jar to have a graph that 
is a straight line through the origin . 

8. l§§•i§blt®® How do you think the shape 
of a three-dimensional jar affects the shape 
of the graph of the volume of liqu id as a 
function of height? What jar shapes con·e
spond to a direct variation function ? 

A dipstick can be used to measure the amount 
of liquid in a jar, but the dipstick must be spe· 
cia lly designed fo r the jar. For example. the 
fo llowing dipst ick would work for jar (a). 

2 

On it, area is marked off with a ti ck for every 
two sq uare units. 

9. .... ole that the dips ti ck ticks are not 
evenl y spaced. Explain why. 

143 .A, 

N ote that in problem 4-5, onl y a few 
point are given on the graph. A long a 
the jar the students create match tho e, the 
jar can have many shape . In particul ar, 
fo r problem 5 it i enough to have one data 
point off the line of the given po ints to ruin 
the direct vari ati on. 

Do not discuss this as uch, but thi s lesson 
help lay the groundwork fo r under tand
ing lope and rate of change by focu ing 
student ' attention on when the rate of 
change is constan t and when it changes. 
T he dipsti ck questi on (problem 9- 1 0) in 
particul ar address this. 

R-oblem 11 is quite chall eng ing . One 
approach i to use the graph and find 
x-va lues fo r regularl y paced y-values . ln 
other words, heights for regul arly paced 
areas . Those heights are where the tick 
hould be placed. 

JAR LIDS: CIRCUMFERENCE 

fr you want all student to work with the 
a rne data, you cou ld make the measure

ment at the overhead and record them on 
the chalkboard. However, tudents will be 
more interested in the le on if you can get 
them to bring jar lid from home and have 
each group work on it own et of lid . 
(S tudents should not work on their own 
indi vidual data because then they would 
have no one with whom to check the valid
ity f their answers.) 

4.8 S 0 L U T I 0 N S 

2. g. al y-uni t = 2 

~ 

x-u nit = 1 

Height 

3. d and g have the area as a direct 
variation function of the height. Direct 
variation graphs are straight lines 
through the origin. 

4. a. Answers will vary. Sample answers 
are given. 
Jar 1 ...,..,..,...,..,--, 

Jar 2 f-+ 

J 

I 1/ 

4. b. Answers wil l vary. Sample answers 
are given. 
Jar 1 ,.,..,....-..-,--.,....-~,-, 

Jar2 
·~ 

l 
1"'\ ~ 

" 
~ 

6. Direct variation graph which is a line 
through the origin. 



B ecause of measurement error, you should 
remind students of what they learned in 
L esson 7: Even if a relationship is a direct 
variation, the points may not lie exactly 
on a line. The line must be approximated 
visually or by calculating the average of 
the ratios. 

/r students do not bring up 1t, you should 
not bring it up either, until the end of the 
lesson. If they do, insist that they base all 
their answer on their measurement . A 
comparison of the value obtained that way 
with the actual value of 1t will provide a 
good reminder of the reality of measure
ment error. 

JAR LIDS: AREA 

Thi s is more difficult than the previous 
section; the measurements are more diffi
cult to make accurately, and the relation
ship is mathematically more difficult to 
uncover. However the approach outlined 
in problems 19-23 allows students to use 
what they know about direct variation to 
make progre towards discovering the 
relationship of the area of a circle to its 
radius. 

Another approach, perhaps more accurate, 
to this investigation is to use a very sensi
tive scale and make circles and the corre
sponding quare out of heavy cardboard. 
Since the weight of the circle and 
squares are proportional to their areas, the 
ratio of weights will be the arne a the 
ratio of areas discovered by the method 
outlined in the text. 

'Y4.8 

10. ,.._ Which jars would have a dipstick 
whose ticks are evenl y spaced? Ex plain . 

II. iiiZlld Draw an accurate dipstick for each 
of several different jars. Write a report 
showing sketches of the jars and their dip
sticks, and explain your method. 

JAR LIDS: CIRCUMFERENCE 

For thi s secti on, use jar lids of at least fi ve di f
ferent sizes, including one very small one and 
one very large one. 

12. Measure the di ameter and circumference 
of each of the jar lids in centimeters, as 
accurately as possible. (U e the string to 
help find the circum fere nce.) Make a table 
showing your data. 

13. Make a graph of your data. pulling diame
ter on the x-ax is and circumference on the 
y-ax is. Don' t forget to include a point for a 
lid having di ameter 0. 

14. ,.._ What is the relati onship of circumfer
ence to di ameter for each jar lid? Describe 
it in words and with an equation. Explain 
how you fi gured it ou t. 

A 144 

I 5. Is the relationship between diameter and 
circumference an example of direct vari a
ti on? Ex plain . 

16. According to your data, what is the 
approx imate va lue of the ratio of circum
ference to diameter? 

JAR LIDS: AREA 

17. Estimate the area of the top of each jar lid 
by tracing around it on centimeter graph 
paper and estimating the number of square 
centimeters it covers. Make a table and a 
graph of the relationship between diameter 
and area, including a point for a lid having 
di ameter D. 

18. Is the relationship between diameter and 
area an example of di rect variation? 
Explain . 

The fi gure shows a square whose side equal 
the radius of the circle. 

19. For each jar lid, ca lculate the area of a 
square like the one shown in the fi gure. 
Add a column for these data in your jar-lid 
area table. 

20. Graph the area of the circles as a functi on 
of the area of the squares. 

Chapter 4 Interpreting Graphs 

4.8 S 0 L U T I 0 N S 

144 

~ y-unit = 2 
~ 

x-unit = 1 

Height 

7. If the sides move apart from each 
other, the area grows faster and 
faster. If the sides move towards one 
another then the area grows more 
and more slowly. If a jar has a wide 
base and narrow top as in b, c, and 
e, then moving from left to right on 
the graph the points climb steeply at 
first and then less steeply. The oppo
site is true in a and f which have nar-

row bases and wide tops. Moving 
from left to right their graphs begin 
with a slight climb from one point to 
the next and then the graph climbs 
steeply. If a jar has no change in 
width from bottom to top as in d and 
g then the graph is a line through the 
origin because there is a constant 
change in area for each unit increase 
in height (direct variation) . When the 
sides of a jar are parallel, then the 
graph is a straight line through the 
origin . 

8. If a three-dimensional jar changes in 
narrowness then its graph will curve. 
If a 3-D jar is a cylinder then it will 
correspond to a direct variation 
function. 

9. The bottom of the jar is narrow with 
parallel sides so the amount of a 

liquid varies directly with the height. 
Each additional unit of height corre
sponds to a constant amount of liq
uid, so the dipstick ticks are evenly 
spaced. Above 4 units in height, 
each additional unit of height corre
sponds to a growing amount of liquid. 
Ordered pairs of numbers approxi
mating the height and amount of liq
uid are: (1 , 1 ), (2, 2) , (3, 3) , (4, 4) , (5, 
5.75), (6, 8) . When height changes 
from 3 to 4, the liquid changes by 
one unit also. When height changes 
from 4 to 5, the liquid changes by 
1.75 units of liquid, and when height 
changes 5 from 5 to 6 the amounts of 
liquid change 2.25 units. The ticks 
are more closely spaced to show the 
larger amounts of liquid for each unit 
change in height. 

-



21. ..,.. What is the relationship between the 
area of the circles and the area of the 
squares? Descri be it in words and wi th an 
equati on. Explain how you fi gured it out. 

22. Is the relationship between the area of the 
circles and the area of the squares an 
example of direct variati on? Explain . 

Phil used his calcul ator to find the reciprocal 
of 7, and got the number 0. 142857 1429. Lyn's 
ca lculator, on the other hand. gave the number 
0. 142857 1428. 

25. Explain how two calculators can give 
di fferent resul ts, even though neither 
is defective. 

Phil ' grandfather does not believe in calcul a
tor . He said , "Do you really believe ei ther 
number is the reciprocal of 7? I have news for 
you. Multiply each one by 7 without a calcu
lator, and you' ll see why you should not trust 
these machines." 

26. Work with a classmate. Do the two mu lti
plications on paper to see who was right, 
Phil , Lyn, or their grand fa ther. Ex plain 
your resul ts . 

The grandfather added, "To find the rea l recip
rocal of 7, you have to use good old-fashioned 
long division." 

27. Find the real reciprocal of 7. 

28.iillim Write a letter to Lyn and Phil's 
grandfather, explain ing why students are 
allowed to use calculators nowadays . Your 
letter should include, but not be limited to: 

• Answers to the grandfather 's probable 
objections; 

• A table showing the real rec iproca ls of 
the whole numbers from 0 to I 0, and the 

4.8 Jarring Disco t~eries 

4.8 

23. According to your data, what is the 
approximate value of the ratio of the area 
of the circle to the area of the square? 

24.fii!,!,6'•1 According to your data, what is 
the relationship between the area of a cir
cle and its radiu ? The area of a circle and 
its di ameter? Ex plain . 

reciprocals as given by Lyn's and Phil's 
calcul ators ; 

• An explanati on of how you can find the 
real reciprocal by using a calc ulator: 

• An argument ex plaining why Lyn·s or 
Phil 's calculator is the better one for the 
purpose of find ing reciproca ls. 

29. Make a division table like thi s one. Extend 
it to show whole-number numerators and 
denominators from 0 to I 0. You may use a 
ca lculator. but enter onl y exact answers. 
Look for patterns and work with a 
partner. Some answers were entered 
for you. 

Numerators 

0 I 2 3 

0 

I 

2 0 0.5 I 1.5 

3 

30. What patterns do you notice about the row 
of your table for denominator 71 

31. Learn how to use the FlX mode on your 
calculator. 

145 ... 

4;lifW• DIVIDING ON A CALCULATOR 

Since dividing on a calculator is a source 
of potential mi understandings based on 
rounding off, it is important to discuss 
these questions explicitly. Thi s section 
offers students an opportunity to do some 
work with numbers and to thi nk of the 
advantages and limitations of calculator . 
In addition, it gives them a chance to 
review repeati ng decimals. 

L yn's calcu lator mu t not be a cienti fic 
calculator, since most of them round off 
correctl y. However, orne calculators do 
truncate. It would be a good idea to fi nd 
one that does, to make the di cus ion more 
concrete. 

L ong di vision in prob lem 27 should 
remi nd your tudents about repeating dec i
mals, which is a ll they need in order to be 
able to fi ni sh the section with the he lp of 
their calcu lator . 

You may want to teach the class how to 
use the FIX mode on the calculator. (See 
the calcu lator's instruc ti on man ual. ) 

4.8 S 0 L U T I 0 N S 

10. A cylinder would have a dipstick with 
evenly-spaced ticks because the 
amount of liquid and the height would 
have a direct variation relation . 

11 . See right-margin notes on page 143. 

12. Answers will vary. One possible solu
tion is given: 

Diameter (em) Circumference (em) 
0 0 

1.7 5.4 
6.8 21.5 
7.8 24.9 
9 27.3 
10 31 .8 

11 .7 37 

13. E y-unit = 5 

~ 
QJ 
u 
c 
~ 
QJ 

'E 
::l 
~ 
0 

x-unit = 1 

Diameter (em) 

14. The correspondence between diame
ter and circumference is a direct vari
ation function . The ratio of circumfer
ence to diameter is constant (about 
3.13 is the average). C = 3.13 D. 
Because the graph forms a line 
through! the origin, it must be a direct 
variation function y = mx. To find m 
find the ratio of y to x or D to C. 

15. Yes, the ratio of ci rcumference to 
diameter is a constant. 

16. Answers wi ll vary; however the ratio 
of circumference to diameter is 
approximately 3.14. 

17. See table 
under 
number 19. 

y-unit = 10 

• x-unit = 1 

Diameter (em) 

(Solutions continued on page 51 4) 



rn@i9i~t~ 4.8 WRtTtN; Direct Variation 

Core Sequence: l-11 

Suitable for Homework: 3- 11 

Useful for Assessment: 3, 11 

What this Assignment is About: 

• Properties o f direct variation 

• Points on di rect vari ation lines 

• Prev iew of area under a line 

POINTS ON liNES 

Tru section is somewhat ab tract and 
should be tarted in class. If tudents have 
trouble choosing values fo r m and (a, b) , 
you may get them started with an example 
on the overhead or chalkboard, and then 
have them work in groups or individually. 

The Report will require students to make 
orne generali zations based on their experi

ments. After they have done that, it may be 
worthwhile to di cu s their generalizati ons 
by operating directl y on the vrui ables. For 
example, if (a, b) i on the line y = rnx, 
then we know that b = ma. But if that is 
true, we can multiply both sides by k, and 
find that bk = mak, so the point (ak, bk) 
must also be on the line. (Do not expect 
most students to fo llow thi s argument thi s 
earl y in the course.) 

~W@$@~ 4 B o· '' · · WRtTtN j . uect vanabon 

+iliiiiJIIMI . · · · · · · · · · · · · · · · · · · ·: 
grap h paper . . .......... ........................ 

POINTS ON LINES 

1. Choose a number m, and draw the graph of 
the equation y = nu:. Choose any point 
(a, b) on the line. 

a. ls the point (2a, 2b) on the line? 

b. Is the point (3a , 3b) on the line? 

c. Is the point (ka. kb) on the line for any 
value of k? 

2. Refer lO the line you drew in problem I. 

a. Is the point (a + I, b + I) on it ? 

b. Is the point (a + k, b + k) on the line 
for any value of k? 

3. lillim Repeat problems I and 2 for sev
eral graphs of the form y = nu:, y = x + b, 
and y = ntr + b. If a point (a, b) is on the 
line, in what case is (ka, kb) on the line? 
What about (a + k, b + k)? 

AREA FUNCTIONS 

4. The graph shows y = 2x. The region 
between the line and the x-ax is from x = 0 
to x = 6 is shaded. 

a. What is the area of the shaded region? 

b. What is the area of the region between 
the line and the x-axis from x = 0 to 
X= 4? 

A 146 
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Endpoint Area 

x = l 

x = 2 

x = 3 

x = 5 

x= a 

5. Copy and complete the table giving the 
area between the line and the x-axis from 
x = 0 to the given endpoint value of x. 

6. Find a function relating the area to the 
endpoint value of x. 

Chapter 4 llllerpreting Graplu 

4.8 S 0 L U T I 0 N S 

1. a. Yes. (2a, 2b) is on the line. 
b. Yes. (3a, 3b) is on the line. 
c. Yes, (ka, kb) is on the line. 

y = mx 
when m= 2 

2. a. Answers will vary. If m = 1 then 
the answer is yes. For m not equal 
to 1, the answer is no. 

b. Yes, if m = 1. No, if m is not equal 
to 1 and k "' 0, then (a+ k, b + k) is 
not on the line. 

3. If y = mx, then point (ka, kb) is on the 
line. When m = 1 (y = x) then (a+ k, 
b + k) is on the line. For m not equal 
to 1, y= xm does not have (a+ k, 
b + k) on the line. 

4. a. 36 sq. units 

5. Endpoint Area 

x = l I 

x = 2 4 

x =3 9 

x =5 25 

x ~ a a' 

b. 16 sq. units 

6. Area= x 2 



7. Is the area functi on you wrote an example 
of di rect variation? Explain. 

Endpoint Area 

x = l 

x = 2 

x =3 

x = 5 

x = a 

8. The graph shows the line y = 3. Copy and 
complete the table givi ng the area between 
the line and the x-ax is from x = 0 to the 
given endpoint value of x. 

12 

II 

10 

9 
8 
7 

6 
5 

4 

3 ~---------------------
2 

I 

0o I 2 3 4 5 6 7 8 9 10 II 12 

4.8 Direct Variation 

4.BT 

9. Find a fu nction relating the area to the 
endpoint value of x. 

10. ls the area function you wrote an example 
of direct variation? Ex plain. 

ll.llitlW Repeat problems 4 through 7 for 
several other lines. For which lines did 
you fi nd area functions th at are examples 
of direct variation? What generalizati ons 
can you make? Write an illustrated report 
about your results. 

147A, 

AREA FUNCTIONS 

Thi s ection echoe the work we did 
with two-dimen ional jars in Lesson 8. 
However, since the shapes are simpler, it 
should be possible for students to get 
equations for the area as a function of the 
x-coordinate of the endpoint. 

This is a very rich problem with a wide 
range of possible generalizations. For 
example, students can compare: horizontal 
lines with lines through the origi n, differ
ent values of m in y = mx, different values 
of b for the same m in the form 
y = mx +b. Each of these comparison 
yields interesting re ults. 

The reports may span a very broad range 
of thoroughness. You may want to post the 
best ones or have the author present their 
findings to the class. 

/tis not likely that any student will reach 
the generalization that the area function is 
equal to (m/2)x2 + bx + c, nor is it impor
tant that students do so. However, if there 
is a lot of interest in tills topic, you may 
want to pursue it all the way to that gener
ali zation, step by step. Start with the case 
where m = 0, then the case where b = 0, 
and fi nally see if what you discovered still 
works when neither parameter is 0. 

4. 8 S 0 L U T I 0 N S 

7. Since the area to endpoint ratio 
should be a constant, it is not direct 
variation. Another way to say this is 
that the function is not in the form of 
y=mx. 

8. Endpoint Area 

x= l 3 

x=2 6 

x=3 9 

x=5 15 

x = a 3a 

9. y= 3x 

10. Yes, an equation of the form y = mx 
is an example of direct variation. 
When m = 3, y = 3x is a direct varia
tion function. 

11 . Reports should include that any hori
zontal line produces a direct variation 
relation between the area and the 
endpoints. See Teacher's Notes for a 
further discussion of this lesson. 

-
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T 4.9 
Rules of the Road 

Core Sequence: 1-16 

Suitable for Homework: 10-16 

Useful for Assessment: 12-14 

What this Lesson is About: 

• Uni t conversion 

• Applications of direct vari ation 

• Traffic safety 

UNIT CONVERSION 

You may introduce thi le son with a di s
cuss ion of why 100 mph is about 147 fps. 
The conversion could be done by fi rst find
ing out how many feet per hour correspond 
to 100 mph, and then figuring out how 
many fp that is. Another approach i to 
write 

100 I mile= 100 5280 ft = 146.67 f S. 
I hour 3600 econds P 

In almo t every ca e, uni t conversion i a 
case of direct variati on. (An exception is 
Fahrenheit to Celsius conversion.) We will 
return to uni t conversion in Chapters 12 
and 14. 

LESSON 

~~R~uLie~s~o~f~th~e~R~o~a~d~~~~~~~ 

UNIT CONVERSION 

When you talk about the speed you are travel
ing, you usuall y give the speed in miles per 
hour. In thi s lesson it wi ll be useful to give 
speed in fee t per second. Use the fact that 100 
miles per hour (mph) is about 147 feet per 
second (fps). 

1. How many fps is 50 mph? 

2. Complete the table to show the 
relationship of mil es per hour to feet per 
second. Extend the table up to 80 mile 
per hour. 

mph fps 

10 14.7 

20 

3. If you made a graph fro m your table with 
mph on the x-ax is and fps on they-ax is, 
what would the graph look like? (If you 
are not sure, draw it.) 

4. If you were traveling at I mph, how fast 
would you be going in fps? 

STOPPING DISTANCE 

To stop a car in an emergency, you first react 
and then put on the brakes . 

stopping di stance = 

reaction di stance + braking distance 

.A, 14a 

S. What kinds of things do you thi nk would 
affect reacti on time and distance? Braking 
time and distance? 

Reaction time is often considered to be about 
3/4 of a second , but how far you travel during 
thi s time depends on how fast you are going. 

6. Reaction distance: 

a. Figure out how many feet you would 
travel in 3/4 of a second if you were 
going at various speeds ( I 0 mph, 20 
mph , etc.). Make a table to display 
your data. 

b. Graph your data. Put reaction distance 
in fee t on they-ax is and speed in miles 
per hour on the x-axis. 

c. Describe the relationship between the 
two variables on your graph. 

7. Braki ng di stance: A formula for fi nding 
braking di stance in feet is to take the speed 
in miles per hour, square it, and di vide the 
result by 20. For example, if the peed 
were I 0 mph, the braki ng distance would 
be (I 0)2/20 = I 00/20 = 5 feet. 

a. The graph on the next page shows the 
relationship between the braking 
di stance (in fee t) and the speed (in 
mil es per hour). All the points on the 
graph were fo und by using the formula. 
Make a table showing the coordinates 
of at least five points on the graph. 

b. According to the table and graph, if you 
double your speed, will you double 
your braki ng di stance? Explain, giving 
examples. 

Chapter 4 Jmepreting Graphs 
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1. 73.5 fps 

2. mph fps 

10 14.7 

20 29.4 

30 44. 1 

40 58.8 

50 73.5 

60 88.2 

70 102.9 

80 11 7.6 

3. It would be a straight line through the 
origin. 

4. 1.47 fps 

5. Weather conditions, alertness of the 
driver, distraction level from other 
passengers in the car, drinking or 
substance abuse, etc. are all factors 
that would affect reaction time and 
breaking time. 

6. a. 
Traveling Traveling Reaction 

Speed (mph) Speed (fps) Distance (feet) 
10 14.7 11 .025 
20 29.4 22.05 
30 44.1 33.075 
40 58.8 44.1 
50 73.5 55.125 
60 88.2 66.15 
70 102.9 77.175 
80 117.6 88.2 

b. g: y-unit = 10 

fl 
c 
"' "iii 
0 
c 
0 

u 
"' Q) 

a: 

x-unit = 10 

Speed (mph) 

c. Speed and reaction distance have 
a direct variation relation . 

7. a. 
Speed (mph) 

0 
10 
20 
30 
40 

Braking distance (ft) 
0 
5 

20 
45 
80 

b. No. When speed doubles from 10 
mph to 20 mph, braking distance 
quadruples from 5 to 20ft. When 
speed doubles from 20 to 40 ft , 
braking distance quadruples from 
20 to 80ft. 
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SPEED (miles per hour) 

8. Total stopping di stance: Use your tables 
and graphs from problems 6 and 7 to make 
a table with the headings hown. Use at 
least five different speeds. 

Reaction Braking 
Total 

Speed 
distance distance 

stopping 
(mph) 

(feet) (feet ) distance 
(feet) 

S \ FE DIST.\._( E 

It is e timated that about 30 percent of all auto
mobile accident are caused by following too 
closely. Two rules of thumb for avoiding acci
dents follow. 

Rule 1: The 3-Second Rule. Notice when 
the vehicle in front of you passes some 
object, such as a road sign. Then time 
approximately three seconds by counting, 
"One-thou and-one, one-thousand-two, one
thousand-three." If you pass the same object 
before you get to one-thousand-three, you 
are following too closely. 

4.9 Rules of the Rood 

4.9 ... 

I Rule 2: The 1-for-10 Rule. Leave one car 
length between you and the car in front of 
you for every I 0 mph of driving speed,-

9. @Mti)A Which rule do you think is 
safer? Taking into account what you found 
out about stopping distance, what do you 
think would make a good rule of thumb? 

To compare the two rules, it helps to convert 
miles per hour to feet per second, so that all 
units are in feet and seconds. 

10. a. Copy and complete the table to show 
the di stance traveled in three seconds at 
the speeds given. Extend the table up to 
I 00 mile per hour. 

Speed (mph) Speed (fps) Distance (ft ) 

10 14.7 44.1 

20 

b. According to the table, how many feet 
would a car traveling at 50 mph cover 
in three seconds? 

c. If you were instructed to stay three sec
onds behind the car in front of you, how 
many feet wou ld that be, if you were 
trave li ng at 70 mph? 

d. If you slowed down to 35 mph. could 
you cut your following di stance in hal f? 
Explain . 

e. If you drew a graph wi th speed on the 
y-axi and distance tra veled i11 three 
seco11ds on the x-ax is, what wou ld it 
look like? Explain . If you are not sure, 
sketch the graph. 
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STOPPING DISTANCE 

SAFE DISTANCE 

Thi s investigation is straightforward . You 
may have an intere ting discuss ion about 
problem 5. 

To answer problem 9 thoroughly, student 
would have to do a fa ir number of calcul a
tions. Use you r judgment to decide how 
complete an answer you want. They will 
be guided through an analysis of the que -
tion in problems 10-13. 

A fu ll answer to problem 14 could include 
a graph howing both rule (and perhap a 
student-created rule) a well as total top
ping distance displayed on the arne axe . 

4.9 S 0 L U T I 0 N S 

8. Reaction Breaking Tota l 
peed Distance Distance topping 

(mph) (ft ) (ft ) 
Distance 

(ft ) 

10 11.025 5 16.025 

20 22.05 20 42.05 

30 33.075 45 78.075 

40 44. 1 80 124.1 

50 55. 125 125 180.125 

60 66.15 180 246.15 

70 77.175 245 322.175 

80 88.2 320 408.2 

9. Rule #1 is safer because it allows for 
greater distances between cars at 
greater speeds. For example, sup-
pose you were going 50 mph or 73.5 
Ips. By Ru le #1 you would allow for 
about 73.5 Ips · 3 sec = 220.5 feet 
between the cars. At 50 mph the total 
stopping distance is 180.125 feet. 

Rule #1 allows enough stopping dis
tance to avoid a collision. Suppose a 
car is about 18 feet long. At 50 mph, 
Rule #2 would allow 18 ft · 5 = 90 
feet between cars. The total stopping 
distance of 180.125 ft would mean a 
likely collision, because only 90 ft 
braking distance was allowed when 
180.125 was required. A good rule of 
thumb would be to use Rule #1 . 

10. a. Speed (mph) Speed (fps) Distance (fl) 

10 14.7 44. 1 

20 29.4 88.2 

30 44 .1 132.3 

40 58.8 176.4 

50 73.5 220.5 

60 88.2 264.6 

70 102.9 308.7 

80 117.6 352.8 

90 132.3 396.9 

100 147 441 

b. 220.5 ft 
c. 308.7 ft 
d. Yes, at 35 mph your 3-second fol

lowing distance would be 154.35 ft 
which is one half of 308.7 ft . 

e. The graph of speed vs. distance 
traveled in 3 seconds is a direct 
variation line through the origin. 
The speed to distance ratio 
always equals 4.41 , so Distance = 
4.41 · Speed. 

-
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E ven if these problem are done at home, 
make ure they get di scus ed in clas . They 
require careful reasoning. Do not teach any 
algebraic method to deal with percent. It 
would be a di straction from the main point 
of thi s activity, which is rounding. 
Students should use trial and error and 
their calculators to work on these 
problems. 

We wil l do more work with percent in 
Chapters 6 and 8. 

4.9 

11. Most cars are about 14 to 18 feet in length . 
Choose a car length in this interval and 
make a table showing safe following dis
tances at cenain speeds according to 
Rule 2. 

Safe 
Safe 

Speed Speed distance 
distance 

(mph) (fps) (car (feet) 
lengths) 

10 14.7 I 

20 2 

Because of measurement error, it is meaning
less to say that someone weighs 157.2490368 
pounds. o scale is that accurate. and even if it 
were, one does not need that level of accuracy. 
For most purposes, it is satisfactory to talk of 
someone's weight to the nearest pound, so this 
number should be rounded off to 157. 

When dealing wi th amounts of money, one 
usually rounds off to the nearest cent. In some 
cases, one rounds up, or down. When doing 
work with real numbers. make sure you do not 
copy answers from your calculator without 
thinking of whether you should round off. 
round up, or round down. 

A l SO 

12 . ._ Use your tables to compare Rule I 
and Rule 2. How are they different? 
Which one suggests greater caution? 
Explain. 

13 . ._ Should one eva luate Rule 2 based on 
its implementation using a small -car 
length or a large-car length? Explain. 

14. iillilllUII Use the information about total 
stopping distance to decide whether you 
agree with the advice given by Rule I or 
by Rule 2, or whether you would suggest a 
different rule. Write a paragraph explain
ing your opinion. 

15. If you buy one 95-cent pastry at the 
Columbia Street Bakery, you wi ll be 
charged $1.00 even. But if you buy two 
pastries, you will be charged $2.01. 

a. What is the sales tax in this town? 

b. Does the cash register round off to the 
nearest cent , or does it round up or 
down? Explain. 

16. In the same town, if you buy a 94-cent 
soda at Eddie's, you will be charged $1.00. 
If you buy two sodas, you will be charged 
$1.99. Does this cash register round off to 
the nearest cent? Does it round up or 
down? Explain. 

Chapter 4 1111erpreti11g Graphs 
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11 . Safe Safe Speed Speed dis tance distance (mph) (fps) (car (feet) 
lengt hs) 

10 14.7 t 18 

20 29.4 2 36 

30 44.1 3 54 

40 58.8 4 72 

50 73.5 5 90 

60 88.2 6 108 

70 102.9 7 126 

80 11 7.6 8 144 

90 132.3 9 162 

100 147 10 180 

12. Rule #1 allows for more space 
between cars than Rule #2, and as a 
result Rule #1 suggests greater cau
tion. For example, at 60 mph Rule #1 
allows for 264.6 feet, whereas Rule 
#2 al lows for 108 feet. 

13. The safe distance speeds are greater 
when a larger car length is used. For 
example, if the car is 14 feet long 
then at 60 mph Rule #2 would allow 
for a safe distance of 6 · 14 ft = 84 
feet. Using a longer car of 18 feet in 
length , one gets a greater safe dis
tance of 6 · 18 ft = 1 08 feet. 

14. Rule #1 gives greater distances for 
its total braking distance calculations. 
See answers to numbers 9 and 12. 

15. a. Answers will vary. 5.8%, 5.9%, 
or 6% will satisfy this question. 
At6%: 

b. The cash register rounds down to 
the nearest cent. 
1 loaf: 0.95 · 0.06 + 0.95 = 1.007 
rounds down to $1 .00 
2 loaves: 1 .90 · 0.06 + 1.9 = 2.014 
rounds down to $2.01 

16. The cash register rounds off to the 
nearest cent. If the decimal is greater 
or equal to 0.005 then you round up, 
otherwise you round down. 

Sample at 6%: 
1 soda: 0.94 · 1.06 = 0.9964; round 
up to $1 .00 
2 sodas: 1.88 · 1.06 = 1.9928; round 
down to $1 .99 

-- -



People rarely travel at constant speeds. Almost 
all travel involves speeding up and slowing 
down. However, sometimes to simplify a prob
lem it is useful to use the average speed over a 
given period of time. In thi lesson we will use 
the average speed. 

Mtll TWI l ,\ILIININ(,~ 

The graph below shows the relationship 
between the altitude of the airplane and the 
time after take-off. 

y 

0 '-'-~30:;-'-~60::-'-'-c9~0:-'-'~,..._..~....._x 

TIME (minutes) 

1. How high was the airplane 20 minutes 
after take-oft'? 

2. How long after take-off did the airplane 
reach its crui sing altitude? 

3. How long did the plane cruise at a 
constant altitude before descending? 

4.10 Up in the Air 

4. Can you figure out the speed of the 
ai rplane from this graph? Explain . 

The graph below shows that Flight I 0 I left its 
home airport at 8 A.M. and fl ew to the town of 
Alaberg. It stayed in Alaberg for several hours 
and then returned to its home airport . 

y 

0 

Flight 101 

2 3 4 5 
TLME (hours) 

8 X 

5. According to the graph, how far away is 
Alaberg? 

6. How long did it tal<e Flight I 0 I to get to 
Alaberg? 

7. How long did the plane stay in Alaberg? 

8. Can you fig ure out the speed of the 
airplane from thi s graph? Explain . 

Someone made this graph about Fli ght 202, 
but accidentally left off the labels and the scale 
for the axes. 
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Up in the Air 

Core Sequence: 1-23 

Suitable for Homework: 9-23 

Useful for A sessment: 20-23 

What this Les on is About: 

• Interpreting graphs 

• Discrete v . continuous functions 

• Estimation and rounding 

MULTIPLE MEANINGS 

Thi s section i intended to help studen t 
see how the arne mathematical structure 
may correspond to several different real
world situations. This is a profound and 
important idea. 

E ven if they do i t as homework, make 
ure tudent have a chance to discuss 

problem II with their group . The most 
interesting graph can be hared with 
the class. 

4. 10 S 0 L U T I 0 N S 

1. 30,000 feet 

2. 20 min. 

3. 100 min. 

4. No. Speed would be calculated by 
dividing the distance traveled by the 
amount of time taken to travel that 
distance. We don't know the distance 
traveled to attain the cruising altitude. 
It might have been a very steep 
ascent or a more gradual ascent to 
reach the altitude. 

5. 400 miles 

6. 1 hour 

7. 5 hours 

8. Yes. The speed going to Alaberg 
was 400 mph. The return speed was 
200 mph. 

-. 
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DISCRETE AND CONTINUOUS GRAPHS 

We have repeatedly di cussed when it is 
appropriate to connect the dots in a graph. 
Here we give a name to the two di fferent 
type of graphs: when there are no inter
mediate value , the graph is discrete; oth
erwi e, it is continuous. 

R oblems 13- 14 are tricky, because al l we 
are given is the number of passengers 
between terminal s. We have no info rma
tion about what happened at the terminal. 
For example, it i poss ible (though 
unlikel y) that everyone got off the train 
somewhere, and a whole other group got 
on before the train left the station. 
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9. Descriptions will vary but should 
include these points: Flight 202 
reached its highest altitude of 30,000 
feet 20 min. after take off and flew at 
that altitude for 40 min. Its descent 
took 10 minutes. It stayed on the 
ground for 10 min. and then took off 
a second time taking 10 min . to 
reach the same cruising altitude of 
30,000 ft, where it stayed for 20 min
utes. Its final descent took 1 0 min . 

10. Descriptions will vary but should 
include these points: Flight 202 took 
off and flew for one hour to a town 
400 miles away where it stayed for 
two hours. It then returned to the 
home airport covering the 400 miles 
in 30 min . It remained on the ground 
for 30 min. and then flew for 30 min . 
to the same or another destination 
also 400 miles away. It stayed on the 

... 4.10 

Flight 202 

9. Copy the graph and label the axes like 
those in the fi gure just before problem I. 
Write a descripti on of what the graph 
conveys . 

10. Make another copy of the graph and label 
the axes li ke those in the fi gure preceding 
problem 5. Wri te a descri ption of what that 
graph conveys. 

ll. What else mi ght the axes and sca le be for 
the graph about Fl ight 202? Make up 
another possibi lity and write a description 
of what your graph shows. 

DISCRETE ANI> CONTINUOUS G R,\ I'HS 

.A 1s2 

ground at this destination for one 
hour and then returned the 400 miles 
to the home airport. This final trip 
took 30 min. 

11 . Answers will vary. If we label the 
x-axis time and the y-axis amount of 
fuel remaining we could have the 
following description: It took 20 min. 
to fill up the fuel tanks of Flight 202. 
The tanks remained full for 40 min. 
Because of a malfunction in the fuel 
system, the tanks were emptied in 1 0 
min. Mechanics found and repaired 
the problem and in 10 min. refueled 
the plane. The tank remained full for 
20 min. while a supervisor inspected 
the plane. Unhappy with the repair 
job, he ordered the tank emptied 
again, which took 10 min . 

Alaberg has a large ai rport wi th several termi 
nals. A small train runs through the airport, 
carrying pas engers between the terminal . 
Pas engers use thi s train when they have to 
transfer fro m one plane to another. The graph 
shows the relationship between the location of 
the train between the terminals and the number 
of passengers in the train . 

12. Write a description of what is conveyed by 
this graph. 
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LOCATION OF TRAI (from-to) 

13. Can you tell how many passengers got on 
and off at each terminal? Ex plain . 

14. Can you tell if the trai n was ever empty? 

IS. Can you tell from thi s graph how fast the 
train was traveling? 

The Alaberg Airport Express is a van service 
that carries passengers between the city and 
Alaberg Airport . A group of math teachers is 
holding a convent ion in Alaberg, and 1024 
people have arrived at the airport . They all 
need to get into the city. 

16. If the Alaberg Airport Ex press van holds 
20 people, how many trips will be needed 
to take a lithe people into the city? 

Chapter 4 Interpreting Graphs 

12. The train carried 18 passengers from 
terminal A to B. At each terminal 
some passengers got on the train . 
The train left terminal B with 12 peo
ple and proceeded to terminal C. It 
left terminal C with 6 people and 
went to terminal D. It carried 14 peo
ple from terminal D to E, 15 from E to 
F, and 9 people from F to A. 

13. No. Explanations will vary. Sample: 
The train carried 18 people from ter
minal A to B. It left terminal B with 12 
people and proceeded to terminal C. 
Perhaps all 18 passengers disem
barked at terminal B and 12 new 
passengers boarded the train . Per
haps six of the 18 passengers got off 
at B and no new passengers boarded, 
leaving the same 12 passengers who 
traveled from terminal A to B and then 
to C. Many combinations are possible. 

-- -



17. If more vans were available, fewer trips 
would be needed per van . If 15 vans were 
available, and the trips were divided as 
evenly as possible among the vans, what 
would be the maxim um number of trips 
that any van would need to take? 

18. Copy and complete the table to show the 
relationship between vans available and 
maximum number of trips per van neces
sary. (Once again, assume that the trips 
wou ld be divided as evenly as possible 
among the vans.) 

Number of Max number of trips 
vans per van necessary 

I 

15 

19. a. Make a graph from your table. 

b. What is the rule for fi nding the maxi
mum number of trips per van neces
sary, given the number of vans? 

20 . .... The graphs you used in problems 12 
and 19 involved points instead of lines. 
Explain why it does not make sense to 
connect these points. 

4.10 Up in the Air 

4.1oT 
Definition: If the points are not connected 
on a graph, it is called discrete. If the points 
are connected, it is called continuous. 

\ OL R 01\ ' C.R.\PHS 

21. .... The meaning of this graph is still up 
in the air unti l you add some thi ngs to it. 
Copy the graph, label the axes, and show 
the scale. If it makes sense, connect the 
points. Tell what the graph conveys. 

• • 

• • 

22 . .... Make up a discrete graph. Label the 
axes and indicate the scale. Write a 
description of what the graph conveys . 

23 . .... Repeat problem 22 for a continuous 
graph. 

YOUR OWN GRAPHS 

You may u e thi ection a a wntmg 
a ignment or have student pre ent their 
graphs a bu ll eti n board di play . Thi 
may work well as an activ ity to do with 
a partner. 

/n any case, class di scussion of open
ended questions like these is e sential. 

4.10 S 0 L U T I 0 N S 

14. You can tell if the train was empty 
while traveling from one terminal to 
another, but you cannot tell if it was 
empty at a terminal while passengers 
disembarked and boarded . 

15. No. There is no indication of distance 
or time. 

16. 52 trips will be needed. (1 024/20 = 
51 .2, so round up to 52.) 

17. In problem 16, we found that 52 trips 
would be necessary. Each van would 
take 3 trips . There would be 7 
remaining trips to be made, so 7 
vans would have to make an addi-
tiona! fourth trip. The answer is 4. 

18. #of Vans Maximum # of trips 
per van necessary 

1 52 
2 26 
3 18 
4 13 
5 11 
6 9 
7 8 
8 7 
9 6 
10 6 
11 5 
12 5 
13 4 
14 4 
15 4 

19. b. 52 trips will always be necessary. 
Divide 52 by the number of vans, 
then round your answer up to the 
next integer. 

20. In many cases, only whole number 
values are possible. 

21 . Answers will vary. (Some answers 
will be discrete, some continuous.) 
Sample: AI was 5 miles away from 
home. At 4:01 he got into his car, 
and it took him two minutes to get it 
started. Because he was late, he 
sped for the next 3 minutes, covering 
3 miles, when he stopped at a red 
light for 2 minutes. 

22. Answers will vary. 

23. Answers will vary. Be sure graph is 
reasonable for intermediate values. 

- - . 

153 



... 4.11 
Horizontal and Vertical Lines 

Core Sequence: 1-12 

Suitable for Homework: 6- 15 

Useful for Assessment: 11 

What this Lesson is About: 

• Horizontal and vertical li nes 

• Step fu nction 

• Writing and graphing imple inequali ties 

STEP FUNCTIONS 

Thi is not the firs t tep fu nction we have 
encountered, but it is the fi rst time we use 
the words. The open and closed cLrcle con
vention for the graph is also introduced. 

HORIZONTAL AND VERTICAL LINES 

S tudents often have trouble with the e, 
perhaps because in uffic ient attention is 
paid to them in the tradi tional course. This 
lesson should be uffic ient to get these 
idea across. 

LESSON 

Horizontal and Vertical Lines 

• oj. ' "Y "' - • ' r ~ • -, • , ~ • ;; '" • ' ', 

iii!ii{liiiMI····················: 
graph paper 

STEP FUNCT IONS 

1. Thi graph shows how Lhe number of 
passengers in the Alaberg Airpon Express 
van changes over time. The graph show a 
trip between the city and the airpon. 

a. Write a description of what is shown by 
thi graph. 

b. Why is Lhere a long horizontal line on 
the graph? 
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I Definitions: This graph is an example of a 
step f unction. me that the endpoints of the 
step are either filled -in (thi s is called a 
closed circle), or hollow (thi s is called an 
open circle) . 

.A.1s4 

For a given value of x, the value of y can be 
found by looking for Lhe corre ponding point 
on the graph. Only point on the steps and 
closed circles are considered to be on Lhe 
graph. The open circle are there to show 
where Lhe step end , but that po int is not con
sidered to be on Lhe graph. This way a given 
x-value has only one corresponding y-value. 

2. After 60 minutes, how many people were 
in Lhe van? 

HO RI ZONTAL AND VERTIC,\! LINES 

3. a. Graph the venical line through Lhe 
point ( I, -2). 

4. 

5. 

b. Label four more points on Lhis line. 

c. Which coordinate is the arne for all the 
points on the line, the x-coordinate or 
they-coordinate? 

a. Graph the hori zontal line through the 
point ( I, -2). 

b. Label four more points on thi line. 

c. Which coordinate is the same for all the 
points on Lhe line, the x-coordinate or 
the y-coordinate? 

a. The equation of a line is y = -3. There 
is no x in the equation because Lhe 
value of y does not depend on the value 
of x. Graph Lhis equation. 

b. Did you graph a horizontal or a venical 
line? 

Chapter 4 l11terpreti11g Graphs 
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1. a. The van carried 2 passengers for 
20 min. when it stopped to pick up 
3 additional passengers. The 5 
passengers traveled for 30 min. 
until 5 more passengers were 
picked up. The 10 passengers 
traveled for 10 min. when 3 people 
boarded the bus. The 13 passen
gers continued for 1 0 min. until 4 
new passengers boarded. The 17 
passengers traveled for 10 min. 
until the last three passengers 
boarded, to fill the bus. The full 
bus of 20 passengers traveled for 
70 min., then 5 passengers got 
off. Five min. later 2 got off, 5 min . 
later 3 got off. Then the van made 
a series of five-minute rides, stop
ping to let off one passenger at a 
time until the bus was empty. 

b. The full bus of passengers trav
eled for 70 min . with no boarding 
or unboarding of passengers. 

2. 1 0 people were in the van after 
60 min. 

3. a. b. 

(1 , 6) 

(1, 4) 

(1, 2) 

(1, 0) 

(1 , -2) 

c. The x-coordinates are the same 
for all the points on the line. 

4. a. b. 

(-4 , -2) (-2, -2) (1' -2) (3, -2) 

(-1, -2) 

c. The y-coordinates are all the 
same. 

5. a. 

Y= -3 

b. Horizontal line 



6. a. The equation of a line is x = 6. There is 
no y in the equation because the value 
of x does not depend on the value of y. 
Graph this equation. 

b. Did you graph a horizontal or a vertical 
line? 

7. a. Graph the vertical line through (2, -5). 
Write its equation. 

b. Find the coordinates of any point on 
the line. 

c. Find the coordinates of any point to 
the right of the line. 

d. Find the coordinates of any point to 
the left of the line. 

e. For each pan (b), (c), and (d), answer 
this question: What do you think all the 
points chosen by students in your class 
have in common? 

8. The equation of a line is y = 5. If possible, 
answer these questions without graphing 
the line. 

a. Is the line vertical or hori zontal? 

b. Where does the point (4, -2) lie in rela
tion to the line? Explain. 

c. Write the coordinates of one point on 
the line and one point not on the line. 

d. What can you say about the y-coordi
nate of any point that lies on the line? 
Below the line? Above the line? 

INEQUALIII!S 

The x-coordinate of any point that lies to the 
left of the vertical line x = 6 must be a number 
less than 6. For example (2, 7) is such a point, 
since 2 < 6. The expressions 2 < 6 and x < 4 
are examples of inequalities. 

4.11 Horizonllll and Vertical Lines 

4.11T 

9. The mathematical shorthand for less than 
is <. What are the mathematical symbols 
for greater than, less than or equal to, and 
greater than or equal to? 

Inequalities can be used to describe sets of 
points on a graph. For example, all the points 
that lie on or to the right of the line x = 7 can 
be described by the inequality x 2: 7. 

- 10 -8 -6 -4 -2 

y 
10 

8 

6 

4 

2 

0 
-2 

-4 

-6 

-8 

- 10 

2 4 6 8 10 
X 

10. Graph each set of points given. Use one or 
more inequalities to describe it. 

a. All points that lie on or below the line 
y = - I 

b. All points that lie on or above tt•e 
x-axis 

c. All points that lie on or between the 
vertical lines x = 3 and x = 6 

n.lliliim Write an illustrated report on 
hori zontal lines, vertical lines, and 
inequalities. 
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INEQUALITIES 

This section remind student of the nota
ti on for inequalitie and preview the u e 
of Carte ian graphs for repre enting them. 
It also helps student get practi ce with the 
equati ons of horizontal and vertical line 

We do not graph inequalities on the 
number line becau e the arne idea and 
in ights are conveyed ju t as well with the 
Cartesian graph, with the added bonu of 
increasing famili arity with thi difficult 
and profound repre entation . 

4. 11 S 0 L U T I 0 N S 

6. a . 

X=6 

b. Vertical line 

7. a. 

X=2 

(2. -5) 

b. Answers will vary. Sample: (2, 3) 
c. Answers will vary. Sample: (3, 0) 
d. Answers will vary: Sample: (0, 0) 
e. For part (b) the x-coordinate is 2. 

For part (c) the x-coordinate is 
greater than 2. 
For part (d) the x-coordinate is 
less than 2. 

8. a. Horizontal 
b. (4, -2) lies below the line y = 5 
c. Answers will vary. Sample: (0, 5) 

is on the line and (0, 4) is not on 
the line. 

9. Greater than is > . 
Less than or equal to is :s 
Greater than or equal to is =:! 

10.a. r s -1 

r= -1 
r'"-~-· ~!. ~"";:;N!' ... 

":. . .' 

-
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DISTANCE VS. TIME, AGAIN 

Th is problem reviews the work on peed, 
distance, and time, and prev iews slope. In 
addition it allow tudent to thi nk about 
the meaning of horizontal and vertical lines 
in a parti cul ar application. 

R oblem 12e is imposs ible, since it 
implies Paul was in many places at the 
same time. A di tance versus ti me graph 
cannot include a vertical line. Contrast th is 
with the fuel ver u di tance graph in the 
Essential Ideas, where the vertical eg
ments are meaningful. 

COST OF MAILING A LETTER 

Thi s section give tudent a chance to 
use a step functi on with a rea l-world 
applicati on. 

156 

C. 3 $ X $ 6 

11 . Report should include the fact that 
y = k is a horizontal line and x = k is 
a vertical line. Y ~ k is the shaded 
region on and above the line y = k. 
Y $ k is the shaded region on and 
below the line y = k. X ~ k is the 
shaded reg ion on and to the right of 
x = k. X $ k is the shaded region on 
and to the left of x = k. 

... 4.11 

D IST,\~CE VS. TIME. AGA IN 

These graphs represent the moti on of Paul 's 
car. The verti ca l ax is shows distance from hi 
house, and the hori zontal axis shows time. 

12 . ._ Describe the trips shown in each 
graph. Are all of them possible? 

COST OF \IA ILI"G \LETTER 

In January of 1991 the nited States Postal 
Service raised its rate for fir t-ela s mail. It 
printed the fo llowing table in a fl yer for postal 
customers. 

13. Answer questions (a-c) using the informa
ti on in the fo ll owing table. 

.A.1s& 

12. a. Paul was not at home when he got 
in his car and drove farther away 
from his home. 

b. Paul was not at home when he got 
in his car and drove away from his 
home. He drove faster than in 
12a. 

c. Paul was away from home when 
he got in his car and drove toward 
home. 

d. Paul was not at home when he got 
in his car and either stood still or 
drove in a circle around his home. 
The distance away from home 
doesn't change. 

e. Impossible. This graph means 
Paul traveled without any elapsed 
time. 

13. a. $1 .90 b. $0.75 
c. Impossible. Such a letter would 

14. 

Single-Piece Letter Rates: 

Pieces Pieces 
not The rate not The rate 

exceeding is exceeding is 
(oz) (oz) 

I $0.29 7 $1.67 

2 $0.52 8 $1.90 

3 $0.75 9 $2. 13 

4 $0.98 10 $2.36 

5 $1.21 II $2.59 

6 $1.44 

a. How much does it cost to mail a letter 
weighing 7 and l /2 ounces? 

b. How much does it cost to mai I a Jetter 
weighing exactly 3 ounces? 

c. Would it be po ible for a letter to cost 
45 cents to mail? If o, how much 
would it weigh? If not, explain why not. 

14. Use the data in the table to graph the rela
tionship of cost to weight. It is a step func
tion . Copy and complete thi s graph. 

2.75 
2.50 
2.25 
2.00 

t:; 1.75 

8 1.50 
1.25 
].()() 

0.75 
0.50 
0.25 

y 

0 ~J~2-3~4~5-6~7~8~9 ~J~07JJ~J2 X 

WEIGHT (ounces) 

15. Study the tabl e. What is the rule being 
used to determine these rates? 

Chapter 4 Interpreting Graphs 

weigh between 1 and 2 ounces, 
but such a letter would cost 52 
cents to send. 

y 
2.75 
2.50 
2.25 
2.00 

iii 1.75 
81 .50 

1.25 
1.00 
0.75 
0.50 
0.25 
0.00 

D-tl 

D-tl 

D-tl 

D-tl 

D-tl 

D-tl 

D-tl 

D-tl 

D-tl 

D-tl 

L-L-L-L-L-L-L-L-L-L-~~~x 

0 1 2 3 4 5 6 7 8 9 101112 
Weight (ounces) 

15. Up to and including one ounce is 29 
cents. Each additional ounce, or frac
tion of an ounce, is an additional 23 
cents. 

-



LESSON 

• 
Complicated Areas 

..................... 
··~~~~n·''i'Bi' .II = 

geoboards 

0 dOl paper •m•••••m••·':: w 0 .................................. 
Dl'l 0 \ fRI " l· ' ' \ RE \ FOR \I ll l \ 

1. a . Find the area of this fi gure. 

b. Explain how you did it, with the help of 
iJlustrations on dot paper. 

c. Compare your approach with other stu
dents ' work . 

In the fig ure above, the rubber band is in con
tact with 8 geoboard pegs (which we will call 
boundary dots). The fi gure enclo es 12 inside 
pegs, which we will cal l inside dots. 

2. For each fi gure, give the number of 
boundary dots, the number of inside dots, 
and the area. 

4.12 Complicated Areas 

3. lmMflN Try to fi gure out the relation
ship between boundary dots, inside dots, 
and area. (Hints : Sketch many simple fi g
ures, count their dot , and find their areas. 
Keep detailed and clear records. Start by 
working on the problem for figures having 
zero inside dots, then one inside dot, and 
so on.) Keep records of your work in a 
table like this one. 

Boundary 
Dots 

Inside 
Dots 

Area 

4. Make three figures having 3 boundary 
dots and 0 inside dots. Find the area of 
each fi gure. 
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T 4.12 
Complicated Areas 

Core Sequence: 15-16 

Suitable for Homework: 15-17 

Useful for Assessment: 7, 9, 11 , 13 

What this Lesson is About: 

• Review of geoboard area 

• Discovering a two-variable function 
from data 

• Review of repeating decimals 

• Patterns and functions 

DISCOVERING AN AREA FORMULA 

This section is not essential to the devel
opment of area that is needed for later 
lessons on square roots. However, it is use
ful in that it keeps students' geoboard area 
skills in practice. 

This section also gives students another 
chance to discover a function of two vari
ables by analyzing data. They have already 
done this in Chapter 1, Lesson 8, and 
Chapter 2, Thinking/Writing 2.C. In fact, 
the formula is a more general version of 
Pick's Formula, which has already been 
seen in Chapter 2, Lesson 11. By now, we 
can hope that students need less guidance. 

4. 12 S 0 L U T I 0 N S 

1. a. 15 sq. units 3. 
b. Answers will vary. Put a rectangle 

around the given figure. Between 
the given figure and the rectangle, 
draw segments to form small rec-
tangles and right triangles. Find 
the area of the surrounding rec-
tangle and subtract the sum of the 
areas of the small rectangles and 
right triangles. This difference is 
the desired area. 

c. Class discussion 

2. Boundary Inside Dots Area 
(sq.units) 

15 6 12.5 
7 0 2.5 
20 16 25 

Boundary Inside 
Area 

Dots Dots 

4 0 I 

5 0 1.5 

6 0 2 

7 0 2.5 

8 0 3 

9 0 3.5 

10 0 4 

II 0 4.5 

12 0 5 

" 0 0.511 - I 

" I 0.511 

11 2 0.511 +I 

11 3 0.511 + 2 

n X 0.5n+ (x - I) 

Area = one half · boundary dots + 
(inside dots - 1 ) 

4. Area= 0.5 



f,J?fi•)i#jit ASSORTED PROBLEMS 

R oblem 15 could lead to a good class dis
cussion . If you do discuss it, be sure to talk 
about the graphic interpretati on of the 
question. In fact, a graphing calcul ator 
could provide an immediate check on the 
correctnes of the uggested fu nctions. 

Do not give any hint on problem 16! 

For problem 17 there are several ways to 
represent the term in the sum graph
ically a part of a square array of dot . 
Probably the cleare ti s to use the 
diagonals. 

• 4.12 

5. Make three figures having 4 boundary 
dot and 0 inside dots. Find the area of 
each figure. 

6. Make three figures having 5 boundary 
dots and 0 inside dots. Find the area of 
each figure. 

7 . ... 
a. If two figures have no inside dots and 

the same number of boundary dots, 
what can you say about their areas? 

b. What happens to the area if the number 
of boundary dot increase by I? 

8. a. Predict the area of a figure having 10 
boundary dots and 0 inside dots. 

b. Check your prediction by making three 
such shapes and finding their areas. 

c. What would the area of a figure having 
99 boundary dots and 0 inside dot be? 

9. 83§H§fi@iM Explain how one cou ld find 
the area of a figure having b boundary 
dots and 0 inside dots, without making or 
drawing the figure . 

IS. Find as many function s of x as possible 
who~e value is 5 when x is 2. 

16. Multiply. 

(1- ~)-( 1 - ~)-( 1 - ~)· ... · (1- ~) 
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J 0. Make figures having I 0 boundary dots and 
I, 2, 3, etc. inside dots. For each one, find 
it area. Keep your work organ ized in 
a table. 

IJ . .,_ What happens to the area when the 
number of inside dots increases by I? 

12. a. Predict the area of a figure having I 0 
boundary dot and I 0 inside dot . 

b. Check your prediction by making three 
such shapes and finding their areas. 

c. What would the area of a figure hav
ing 99 boundary dots and I 0 I inside 
dots be? 

t3J§§U§fi@\ft.],i Explain how one could find 
the area of a hape having b boundary dots 
and i inside dots, without making or draw
ing the figure. You have discovered Pick's 
Fonnula. 

14. Use the result from problem 13 to check 
your answers to problems I and 2. 

17. I 
1+2+1 
1+2+ 3+2+1 
1+2+3+4+3+2+ 1 
What do you notice about these urns? 
Explain the pattern, using a figure if 
you can. 

4.12 S 0 L U T I 0 N S 

158 
I 

5. Area = 1 

6. Area = 1.5 

7. a. Figures with no inside dots and 
the same number of boundary 
dots have the same areas. 

b. When the number of boundary 
dots increases by 1 , the area 
increases by 0.5 square units. 

8. a. Area = 4 
b. Students graphs will vary . All 

areas= 4. 
c. 48.5, since (99/2) - 1 = 48.5 

9. To find the area of a shape having b 
boundary dots and 0 inside dots take 
one half of b and then subtract one. 

10. Inside dots 
0 
1 
2 
3 

Area 
4 
5 
6 
7 

n 5+(n - 1)= n+4 

11 . The area increases by one when 
the number of inside dots increases 
by one. 

12. a. 14 sq . units 
b. Student graphs will vary. All areas 

are 14 sq . units. 
c. 149.5 because 

0.5(99) + (1 01 - 1) = 149.5 

13. The area equals one half the number 
of boundary points plus one less than 
the number of inside points , or Area 
= 0.5 · Boundary dots+ Inside dots 
- 1. 

14. Students should now use Pick's 
Formula to check their solutions to 
problems 1 and 2. 

15. Answers will vary . Following are a 
few possible solutions: 
y = X + 3, y = X3 - 3, y = 7 X - 9 

16. o. 6n · 5n · 4n · 3n · m · 1n ·on 
. ... = 0 

17. The sum is the square of the largest 
number in the series. 



rnii§JM!§t~ 4.C Letter Strings 
WRITING 

ln abstract algebra, letters do not stand for 
numbers. Abstract algebra has many applica
tions, for example, to particle physics or to the 
analysis of the Rubik 's cube. Here is a simple 
example. 

THE YZ GAME 

ln this game, starting with a string of Y's and 
Z 's, the object is to simplify the string by fol
lowing strict rules. The rules are: 

YYY can be erased. 
zz can be erased. 
the commutative law: YZ = ZY. 
E is the empty string (a string with no 
Y's or Z 's). 

Examples: 
a. Yll,YYZYZYYZ (erase ZZ) 
~ZYZYYZ (erase YYY) 

ZXZ,YYZ (commute YZ) 
.z._un:z (erase ZZ and YYY) 
z (can' t be simplified) 

b. zmz 
z_z. 

E 

(erase YYY) 
(erase ZZ) 
(the empty tring is left) 

1. Simplify the strings. 

a. YZYZZYYZ b. YYYYZZYZY 

~ YZYZYZYZYZYZYZYZZZYZYZYYZY 

Including the empty string E, there are six 
essentially different strings that cannot be 
simplified. They are called the elements of 
the yz group. 

2. Find all the e lements of the YZ group. 

Tbe symbol H represents the operation put 
together and simplify. For example: 

YHYY = E 

YZ H YZ = YY 

Y HE = Y 

4.C Leiter Strings 

3. Compute. 

a. E H YZ 

c. Z H YZ 

b. YZ HYY 

4. Find the missing term. 

a. YZ H = E 

b. Z H = YZ 

C. YY H = Z 

For the YZ group, H works a little bit like 
mu ltiplication. Another way to write the firs t 
two rules is 

y3 = E and z2 = E. 

S. The only powers of Y are: Y, Y2 , and E. 
Explain. 

6. Find all the powers of each e lement of the 
YZ group. 

7. Simplify. (Show your work.) 
a. y 1000 b. ( yz) 1001 

8. Make a H table. 

9. What element of the group works like I 
for multiplication? 

10. What is the reciprocal of each element? 
(In other words, for each element , what 
element can be put together with it to get 
the I?) 

THE V' GAME 

For this group, the rules are: 

yyy can be erased. 
zz can be erased. 
yzy = z . 
The empty string is called e. 
There is no commutative law. 

11. \1 Do problems 1-10 for the yz group. 
(Hint: zyy and yyz can be simplified .) 

12.iilil!tllllilli Write a report on the yz group. 
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1. a . Y 7. a . Y 
b. z b. YYZ 
c . YZ or ZY 8. 

2. E, Y, YY, Z, YZorZY, YYZ E y yy z YZ YYZ 

3. a . YZ E E y yy z YZ YYZ 

b. z y y yy E YZ YYZ z 
c. y yy yy E y YYZ z YZ 

z z YZ YYZ E y yy 
4 . a. ZYY YZ YZ YYZ z y yy E 

b. ZYZorY YYZ YYZ z YZ yy E y 
c. YZ 

E works like 1 for multiplication 9. 
5 . Any power of Y greater than 3 can be because E combined with any 

rewritten in terms of Y, Y2, or E. element equals that element and 
6. E is the only power of E. The powers 1 times any number equals that 

of Yare Y, Y2, and E. The powers of number. 
YY are Y2, Y, and E. The powers of Z 10. The reciprocal of E is E; of Y is YY; 
are Z and E. The powers of YZ are of YY is Y; of Z is Z; of YZ is YYZ; 
YZ, Y2, Z, Y, YYZ, and E. The pow- ofYYZ is YZ. 
ers of YYZ are YYZ, Y, Z, Y2, YZ, 

(Solutions continued on page 515) and E. 

rd@ISI~t~ 4.C 
w R 1 r 1 N i Letter Strings 

Core Sequence: none of the assignment 

Suitable for Homework: 11-12 

What this Assignment is About: 

Algebraic structure 

• Abstract algebra (finite groups) 

• Identity and inverse elements 

Tms activity, while not particularly diffi
cult, will feel unfamiliar. It works best as a 
group activity in class. 

Our last experience with abstract algebra 
was Math on Another Planet in Chapter 
3, Lesson 11. 

A master for the tables for problems 8 and 
11 may be found on page 569. 

THE YZ GAME 

You can introduce the game by writing a 
very long string of Y's and Z's on the 
board and having students suggest ways to 
simplify it according to the rules. With the 
next string, you can ask them to predict the 
outcome of simplifying. 

Roblem 2: The six elements are E, Y, YY, 
Z, YZ, YYZ. 

Roblem 6: It is interesting that the powers 
of YZ and YYZ span all six elements in 
the group. 

THE yz GAME 

This is quite a bit more challenging, 
because of the absence of the commutative 
law. It would be best to have the students 
prepare group reports for problem 12. 

Note that yyz = yyyzy = zy, and zyy = 

yzyyy = yz. 

The elements of the group are e, y, yy, z, 
yz, and zy. Note: yz and zy are not equal! 
A consequence of this is that it is quite dif
ficult to predict correctly what a long 
string will simplify to. 

Another difference with the commutative 
case is that no element's powers span the 
whole group. 

- -
159 



1. Gabe started his trip with 0.3 gallons 
in his scooter's tank. He drove 20 
miles using up 0.2 gallons of gas. He 
refueled putting 0.4 gallons of gas in 
his tank and then drove 30 miles 
using 0.3 gallons of gas. He refueled 
again, putting 0.3 gallons of gas in 
his tank. He then drove 20 miles 
using 0.2 gallons of gas. He began 
the trip with 0.3 gal. of gas and 
ended with 0.3 gal. in his tank. He 
stopped twice for gas. Gabe used 0.7 
gal. of gas to go a total of 70 miles. 
So he averaged 1 00 miles per gallon 
of gas. His scooter's tank probably 
has a capacity of 0.5 gal. of gas, 
which means he can go 50 miles on 
each tank of gas. 

2. 40 mph. (70 miles/1 .75 hr. = 40mph) 

~ Essential Ideas 

FUEL VS. DISTANCE 

Gabe's scooter gets good mileage, but it has a 
small tank. The graph below shows how much 
gas was in his tank during one trip he took. 

"' c: 
0 

0.6 

0.5 

~ 0.4 
29 

~ 0.3 
<t 
r 
~0.2 
Cll 
<t 
oo.1 

O.O OL--1 0--20_ 3_0_4_0_ 5_0_ 6_0_7_0_ 80 

DISTANCE (miles) 

1. Write a paragraph describing Gabe 's trip. 
Include the answers to these questions: 
How much gas did Gabe stan with? How 
much did he end with? How many times 
did he stop for gas? How much gas did he 
use for the whole trip? How far did he 
travel before stopping each time? What is 
probably the capacity of hi s gas tank? 
How many miles did he get per gallon? 

2. The gas stati on stops took ten minutes 
each. Gabe left home at 9 A .M. and arri ved 
at hi s destination at II :05 A.M. How fast 
does the scooter go? 

3. In what ways might thi s graph be 
unreali stic? 

.A, 160 

3. Answers will vary. Gabe averages a 
constant number of miles per gallon 
for each leg of his trip. Miles per gal
lon usually fluctuate depending on 
different speeds. That is, one gets 
higher miles per gallon at higher 
speeds and lower miles per gallon at 
lower speeds. The number of times 
Gabe must stop and go for stop 
signs or lights would also affect the 
miles per gallon. 

4. 

EQUATIONS AND GRAPHS 

4. Make a graph of several (x, y) pairs having 
the property that the sum of x andy is 16. 
Connect the points on your graph. Write 
the equation of your graph. 

5. Write the equation of: 

a. a line through the origin containing the 
point (2, 5); 

b. another first-degree polynomial 
containing the point (2 ,5); 

c. a second-degree polynomial containing 
the point (2, 5). 

These questions are about the graph of the 
equation y = -,1 + 2. 

6. Which of these points are on it? 

(3, - 11 ) (-3, II ) (3, -7) (-3 , -7) 

7. The point (-6, y) is on it. What is y? 

8. The point (x, - 14) is on it. What are the 
two possible values of x? 

For each of the equations below, if possible, 
find an (x, y) pair for which 

a. x is negative and y is positive; 

b. x is positi ve and y is negative; 

c. x and y are both negati ve. 

9. y = 4x 10. y = 2 - 2 

11 . y = x(x - I) 12. y = -2x + 6 

13. Which of the above four equations' graphs 

a. are straight lines? 

b. pass through the origi n? 

14. If possible, sketch the graph of a zero
degree, fi rs t-degree, second-degree, and 
third-degree polynomial function which 
passes through all quadrants but the first. 

Chapter 4 Interpreting Graphs 

5. a. y= 2.5x 
b. Answers will vary, but equations 

will take the following form: 
y - 5 = m(x - 2) for any m. 

c. Answers will vary. One possible 
solution is y = x 2 + 1. 

6. (3, -7) and (-3, -7) are on the graph 
of y = -x2 + 2 

7. yis -34. 

8. x could be 4 or -4. 

For problems 9-12, the answers will vary 
when they exist. 

9. a. impossible b. impossible 
c. Sample (-1, -4) 

10. a. Sample (-2, 2) b. Sample (1, -1) 
c. Sample (-1, -1) 

11 . a. Sample (-2, 6) 
b. Sample (0.5, -Q.25) 
c. Impossible 



For problems I 5 through I 7: 

a . Plot the points given in the table. 

b. Study the table and your graph. 
Describe the re lationshi p between the 
x- value and y-value of each pair. 

c. Use the pauern you found to add more 
points to your table and graph. 

d. Write an equation that tell s how to get 
they-value fro m the x-va lue. 

15. 16. 17. 

X y X y X y 

0 I 2 9 3 8 

I 3 3 6 -2 3 

- I - I -3 -6 - t 0 

3 7 4.5 4 0 - I 

4 4.5 112 -3/4 

2 3 

DISTANCE VS. TIME 

18. These graphs represent the motion of 
Pau l's car. The vert ica l axis shows 
di stance from hi s house, and the horizo n
tal ax is shows time. Write a short para
graph describing the trip summari zed by 
each graph. 

+ Essemialldeas 

• 

POSTAl PROBLEM 

The post office puts size restricti ons on first
class mail. Standard letters that are 1/4 inch 
thick or Jess must meet these requirement s for 
width and height. 

• The height is at least 3 and 1/2 in . and 
ca nnot exceed 6 and 1/8 in. 

• T he width is at least 5 in. and not more 
than I I and 112 in . 

19. The first conditi on ca n be wriuen 
3.5 ~ hei ght ~ 6. I 25. (This is called a 
compound inequaliry.) How would you 
write the second condition? 

161 .. 
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12. a. Sample (-1, 8) 
b. Sample (4, -2) 
c. Impossible 

13. a. The graphs of equations in #9 and 
#12 are straight lines. 

b. The graphs of equations in #9 and 
#11 pass through the origin . 

14. Fi rst degree: 
Y= -2x - 3 

Second degree: 
Y= -(X+ 2)2 + 1 

15. a. y = 2x+ 1 

Thi rd degree: 
y= -(X+ 1)3 - 1 



• 
20. Sketch (to scale) and give the width , 

height, and area of each of these letters. 

a. The letter having the least possible area 

b. The letter having the greatest possible 
area 

c. The tallest, thinnest Jetter 

d. The shortest, widest letter 

12 

2 4 6 8 
WIDTH (inches) 

10 12 

You can use a graph to show allowable 
dimensions of a letter. In the graph above, the 
point (6, 4) represents the dimensions of a Jet
ter that is 4 in . hi gh and 6 in . wide. 

21. Plot four points for the four envelopes 
you li sted in problem 20. (Don' t draw the 
envelopes!) 

22. Write the equati ons of two hori zontal and 
two vertical lines through those po ints. 

23. The fo ur points should form a rectangle. 
Fi nd some points inside the rectangle, out
side the recta ngle, and on the rectangle. 
Which points represent a llowable dimen
sions of letters? Explain , using examples . 

.4 162 

In order to avoid extra fees, your letter must 
sati sfy the fo llowing restriction. 

• The width di vided by the height must be 
between I .3 and 2.5, inclusive. 

24. Write a compound inequality for thi s 
restriction. 

25. Find the rati o of the width to the height of 
each letter you li sted in problem 20. 
Which ones meet the new requirement? 

26. a. Experiment with your calcul ator until 
you fi nd an allowable width and height 
th at have a ratio of I .3. On your graph, 
plot these dimensions. Draw a line 
through thi s point and the origin. 

b. Find other points on the line. What is 
the ratio for each one? Explain . 

c. Repeat (a) and (b) for the ratio 2.5. 

27. Check the ratio for points between the two 
lines, above the upper line, and below the 
lower line. 

28. Explain how to use the graph to fi nd 

a. dimensions that sati sfy all the rules; 

b. dimensions that satisfy the first two 
rules, but not the ratio rule; 

c. dimensions that satisfy the rati o rule, 
but not the fi rst two rules. 

29. If the ratio of the width to the height is I .3 , 
what is the ratio of the height to the width? 

30. Find the equation of the lines through the 
origin in your graph. Explain how they are 
examples of direct variati on. 

Chapter 4 Interpreting Graphs 
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b. Double the x-value and add 1 to 
get the y-value 

c. Answers will vary. Sample (2, 5) , 
(x, 2x+ 1) 

d. Y= 2X+ 1 

16. a. y= 18/ x 

b. The product of the x-value and 
y-value is 18. 

c. Sample (-2, -9) , (1, 18) 
d. y= 18/x 

17.a. y=x 2 - 1 

b. Square the x-value and subtract 
one to get the y-value 

c. Sample (1 , 0) , (-3, 8) 
d. y= x2 - 1 

18. a. Answers will vary. Paul does not 
start or end any of the trips at 
home. Paul got in his car and 

drove to a destination away from 
his home. When he arrived at his 
destination he may have returned 
immediately on the same road to a 
place that was farther away from 
home than his original point of 
departure. The road may have 
made a loop so that Paul contin
ued driving on the same road 
which at first took him farther 
away from home, and then 
brought him back closer and 
closer to home. 

(Solutions continued on page 515) 



PRACTICE 

f;liiliij 
DIRECT VARIATION 

1. Without graphing, tell which of 
the following lines pass through 
the origin. Explain. The line con
taining points 
a. (2, 6) and (4, 12); 

b. (3, 8) and (4, 9); 
c. (6, 5) and (18, 15). 

l. A line contains the points (0, I) 
and (2, 4 ). Does it also contain the 
point ( 4, 8)? Explain. 

3. A line contains the points (2, 5) 
and ( 4, I 0). Does it also contain 
the point (200, 500)? Explain. 

CREATE AN EQUATION 

4. Create an equation that has x = 3 
as a solution. 

5. Create an equation that has 
y = -3 as a solution. 

6. Create an equation where x 
appears on both sides of the 
equation and 
a. the solution is x = 0; 
b. the solution isx = -1/2. 

1&3.4 
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1. a. Yes 
b. No 
c. Yes 

2. No 

3. Yes 

4.-6. Answers will vary. 

-
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Chapter 5 
SUMS AND PRODUGS 

Overview of the Chapter 

This chapter deals with algebraic sums 
and products in several diff~rent ways. The 
first two lessons and the first Thinking/ 
Writing assignment involve analysis of 
graphs of the form x + y = Sand x · y = P, 
which we call constant sum and constant 
product graphs. This is followed by work 
on the distributive law and an introduc
tion to factoring trinomials. This is related 
(through the zero product property) to 
graphing parabolas, a topic which we pre
view. A lesson with a number-theoretic 
flavor investigates a puzzle based on sums 
and products of natural numbers. The 
chapter ends with an introduction to arith
metic sequences and their sums. 

Thi s chapter has an unusual number 
of problem of the week-sized problems. 
You do not have to do all of them as you 
encounter them. If you wish, you can make 
a note of them, and save them for future 
assignments, as you forge ahead into future 
chapters. 

1. New Uses for Tools: 

• Multiplying binomials (minus in 
both factors) in the corner piece 

• Inverse variation in function 
diagrams 

2. Algebra Concepts Emphasized: 

• Variables and operations 
• Function diagrams and graphs for 

equations of the form x + y = S 
• Function diagrams and graphs for 

equations of the form x · y = P 
• Interpolating and extrapolating in 

Cartesian graphs 
• Division and the di stributive law 
• Minus and the di stributive law 
• Multiplying binomials 
• Factoring trinomials, with a = 

• Common factors 
• Sequences 
• Arithmetic sequence 
• Sums of arithmetic sequences 
• Even and odd numbers 

CHAPTER 

The colorful spiral of a lollipop 

Coming in this chapter: 
liiii.IMIIIIIIIIIWII Bui ld as many rectangles as you can with one x2, 

ten x-blocks, and any number of yellow blocks. 

Build as many rectangles as you can with x2, 18, and any 
number of x-blocks. 



SUMS AND PRODUCTS 
3. Algebra Concepts Reviewed: 

• Operations with signed numbers 
• The distributive law 
• Order of operations 
• Terms and degree of polynomial 
• Interpreting graph 

Constant Sums 
• Equation solving (cover-up method) 5.1 • Equation solving (by trial and error) 

5.2 Constant Products • Identity and inver e elements 

5.3 The Distributive Law 4. Algebra Concepts Previewed: 

Factoring Trinomials • Inverse vari ation 5.4 
• Inter ecti on of graphs 

5.A THINKING/WRITING: • Square roots 
Analyzing Graphs • The zero product property 

• Factoring trinom ials (a =F l ) 5.5 Graphing Parabolas • Graphing y = 2 + bx + c and 

5.6 Factors y = (x - p)(x- q) 
• Intercepts of a parabola 

5.7 Minus and the Distributive Law • Vertex of a parabola 

5.8 Build ing-Block Numbers • Smile and frown parabolas 
• Perfect square trinomials 

5.8 THINKING/WRITING: • Equation solving 
Distributing • Mean and median 

• Geometric equences 5.9 Staircase Sums • Slope 

5.10 Sequences 5. Problem-Solving Techniques: 

5.11 Averages and Sums • Recognizing patterns 

5.12 Smooth Moves • Systemati c search 
• Usi ng algebraic notation 

5.( THINKING/WRITING: • Problem posing 
Sequences as Functions 

6. Connections and Context: • Es entia l Ideas • The stamps problem from number 

• PRACTICE theory 
• Symmetry and symmetry group 
• Abstract algebra 
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T 5.1 
Constant Sums 

Core Sequence: l -20 

Suitable for Homework: 10-20 

Useful for Assessment: 12, 17-20 

What this Lesson is About: 

• Function di agrams for x + y = S 

• Cartesian graphs for x + y = S 

• Review of addition of signed numbers 

S tarting with an applicati on, we look at 
equations of the form x + y = S in several 
different way . Function di agrams and 
Carte ian graphs each give insight into 
interesting attributes of equati ons of thi s 
type. Thinking about what quadrants the 
Cartesian graphs lie in provides a good 
review of addition of signed numbers. 

AT THE GAS STATION 

R oblem 4-5 require the students to use 
algebraic notation. Group or class discus
sion may be needed. 

LESSON 

JiUII{IiiiMI · · .................. : 

~ !l.r.a..P..~ . .P.~P..~.r ....... D ~ .................................. 
AT THE GAS StATION 

When Oliver and Alice pu ll ed up to the self
serve island at Jacob's gas stati on, they noticed 
a new sign: 

II Buy Gas Card in Office II 
They went into the office, which was deco
rated with photographs and cartoons. The 
attendant Haro ld ex plained to them that he 
could se ll them a gas card for any amount from 
5 to I 00 do ll ars. They would put it in the spe
c ial slot in the pump. and pump gas as usual. 
The value of the card would automatically go 
down, and a di splay on the pump would indi
cate the value left in the card. After getti ng 
gas. there would be no need to go bac k to the 
offi ce, un less they wanted to trade the card 
back for cash. (This could be done onl y if the 
card had less than $5 left on it. ) Or they could 
use the remaini ng money left on the card the 
next time they stopped at Jacob 's. 

Price Per Gallon Amo unt Spent 

$11.0991 $1 3.41 I 
Gallons Pumped Value Left on Card 

3.1 1 $ 111.59 

.A, 166 

l. Look at the dials in the fig ure. How 
much did Ol iver and Alice pay for their 
gas card? 

2. Oli ver and Ali ce pl an to buy about $ 10.00 
worth of gas . Li st at least fi ve other pairs 
of numbers that will appear on the last two 
dials while they are pumping gas. 

3. When exactl y II gall ons have been 
pumped, what numbers wi ll appear on the 
fo ur d ia l s~ 

4. l§§~l§f!@tMi When D dollars have been 

spent, what is the value left on the card? 

5. When G gallons have been pumped, 

a. how many dollars have been pent? 

b. what is the value left on the card? 

FUNCTION DIAGRAMS FROM RULERS 

Alice wanted to know how long her ruler was. 
Oliver suggested she measure it with a longer 
ruler, as in this figure. 

Alice 's ruler 

I 011 I I I I I ~ 0 I I o ' 2 I 4 I ' ' ~ ' ' I ~ ' ' ','a ' ,'21 
Oliver' s ru ler 

6. How long is her ruler? 

Chapter 5 Sums and Products 
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1. $15.00 

2. Answers wil l vary. Sample answers: 
(3.50, 11 .50), (4.00, 11 .00), (9.05, 
5.95) 

3. price per gallon: $1.099, gallons 
pumped: 11 .0, amount spent: 12.09, 
value left on card : 2.91 

4. 15-0 

5. a. 1 .099 G dollars spent 
b. 15.00-1.099 G dollars left on card 

6. 11 inches 

7. The sum of x andy is always 1 0.5. 
The pattern will be the same regard
less of which ruler you use for x and 
which for y. The units are the same 
on both rulers; the same pairs of 
numbers would be obtained from 
calling either one x. 

8. Y = 10.5 - x 

9. 10 10 

8 8 

6 6 

4 4 

2 2 

0 0 

X y y = 10.5 - x 

-



Oliver had to write about functi on diagrams 
for algebra. (His class was using thi s textbook, 
and in a curious coincidence, they were doing 
exactly thi s page!) He decided to use the rulers 
as a way to get tables of x- and y-values and 
build a function diagram from them. He used 
the rulers set up to create a table that started 
thi s way. 

X y 

I 9.5 

2 8.5 

3 7.5 

7. Describe the pattern for the numbers in the 
table . Does it matter which ruler you use 
for x and which for y? Explain . 

8. Write a function of the type y = a11 expres
sion in terms of x for Oliver 's table. 

9. Make a function diagram for Oliver's 
table. (Use at least five in-out lines.) 

10. Use rulers to create two more tables, and 
for each, write a function and make a func
tion diagram. At least one of them should 
match 0 with a number other than a whole 
number. 

II. How could you set up rulers to get thi s 
function diagram? Explain . 

20 20 

10 10 

0 0 

x ---~ y 

5. I Constant Sums 

5.1 

All the function diagrams you just drew have 
something in common. For each one, the sum 
of all the (x, y) pairs is a constant. We could 
call them co11stallt sum functions. 

12.fii!,!,6',i Write an illuslrated summary 

describing what you not iced about 
diagrams of constant sum functions. It 
should include, but not be limited to, 
examples and answers to the following 
questions: 

• Do the in-out lines meet in one point ? 

• If they do, could you predict the position 
of this point if you knew the value of the 
constant sum? 

G RArHS O F CONSTANT SUMS 

13. a . On a pair of axes, plot these (x, y) pairs. 

(2, 4) (4, 2) (- 1' 7) (8, -2) 

b. In words, we could describe the pattern 
of the (x. y) pai rs by sayi ng that the sum 
of x and y is always six . How wou ld 
you write thi s using a lgebra? 

c. Find three more (x, y ) pairs that fit 
this pattern, and add the points to 
your graph. 

d. Connect a ll the points with a line or 
curve. Describe the graph. 

14. a. Find points such that x + y < 6. Where 
are they in relation to the graph in 
problem I 3? 

b. Repeat for x + y = 6. 

c. Repeat for x + y > 6. 

15. Find a point (x, y) such that x = y and 
x + y = 6. Label it on the graph. 

16. Choose a positive value for Sand make 
a table of (x, y) pairs that sati sfy the equa
tion x + y = S. Use your table to make 
a graph. 
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FUNCTION DIAGRAMS FROM RULERS 

Of cour e, for problem 10, use rulers with 
the same units ! We wi ll do a problem with 
rulers in different units (i nches and cen
timeters), in Chapter 13. 

The point where all the in-out lines of a 
linear function meet is called the focus. 
We will study it in more detail in Chapter 
8. In the ca e of the constant sum relation
ship, it i always half-way between the 
x- andy-number lines, and half-way 
between 0 and the constant sum. 

Use the Function Diagram and In-Out 
Tables on page 570 for some of these 
problem . 

5. 1 S 0 L U T I 0 N S 

1 0. Answers will vary . Two possible 
answers are given. 

10 10 

8 8 

6 6 

4 4 

2 2 

y = 5 - x 0 0 

x---y y=S 

X y 10 10 

0 8.5 8 8 

I 7.5 6 6 

2 6.5 
4 4 

2 2 

0 0 

X 

y = 8.5 - X x---Y Y= 8.5 - X 

11. The sum of x and y is always 14. 
I would slide the rulers so that 1 0 on 
one matched up with 4 on the other. 

Then I would know that each pair 
would add to 14. 

12. All functions will be of the form 
y = S - x. The in-out lines will meet 
in a point, halfway between the two 
number lines, and located on the in
out line (S/2, S/2) . 

13. X+ Y= 6 

14. a. below the line 
b. on the line 
c. above the line 

15. (3, 3) 

16. Answers will vary. One possible 
answer is X+ y= 10. 

16., 17. 
2 

1. X+ Y= 12 
2. X+ y = 8 
3. x+y=1 0 
4. X+Y=4 

-. 

3 

4 
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GRAPHS OF CONSTANT SUMS 

lf you assign problems 16 and 17 a home
work, be sure that students understand the 
idea of choosing various values of S. 

If you assign problem 20 as homework, 
you hould precede it with a class d iscus
sion of problems 13- 19. If you assign prob
lem 20 as classwork, you may assign group 
reports on these problems, asking each 
group to display their findings on chart 
paper or transparencie and ex plain them 
to the class orally. 

5.1 

17 . ....... Experiment with some other constant 
sum graphs. Try several different positive 
values for S. For each one, make a table of 
at least fi ve (x, y) pairs having the sumS. 
Then draw a graph. Draw all your graphs 
on the same pair of axes. 

18 . ....... Do any of the lines go through the 
origin? If not, do you think you could pick 
a number for your sum so that the line 
would go through the ori gi n? Ex plain . 

19. ....... Repeal your in vestigati ons for equa
tions of the form x + y = S, where S is 
negative. Keep a record of what you try, 
using tables and graphs. 

20.iiGWiill Write an illustrated report summa
rizing your findin gs about constam sum 
graphs. Your repon should include neatly 
labeled graphs with accompanyi ng expla
nati ons. Include answers to the following 
question s: 

A. 16a 

• Were the graphs straight lines or curved, 
or were there some of each? 

• Without drawing the graph, could you 
now predict which quadrants the graph 
would be in , if you knew the value of S? 
Explain. 

• Without drawing the graph , could you 
predict the x- intercepts and y-intercepts 
of the graph, if you knew the value of S? 
Explain. 

• What determines whether the graph 
slopes up or down as it goes from left to 
ri ght? Could you predict thi s without 
graphing if you knew the value of S? 
Explain. 

• Do any of your graphs intersect each 
other? If so, which ones? If not, 
why not? 

Chapter 5 Sums and Products 
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17. Answers will vary. See graph on pre
ceding page for sample answers. 

18. The line will go through the origin if 
S = 0. 

19. Answers will vary. See graph for 
sample answers. 

1. X+ y= -4 
2. X+y= -8 
3. x+y= -10 
4. X+ y= -13 

20. Answers will vary. Some key points 
are given: 

The graphs will be straight lines. 
They will all be parallel. They can't 
intersect one another because the 
sum of x and y cannot simultan
eously take on two different values. 
The x-intercept is (S, 0) and they
intercept is (0 , S) . All graphs slope 
down from left to right. If S is posi
tive, the graph passes through quad
rants I, II , and IV. It does not pass 
through quadrant Ill , since you can't 
add two negative numbers and get a 
positive number. If Sis negative it 
passes through II , Ill , and IV. It does 
not pass through quadrant I, since 
you can't add two positive numbers 
and get a negative number. If S = 0, 

the graph will go through the origin 
and lie in quadrants II and IV. For 
every point on the graph, y will be the 
opposite of x, so this graph can lie 
only in quadrants in which x and y 
have oP.posite signs. 

~ . 



lESSON 

Constant Products 

MilES PER GAllON 

lf you plan to take a trip of I 00 miles, the 
amount of gas you need depends on how many 
miles per gallon your vehicle gets . Some very 
large recreational vehicles get only about 
5 mi les per gallon, while a scooter can get 
I 00 miles per gallon. 

1. Copy and complete the table to show how 
many gallons of gasoline you should buy 
if your vehicle gets the mileage indicated. 
Continue the table up to I 00 miles per 
gallon. 

Mileage Gasoline Total trip 
(miles per needed distance 

gallon) (gallons) (miles) 

5 - 100 

10.5 - 100 

20 - 100 

2. Graph the (x, y ) pairs in the first two 
columns of the table. 

3. Describe your graph in words. If you were 
to extend your graph, would it go through 
the origin? Would it touch or cross the 
axes? Explain. 

( ONN[( TIN<, Ttfl llOT\ 

4. Make a table containing these points and 
plot the (x, y) pairs on a Cartesian graph . 

(2, 12) (3, 8) (4, 6) (8, 3) 

5. Describe the pattern of the (x, y) pairs in 
problem 4 

a. in words; b. using algebra. 

5.2 Constant Products 

6. a. Find five more (x, y ) pairs that fi t this 
pattern and add the points to your table 
and graph. Use positive values for x. 
Include some fractional values. 

b. Add five more (x, y ) pairs to your table 
and graph. This time use negative val
ues for x, including some fractiona l 
values. 

7. Study the points on your graph. If neces
sary, add more points so that you can 
answer the fo llowing questions. 

a. Which quadrants do your points lie in? 
Why? 

b. Can you find a point on the y-axis that 
fits the pattern? Can you find a point on 
the x-axis? Explain. 

c. If you were to connect the points with a 
smooth curve, would the curve go 
through the origin? Explain. 

8. Add to your graph a point that fits the pat
tern and 

a. has an x-value less than I /2 ; 

b. has a y-value less than I /2 ; 

c. has an x-value greater than 24; 

d. has a y-value less than -24. 

9. Study your answers to problems 4-8. Then 
very carefully connect the points with a 
curve. Your curve should have two parts 
that are not connected to one another. 

a. Describe the graph. 

b. Explain why the two parts are not 
connected. 
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... 5.2 
Constant Products 

Core Sequence: 1-10, 12- 14 

Suitable for Homework: 1-3, 13-14 

Useful for Assessment: 13-14 

What this Lesson is About: 

• Cartesian graphs for x · y = P 

• Review of multipli cati on of igned 
numbers 

• Preview of inverse vari ati on 

• Preview of square roots and of intersec
ti on of graphs 

• Interpo lating and ex trapolating in 
Carte ian graph 

MILES PER GALLON 

CONNECTING THE DOTS 

B e sure to di scuss the issues raised in 
problems 7 and 9. When to connect the 
dots and when not to is often a source of 
confusion to student . (They will have an 
opportuni ty to think more about thi s, and 
to write about it, in the fo llowing secti on.) 

U se problem 10 to discuss the broader 
question of how to locate all the point 
that satisfy the given properties. This will 
help reinfo rce the understanding of the 
fac t that the point on the graph sati sfy 
the equati on, and the point off the graph 
do not, which is almo t certainly the mo t 
important idea about graphing students 
hould learn in a first-year algebra course. 

5.2 S 0 L U T I 0 N S 

1. Mileage Gasoline Total trip 
(mi les per needed distance 

gallon) (gallons) (miles) 

5 20 100 

10.5 9.52 100 

20 5 100 

25 4 100 

40 2.5 100 

100 I 100 

2. c;; 
c: x-u nit= 25 

_Q y-unit = 5 
"iii • (5, 20) 
.9 
-o 
Q) 
-o 
Q) 
Q) 
c: 
Q) • (10.5, 9.52) 
.~ 
0 (2~ , 5) 
(/) 
Cll • (25, 4) 
Ol 

" (40, 2.5) ( 1~0 , 1) 

mileage (miles per gallon) 

3. The graph is curved. It does not go 
through the origin, and it will never 
touch either axis. Since the product 
of x and y is always 100, neither 
coordinate can ever be 0. (If either 
coordinate were 0, the product would 
be 0.) However, as you extend the 
curve farther and farther in either 
direction , it gets closer and closer to 
the x-axis or y-axis . 

4. , 6 . x-unit =3 
y-unit = 3 
xy=24 

xy= 24 

5. a. The product of each (x, y) pair is 
24. 

b. xy= 24 

6. Answers will vary. Two possible 
answers are (1 /2, 48) and (-4, -6) . 

7. a. quadrants I and Ill 

8. 

9. 

b. No. The product is 24; neither of 
the factors could be 0. 

c. No. The product of 0 and 0 is not 
24. 

Answers will vary. 

a. The two parts are curved. Each 
one gets closer and closer to one 
of the axes as you move farther to 
the left or the right. 

b. In order for the two parts to be 
connected, it would be necessary 
to cross the axes. This is impossi
ble, as explained in #7._ 
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Although thi s fact seems obvious, it cer
tainly is not always apparent to students. 
This discussion also serves as preparation 
for the fo llowing section . 

R oblem 11 previews the work on intersec
tions of graphs and on square roots. Do not 
expect all student to master al l the ideas 
that are raised by the problem. Instead, use 
it as a way to start thinking about a couple 
of big ideas. We will return to square roots 
in Chapter 9, and to the intersection of 
graphs in Chapter 10. Students who are 
starting to get insights into either concept 
may try to address it in their report. 

The Report (problem 13) can be assigned 
as homework or u ed for a group report as 
a way of focusing the di scussion of the 
main points of this le son. There i often 
li vely di scussion among student about 
whether or not the graphs touch the axes or 
pass through the origin. 

By the way, making generalizations about 
quadrants in which the graphs lje is a good 
review of multiplication rules for signed 
numbers. 

Of course, an equation of the form xy = P 
can also be written a the inver e variation 
function y = Pix. We will return to this in 
the next section, and agai n in Chapter 12. 

5.2 

10. For (a-d), find several pairs of numbers 
(x, y) that satisfy the description. Plot these 
points on your graph. 
a. xis positive and xy is more than 24. 

b. xis positive and xy is less than 24. 
c. xis negative and xy is more than 24. 

d. xis negative and xy is less than 24. 

11. 0 Plot a point (x, y) such that xy = 24 and 
x = y. 

We could call the curve you drew in problem 9 
a constant product graph , since the product of 
the coordinates of every point is the same 
number. We could graph many other constant 
product graphs of the form xy = P, where P 
could be any number we choose. 

12 • ._ Experiment with the graphs of some 
equations of the form xy = P. Try several 
different positive values for P. Then try 
several different negative values for P. For 
each one, make a table of at least eight 
(x, y) pairs having the same product. Then 
draw a graph. Draw all your graphs on the 
same pair of axes. 

13.iliWI!lili Write a report summarizing your 
findings about constant product graphs. 
Your report should include neatly labeled 
graphs with accompanying explanations. 
Include answers to the following 
questions: 

• What is the shape of the graph? 

A 17o 

• Without drawing the graph, could you 
now predict which quadrants the graph 
would be in, if you knew the value of P? 
Explain. 

• Do any of the graphs go through the ori
gin? If not, do you think you could find 
a value of P so that the graph would go 
through the origin? Explain. 

• Where can you find points whose prod
uct is not P? 

• Comment on anything you notice about 
the x-intercepts and y-intercepts. 

• Do any of your graphs intersect? 
Explain why or why not. 

OTHER GRAPHS 

In order to graph some functions, Tomas 
made tables of values, plotted the points, and 
connected the dots. (For one of the equations, 
he tried two different ways.) He asked his 
teacher if he had done it right. Mr. Stephens 
answered that the individual points had been 
plotted correctly, but he asked Tomas to think 
about how he had connected them. He said, 
"Every point on the graph, even the ones 
obtained by connecting the dots, must satisfy 
the equation." Tomas didn ' t understand. 
Mr. Stephens added, "Check whether you con
nected the dots correctly, by substituting a few 
more values of x into the equation. Use your 
calculator to see if the y-value you get is 
on the graph you drew." Tomas still didn't 
understand. 

Chapter 5 Sums and Products 
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10. Answers will vary. 

11.(~.~) 

12. Answers will vary. The figure shows 
some sample answers. 

1. xy= 16 
2. xy= 12 
3. xy=4 
4. xy= -4 
5. xy=-10 

x-unit = 2 
_y-unit = 2 

13. Answers will vary. Some key points 
are given: 

The graphs will be cuNed , with two 
branches that are not connected. 
The two branches of each graph will 
not be connected because that would 
require crossing the axes, and points 
on either of the axes will satisfy a 
constant product equation only if the 
product is zero. None of the graphs 
will intersect each other, since the 
product of two numbers cannot 
simultanously have two different val
ues. Therefore, no point could lie on 
two different constant product 
cuNes. Points whose products are 
not P will not be on the cuNe xy = P. 
If P < 0, the graph will have 
branches in quadrants II and IV. This 
is because x and y have different 

signs in these quadrants and hence 
xy is negative. If P > 0, the graph will 
have branches in quadrants I and Ill , 
where x and y have the same sign 
and hence a positive product. The 
only graph which is not cuNed would 
be xy = 0, which consists of the two 
axes. This graph is the limiting case. 
(Notice that as P gets smaller, the 
graphs get closer and closer to the 
axes.) 

-. 



y = x - 2 y = x2 

X y X y 

-2 --4 -2 4 

-1 -3 -1 1 

0 -2 0 0 

1 -1 1 1 

2 0 2 4 
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5.2 Constant Products 

Name: Tomas 

y = -€>/x 

X y 

-2 3 

-1 6 

0 imp. 

1 -€> 

2 -3 

A 

IV 
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5.2 

14.1illim Explain how Tomas can improve 
his graphs. Show your calculations. Give 
Tomas advice he can understand, on : 

• how to label axes, points, and graphs; 

• how to connect the dots correctly; 

• how to extend the graph to the left 
and right; 

• how a calcu lator can help. 
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OTHER GRAPHS 

R ·oblem 14 must be preceded wi th class 
di cussion of the graphs and of Mr. 
Stephens 's comments. The mistakes made 
by Tomas are tandard mistakes and mjght 
a well be discussed speci fical ly, but they 
are difficult to root out if students do not 
understand the basic ideas underlying 
Cartesian graphing. 

Do not expect mastery of thi . See prob
lem 14 as an opportunity for you to see 
how student understand graphing at th i 
point in the course. There will be time to 
pursue the di cus ion, and deepen their 
understanding, but it is important to start 
now! 

y = x - 2: The graph cou ld be ex tended to 
the left and right, because i t i a straigh t 
l ine. Additional points could be tr ied for 
confirmation if students are not sure i t wi ll 
remain a strai ght l ine. 

y = x2: In the first attempt, the points are 
connected from top to bottom, giving three 
values for y when x = 0. Only one (y = 0) 
i s valid. The other attempt is better, but not 
perfect. Trying values uch a x = 0.5, 
x = 3, and x = 4 could help students see 
that straight line egments do not 
accurately represent thi s curve. 

y = -6/x. This reviews the work in prob
lem 1- 13 in a different format. Getting 
additional points is es ential. 

5.2 S 0 L U T I 0 N S 

14. Answers will vary. Some key points 
are given: 

Tomas graphed y = x 2 correctly once 
and incorrectly once. He needs to 
use his calculator to fi nd points 
between those whose values are 
easy to find by mental calcu lation. 
He also needs to connect the dots in 
order, as x goes from left to right. 
His one attempt at graphing y = -6/x 
was not successful because he 
connected points by drawing a line 
through points that could not possibly 
be on the graph. He probably needs 
to include more points in his table in 
order to see the pattern . He graphed 
y = x - 2 correctly, but he could have 
thought about the pattern, realized 
that it should be a straight line (from 
what he learned in Chapter 4) , and 

extended the graph. He needs to 
label axes and indicate the scale on 
his graphs. 

-
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T 5.3 
The Distributive l aw 

Core Sequence: 1-36 

Suitable for Homework: 10, 15-36 

Useful for Assessment: 10, 35-36 

What this Lesson is About: 

• Terms and degree of polynomials 

• Recognizing patterns 

• Di vision and the distributive law 

• Multiplying binomial s 

At thi s point in the course, some students 
should start developing faci lity with the 
distributive law, and wi ll need the Lab 
Gear Jess and les . This lesson is part of 
that transition, since students are encour
aged to use the blocks initial ly, but to look 
for patterns and generalize. 

If students can work accurately without 
the Lab Gear (for example with the mul ti
pli cation table model introduced in 
Chapter 3, Le on 6), do not in ist on their 
using it, as they will probably re ent it. If 
on the other hand they are making many 
mistakes, remind them that the blocks are 
there to help cotTect and prevent errors . 

HOW MANY TERMS? 

R oblems 1-9 may not be sufficient fo r 
tudents to be able to make genera l

izations. If needed , encourage them to set 
up their own mu ltiplications to check their 
conjectures. (In addition , there are more 
practice prob lems later in the lesson.) You 
hould assign problem I 0 as homework, 

but make ure the students are ready for it. 

DIVISION AND THE DISTRIBUTIVE LAW 

Student often make mistakes by implify
ing algebraic fractions incorrectly. The Lab 
Gear image of divi ion (which was intro
duced in Chapter 3, Lesson 6) can help 
them understand what they do wrong when 
they make these types of mi take . In the 
case of divi sion by a whole number, it is 
ometime possible to represent the divi

s ion by showing sets of blocks instead of 
usi ng the corner piece. 

A gain , students shoul d graduall y move 
away from the Lab Gear. In prob lems like 
15-19, where the common factor i in plain 
view, some tudent should see the bene
fits of working on paper. 
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LESSON 

• 
The Distributive Law 

the Lab Gear 

HO\\ \lA '- \ TERMS! 

For each multiplication, write an equation of 
the fo rm length · width equals area. (You 
may use the Lab Gear and the corner pi ece to 
model the multipli cati on by making a rectan
gle.) In your ex pression for the area, combine 
like terms. 

I. x(2x + 5) 

2. 2x(y- 2) 

3. y(2y + 2- x) 

4. (2x + 2){3x - 5) 

5. (x + 2)(3y + I) 

6. (x + 2)(y - 3x + I) 

For each multiplication, write an equati on of 
the form length · width · height equals volume. 
(You may want to use the Lab Gear and the 
corner pi ece to model the multipli cation by 
making a box.) In your ex pression fo r the 
volume, combine like terms. 

7. x(x + 2)(x + 5) 

8. y(x + 2)(y + I) 

9. x(x + 5)(x + y + I) 

I Definitions: A polynomial havi ng two 
terms is ca ll ed a binomial; one having three 
terms is called a trinomial. A polynomial 
hav ing one term is call ed a monomial. 

IO.iiWm In problems 1-9, you multiplied 
two or three polyno mi als of degree I. In 
each case, the product was al so a polyno
mi a l. Write a report describin g the pattern s 
yo u ;ow in the products. You should usc 
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the words monomial, binomial, and trino
mial. Gi ve examples and illustrate your 
work with drawings of the Lab Gear. Your 
report should address the po ints li sted 
below, but should also include any other 
observations you made. 

• What determines the degree of the 
product? 

• What determines the number o f terms 
in the product? 

• Compare problems having one variable 
to problems having two variables . 

01\ ISIO:\ A'D THE D ISTRIBUTI\ E LA\\ 

As you probably remember, you can use the 
corner pi ece to model division. 

Example: Simplify 4"' + ~ + 2Y 

In some cases, you can use the Lab Gear in 
another way to show that a divi sion like thi s 
one can be thought o f as three di visions. 

11. What is the result of the di vision? 

Simplify these ex pressions, using the Lab Gear 
if you wi sh. 

12. lOx + 5y + 15 
5 

13. 2< + 4 
x+2 

Cllapler 5 Sums and l)roducts 

5.3 S 0 L U T I 0 N S 

1. 2x2 + 5x 

2. 2xy - 4x 

3. 2y2 + 2y - xy 

4. 6x2 - 4x - 10 

5. 3xy+ 6y+ x+ 2 

6. xy + 2 y - 3x2 - 5x + 2 

7 . x 3 + 7x2 + 10x 

8. xy2 + 2y2 + xy+ 2y 

9. x3 + x2y+ 6x2 + 5xy + 5x 

10. Answers will vary. A few key points 
follow: 

If you are multiplying polynomials of 
degree 1, then the degree of the 
product will be the same as the num
ber of polynomials being multiplied 
(i.e . the number of factors). In gen
eral , the degree of the product is the 

sum of the degrees of the factors. 
The product of a monomial and a 
binomial or a trinomial will have two 
or three terms, respectively. The 
product of a binomial and a binomial 
will have four terms, but sometimes 
two of these are like terms and can 
be combined. The product of a bino
mial and a trinomial will have six 
terms before combining like terms. In 
general , the number of terms in the 
product (before combining like terms) 
is the product of the number of terms 
in the factors . This can be illustrated 
by comparing (x + 2)(x + 5) with 
x(x + 2)(x + 5). Multiplying by x did 
not increase the number of terms in 
the product, but it did increase the 
degree. Comparing these two ex
pressions modeled with the Lab Gear 
illustrates this point well . 

-



14 . ..? + 4x + 4 
x+2 

15. 3(v-x)+6(x-2) 
3 

Another way to simpl ify some fractions is to 

rewrite the divi sion into a multiplication and 
use the d istributive law. 

Example: To simplify 6x +; + 2": 

• Rewri te the prob lem as a mu ltiplicati on. 

~ (6x + 4 + 2y) 

• Apply the dis tribut ive law. 

! · 6x + ! · 4 + ! · 2y 
2 2 2 

• Simplify. 

3x + 2 + y 

Yo u can ee that we cou ld have divided every 
te rm in the numerator by 2. That is: 

6x + 4 + 21' 6x 4 21' 
2 =2+2+2. 

The single div ision problem was equiva lent to 
three divi ions. Thi s example illustrates the 
distributive fall' of division over addition and 
subtraction. 

Di vide. 

16. 9x + 6y + 6 
3 

17. 3..? + 2x 
2x 

18. 6x1 + 4x 
2x 

19. 2(x+3)+5(x+3) 
x+3 

I>I'>IKIIIUTIVIIIIWI'l!M II! I 

Find these products, using the Lab Gear or any 
other method. 

5.3 Tire Distributive Law 

5.3 

20. 2.x(x- I) 21. y(y + 4) 

22. 3x(x + y - 5) 23. (x + 5)(3x - 2) 

24. (2.x + 4)(x + y + 2) 

25. (2y - x- 3)(y + x) 

Wri te equivalent expressions without the 
parentheses . Combine like terms. 

26. ~(x + y) + :(x - y) 

27. ~(x + y) + ~(x + y) 

28. ~(x + y) + x(~ + y) 

29. ~(x + y) - x(z + y) 

MlJliiPt YING IIINOMiflt ~ 

The fo ll owing problems involve mu ltiplyi ng 
two binomials of the form ax + borax - b. 
Multi plicati ons li ke th is ari se often in math . As 
you do them. look for pallerns and shoncu ts. 

30. (3x + 2)(5x + 6) 

31. (3x - 2)(5x + 6) 

32. (3x + 2)(5x - 6) 

33. (ax + 2)(3x + d) 

34. (2.x + b)(cx - 3) 

35 . .,_ When you mult iply two binomia ls of 
the form ax + borax - b. 

a. what is the degree of the prod uct? 

b. how many terms are in the prod uct? 

36 . .,_ When multiplying two binomials of 
the fonn t:u + borax - b. how do you find 

a. the coefficient of x2? 

b. the coefficient of x? 

c . the constant term? 
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You may have a cl ass di scu sion of how 
one could use the multiplication table fo r
mat to do problems 11 - 19 correct! y. Thi 
is quite tri cky in some cases, but quite 
straightforward in others. For example, for 
problem 11 , it could be set up thi s way . 

? ? ? 

2 j ~ ___ 4x_· --~-6----~~2y __ ~ 
We return to problems of thi s type in 
Chapter 6, Lesson 5. 

For problem 13, it could be set up th is 
way. 

? 

; 1-~ --~-x---l 

DISTRIBUTIVE LAW PRACTICE 

MULTIPLYING BINOMIALS 

Use the practice problems only if your stu
dents need them. If you ass ign them for 
homework, students who want to use the 
Lab Gear approach for problems 20-25 
will have to u e sketches. 

A class discuss ion of problems 35-36 
hould help students consolidate their 
trategie . It i likely FOIL (first/outer/ 

inner/l as t) will be proposed as a method. 
Students (or you) may suggest other tech
niques. In any case, make sure they see 
that techniques used fo r mu ltipl ying bino
mials may not work in the more general 
case of multiplying po lynomials that have 
more or fewer terms. 

5.3 S 0 L U T I 0 N S 

11 . 2X + Y+ 3 

12. 2x+y+ 3 

13. 2 

14. X+ 2 

15. y - X+ 2(X - 2) = y +X - 4 

16. 3x+ 2y+ 2 

17. (3/2)x+ 1 

18.3X+ 2 

19. 7 

20. 2x2 - 2x 

21 . y 2 + 4y 

22. 3x2 + 3xy - 15x 

23. 3x2 + 13x - 10 

24. 2x2 + 2xy+ 8x+ 4y+ 8 

25. 2y2 + xy - 3y - x2 - 3x 

26. XZ+ yz+ XZ - yz= 2XZ 

27. 2XZ+ 2yz 

28. 2xz+ zy+ xy 

29. zy - xy 

30. 15x2 + 28x+ 12 

31 . 15x 2 + 8x - 12 

32. 15x 2 - 8x - 12 

33. 3ax2 + 6x + dax + 2d 

34. 2cx2 + bcx - 6x - 3b 

35. a. second degree 
b. There are four, but two are like 

terms and can be combined. 

36. a. Multiply the coefficients of the two 
xterms. 

b. Multiply the constant te rm of each 
binomial by the coefficient of x in 
the other binomial. Add the two 
results . 

c. Multiply the two constant terms. 



T 5.4 
Factoring Trinomials 

Core Sequence: 1-24 

Suitable for Homework: 15-24 

Useful for Assessment: 6, 8, 10, 19 

What this Lesson is About: 

• Factoring trinomials of the form 
:C + bx + c 

• Preview of greatest common factor 

• Recognizing factorable trinomials 

/ nstead of trying to develop skill in rapid 
factoring, we try to get students to notice 
patterns so that they recognize factorable 
trinomials. 

The National Council of Teachers of 
Mathematics recommends that factoring 
receive less emphasis in the algebra cur
riculum. We support this recommendation, 
and so we do not provide endless drill in 
factoring trinomials. As a skill, factoring is 
no longer important; within a few years 
hand-held calculators will be able to factor 
polynomials. Actually, if you understand 
the relationship between the factors of 
a:C + bx + c, the zeroes of a:C + bx + c 
= 0, and the x-intercepts of y = a:C + bx 
+ c, you can factor any trinomial with the 
graphing calculators currently available. 

However, understanding factoring, as a 
concept, is a very important part of under
standing the distributive law and multipli
cation. This lesson is important as a part of 
developing students' understanding of 
algebraic structure. 

The pattern underlying this lesson and the 
subsequent writing assignment can be seen 
in the following calculation. 

(x + m)(x + n) = :C + mx + nx + mn 

= :C + (m + n)x + mn 

So the coefficient of the x-term is the sum 
of m and n, and the constant term is their 
product. This explanation is not under
standable by most students before this les
son, but you may want to present it to the 
class afterwards. We will return to a simi
lar argument in Lesson 5, problem 13, after 
the students have had substantially more 
experience with this pattern. 

LESSON 

Factoring Trinomials 

~ . . . . . . . .. . . . .. 
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a. Use the Lab Gear to make as many 

different rectangles as you can with 
one K-block. ten x-blocks. and any 
number of yellow blocks. For each one. 
write a multiplication equation to 
show that area = length times width. 
Look for patterns. 

b. Use the Lab Gear to make as many dif
ferent rectangles as you can with one K
block. 18 yellow blocks. and any number 
of x-blocks. For each one. write a multi
plication equation to show that area = 
length times width. Look for patterns. 

2. Use the Lab Gear to help you find the 
other side of the rectangle having the 
given area. Look for patterns. One is 
impossible. 

Side Area 

a. x + 4 x2 + 9x + 20 
b. X+ 3 x2 + 4x + 3 
C. X+ 6 x2 +6x+8 
d. X+ I K+3x+2 

e. x + 4 K+7x+l2 

~ \( TOR' \-.lli'ROill < i' 

I Definition: To factor means to write as a 
product. 

For example, two ways of factoring 12 are to 
write it as 6 · 2 or as 4 • 3. Some polynomials 
can be factored. With the Lab Gear we model 
this by making a rectangle or a box. 
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LAB GEAR RECTANGLES 

This section reviews familiar material, but 
the way the problems are posed should 
help students start to see the patterns that 
will help them with the rest of the lesson. 

FACTORS AND PRODUCTS 

Even though we have done much work on 
this topic, this is the first time we use the 
word factoring. Make sure students associ
ate it with examples such as the one in 
problem 3, as well as with the trinomials 
that constitute the main topic of this lesson. 

For problems 6 and 8, the discussion is 
mostly intended to focus on whole num
bers, but note the following examples. 

3. By making a Lab Gear rectangle and writ
ing a related multiplication equation, show 
that Sy + / can be written as the product 
of a monomial and a binomial. 

You have factored the polynomialSy + /. 

4. By making a rectangle with the Lab Gear 
and writing a related multiplication equa
tion, show that the trinomial K + 3x + 2 
can be written as a product of two 
binomials. 

As this problem showed, some trinomials of 
the form K + bx + c can be factored. 

5. Factor each trinomial into the product of 
two binomials. It may help to use the Lab 
Gear to make rectangles. 
a. x2 +8x+7 
b . .C + 8x + 12 
c. K + 8x +IS 

6. .,_ Are there any more trinomials of the 
form K + 8x + that can be factored 
into two binomials? If so, write and factor 
them. If not, explain. 

7. Factor each trinomial into the product of 
two binomials. It may help to use the Lab 
Gear to make rectangles. 

a. K + l3x + 12 

b. K + 8x + 12 
c. K + 7x + 12 

8. .,_ Are there any more trinomials of the 
form x2 + _x + 12 that can be factored 
into two binomials? If so, write and factor 
them. If not, explain. 

Chapur 5 Sums and Prodru:ts 

(x + 4.5)(x + 3.5) = :C + 8x + 15.75 
12 2 37 

(x + 5)(x + 5) = x- + 5 x + 12 

If you think your students, or some of 
them, are ready for this, you may bring 
these examples up now; or wait until afte: 
Thinking/Writing S.A. 

Use these problems primarily to review 
the idea of factoring out the common 
factor. 

Very few students are likely to factor the 
polynomial in problem II successfully 
without the Lab Gear. If any do, encoura1 
tbem to describe their strategy to the clas: 



THE THIRD DEGREE 

9. Factor these third-degree polynomia ls 
into a product of three first-degree po lyno
mials. Making a box with the Lab Gear 
may help. 

a. i'_v + 5xy + 6y 

b . .?+ 5x2 + 6x 

c. / + 5/ + 6y 
d . .xy•2 + 5.xy• + 6x 

10. 4-- Describe a stra tegy to factor the poly
nomia ls above without the Lab Gear. 

11. Factor, using the Lab Gear if you need 
to, X'y + :?· + 5xv + 5x + 6y + 6. 

PlUS AND MINUS 

12. a . Use the comer pi ece and the Lab Gear 
to show the multi pli cation 

()' + 4)()' + 3). 

Write the product. 

b. How many blocks of each type were 
needed to show the product? 

13. a. Use the com er piece and the Lab Gear 
to show the multi plicati on 

(y - 4)(y + 3). 

Write the product. 

b. Compare the num ber of blocks of each 
type used to show this product with the 
number of blocks used in problem 12. 

14. Write another multip lication that requires 
one /-block, seven y-blocks, and twe lve 
! -blocks to show the product. Model it 
with the bloc ks and write the product. 
Compare work with your classmates . Is 
there more than one possibili ty? 

MISSING TERMS 

Supply the miss ing terms. Then compare your 
answers with your c lassmates ' answers. 

5.4 Factoring Trin omials 

5.4 

IS. X' + 15x + _ = (x + _ )(x + _) 

16. -~ - 7x + _ = (x - _ )(x- _) 

17 . . r + _x + 15 = (x + _)(x + _l 

ts . . .-2 - ~' + 7 = <x - _ )(x - _J 

19. 4-- Which proble ms. 15- 18, have more 
th an one answer? Explain . 

FACTORING BY TRIAL AND ERROR 

20. If possible. factor each trinomi al into a 
product of binomi als. Try to do it w ithout 
using the Lab Gear. 

a. X'+ 5x + 6 
b. a2 + I I a + 30 

c. m2 + 20m + 100 
d. p2 + 2p + I 

21. Factor. 

a . . .-2 - 5.r + 6 

b. x2 - 13x + 12 
c. _~J- 8x+ 15 
d . . I - 9 

22. f Factor. 

a. 6.r2 + 5x + I 

c. 6x2 + .r - I 

d. 6x2 - x- I 

23. f Factor. 

a. x4 - 8.~ + 15 
b. x4 - 8x2 + 16 

WHAT'S YOUR PROBLEIIM 

24. Make up six trinomi als of the fo rm 
. .-2 + bx + c. Four should be facto rable. 
and two should be im possibl e to fac tor. 
Exchange with another stlldent , and try to 
factor eac h other's trinomi als. 
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5.4 S 0 L U T I 0 N S 

1. a. x(x + 1 0) = x2 + 1 Ox 
(x+ 1)(x+ 9) = x2 + 10x+ 9 
(x+ 2)(x+ 8) = x2 + 10x + 16 
(x + 3)(x + 7) = x2 + 1 Ox+ 21 
(x+ 4)(x+ 6) = x2 + 10x+ 24 
(x + 5)(x + 5) = x2 + 1 Ox+ 25 

b. (x+ 1)(x+ 18) = x2 + 19x+ 18 
(x + 2)(x + 9) = x2 + 11 x + 18 
(x+ 3)(x+ 6) = x 2 + 9x+ 18 

2. a. x+ 5 
b. X+ 1 
c. impossible 
d. X+ 2 
e. x+ 3 

3. 

y 2 + 5y= y(y+ 5) 

4. 

x 2 + 3x+ 2 = (x+ 1)(x+ 2) 

5. a. (x+ 1)(x+ 7) 
b. (x + 2)(x + 6) 
c. (x+ 3)(x+ 5) 

6. Only x2 + 8x + 16, which equals (x + 
4 )(x + 4). There are no more trinomi
als if we consider only whole num
bers, since we have used all the 
whole number pairs that add to 8. 
However, there is an infinite number 
of possibilities if we allow other num
bers. Example: 
(x + 3.5)(x + 4.5) = x2 + 8x + 15.75 

(Solutions continued on page 516) 

Additional problems of this type can be 
created by working backwards: multiply a 
binomial (in y) by a trinomial (in x andy). 
You may suggest to your strongest tu
dents that they create a challenge of this 
type for each other. 

PLUS AND MINUS 

This section continues the work to develop 
students' famil iarity with the product of 
binomials. It is the last ection in this les
son that relies on the Lab Gear. 

/n problem 14, students may want to use 
the product (y - 4)(y - 3). This is correct, 
but they have not yet been introduced to 
the Lab Gear model of this kind of multi
plication. Encourage them to make some 
guesses about thi s que tion , but do not 
spend too much class time on it We wi ll 
return to this in Lesson 6. 

MISSING TERMS 

FACTORING BY TRIAL AND ERROR 

WHAT'S YOUR PROBLEM? 

These sections allow students to see how 
well they have internalized the pattern 
from the previous sections. The case wi th 
minus in both factors is approached for the 
first time. 

R ·oblems 22-23 are more difficu lt It is 
not essential all student be ab le to do 
them, though they can be offered the chal 
lenge. The Lab Gear helps for problem 22, 
but for problem 23, the be t way i to 
rewrite the expre ion with X = r : 
X2 - 8X + 15. They know how to factor 
that Then replace X with x2 in the facto red 
expre ion . 

If you want more practice with factori ng, 
make up a practice heet from students ' 
uggested trinomial for problem 24. 

If tudents are not sure how to begi n prob
lem 24, di cussion may help. The be t way 
to create trinomials that can be fac tored i 
to multiply two binomials. As for impossi
ble ones, it is a good bet that most 
randomly selected trinomial cannot be 
fac tored! (Which is why factoring is not 
important as a kill in appli ed mathemat
ics.) Naturally, understanding the sum
product pattern also helps find trinomials 
that are possible or impo sible to factor. 

-
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ri#il$191~~ S.A 
WRJTJNj Analyzing Graphs 

Core Sequence: 1-12 

Suitable for Homework: 4- 12 

Useful for Assessment: 12 

What this Assignment is About: 

• Intersections of constant sum and con
stant product graphs 

• Factoring x2 + bx + c 

As your students probably figured out 
over the course of the past two lessons, in 
order to facto r a trinomia l of the form 
x2 + bx + c, we search for two numbers 
that have the urn b and the product c. This 
lesson presents a graphical interpretation 
of thi idea, by looking at intersections of 
constant urn and constant product graphs. 
If the graphs of x + y = b and xy = c in
tersect, the coord inates (p, q) of one of the 
point of intersection are the same values p 
and q in (x- p)(x - q), the factored form 
of the trinorrti al. 

It may be a good idea to have students 
work on problems 1-3 in class before 
attempting the rest as homework. 

While worki ng on this lesson , some of 
your tudents may wonder about the case 
where the graphs meet at a point with coor
d inates that are not whole number . Since 
some students may f ind this discu sion 
intimidating, you may choose to hold off 
unti I the tudents have had a chance to 
write their reports. However it is an impor
tant di cussion for the stronger students, as 
it helps genera lize the ideas of this lesson 
beyond the li mited case of whole-nu mber 
solutions. 

You may tart the di cussion with the 
examples given in the Teacher' Guide 
fo r Lesson 4. Or you may in itiate an explo
ration of the same examples with the help 
of the traci ng function in a graphing calcu
lator. Specifica ll y, look for the intersection 
of the graphs for: 

xy = 15.75 and x + y = 8 
.xy = 12andx + y = 37/5 . 

~iii@ijl@t~ S.A Analyzing Graphs 
_WRJTIN~ 

CO."STA'-T PRODUCTS 

l. a. On the same pair of axes, graph the 
constant product function xy = 24 and 
the constant sum function x + y = 10. 

b. Find and label the points where these 
two graphs intersect. 

c. Add the graph of x + y = 4 to the same 
pair of axes. Does it intersect either 
graph? 

2. If possible, factor each trinomial. 

a. .~ + I Ox + 24 

b. 2 + 4x + 24 

3. .,_ Explain the rel ationship between 
problem I and problem 2. 

4. Make a large graph of the constant product 
equation xy = 36. Show both branches on 
your graph. 

5. On the graph of xy = 36. find two (x, y) 
pairs whose sum is 13. Plot and label these 
points, and connect them with a straight 
line. What is the equation of the line con
nectin g these two points? 

6. Add to your graph several lines of the 
form x + y = S, where S is an integer, as 
described below. Draw at least three lines 

a. that intersect the graph of xy = 36 in 
the first quadrant. (Label the graphs and 
the points of intersecti on. ) 

b. that intersect the graph of xy = 36 in 
the third qu adrant. (Label the graphs 
and the points of intersection .) 

c. that never intersect the graph of 
xy = 36. 

A 176 

7. .,_ Consider the expression 
x2 + _x + 36. What numbers could you 
put in the blank to get a trinomial that can 
be factored? Explain your answer, giving 
examples. 

CO-.STA:-..T SUMS 

8. Make a large graph of the constant sum 
X+ y = 12. 

9. a. Find many (x, y) pairs whose product 
is 20. 

b. Plot these points and connect them with 
a smooth curve. 

c. What is the equation of the curve? 

d. Where does it meet the graph of 
x+y= l2? 

10. Add to your graph several curves with 
equations of the form x · y = P, where Pis 
an integer, as described below. Draw at 
least three curves 

a. that intersect the graph of x + y = 12 in 
the first quadrant; 

b. that intersect the graph of x + y = 12 in 
the second and fourth quadrants; 

c. that never intersect the graph of 
x+y= l2 . 

II . .,_ Consider the ex pression 
x2 + 12x + _ . What numbers could you 
put in the blank to get a trinomial that can 
be factored? Explain your answer, giving 
examples. 

12.iiCIW Summarize what you di scovered 
in this lesson. Concentrate on the question: 
How are the poims of intersection of con
sta/11 sum and constant product graphs 
related to factoring trinomials? Use exam
ples and illustrate your report with graphs. 
(The examples given in thi s lesson 
in volved only positi ve whole numbers for 
the sums and products. In your report , you 
may use negati ve numbers or zero.) 

Chapter 5 Sums am/ Products 

5.A S 0 L U T I 0 N S 

1. 
3 

c. No 

2. a. (x+ 6)(x+4) 
b. imposs ible 

2 

1. xy= 24 
2 . X+ Y= 10 
3. X+y=4 

3. Answers will vary. The main idea is 
that a trinomia l of the form 

4 . 

1 

x2 + Sx + P wi ll factor if the gra ph of 
xy = P intersects the graph of 
X + Y = S. 

(9, 4) 

(-6, -6) 

1. XY = 36 

(Solutions conti nued on page 51 6) 



lESSON 

Graphing Parabolas 

i'lfilii,jll@l .... . .... . ....... . .. : 

graph pape r ... 13 ' 
Definitions: 

• Second-degree polynomial functi ons are 
also called quadrwic functions. 

• Graphs of quadratic functi ons have a spe
c ial shape called a parabola. 

• The lowest or hi ghest po int on a parabo la 
is ca lled its vertex. 

Here are two quadratic functi ons and the ir 
graphs. Each one has two x- intercepts and 
one vertex . 

vertex: 5 
(0, 4) ~ 

5 

1. What is they-coordinate of the x-intercepts? 
What is the x-coordinate of the y- intercept? 

2. For each parabola in the fi gure, 

a. what are the x- and y- intercepts? 

b. which x- intercept is the vertex 
c loser to? 

5.5 Graphing ParaboltLS 

FINDING INTERCEPTS AND THE VERTEX 

3. a. Copy and co mplete the table of 
values for the qu adratic functi on 
y = ,.? + 2r - 8. Use at least six 
values from -5 to 5. Using the format 
shown will help you avoid making 
mistakes in computation. 

X .~+ 2r -8 

-5 (-5)2 + 2(-5) - 8 

-4 

b. Use your table to make a graph of the 
functi on. 

c. Labe l the imercepts and the vertex. 

4. Repeat problem 3 for the function 
y = (x + 4)(x - 2). 

5 . .... 
a. Co mpare your graphs in problems 3 

and 4. Explain what you observe. 

b. How are the x-intercepls related to the 
ex press ion (x + 4)(x - 2)? 

6. The q uadratic functi on y = x2 - 6x + 8 
can be wriuen in factored form as 
y = (x- 4 )(x - 2). 

a. Make a table o f values for thi s functi on, 
including the inte rcepts and the vertex. 

b. Graph the functio n. Label the intercepts 
and the vertex. 

c. How are the x- intercepts re lated to the 
ex pression (x - 4)(x - 2)? 

d . How is the y- imercept re lated to the 
ex pression x2 - 6x + 8? 

177 ... 

5.5 5 0 L U T I 0 N 5 

1. The y-coordinate of the x-intercepts 
is 0. The x-coordinate of the y-inter
cepts is 0. 

2. a. The "smile" parabola has x-inter
cepts at (-3, 0) and (-1, 0) and 
y-intercept at (0 , 3) . The "frown" 
parabola has x-intercepts at (-2, 0) 
and (2, 0) andy-intercept at (0, 4) . 

b. In each case , the vertex is halfway 
between the x-intercepts . 

3. a. Completing the table as shown 
gives the points (-4, 0) , (4 , 16) 
and (5, 27) . Other table entries 
will vary. 

b. 

c. x-intercepts: (-4, 0) and (2, 0) ; 
y-intercept: (0 , -8); vertex: (-1, -9) 

4. a. Tables will vary . 
b. Graph is the same as in #3. 

5. a. The graphs are the same because 

.. 5.5 
Graphing Parabolas 

Core Sequence: 1-24, 27-28 

Suitable for H om ework: 14-29 

Useful for Assessm ent: 5, 11-13, 
18-19, 22 

What this Lesson is A bout: 

• Graphing y = 2 + bx + c and 
y = (x- p)(x- q) 

• Intercepts of a parabola 

• Vertex of a parabola 

• Smile and fro wn parabolas 

• Preview of zero product property 

• Preview of perfect square trinomjals 

• Prev iew of building-block numbers 

• Systematic search 

The purpose of thi s lesson is not to 
develop students' sblls in graphing 
parabolas by hand. With the advent of 
graphing calculators and software, rapid 
graphing by hand is no longer a priority . 
At any rate, it is too early in the course to 
expect students to have a fu l l understand
ing of graphing parabolas. The main point 
at this stage is to give students some graph 
sense: a general understanding of the 
parabola and its most significant point , 
the vertex and the intercepts. 

T he relationship between factors and roots 
i a fundamental result in algebra, perhap 
among the most fundamental. Discu ss th is, 
but do not expect mastery. The idea is dif
f icul t for some students. The zero product 
property will be covered in more detail in 
Chapter 13. This lesson is intended as a 
preview. 

Note that prob lems 1-2 serve as a reminder 
of the definit ion of intercepts. Problem 2b 
prev iews the important idea that the 
x-coord inate of the vertex is the average of 
the x-coordinates of the x- intercepls. 

FINDING INTERCEPTS AND THE VERTEX 

If students are making computational mis
takes, insist on the format shown in prob
lem 3. Computational errors are ea y to 
spot, becau e they yield a graph that does 
not look like a parabola. 

You may allow students to use a graphing 
calcu lator for some of problems 6- 10 and 
14-20, or perhaps share the work w i thin 



their group. In any case, make ure that 
they keep a record of their work to refer 
back to. 

The generali zations requested in problems 
11 - 13 are not easy. It is essential that thi s 
work be done in cla s, with a chance for 
students to di scuss the patterns that they 
uncover. A graphing ca lcul ator is a conve
nient way to test conjectures by graphing 
additional parabolas qui ckly. 

N ote that problem 13a is also a general
ization of the work in Lessons 3, 4, and 
Thinking/Writing S.A. 

O ne of the main patterns we want students 
to notice is that the factored form reveals 
the x-intercepts most clearl y (the values of 
p and q), while the other form reveals the 
y-in tercept most clearl y (the value of c) . 
The x-coordinate of the vertex is easily 
obtained fro m either fo rm. (Since it is 
halfway between p and q, it can be fo und 
by taking their average, which is (p + q)/2. 
From previou work we know th i is -b/2. ) 

S ome tudent may not see these pattern 
without help. Others may see a relation hip 
between the expressions and the coordi
nates of the points, but not understand 
the reasons for it. Only a few will sponta
neously see the reason for the connection. 
Thi i why di scussion, in small group 
and whole-class, is essential. Aga in don' t 
expect immediate mastery by all students. 

Pay pec ial attention to issue of sign. The 
x- intercepts in problem 4 are -4 and 2, not 
4 and -2. In problem 13, b is the opposite 
of p + q. The x-coordinate of the vertex is 
-b/2, not b/2. 

SMILES AND FROWNS 

The onl y va lues of a we will consider in 
thi le on in the ex pre ion y = ax2 

+ bx + cand y = a(x - p)(x- q) are 1 
and - I . (The only exception to thi i prob
lem 20, which prev iews later work.) These 
two values are enough to give us both 
smile and f rown parabolas. 

R ·oblem 17-20 wi ll check how well 
the tudents under tand the ideas of this 
lesson . 

I t i not neces ary to u e the concave up 
and concave down terminology at thi s 
leve l, but you coul d mention it if you wish. 

5.5 

For each problem, 7 - I 0 : 

a. Write the function in factored form. 

b. Make a table of values, including the 
intercepts and the ven ex. 

c . Graph the function, labeling the inter-
cepts and the ven ex. 

7. y =.? - 2x - 3 

8. y = .!- + 4x + 3 

9. y = x2 - 4x + 3 

10. y = .1- + 2x - 3 

11. t-- Write the equation of a quadratic 
function whose graph would cross the 
x-ax is at (2 , 0) and (-3, 0). Explain how 
you know it wi ll work. 

J 2. t-- Write the equation of a parabola hav
ing y-intercept -4. Expla in how you know 
it will work. 

13J§§.!§fif¥M Consider functions of the 
form y = .? + bx + c that can be factored 
into y = (x - p)(x - q). 

a. How are b. c, p, and q related? 

b. How would you find the coordinates of 
the intercepts? 

c . f How would you find the coordinates 
of the ven ex? 

SMILES AND FROWNS 

14. Make a table o f values for the quadrati c 
function y = (x - 4)(x - I) and graph it. 

15. Repeat for y = -(x- 4)(x- 1). 

16. Compare your graphs from problems 
14- 15. What is alike about the graphs and 
what is di ffe rent? How do thei r 
x-intercepts and ven ices compare? 

.A. 17s 

17. Write an equ ation of a quadratic function 
whose graph sati sfi es these given 
conditio ns. 

a. a smile parabola having x-inte rcepts 
(3, 0) and (-2, 0) 

b. a f rown parabola having x-intercepts 
(3, 0) and (-2, 0) 

c . a smile parabola having x-intercepts 
(-3, 0) and (-2, 0) 

d. a f rown parabola having x-intercepts 
(-3, 0) and (-2, 0) 

18. t-- Ex plain how you know that your 
answers to problem 17 are correct. You 
may check your answers by maki ng a table 
of va lues, and graphing. 

19. t-- Write the equation of a quadratic 
fu ncti on that passes through the origin and 
(5, 0). Explain . 

20. Write an equati on of a quadratic function 
whose graph satisfi es the given conditions. 

a. a parabo la having one x- intercept 
at ( I, 0) and the venex with 
x-coordinate 2 

b. a parabola having one x-intercept at 
( I, 0) and the ven ex at (2 , I) 

c . f a parabola having one x-intercept at 
( I , 0) and the vertex at (2, 2) 

HOW MANY >· INTERCEPTS! 

21. Graph each of these four quadratic func
tions on the arne axes. 

a. y = .? + 6x + 5 
b. y = .? + 6x + 8 
c. y = .? + 6x + 9 
d . y = .!- + 6x + 12 

Chapter 5 Sums and Products 

5.5 S 0 L U T I 0 N S 

the equation in #4 is just the fac
tored form of the equation in #3. 

b. They are the values of x that, 
when substituted into the expres
sion, make it equal to 0. 

6. a. Tables will vary. 

b. 

y = (x - 4)(x - 2) 
x-intercepts : 

(4, 0) (2, 0) 
vertex: (3, -1) 
y-intercept: (0, 8) 

c. They are the values of x that, 
when substituted into the expres
sion, make it equal to 0. 

d. It is the constant term . 

7. a. y= (x - 3)(x+ 1) 
b. x-intercepts: 3 and -1, y-intercept: 

-3, vertex (1, -4) 

Y = (x - 3)(X+ 1) 
x-intercepts: 

(3, 0) (-1, 0) 
vertex: (1, -4) 
y-intercept: (0, -3) 



22 • .,_ Write a paragraph describing and 
comparing the graphs you drew in prob
lem 2 1. Which graph or graphs have two 
X- intercepts? Which have one? Which 
have none? Could you have predicted this 
before graphing? Explain. 

23. ~ Consider the quadratic function 
y = ~ + 4x + _ . Fill in the blank with a 
number that will give a function whose 
graph is 

5.5 

a. a parabola having one x-intercept ; 
b. a parabola having two x-intercepts; 

c. a parabola having no x-intercepts. 

24. <i Check your answers to problem 23 by 
graphing, or explain why you are sure you 
are correct. 

. . . . . • • • • • • • • • • 
44f#f1Ji MAKING CHANGE 

25. Find the large t number of pennies, nick
el , and dimes that you can have and still 
not be able to make change for a quarter. 
Explain your an wer. 

26. Find the largest number of coins you can 
have and ti ll not be able to make change 
for a dollar. (A ume that you can have 
any coins except a si lver dollar.) Explai n 
this an wer. 

5.5 Graphing ParaboiDs 

fQ;iipliii ZEROING IN 

27. If ab = 0, be = 0, and ac = I, what is b? 

28 . .,_ If abc = 0 and bed = I, what conclu
sion can you draw? Explain. 

f#il.di SQUARE SUMS 

29. Arrange the whole numbers from I to 
18 into nine pairs, o that the sum of the 
numbers in each pair is a perfect square. 

179 ... 

HOW MANY x-JNTERCEPTS? 

Thi s ection uses fac toring as a way to 
count the x-intercept . Thi tie in we ll 
with the previous lesson . More powerful 
techniques wi ll be introduced in 
Chapter 12. 

R oblems 22-24 will need cia di scus ion. 

t;uf1'¥t MAKING CHANGE 

This preview the optional Lesson 8. The 
puzzle are accessible to all tudent . 

4p;lift4iw ZEROING IN 

The e problems preview the zero product 
property. They are small , but extremely 
important as a preparation for Chapter 13. 

f#uf.iJ+ SQUARE SUMS 

This is a bit of work, and would make a 
good problem. of the week. Student who 
find it difficu lt should be encouraged to be 
y tematic in their earch fo r olution . 

(What perfect square are possible? For 
each one, which pairs of number could be 
u ed?) Students may want to work in pair . 

A challenging generalization: For what 
number other than 18 i thi s prob lem 
solvable? 

5.5 S 0 L U T I 0 N S 

8. a. y= (x+ 3)(x+ 1) 
b. x-intercepts : -3 and -1, y-intercept: 

3, vertex (-2, -1) 

9. a. y= (x - 3)(x - 1) 

y= (x - 3)(x - 1) 
x-intercepts : 

(-3, 0) (-1' 0) 
vertex: (-2, -1) 
y-intercept: (0 , 3) 

b. x-intercepts : 3 and 1, y-intercept: 
3, vertex (2, -1) 

y = (x - 3)(x - 1) 
x-intercepts: 

(3, 0) (1 , 0) 
vertex: (2 , -1) 
y-intercept: (0, 3) 

10. a. y= (x+ 3)(x - 1) 
b. x-intercepts : -3 and 1, y-intercept: 

-3, vertex (-1, -4) 

Y= (x - 1)(x+ 3) 
x-intercepts: 

(1 ' 0) (-3, 0) 
vertex: (-1 , -4) 
y-intercept: (0, -3) 

11 . Answers will vary. One possibility 
is = (x - 2)(x + 3). If I substitute either 
2 or -3 for x, the resulting value of y 
is 0. 

(Solutions continued on page 517) 



T 5.6 
Factors 

Core Sequence: 1-25 

Suitable for Homework: 10-25 

What this Lesson is About: 

• Recogn izing factors of monomial s 

• Factoring by taking out the greatest 
common factor 

Thi le on concentrates on symbol 
manipulation kill and invol ves no writing. 

R oblem l can be generalized by using 
algebraic notation, though this may be too 
djfficult to understand for mo t student at 
thi s level. You may return to this general
ization at the end of the lesson. 

Problem 1a: (2n)(2n + 2) = (4n)(n + l ) 
Problem I b: (2n + l )(2n + 3) 
Problem l c: (3n)(3n + 3) = (9n) (n + I ) 

SAME AREA, DIFFERENT PERIMETER 

RECOGNIZING FACTORS 

The e section help prepare students to 
recognize the factors of mononual s, a nec
essary ski ll when factoring out common 
factors. 

Allow the students to work wi thout physi
cally manipu lating the Lab Gear, if they 
can do that uccessfu lly. In fact, tarting 
w ith problem 7, work wi thout the blocks 
should be the norm, though students should 
be allowed to u e them if they want. 

lESSON 

Factors 

• ,_ .. . . - ~ 
\ : ' . ... .... . . . " . . . .. 

ii.!ii@i!MI····················: 

the Lab Gear 

1. mwm 
a. Draw a rectangle whose sides are any 

two consecuti ve even numbers, like 4 
and 6. Find its area. If the side lengths 
have to be whole numbers, i it possible 
to draw a rectangle having the same 
area bur differenr sides? Try th is with 
another pair of consecuti ve even num
bers. Is it possible this time? Do you 
think it is always, sometimes, or never 
possible? 

b. Does your result change if you u e two 
consecuti ve odd numbers, like 3 and 5? 

c. What about consecutive multiples of 3, 
like 6 and 9? 

SAME AKEA, DIFFERENT rERIMETER 

I Example: Use the Lab Gear to build a rec
tangle hav ing a width of 2.x and a length of 
X+ J. 

a. Sketch the rectangle. Label it with an 
equation of the form lengrh rimes widrh 
equals area. 

b. Find the perimeter of the rectangle. 

c. Rearrange your rectangle into a rectan
gle having the same area but a differenr 
perimerer. 

d. Write another equati on of the fo rm 
lengrh rimes widrh equals area. 

A 1ao 

For problems 2-4 below, build a Lab Gear rec
tangle of the given widlh and length . Then fol
low the instructions in parts (a) through (d) in 
the example. 

2. width: 2.x 

3. width: 3x 

4. width: x 

length : 2.x + 2 

length: 3 + x 

length : 4 + 4x 

For problems 5-6 follow the instructions in the 
example, but build at least two rectangles, and 
three if possible. 

5. width: 4 + 2.x length : 2 + 4x 

6. width: 2 + 2.x length: 3 + 2.x 

Chapter 5 Sums and Protlucts 

5.6 S 0 L U T I 0 N S 

1. For even numbers, it is always possi
ble to find two different ways, since 
the sides can be 2n and 2n + 2 or 4n 
and n + 1. This can be seen by not
ing that 2n(2n + 2) = 4n(n + 1 ). If 
two consecutive odd numbers are 
used, the area is (2n + 1 )(2n + 3) , 
so the sides can only be (2n + 1) 
and 2n + 3, unless you include the 
possibility of the dimensions 1-by
(2n + 1 )(2n + 3) . For consecutive 
multiples of 3, note that 3n(3n + 3) 
= 9(n + 1 ), so there will always be 
two possibilities. 

Solution to example: 
a. The sketch should be labeled with 

the equation 2x(x + 1) = 2x2 + 2x. 
b. The perimeter of the rectangle is 

6x+ 2. 

2. 

c. The rectangle in the second 
sketch has perimeter 6x + 4. 

d. The second sketch illustrates that 
x(2x + 2) = 2x2 + 2x. 

x(4x+ 4) = 4x 2 + 4x 
Perimeter: 1 Ox+ 8 

3. 

3x(3 + x) = 9x+ 3x 2 

Perimeter: 8x + 6 

x(3x+ 9) = 3x 2 + 9x 
Perimeter: 8x + 18 



RfCOC,NIZINC. 1M TORS 

For each expression, 7- 12, write as many dif
ferent products equal to it as you can. Use onl y 
whole number . (In some cases, it may be 
helpful to use the Lab Gear to build rectangles 
and/or boxes.) 

7. 24 

9. (lx + 4)(3x + 6) 

11. IU+4x 

8. 6/ 

10. 1 2~ 

12. 2x(6x + 18) 

COMMON fA( TORS 

I Example: As you know, factoring a polyno
mial can sometimes be modeled by making 
a Lab Gear rectangle. ---

..ry + .>? + 3x = x(y + x + 3) 

By multiplying the factors, you get the origi nal 
polynomial back. Factoring is using the 
di stributive law in reverse. 

In thi example, we say that x is a common 
factor of all three terms in the original polyno
mial, because it divides each term evenl y. In 

5.6 Factors 

5.6 

the case of U + 8.>? + U y, the common fac
tors are 2, x, and .>?. In factoring such a poly
nomial , it is usuall y best to rake our the great
est common factor, which is 2.-l. 

In the following problems, factor the polyno
mials by taking out the greatest common fac
tor. Not all are possible. 

13. u + s..-2 + 2.-ly 

14. U- 6x 

15. 2.-l + 6x + I 

16. 3.>? + 2x + 4xy 

11. 3ry- 3..ry + 6.1/ 
18. 3/ + 9y - 6i + 3 . .-ly + 6x:l + 9..ry 

f 1\( I ORIN(, < OM PIEHL V 

As you have seen in thi s lesson, there are often 
many ways to factor a po lynomial. However, 
there is only one way to factor it complerely. 
For example, (4x + 8)(3x + 9) is factored , but 
to factor it completely you wou ld have to fac
tor 4 out of (4x + 8) and 3 out of (3x + 9). 

Factor completely. 

19. (2r + 6)(3x + 6) 

20. 4(.>? + 5x + 6) 

21. 4.>? + 40x + 64 

22. U + 8x + 8 

23. 3.>? + 2 1x + 30 

24. U + 26x + 72 

25. r + 5.>? + 6x 

181 ... 

COMMON FACTORS 

T he be t trategy for problem 16-25 i to 
take out the common factor first, and then 
factor the re ul ting trinomial. 

5.6 S 0 L U T I 0 N S 

4. 

x(4 + 4x) = 4x+ 4x 2 

Perimeter: 1 Ox+ 8 

(1 + x) · 4x = 4x + 4x 2 

Perimeter: 1 Ox+ 2 

5. .r! 

.r! 

(4 + 2x)(2 + 4x} = 8x 2 + 20x+ 8 
Perimeter: 12x + 12 

(1 + 2x}(8 + 4x) = 8x 2 + 20x +8 

Perimeter: 12x + 18 

6. J 

(2 + x)(4 + 8 x) = 8x 2 + 20x+ 8 

Perimeter: 18x+ 12 

(2 + 2 x}(3 + 2 x ) = 4x 2 +1 0x+ 6 
0 Perimeter: 8x + 1 

(Solutions continued on page 5 18 ) 



T 5.7 Minus and 
the Distributive law 

Core Sequence: l-28 

Suitable fo r Homework: 1-8, 24-28 

Useful for Assessment: 12 

What this Lesson is About: 

• Rev iew of order of operation 

• Multiplying binomials (minu in both 
factor ) in the corner piece 

• Preview of quare of a binomial 

• Review of equation- olving (cover-up 
method) 

• Functi on di agram of constant products 

• Preview of inverse vari ation 

• Preview of square root 

d4ilii• ORDER OF OPERA TIONS 

Distingui shing between ex pre ion like 
(5 - 3)(x - 2) and 5 - 3(x - 2) is a ource 
of confu ion to tudent , even many who 
have dutifully memorized the order of 
operat ion . Thi ection should help. 

If your student have trouble with these 
problem , you may want to assign extra 
practice along the e lines. If you do, get 
student volunteers to make up pai rs of 
related problems like problems 4-5 or 6-7 
for the clas to work on. 

LESSON 

Minus and the Distributive Law 

il.!ii@IIMI. · · · · · · · · · · · · · · · · · · ·: 

the Lab Gear . . .................................. 
f;/ii/Jjj O RDER OF OPERATIONS 

1. Compare these two ex pre sions, and these 
two fi gures. 

(i) 

(5 - 3)(x- 2) 

5- 3(x- 2) 

a. Which express ion means multiply 
(x- 2) by 3 and subtract the result 
from 5? (Remember order of 
operation .) 

b. Which fi gure shows that expression 
with the Lab Gear? 

c. Which expression means subtract 3 
from 5 and multiply the result by 
(x- 2)? 

.A. 1s2 

d. Which figure show that ex pre ion 
with the Lab Gear? 

e. Here are the same expressions, rewrit
ten without parentheses. Which is 
which? 

II - 3x 2x- 4 

Write without parentheses. 

2. 7 - 3(y - 4) 3. (7 - 3)(y - 4) 

4. (4- 2)x + I S. (4- 2)(x + I ) 

6. x-2(x+ I ) 7. (x-2)(x+ I ) 

8. (x- 2)x- I 

If you added another set of parentheses to 
the ex press ion in problem 8, you would get 
(x - 2)(x - I). One way to multiply these 
binomials is to use the multiplication table 
format. 

X -2 

9. What is the product? 

USIN(, THE CORNER PIH E 

In thi s lesson, you wi ll learn how to model 
a product like this wi th the Lab Gear. You 
will practice it with number before using 
variables. I Example: In the case of (6 - 2)(5 - 3) set 

up the problem as shown in the fi gure. The 
method you will fo llow is to multiply all the 
blocks on the left side by all the blocks 
across the top. 

Chapter 5 Sums and Products 

5. 7 S 0 L U T I 0 N S 

1 . a. 5 - 3(x - 2) 
b. figure i 
c. (5 - 3)(x - 2) 
d. figure ii 
e. 11 - 3x = 5 - 3(x - 2) 

2x - 4 = (5 - 3)(x - 2) 

2. 7 - 3(y - 4) = 7 - 3y+12 = 19 - 3y 

3. (7 - 3)(y - 4) = 4y - 16 

4. (4 - 2)x + 1 = 2x + 1 

5. (4 - 2)(x + 1) = 2x+ 2 

6. x - 2(x + 1) = x - 2x - 2 = -x - 2 

7. (x - 2)(x+1) =x2 - x - 2 

8. (x - 2)x - 1 = x 2 - 2x - 1 

9. x2 - 3x+ 2 

182 

10. 

(5 - 2)(7 - 4) 

11 . (y - 2)(y - 1) 

12. The process described below follows 
the order that is described in the text: 
i. y· y=y2 
ii . -1 . -2 = 2 
iii . -2 · Y= -2y 
iv. y · -1 = -y 

13. (6 - 2) . (5 - 3) = 4 . 2 = 8 

14 . a.~~~== 

(x - 1 )(2x - 3) = 2x 2 - 5x + 3 

b. 



Put the upstairs blocks at the corner of the 
corner piece. 

First, multiply the downstairs blocks. Then 
multiply the upstairs blocks by each other. 
Since -2(-3) = 6, a positi ve number, these 
blocks must appear downstairs somewhere. 
They will be arranged in a 2-by-3 rectangle. It 
would be nice to line up the rectangle with its 
factors, but then it would have to be upstairs, 
making it -6, which would be wrong. So we 
can line it up with only one of the two factors. 
Let's choose the -3. 

fJtfEfEf==== downstairs 
---times 

downstairs 

upstairs 
--times 

upstairs 

Finally, multiply upstairs blocks on the left 
with downstairs blocks at the top, and vice 
versa, plac ing them as hown. 

5.7 Minus am/the Distributive Law 

5.7 

!"!~~~===:=~ left upstairs 
-times 

top downstairs 

uncovered rectangle 

left downstairs 
times 
top upstairs 

You can now see that the answer (4 times 
2 = 8) is shown by tl1e uncovered recwngle. 

10. Use the corner piece to show the product 
(5 - 2)(7 - 4). 

ll~I NC, VARIABLES 

11. Write the polynomials being multiplied. 

12. ,._ Follow the process shown in the fol
lowing fi gures with your blocks. Write a 
brief explanation of each step. 

183 ... 

USING THE CORNER PIECE 

USING VARIABLES 

S o far, tudents have not multiplied bino
mials in the corner piece when there is a 
minus in both fac tor . The reason we have 
delayed thi s tech nique i that it is fai rl y 
tricky, and it is definitely easier to use than 
the multi pli cation table method. 

H owever, the technique is interesting and 
very popul ar with some student . If you are 
pressed fo r ti me, show the technique as a 
demonstration only. However, student 
need to understand the model for work in 
Chapter 7, but they need not be proficient 
at it. 

You may demon u·ate the example, or 
other problems like it, on the overhead. If 
student have trouble with the technique, a 
good hi nt is to remind them that they need 
to end up with an uncovered rectangle of 
the right dimension . Paying attention to 
where that rectangle needs to be will help 
pl ace the blocks correctly. You may chal
lenge students to explai n why the "perfec t 
fit ' always occurs. 

R ·oblem 15 combines review of prev ious 
techniques with practice of the new one. 
By presenti ng related problems, student ' 
attention to the patterns is heightened. 
Problem 16 serves as a prev iew of three 
important identitie . (We will return to 
them in Chapter 7 .) 

5. 7 S 0 L U T I 0 N S 

c. 17 . ~ ... ~~~== 

(y+ 1)(y+ 5) = y 2 + 6y+ 5 (y + 1 )(y - 5) = y 2 - 4y - 5 (y - 2}(y - 5) = y 2 - 7y+ 10 

d. 

(y- 1 )(y + 5) = y 2 + 4y- 5 (y - 1 )(y - 5) = y 2 - 6y + 5 

16. a. 4x2 + 12x+ 9 
b. 4x2 - 12x+ 9 
c. 4x2 - 9 
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••Uii,)j#;Jt MAKE A SQUARE 

This is related to the work in Lessons 3-6, 
including especially How Many x-Inter
cepts? in Lesson 5. It also previews the 
identity for the square of a binomial 
(Chapter 7), and completing the square 
(Chapter 13). 

t;iiflil• SOL V/NG EQUATIONS 

These problems look like the ones in prob
lems 2-6. They illustrate the wisdom of the 
popular maxim, "Think before you distrib
ute." Since students do not learn formal 
equation-solving methods until Chapter 6, 
they will have to solve these using trial and 
error or the cover-up method. Distributing 
makes these problems harder; they are eas
ily solved using the cover-up method. 

If necessary, remind students of the cover
up method by doing an example at the 
board. Mastery of that method is not 
absolutely essential, but these problems are 
a good way to review order of operations 
and inverse operations. 

5.7 

::J 

downstairs 
+--times 

downstairs 

'upstairs 
times 
upstairs 

1iii~~= left upstairs ~ +---times 
top downstai r 

+---uncovered 
lilt----' rectangle 

j ~ notice the 
left downstairs perfect fit 
times 
top upstair 

13. Write the dimensions of the uncovered 
rectangle and the product. 

14. Use the Lab Gear to multiply. 

a. (x- 1)(2r - 3) 

b. (y- 5)(2y - I ) 

15. Use the Lab Gear to multiply. 

a. (y+ l )(y + 5) 

b. (y - I )( y + 5) 

c. (y + I )(y - 5) 

d. (y - I )(y - 5) 
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16. Use the Lab Gear to multipl y. 

a. (2x + 3)2 b. (2x - 3)2 

c. (2x + 3)(2x- 3) 

17. 0 This figure shows four ways to set up 
the multiplication (y - 2)(y - 5). Of 
those, three wi ll work. Experiment to find 
out which three. Sketch your solutions. 

Chapter 5 Sums and Products 

5.7 S 0 L U T I 0 N S 

18. (X+ 3)2 = X2 + 6X+ 9 25. a. 12 12 

19. (2X+ 1)2 = 4x2 + 4X+ 1 10 10 

20. Not possible 8 8 

21 . Not possible 6 6 
22. (3X+ 2)2 = 9X2 + 12X+ 4 4 4 
23. (x+ y)2 = x 2 + 2xy+ y 2 

2 2 
24. a. x= 3 

b. X=4 
0 0 

C. X=2 -2 -2 

d. X= -3 -4 -4 
e. x=7 

-6 -6 

-8 -8 

-10 -10 

-12 -12 

X y 
xy= 9 

~ 
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ft}4titlf#jJj MAKE A SQUARE 

For each problem, arrange the blocks into a 
square. Not all are possible. Write an equation 
relating the side length and area of the square. 

18. ?- + 6x + 9 

19. 4?- + 4x + I 

20. ?- + 8x + 4 

21. 2"+ 4x+ l6 

22. 92- + 12x + 4 

23. 2-+ 2xy +/ 

f;/ifiJij SOL V/NG EQUATIONS 

24. Use the cover-up method to solve these 
equations. 

a. 30 - 3(2x + I) = 9 

b. 19 - 2(x + 5) = I 

c. (5 - 3x)- 2 = -3 

d. 5 - 3(x - 2) = 20 

e. (5 - 3)(x - 2) = I 0 

5.7 Minus and the Distributive Law 

5.7 

f;/ifiJij f UNCTION DIAGRAMS fOR 
CONSTANT PRODUCTS 

For each equation, 25-27: 

a. Make a large function di agram (with 
number lines ranging from at least - 12 
to 12), using your calc ul ator to help you 
find values if needed . 

b. Do all the in-out lines meet in a single 
point? 

c. Are there any horizontal in-out lines? 
(In other words, in-out lines where 
x = y.) For what values of x and y? 

d. Follow the y-value with your fi nger as x 
changes from - 12 to 12. Describe y's 
motion. (Does it move up or down? 
Does it ever jump? For what values of x 
does it move fast? Slowly?) 

25. xy = 9 

26. xy = 8 

27. xy = -9 

28. x is greater than I, and 6/x is a whole 
number. What could x be? (Hint: There are 
more than three solutions.) 

185 .4. 

dif'ii• FUNCTION DIA GRAMS FOR 
CONSTA NT PRODUCTS 

R oblem 25 i visuall y interesting, yieldi ng 
a beautiful symmeuic design. The que -
ti ons help sntdents think of the functi on 
y = 9/x and how it changes. Because th is 
may be di fficult for some students, if you 
assign thi s problem fo r homework, make 
sure to save some cia ti me to discuss it. 
The questi on about the horizontal li nes 
prev iews the concept of quare root . 
(See Lesson 2, problem 11.) 

R oblem 28 generali zes problem 27 to the 
ca e where the product is not a perfect 
square, or is negative. 

R oblem 28 is surprisi ngly difficult. You 
shoul d encourage a discu sion in groups, 
and hold off as much as possible on giving 
away the answer. One hint you can give 
students is to use a functi on diagram or 
Cartes ian graph to help in ve tigate the 
questi on. Another hint is to poin t out x 
need not be a whole number. Or you can 
lead a discuss ion, starting with the ques
ti on, What whole numbers could 6/x be? 

5.7 S 0 L U T I 0 N S 

b. No 
c. Yes . x=y= 3or x=y= -3 
d. As x moves from -12 to 12, y 

moves downward. y jumps at 
zero. y moves fast for values of x 
close to zero. 

26. a. 12 

10 

8 

6 

4 

2 

0 

-2 

-4 

-6 

-8 

-10 

-12 

X y 
xy= 8 

12 

10 

8 

6 

4 

2 

0 

-2 

-4 

-6 

-8 

-10 

-12 

b. No, the lines do not meet at a 
sing le point. 

c. Yes, there is a pair of horizontal 
lines at x = y = 2.83 and 
X = y = -2.83. 

d. As xchanges from -12 to 12, y 
moves down and jumps at zero. 
y moves fast when x values are 
close to zero. 

(Solutions continued on page 518) 



... 5.8 
Building-Block Numbers 

Core Sequence: none of the le on 

Suitable for Homework: 5-28 

Useful for Assessment: 11 , 17 

What this Lesson is About: 

• Searching for pattern in a number-
based problem 

• Generalization using algebrai c notation 

• An application of common factors 

• Problem-posing and constraint 

In number theory, the problem addressed 
in thi le on i called the stamps problem. 

FOOD FOR THOUGHT 

R oblem I pose a version of the problem 
that originates in the reality of fa t food 
marketing and lead to an intere ting 
puzzle. 

TWO BUILDING BLOCKS 

A STRATEGY 

The problem i l imited to a impler ver
sion, which tudent may be able to solve 
by generalization from experiments with 
pecific cases. The main discovery we 

expect here i that two building blocks 
with no common factor other than one 
can generate all but a fi nite number of the 
natural numbers. 

1. If a, b, care whole numbers, then the 
number of nuggets that can be 
ordered is in the form of 6a + 9b + 

20c. The greatest number that can-
not be ordered is 43. We can easily 
see this if we set up an array of num-
bers from 1 to 50 in the fol lowing 
manner: 

1 7 13 19 25 31 37 43 49 
2 8 14 20 26 32 38 44 50 
3 9 15 21 27 33 39 45 
4 10 16 22 28 34 40 46 
5 11 17 23 29 35 41 47 
6 12 18 24 30 36 42 48 

Cross out numbers that you can 
order, soon you will see a few pat-
terns, and 43 wi ll be the greatest 
number that cannot be ordered . 

2. If d and q are whole numbers, then 
the various amounts in cents we can 

3. 

4. 

5. 

6. 

LESSON 

• 
Building-Block Numbers 

In thi s lesson, use just whole numbers. 

FOOD FOR THOUGHT 

1. Pi!1@® Eric tried to order I 3 chicken 
nuggets at the fa t food store. The 
employee informed him that he could 
order only 6, 9, or 20 nuggets. Eric 
realized he had to decide between ordering 
6+6= 12,or 6+9= 15. What num
bers of nuggets can be ordered by combi n
ing 6, 9, and 20? What numbers cannot be 
ordered? What is the greatest number that 
cannot be ordered? Ex plain . 

TWO UUitDING UtOCKS 

2. You have an unlimi ted su;:>ply of coin . 
What amounts can be obtained, and what 
amounts cannot be obtained using only 
dimes and quarter ? Ex plain . 

3. At Albert 's Kitchen Supply, cabinets are 
available in two lengths: 3 feet and 5 feet. 
By putting cabinets end to end, walls of 
different lengths can be accommodated. 
Lmagine that ki tchen can be any ize. 
What length wall s are po sible to line 
exactly with cabinets? What lengths are 
impos ible? 

4. In I 958 it cost 4 cents to mail a letter. Ln 
1963 it cost 5 cents. Imagine you have an 
unlimited supply of 4- and 5-cent tamps. 
What amounts can you make? What i the 
largest amount you cannot make? 

For each problem, 5- 10, using only addition 
and the building-block numbers given, what 
number can you reach? What number can' t 
you reach? If there is one, what is the greatest 
number you cannot reach? 

.A.1s6 

obtain are in the form of 1 Od + 25q. If 
p and n are whole numbers, then the 
amounts that cannot be made are in 
the form of 1 p + 5n, where p is not a 
multiple of 10 and n is not a multiple 
of 5. 

All lengths are possible except 1, 2, 
4, and 7 feet. 

Any amount is possible except 1, 2, 
3, 6, 7, and 11 cents, with 11 being 
the largest amount you cannot make. 

All numbers can be reached except 1 
and 3. 

All numbers after 59 can be reached. 
59 is the largest number that cannot 
be reached. The following numbers 
below 59 can be reached: 7, 11 , 14, 
18,21 , 22, 25, 28, 29, 32, 33, 35, 36, 
39, 40, 42, 43, 44, 46, 47, 49, 50, 51 , 

7. 

8. 

9. 

5. 2, 5 

8. 5, 12 

6_ 7, I I 

9_ 5, 15 

7. 4, 6 

10. 8, I 

Gi ven the two number 7 and I I and the oper
ation of addition, it is possible to build every 
number beyond 59. However, with the 
numbers 4 and 6 there is no limit to the ize of 
nu mbers that cannot be bui lt. 

lt .+§§U§i.ifi.ii!.U;t Suppose you find that for 
two numbers, a and b, and the operation of 
add ition, you can build every number 
beyond a certain number. What can you 
ay about a and b? Ex plai n, u ing exam-

ples. (Hint : You may need to use the idea 
of common factors. For example: 4 and 6 
have the common factor 2; 5 and I 5 have 
the common factor 5.) 

12. Gi ven two numbers, a and b, uch that 
their greatest common factor is I , how can 
you calculate the greatest number that can
not be written as a sum of mu ltiple of a 

and b? Explain, u ing examples. 

A STRATEGY 

Ln problems 13 and 14 you wi ll investigate the 
number 5 and 6 a building blocks. 

13- Write the numbers from I to 40 in an array 
like thi s. 

0 I 2 3 4 
5 6 7 8 9 
10 II 12 13 14 ... 

a. Circle the mul tiples of 5. (0 is a mu lti
ple of 5.) 

b. Circle the numbers that are equal to 6 
plus a multiple of 5. 

c. Circle the numbers that are equal to 12 
plu a multiple of 5. 

Chapter 5 Sums and Products 

53, 54, 55, 56, 57, 58. All the num-
bers below 59 not in th is list cannot 
be reached. 

All even numbers can be reached, 
except 2. All other numbers are 
impossible to be reached. Hence 
there is no greatest number that is 
impossible to reach . 

All numbers after 43 are possible to 
be reached. 43 is the largest number 
that cannot be reached. The follow-
ing numbers below 43 cannot be 
reached: 1, 2, 3, 4, 6, 7, 8, 9, 11 , 13, 
14, 16, 18, 19, 21 , 23, 26, 28, 31 , 33, 
38, 43. The omitted numbers below 
43 in this list can be reached. 

All multiples of 5 are possible to be 
reached; all others are impossible. 
Hence, there is no greatest number 
that cannot be reached. 



d. Ci rcle the numbers that are equal to 18 
plus a mu ltiple of 5. 

e. Circle the numbers that are equal to 24 
plu a mu ltiple of 5. 

14. What is the largest number that cannot be 
built from 5 and 7? Explain how you know 
for sure that every number greater than 
thi number can be built. 

15. Repeat the same trategy to analyze 5 and 
6 as building blocks. 

16. Repeat the arne strategy to analyze 4 and 
7 as bui lding blocks. (This time et up 
your array wi th only four columns.) 

f1Ufi•Jp#jJi HOLIDAY MATH 

18. Candles are lit every night for the eight 
ni ghts of Hanukah. Two candles are lit on 
the fi rst night, three on the second night, 
and o on, adding one candle each ni ght. 
How many candles hould be in the boxes 
of candles old especially for Hanukah? 
Explain . 

19. Find the words to the song "The Twelve 
Day of Chri tmas." 

a. Make a ketch or drawi ng to how what 
i happening in the song. How many 
gi ft s did the singer recei ve on the 
twelfth day of Christmas? Explain. 

b. The singer received six gifts on the 3«~ 
day. How many gi fts did the inger 
receive on the 41h day? The 51h day? 
The n th day? Explain . 

5.8 Building·Biock Numb•,.. 

5.8 

I7J§§.!§fii®N lf you were to use the same 
strategy for numbers a and b, with a < b: 

a. How many column should you have in 
your array? 

b. What numbers shoul d you circle first? 

c. What number hould you circle next? 

d. What is the smalle t number in the Ia t 
colunm you circled? (Wri te this number 
in terms of a and b. ) 

e. If you were not able to ol ve problem 
12, try again with the help of this 
trategy. 

c. The singer received 22 turtledoves. 
Find the total number of each other 
ki nd of gift that the singer received. 

d. Suppose there were 11 days of 
Chri una . How many gifts wou ld the 
singer receive in all ? Explain . 

fQ;#ipjjjj COIN PROBLEMS 

20. You have ten coin . Their total value is 
1. 1 0. How many of each coin do you 

have? The problem ha several olutions. 
Find as many as you can. 

21. Add extra infom1ation that makes problem 
20 have a unique solution. Explain how 
you know the solution is unique. 

22. Create your own coin problem that has 
everal solution . Solve your problem. 

23. Solve someone else's coin problem. 

ts7.A 

R oblem 12 poses a questi on that tudent 
may be able to an wer from the work they 
have already done. The fo llowing ecti on 
lead them to a so lution, or to a confirma
tion of their conjecture. 

f,J6fieJf#;J• HOLIDAY MATH 

You may want to do the e problem before 
winter vacation. There i no rea on not to, 
irre pective of where you are in the book 
at that time. This secti on can erve a pre
view of Le ons 9-1 J. Or, it can be u ed 
a an interesting problem of the week. 

fMiilii. COIN PROBLEMS 

H ere tuden t make up their own word 
prob lems. Addi ng con traint to make the 
problem have a unique olution i an 
intere ting chall enge, that prev iews the 
work with simultaneous equation in 
Chapter JO. 

5 .8 S 0 L U T I 0 N S 

1 0. All numbers can be reached. b. The answers are in the second continued the array, all the numbers 

11 . If a and bare re latively prime (their column. after 23 would be crossed out, since 

greatest common factor is 1 ), then c. The answers are in the third they are composed of the sum of 

you can build every number beyond column . multiples of 5 and 7. 

a certain number. d. The answers are in the fourth 15. 19 is the largest number that cannot 
column. be built by 5 and 6. 12. The greatest number that cannot be e. The answers are in the fifth 

written as a sum of multiples of a and column . 16. Q 1 2 3 
b if they are relatively prime is 4 5 6 7 
a · b - (a+ b). 14. Q 1 2 3 4 g 9 10 ++ e 6 7 8 9 ~ 13 +4 +e 13. Q 1 2 3 4 .w 11 ~ 13 +4 
e e 7 8 9 +e 17 +8 +B 

+e 16 ++ 18 .w 
.w ++ ~ 13 14 ~ ~ ~ ~ 

~ ~ ~ 23 ~ 
+e +e ++ +8 19 ~ ~ a+ ~ ~ 17 is the largest number that cannot 
~ ~ ~ ~ ~ aQ ~ ~ ~ 64 be built by 5 and 6. 
~ ~ a+ ~ ~ ~ ge ~ ~ aQ 17. a. a columns 
aQ ~ ~ ~ 64 4Q 4+ ~ 4d 44 b. multiples of a 
~ ge ~ ~ aQ 46 49 47 48 49 c. b plus a multiple of a 
4Q 

d. a+ b 
a. The answers are in the fi rst 23 is the largest number that cannot 

e. ab - (a+ b) 
column above. be built from 5 and 7 because if we 



w•Ui•)ji;Jt NEGATI VE STAMPS 

This is a silly idea which would have a 
disa trous effect on the federal deficit. 

w•lfii,)ji;Jt PAGE NUMBERS 

These problem can be used to preview 
ari thmetic sequence . The problem are not 
easy, and would make good problems of 
the week, that student could work on in 
conjunction with the next two le sons. 

5.8 

24. Add extra informati on to your problem so 
it will have a unique solution. 

f1Ufi1Jj#;Jt NEGA TI VE STAMPS 

25. You wa nt to mail a letter. It needs 52 cents 
postage, but all you have are 29-cent 
tamps: 29 + 29 = 58. What would be 

convenient would be to have negative 
stamps. Then you could put two 29-cent 
tamps and a minu 6-cent stamp on your 

envelope, and it woul d solve your 
problem. Write a paragraph about thi s 
idea. How would the post offi ce "sell " 
negative stamps? Wh y do you think they 
don' t do it? 
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26. How many digits are used in numbering 
the pages of this book? Explain how you 
figured it out. 

27. It took 1992 digits to number the pages of 
a book. Every page was numbered, start
ing with page I. How many pages doe the 
book have? 

28. Ex plain how to find out how many dig-
its are needed to nu mber the pages of a 
book that has 11 page , if n is 

a. more than 9, but less than I 00; 

b. more than 99, but less than 1000. 

Clwpter 5 Sums and Products 
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18. (9 + 2) · 8/2 = 44 candles. This is 
using Gauss's formula for adding 
consecutive sums. 

19. a. (12 + 1) · 12/2 = 78 gifts. This is 
using Gauss's formula for adding 
consecutive sums. 

b. For the fourth day, the series 
would look like: 
1 + 2 + 3 + 4 = 5 · 4/2 = 10 gifts. 

For the fifth day: 
1 + 2 + 3 + 4 + 5 = 6 · 5/2 = 15 gifts 

For the n1h day: (n + 1) · n/2 

c. The number of other kinds of gifts, 
not counting turtledoves, is 
364 - 22 = 342 gifts. 

20. Some of the possible solutions are: 
4 quarters, 0 dimes, 1 nickel, 
5 pennies 
3 quarters, 0 dimes, 7 nickels 

2 quarters, 4 dimes, 4 nickels 
1 quarter, 8 dimes, 1 nickel 

21. If one added the condition "using 
only quarters, nickels, and pennies" 
or "using only quarters and nickels," 
it would give a unique solution . 

22. Students' problems will vary . 

23. Answers will vary. 

24. Answers wil l vary. 

25. Answers wi ll vary . 
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Look at this sequence of consecuti ve integers. 

8, 9, 10, II 

• The product of the outside pair is 88. 

• The product o f the inside pair is 90. 
• The difference between the inside product 

and the outside product is 2. 

I. Find the difference between the inside 
and outside product for each of these 
sequences. 

a. 4 , 5, 6, 7 

b. 10, II , 12, 13 

c. I 0, I 0 + I , I 0 + 2, I 0 + 3 

d. y, y + I, y + 2, y + 3 

2. What pattern did you notice in problem I? 

3. Look at some sequences of four integers 
that differ by three. For example, you 
could try 4 , 7, 10, 13. What pattern do you 
notice in the difference between their 
inside and outside products? 

4. What pattern would yo u expect to see in 
the di fference of inside and outside prod
ucts for sequences of numbers that differ 
by two? What about sequences of numbers 
that differ by four? Experiment. 

5. Find the difference between the inside 
and outside product for each of these 
sequences. 

a. y, y + 2, y + 4, y + 6 

b. y, y + 3, y + 6, y + 9 

c. y,y + 5, y + lO,y + 15 
d. y, y + 5, y + 2 . 5, )' + 3 . 5 

e. y, y + x , y + 2x, y + 3x 

6. illii!lm Write a detailed report describing 
the patterns you di scovered in thi s lesson. 
Gi ve examples and show a ll your calcula
tions. Your report should inc lude, but not 
be limited to, the answers to the fo llowing 
questions: 

5.8 Distributi11g 

• How is the difference between the inside 
and outside products re lated to the 
difference between numbers in the 
sequence? 

• How can you use algebra (and/or the 
Lab Gear) to show that your answer 
is correct0 

• Does your generali zation work for all 
kinds of numbers? For example, could 
you choose a sequence made up entire ly 
of negati ve numbers? What about 
fractions? 

MORE t>ISTRIBUTI\ E LA\\ Sl 

You might wonder if there are more di stribu
ti ve laws . 

7. Is there a di stributi ve law of ex ponenti a
tion over addition? If there were, it would 
mean that (x + y)2 would a lways be equal 
to x2 + / . It would also mean that 
(x + y)3 would equa l .~ + i . Do you 
think such a law ex ists? Explain why or 
why not. 

8. Is there a di stributi ve law of multiplication 
over multi plication? If there were, it would 
mean that a(xy) would always be equal to 
ax · ay. For example, 2(xy) would have to 
equal 2r · 2y. Do you think such a l ~.w 

ex ists? Explain why or why not. 

9. illii!lm Write a report about di stributi ve 
laws. Use numerical examples and/or 
sketches of the Lab Gear. Your report 
should include a di scussion of which of 
the following laws ex ist, and why. 

The di stributi ve law of: 

• multipli cati on over additi on and 
subtraction 

• di vision over add ition and subtracti on 

• ex ponentiation over additi on and 
subt racti on 

• multipli cati on over multiplication 
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1. a. 2 b. 2 c. 2 
d. (y+ 1)(y+ 2) - y(y+ 3) 

2. The products differ by 2. 

3. The products differ by 18. 

4. The difference of inside and outside 
products for sequences of num
bers that differ by 2 is 8, and for 
sequences of numbers that differ 
by 4 is 32. 

5. a. 8 b. 18 c. 50 d. 50 e. 2x2 

6. Suppose the sequence were x, x + a, 
x + 2a, x + 3a, where a is any real 
number. (x + a)(x + 2a) - x(x + 3a) = 
x2 + 3ax + 2a2 - (x2 + 3ax) = 2a2. 

This proves that the difference of the 
products is always 2a 2 regardless of 
the value of a, be it a fraction, a neg
ative number, etc. 

7. No, there is not a distributive law of 
exponentiation. We can see that (x + 
y)2 = (x+ y)(x+ y) = x2 + 2xy+ y 2. 

There is a middle term, 2xy, that is 
added to x 2 + y 2• 

8. No, there is not a distributive law of 
multiplication over multiplication . 
2(xy) 7= 2x · 2y = 4xy. 2xy cannot 
equal4xy. 

9. The distributive law is applicable to 
multiplication over addition and sub
traction and division over addition 
and subtraction. Since division is 
multiplying by the reciprocal, we can 
say that division over addition and 
subtraction is the same as multiplica
tion over addition and subtraction. 
Exponentiation over addition and 
subtraction and multiplication over 
multiplication does not work as 
shown in problems 7 and 8. 

rn@'~'$[~ s.B WRIT IN; Distributing 

Core Sequence: 1-9 

Suitable for Homework: 1-9 

Useful for Assessment: 6, 9 

What this Assignment is About: 

• Using variables to generalize and 
understand number patterns 

• Applying the distributive law 

• Preview of notation for arithmetic 
sequences 

• Review of order of operations and 
the distributive law 

The two sections are unrelated and need 
not be done consecutively. 

INSIDE AND OUTSIDE PRODUCTS 

This section applies the work on the dis
tributive law to the dissection of an inter
esting number pattern in arithmetic 
sequences. 

The use of algebraic notation helps gain 
insight into numerical patterns and helps 
prepare students for the work in the next 
three lessons. 

Building the problem with the Lab Gear 
provides dramatic confirmation of the pat
tern for problems 1d, Sa, and 5e. If that 
does not occur to your students, you may 
suggest it. 

MORE DISTRIBUTIVE LAWS? 

Students often over-generalize the distrib
utive law because they are not aware that it 
applies only to certain operations. This 
section should help them think about this, 
but of course it may not be sufficient to 
eliminate this type of mistake forever. 



T 5.9 
Staircase Sums 

Core Sequence: 1-3,7-16 

Sui table for Homework : 4-6, 9-16 

Useful for Assessment : 6, 11-12, 16 

W hat this Lesson is About: 

• A geometric approach to arithmetic 
equences 

• Review of addition of signed numbers 

T his is the first of three lessons about 
sequences. Sequences are not a traditional 
Algebra l topic. We teach them primarily 
to give students a better understanding of 
concept that are more central to the 
course, such as variables, operations, and 
functions. They also provide an interesting 
environment for problem solving, and a 
preview of future cour e . If you are go ing 
to cover Chapter 11 later, you will need to 
teach the e lessons, otherwise you may 
skip the rest of thi chapter, or perhap just 
do Lesson 12 as a change of pace. 

Th is lesson previews arithmetic sequences 
using a geometric approach: students build 
staircases to explore sums of consecutive 
nu mbers. Graph paper may be suffici ent 
for most students, but if orne want to 
build the staircases with Lab Gear blocks, 
al low them to. 

ONE STEP AT A TIME 

Jloblem 2b may be very difficult for some 
tudents. You may want to pose the ques

tion and come back to it after student have 
done problem 3. 

R ·ob lem 3 is often assigned as a problem 
of the week. It is a rich problem, which can 
be solved at many levels. Most students 
hou ld be able to see that odd numbers can 

be made into two-step taircases, and that 
powers of two cannot be made into stair
cases. You can leave it at that and skip 
problems 4-6. 

But there i more to find out, and if you 
wi h, you can take a whole class period or 
more to lead the research into thi s problem. 

For one thing, the problem can be general
ized by including negative numbers and 0, 
a is suggested in problems 4-6. The num
ber of different ways to write a number as 
a sum of consecutive integers is equal to 
the number of its odd factors (which 
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lESSON 

• 
Staircase Sums 

ONE STEP AT A TIME 

Here is an example of a kind of arrangement 
that we'll cal l a sraircase. It has 4 steps and the 
first step is of height 2. 

D 
DO 

DOD 
DODD 
DODD 

Definition: For this lesson. we wi ll define a 
sraircase as a sequence of stacks of tile in 
which each stack is one tile higher than the 
previous stack. There m11sr be TII'O or more 
sreps in rhe sraircase. and the first step can 
be of any height. 

l. How many til es would you need to build 
each of these staircases? 

a. First step: 7 umber of steps: 8 

b. First tep: 8 Number of steps: 7 

c. First step: 6 Number of steps: 9 

2. There are two different nine-tile staircases: 
2 + 3 + 4 and 4 + 5. 

a. Find three different 15-ti le staircases. 

b. f Find four different 105-tile staircases. 

3. tmt.mm Find every possible staircase 

with each number of tiles from 2 10 34. 
Hints: 

• Work with other student~. 

Keep organized records of your work. 

• It is not necessary to draw the sta ircases. 

• Look for trategies: What numbers 
can be made into two-step staircases? 
Three-step? 

• Look for patterns: What numbers are 
eas iest? What numbers are impossible? 
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4. The number I 0 can be written as the sum 
of four consecuti ve numbers. 

a. What are these fo ur numbers? 

b. If negative integer and zero are 
allowed. can the number I 0 be wri tten 
as the sum of consecutive numbers in 
any other way? If so, show how. 

5. Show how the number 4 can be written as 
a sum of consecutive integers if negative 
numbers and zero can be used. 

6. i§§U§b'@@N What is the maximum 
number of consecutive integers that can 
be used to write the number 17 as a sum? 
What is the maximum number of consecu
tive integer that can be used to write the 
number N as a sum? (As ume N is an 
integer.) Explain your answer, giving 
example. 

SUMS FROM RECTANGLES 

7. a. On graph paper. sketch the staircase 
illustrated at the beginning of the le -
son. Then make a rectangle by sketch
ing a copy of the staircase 11pside 
down on the fir 1 stai rcase. (You can 
al o do this by building the stairca es 
with til es.) 

b. What are the length , width, and area of 
the rectangle? 

8. Imagi ne a sta ircase having 100 steps, and 
a first step of height 17. 

a. It would be half of what rectangle? 
(G ive the length and width .) 

b. How many til es would you need to 
build the staircase? Explain how 
you know. 

Chapter 5 Sums and Products 
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1. a. 84 
b. 77 
c. 90 

2. a. 7 + 8, 4 + 5 + 6, 1 + 2 + 3 + 4 + 5 
b. 52 + 53, 34 + 35 + 36, 12 + 13 + 

14 + 15 + 16 + 17 + 18, 6 + 7 + 8 
+9+10+11 +12+13+15+15 

3. The following table is a list of stair
cases with numbers of tiles from 
2 to 34: 

Number 

2 

3 

4 

5 

6 

7 

8 

9 

10 

II 

12 

13 

14 

15 

16 

17 

18 

19 

Staircase 

impossible 

1+2 

impossible 

2+3 

1+2+3 

3+4 

impossible 

2 + 3 + 4: 4 + 5 

1+2+3+4 

5+6 

3+4+5 

6+7 

2+3+4+5 

7 + 8, 4 + 5 + 6, I + 2 

+3+4+5 

impossible 

8+9 

3+4+5+6, 5+6+7 

9 + 10 



9. Show how you cou ld find the sum of: 

a. the integers from 5 to 55, inclusive: 

b. the integers from 0 to I 00, inclusive. 

GAUSS'S METHOD 

Math teachers like to te ll a story about Carl 
Friedrich Gauss. One day in elementary school 
he was punished by hi s teacher who asked him 
to add up all the whole numbers from 0 to I 00. 
Carl immediately gave the answer, to hi s 
teacher's amazement. He grew up to be one of 
the greatest mathematicians of all time. 

Gauss's method was to imagine all the 
numbers from 0 to I 00 written from left to 
right, and directly beneath that, all the numbers 
written from right 10 left. It would look like 
this: 

0 I 2 3 4 5 6 7 8 9 .. 
I 00 99 98 97 96 95 94 93 92 91.. 

He mentall y added each column, gett ing I 00 
each time. He multiplied I 00 by the number of 
columns, and did one more thing to get the 
correct answer. 

10. Finish Gauss's calculation . Be sure to use 
the correct number of columns, and to 
carry out the final step. Did you get the 
same answer as in problem 9b? 

11. .,_ What wou ld happen if the numbers to 
be added started at I instead of 0? 
Obviously, the sum should be the same. 
Would Gauss's method still give the same 
answer? Explain. 

5.9 Staircase Sums 

5.9 

12.fii!.,!,flfl You now know two methods for 
ca lculating stai rcase sums: one involves 
making a rectangle; the other is Gauss's 
method. Both methods work well , but it is 
easy 10 make mistakes when using them. 
Write a paragraph explaining how you 
wou ld use each method 10 calcul ate the 
sum, 5 + 6 + 7 + ... + 89. Use sketches 
as part of your explanation . Both methods 
should give the same answer. 

V•\RIABLE STAIRCASES 

You can build staircases with the Lab Gear. 
This diagram shows 
(x) + (x + I) + (x + 2) + (x + 3). 

13. In terms of x, what is the sum of 
(x) + (x + I) + (x + 2) + (x + 3)? 

14. Find the sum of 
(x) + (x + I) + (x + 2) + (x + 3) if: 
a. x = 4; b. X = 99. 

15. Find each sum. Explai n how you got 
your answer. 

a. (x) + (..r + I) + (x + 2) + ... + (x + 26) 

b. (x + I)+ (x + 5) + ... + (x + 84) 

J6. 1§§U§f!fMtM What is the sum of each 
staircase? 

a. I + 2 + 3 + ... + n 

b. (x) + (x + I) + ... + (x + 11) 

c. (x + I) + ... + (x + 11) 
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20 2+3+4+5+6 
The easiest numbers to do are prime 

21 10 + 11.6 + 7 + 8. numbers . Numbers that are a power 

1+2+ 3+4+5+6 of 2 are impossible. 
22 4+5+6+7 4. a . 1 + 2 + 3 + 4 
23 II + 12 b. Yes. - 9 + - 8 + - 7 + - 6 + -5 + -4 + -3 
24 7+8+9 

+ -2 + - 1 + 0 + 1 + 2 + 3 + 4 + 5 + 
25 12+ 13,3+4+5+6 

6+7+8+9+10 
+7 

26 5+6+7+8 5 . -3 + -2 + - 1 + 0 + 1 + 2 + 3 + 4 
27 13 + 14, 8 + 9 + I 0. 

6 . Answers will vary. Sample: The maxi-
2+3+4+5+6+7 

28 1+2+3+4+5+6 mum number of consecutive integers 

+7 that can be used to write the number 
29 14 + 15 17 is 34. The maximum for N con-
30 9+ 10+ 11 ,6+7+8 secutive integers is 21NI. Number 5 is 

+ 9, 4 + 5 + 6 + 7 + 8 a good example for the number 4. 
31 15 + 16 4 can be expressed as the sum of 8 
32 impossible consecutive integers. 
33 16 + 17, 10 +II+ 12, 

3+4+5+6+7+8 (Solutions continued on page 518) 

34 7 + 8+9+ 10 

throws light on the difficulty with powers 
of two). Students are not likely to di scover 
thi s on their own, but you can point them 
in that direction . 

Finally, one can think about staircases as 
the sum of a triangular number, and a mul 
tiple of the number of steps. For example, 
the staircase pictured at the beginning of 
the lesson is the sum of the fourth triangu
lar number ( 10 = 1 + 2 + 3 + 4) and the 
number 4(= 4 · 1). This geometric insight 
allows us to test whether a number can be 
written as a sum of n consecutive posi tive 
integers by subtracting the n1h triangular 
number from the original number and see
ing if the result is a mu ltiple of n. Thi s is a 
very sophisticated insight, which you can
not expect to originate among the students . 

You could ask students to write a fu ll 
report on problem 3, or perhaps to present 
group oral reports. Don ' t expect students 
to come up with all the patterns described 
above, but do encourage students to look 
for more patterns than those that are most 
immediately obvious. 

SUMS FROM RECTANGLES 

GAUSS'S METHOD 

A geometJ.ic and a numerical approach to 
sums of arithmetic sequences. It is very 
important that you do not teach a formu la. 
The two methods presented here constitute 
the mathematical fou ndation of the for
mula, and using them deepens the stu
dents' understanding of the prob lem. 
Students do not have the mathematical 
maturity to really understand how the for
mula is a generalization of the process 
presented here. The unfortunate result of 
teaching a formu la at thi s level is that 
student turn off their brains. 

VARIABLE STAIRCASES 

Actually, thi ection does lead students to 
discover a formu la. But do not e ncourage 
them to memori ze it. Formulas are diffi cult 
to remember, whi le the two methods pre
sented in thi s lesson, once understood, are 
difficult to forget. 

/n any case, the form ul a students di scover 
does not have enough generality to deserve 
memorization , s ince it deals only with 
arithmetic sequences having common 
difference 1. 



T 5.10 
Sequences 

Core Sequence: 1-21 

Suitable for Homework : 6-13, 18-24 

Useful for Assessment: 18 

What this Lesson is About: 

• Looking for patterns 

• Using symbolic notation 

• Definition of a sequence 

• Even and odd numbers 

• Definition of arithmeti c sequence 

GRAPHS OF SEQUENCES 

Th is section previews T hinking/Writing 
S.C, which will pursue sequences as func
ti ons in greater depth. 

R oblem 3 shows the sequence of triangu
lar nu mbers, which students may remem
ber from Chapter 1, Lessons 5 and 11 . If 
students have trouble with problem 3b, you 
may hint that thi s sequence can be seen as 
a sequence of staircase sums, so the meth
ods from Lesson 9 can be used. (In fact, 
problem 17a in Lesson 9 was the same 
problem, presented differently.) 

GETTING EVEN 

THAT'S ODD! 

The main point of these sections is once 
aga in to give students a chance to recog
ni ze numeri cal patterns and to generali ze 
them with the help of algebraic notation. 

lESSON 

• 
Sequences 

I Definitions: A sequence is an ordered Ji st of 
numbers, called terms. (Noti ce that thi s is a 
new use of the word term.) Terms are often 
indicated with subscripted vari ables, such as 
It , f2, or 111• 

GRAPHS OF SEQUENCES 

I Definition: The natural numbers are the 
numbers we count wtth : I. 2, 3, 4, ... 

The natura l numbers are the eas iest sequence 
of numbers to write using a variable. The first 
natural number is I, the second natural number 
is 2, and so on; t1 = I, t2 = 2, ... The n'h natural 
number is n, so t, = n. The graph shows the 
sequence of natural numbers. 

5 In 

II 

0 5 

I. Graph the first few terms of the sequence 
below. Does it make sense to connect the 
dots? Explain . 

2. Make a table. and graph the fi rst few terms 
of the sequence whose n'h term is 
t, = 3n + I . Co mpare your graph with the 
one you drew in problem I. How are they 
the sa me? How are they di ffe rent ? 
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3. You may remember thi s sequence. 

a. What is the 6th term ? 

b. f What is the n'h term ? 

c. Graph the first few terms. Is your graph 
a straight line? 

GETIING EVEN 

4 . If 2 is the first even number, 4 the second, 
and so on, what is the milli onth even num
ber? In terms of n, what is the n th even 
number? 

5. Graph the first few terms of the sequence 
of even numbers. Is your graph a 
straight line? 

6. The n'h term in the above sequence is the 
sum of theflrst n even numbers. 

a. What is ts1 

b. Which term has a value of 42? 

c. Graph the fi rst few terms. Is your graph 
a straight line? 

d. f In terms of n, what is the n'h term of 
thi s sequence? 

THAT'S ODD! 

7. If I is the first odd number, 3 the second, 
5 the third , what is the one-hundredth odd 
number? 

Chapter 5 Sums and Products 
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1. 

n 

It does not make sense to connect 
the dots , since n takes on only the 
values of the natural numbers. 

2. 

n 

They have the same steepness, but 
the points in the second graph are 
above the points in the first. 

3. a. 21 
b. n(n + 1)/2 
c. No, it is a parabola. 

4. 2 million . The n1h even number is 2n 

5. 

n 

Yes, the points lie in a straight line . 



8. a. In terms of n, what is the n'h odd 
number? 

b. Graph the ftrst few terms in the 
sequence of odd numbers. 

9. a. Look at the figure . How many unit tri· 
angles are in the first row? The second? 
The third? (Count triangles whether 
they point up or down.) 

b. If the triangle were extended 
indefinitely, how many unit triangles 
would there be in the n"' row? 

10. a. How many unit triangles are there alto· 
gether in the first two rows? The first 
three rows? 

b. How many unit triangles are in the first 
n rows? 

11. What is the sum of the first two odd num
bers? The first three? 

12. a. What is the sum of the first n odd 
numbers? 

b. Graph the first few terms in the 
sequence of sums of odd numbers . 

AR ITHMETIC SEQUENCES I Definition: In an arithmetic sequence, the 
difference between consecutive terms is 
always the same. It is called the common 
difference. 

I Examples: These are arithmetic sequences. 
2, 7, 12, 17, 22 (The common difference is 5.) 

5, 8, II, 14, 17, 20, 23 , 26, 29 , 32 (The com
mon difference is 3.) 

5.10 Sequences 

5.10 ... 

I These are not arithmetic sequences. 

3, 9,27, 81 

I, -I , I, - I, I , -I 

4 , 9, 16, 25 , 49 

13. Which of these are arithmetic sequences? 
For those that are, what is the common 
difference? 

a. 2, 6, 8, 12, 16, 20 

b. 3, 6, 3, 7, 3, 8 

c. 19, 13, 7, I, -5, ... 

d. the sequence of even numbers 

e. the sequence of odd numbers 

f. 2, 2 + 9, 2 + 2 ° 9, 2 + 3 . 9, 2 + 4 ° 9 

14. Make up an arithmetic sequence for 
another student. 

15. Answer these questions about a 
classmate 's sequence. 

a. Is it really an arithmetic sequence? 

b. What is the common difference? 

c. 0 In terms of n, what is the n'h term? 

16. 0 For each arithmetic sequence, find the 
common difference, and write the n'h term 
in terms of n. 

a. 2, 7, 12, 22, .. . 

b. 2 + I · 5, 2 + 2 · 5, 2 + 3 · 5, 

c. 2, 2 + I • 5, 2 + 2 · 5, 2 + 3 · 5, ... 

17. 0 Answer the same questions as in prob
lem 15 for: 

a. y, y + I · 5, y + 2 · 5, y + 3 · 5, . 
b. 2 + ) • X , 2 + 2 • X , 2 + 3 • X , ••• 

c. y + I 0 X , y + 2 ° X , y + 3 ° X, ... 

d. y, y + I · X , y + 2 · X , y + 3 · X , •.. 

ts.Hi1,!,6'•1 Explain how to calculate the nth 

term of an arithmetic sequence, if you 
know the first term and the common dif
ference. Test your method on several arith
metic sequences. 
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Roblem 6d may be difficult for some stu
dents. As a hint, you may suggest they 
compare this table to the one for problem 
3. The other patterns are straightforward. 

ARITHMETIC SEQUENCES 

You may explain that arithmetic sequences 
are a generalization of the staircases stud
ied in the previous lesson. Staircases are 
arithmetic sequences having common 
difference 1. 

Roblems 14-17 should be done in class. 
Problem 15c in particular would make for 
a good class discussion. Collect, on the 
chalkboard or overhead, student-created 
sequences for which they did find a for
mula for the nth term. Check that the for
mulas do work, and ask the students who 
discovered them to share their method with 
the class. If that is insufficient help for 
everyone to see the pattern, you may point 
out that in all cases, the formula is of the 
form t, = a + n · d, where d is the com
mon difference, and a depends on the 
problem. Finding a is the challenge. 

/ n the course of the discussion, you may 
discuss the merits of calling the initial term 
of the sequence to instead of t1• (Calling it 
to has the advantage that it is easier to find 
a formula for t,.) 

5 . 10 S 0 L U T I 0 N S 

6. a. 30 
b. The 61h term. 

fn 

n 

c. not a straight line 
d. n(n+ 1) 
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8. a. 2n - 1 

b. 
fn 

9. a. 1, 3, 5 
b. 2n- 1 

10. a. 4, 9 
b. n2 

11 . 4, 9 

12. a. n2 

b. 
fn 

n n 

13.a. no 
b. no 
c. yes, -6 
d. yes, 2 
e. yes, 2 
f. yes, 9 



IQ;IiiiJI. EQUATIONS 

E ven though the word is not menti oned, 
these problems give students an opportu
ni ty to think about the mean. 

f@ifW• ANOTHER ODD TRIANGLE 

This i s an interesting pattern , w hich 
touches on many of the ideas in this lesson, 
and previews the next lesson. A nother can
d idate for problem of the week. 

'Ys.1o 

fQ;Iifljli EQUA TIONS 

19. For each equat ion, find values of x 1, x2, 

and x3, th at make it true. 

a. (Xt + X2 + XJ)/3 = 100 
b. (Xt + X2 + XJ)/3 = 50 
C. (Xt + X2 + XJ)/3 = 20 
d. (xi+ X2 + XJ)/3 = JO 

20. For each equati on in problem 19, find 
another set of values for x 1, x2, and XJ that 
will work . 

21. If possible, find a value of x3 to sati sfy 
each equation. 

a. ( 15 + 20 + x3)/3 = 100 

b. (15 + 20 + XJ)/3 = 50 
C. ( 15 + 20 + XJ)/3 = 20 
d. ( 15 + 20 + XJ)/3 = 10 
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fQrlipij'i ANOTHER ODD TRIANGLE 

1 
35 

7 9 11 
13 1517 19 

21 23 25 27 29 

22. Look at the array of number above. 

a. Write the next two rows . 

b. Describe how the array is made. 

23. a. Look at the middle number in rows 
that have a midd le number. What is 
the pattern? 

24. 

b. In rows that do not have a midd le 
number, think of the number between 
the midd le two numbers. What is the 
pattern? 

c. Find the sum of the numbers in each 
row. What is the pattern? 

a. What is the first number in the n'h row? 

b. What is the last number in the n'h row? 

c. What is the sum of all the numbers in 
the first n rows? 

Chapter 5 Sums a 11d Products 
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14. Answers will vary. 

15. Answers will vary . 

16. a. Difference: 5; n th term: 
2 + 5(n - 1) 
b. Difference: 5; n th term: 2 + 5n 
c. Difference: 5; n th term: 

2+5(n - 1) 

17. a. Difference: 5; nth term : y+ 5(n - 1) 
b. Difference: x; nth term : 2 + nx 
c. Difference: x; n th term : y + nx 
d. Difference: x; n th term : y + (n - 1 )x 

18. To find the n th term, take the first 
term and add the common difference 
(n - 1) times. 

19. Answers will vary . 

20. Answers will vary . 

21 . a. 265 
b. 115 
c. 25 
d. -5 

22. a. Fifth row: 31, 33, 35, 37, 39, 41 
Sixth row: 43, 45, 47, 49, 51 , 53, 
55 

b. The n th row contains the next n 
odd numbers. 

23. a. The middle number is n 2 in row n. 
b. The number halfway between the 

two middle numbers is n2 in row n. 
c. The sum of the numbers in row n 

is n3. 

24. a. n2 - (n - 1) 
b. n2 + (n - 1) 
c. [n(n + 1 )/2f 



LES SON 

• 
Averages and Sums . . . . • • • • • • • • 

MEANS AN [) MEDIANS 

You probably know how to find the average of 
a set of numbers. For example, the ages of the 
people in Tina's family are 10, 48 , 20, 22, and 
57. You would find the average age by adding 
the numbers and dividing by 5. 

10 + 48 + 250 + 22 + 57 = 31.4 

We call this average the mean. Another kind of 
average is the median . I Definition: The median is the middle of a 

set of numbers that are in order from least to 
greatest. To find the median of an even 
number of numbers, find the two middle 
numbers and find their mean. 

I 
Examples: To find the median age in Tina's 
family, first write the numbers in ascending 
or descending order. 

10 20 22 48 57 

The median is 22. 

These are the ages of people in Lana's family: 
52, 20, 15, and 53. To find the median, first 
write the numbers in ascending or descending 
order. 

53 52 20 15 

Compute the mean of the middle two numbers: 
52 + 20 36 h d" . 36 - 2- = , so t e me mn IS . 

1. Find the mean of the ages in Lana's 
family. Compare it with the median. 

2. Make up a sequence of seven numbers 
in which 

a. the mean is less than the median ; 

b. the median is less than the mean; 

c. the mean and the median are equal. 

3. Repeat problem 2 for a sequence of eight 
numbers. 

5.11 Averages and Sums 

4. IJMWM Find some sequences of num· 
bers in which the mean and the median 
are equal. Work with your classmates and 
compare your answers. What can you 
conclude about these sequences? Write a 
summary of your conclusions, including 
examples. (At least one example should be 
an arithmetic sequence, and at least one 
should not be.) 

5. For each example below, make up two 
sequences that fit the given description. 

a. The greatest term is 19, and both mean 
and median equal 10. 

b. There are six terms. The greatest is 25, 
the mean is I 0, and the median is less 
than 10. 

c. There are seven terms. The least is -60, 
the median is 18, and the mean is less 
than 18. 

d. The mean and the median are both -4. 
There are nine terms. 

6. ._ If possible, make up an arithmetic 
sequence that fits each description in prob
lem 5. If it 's not possible, explain why not. 

MEANS ANI> SUMS 

7. Find the mean and the sum of each arith
metic sequence. 

a. -2 , -14, -26, -38, -50, -62,-74 

b. -5 , - 1.8, 1.4, 4.6, 7.8, II , 14.2, 17.4 

c. 31 , 29, 27, 25, 23, 2 1 

d. 17, 20, 23, 26, 29, 32 

8. ._ Study your answers to problem 7. 

a. In which cases was the mean one of the 
terms in the sequence? 

b. When the mean was not one of the 
terms in the sequence, how was it 
related to those terms? 
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... 5.11 
Averages and Sums 

Core Sequence: 1-16 

Suitable for Homework: 7-1 6 

Useful for Assessment: 6, 8-9, 12 

What this Lesson is About: 

• Mean and median 

• Sum of arithmeti c sequences 

MEANS AND MEDIANS 

In an arithmeti c sequence, the mean equals 
the median . This i a1 o true of any 
sequence of numbers where the terms are 
distributed symmetri cally around the 
median . 

The main emphasis of the lesson is not 
on the stati stical analysis of data, but on 
gaining more famili ari ty with arithmeti c 
sequences. 

MEANS AND SUMS 

The relation hip: number of terms times 
mean equals sum is true of any set of 
numbers. In the particul ar ca e of 
ari thmeti c sequences, the mean is easy to 
find: It is the average of the least and 
greatest terms. Thi s leads to a shortcut in 
figuring out the sum of an arithmetic 
equence. 

5. 11 S 0 L U T I 0 N S 

1. The mean age is 35, which is slightly 
less than the median . 

2. Answers will vary. One possibility is 
given for each problem. 
a. 10, 20, 30, 36, 40, 50, 60 

(mean: 35.1, median : 36) 
b. 5, 6, 7, 8, 10, 20, 30 

(mean: 12.286, median: 8) 
c. 1 ' 2 , 3 , 4 , 5 , 6 , 7 

(mean: 4, median : 4) 

3. Answers will vary. One possibility is 
given for each problem. 
a. 1, 2, 3, 8, 9, 10, 11 , 12 

(mean : 7 , median: 8.5) 
b. 1, 2, 3, 4, 5, 10, 20, 30 

(mean : 9.375, median: 4.5) 
c. 1' 2 , 3 , 4 , 5 , 6 , 7 , 8 

(mean: 4.5, median: 4.5) 

4. Answers will vary . Students should 
notice that all arithmetic sequences 

have this property. They should be 
able to give examples of nonarith
metic sequences that also have this 
property. (These sequences will be 
symmetric with respect to the mean 
and median. ) 

5. Answers will vary. Sample answers 
are given . 
a. 1, 10, 19 and 1, 2, 18, 19 
b. 1, 4, 8, 1 0, 12, 25 (mean: 10, 

median: 9) and 1, 4, 6, 9, 15, 25 
(mean : 10, median: 7.5) 

c . -60, 10, 15, 18, 20, 21 , 22 (mean : 
6.57, median: 18) and -60, 5, 10, 
18, 19, 20, 60 (mean : 10.286, 
median 18) 

d. -9 , -7 , -6 , -5 , -4 , -3 , -2 , -1, 1 and 
-14,-12, -10, -6, -4, -2, 2, 4, 6 

6. a. Answers will vary . One possibility 
is 1, 4, 7, 10, 13, 16, 19. 

7. 

b. Not possible . The mean and the 
median of an arithmetic sequence 
are always equal. 

c . Same answer as (b). 
d . Answers will vary. One possibil ity 

is -8, -7, -6, -5, -4, -3 , -2, -1, o 
a. sum: -266 mean : -38 
b. sum: 49.6 mean: 6.2 
c. sum: 156 mean: 26 
d. sum: 147 mean: 24.5 

8. a. 7 (a) 
b. It was halfway between the two 

middle terms. 
c . The sum divided by the number of 

terms is the mean. 

-
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Again, we avoid emphasizing a formula, 
and instead encourage students to use rea
soning. In some cases, they will need to be 
able to find the value of the last term, using 
the technique learned in Lesson 10. 

THEATER SEATS 

This is a practical application of sums of 
arithmetic sequences. It should not present 
any difficulties. 

5.11 

c. How are the number of terms, the 
mean, and the sum related? 

Suppose we wanted to find the sum and the 
mean of this arithmetic sequence: 

3, 9, 15, 21, 27, 33, 39, 45, 5 1. 

Using Gauss 's method, write the sequence 
twice, once from left to right, and then from 
right to left. 

3 9 15 2 1 27 33 39 45 51 
5 1 45 39 33 27 2 1 15 9 3 

9 . .... 
a. Add each column above. 

b. Find the mean and the sum of the 
sequence. 

c. How are your answers to (b) related to 
the sum of each column? 

10. Using your results from problem 9, find a 
shortcut fo r calcul ating the sum and the 
mean of an arithmetic sequence. Try it on 
the examples in problem 7, comparing 
your results wi th your previous answers. 

II. Find the sum and the mean of each arith
metic sequence described. 

a. The sequence has 15 terms. The first 
term is 12, and the last term is II 0. 

b. The first term is - II , and the last term is 
-33. Each term is obtained by adding -2 
to the previous term. 

c. The first term is - 14, and the difference 
between consecuti ve terms is 5. There 
are 4 1 terms in the sequence. 

d. The fi rs t term is 7, and each term is 
obtained by adding - 1.4 to the prev ious 
term. There are eight terms in the 
sequence . 
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12.1§§.!§61@\W Find the sum and the mean 
of each arithmetic sequence. 

a. The first term is b, and the final term is 
5. There are six terms in the sequence. 

b. The first term is b, and the fi nal term is 
f There are I 0 terms in the sequence. 

c. The fi rst term is b, and the final term is 
f There are 11 terms in the sequence. 

d. CJ The first term is b, and each succes
sive term is obtained by addi ng d. 
There are 11 terms in the sequence. 

THEATER SEATS 

Seats in a theater are arranged so that there are 
35 seats in the front (fi rst) row, 38 in the next 
row, 4 1 in the row behind that, and so on, 
adding three seats each time. 

13. How many seats are in the 
a. I O'h row? b. the 11'h row? 

14. How many total seats are needed if the 
theater has 
a. 26 rows? b. 11 rows? 

15. How would your answers to questions 
13-1 4 be different if there were 34 seats 
in the first row? 

16. Suppose there were 35 seats in the fi rst 
row, 37 in the next, and so on, adding two 
seats each time. How wou ld your answers 
to question 13- 14 be different? 

Chapter 5 Sums and Products 
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9. a. The sum of each column is 54. 
b. The mean is 27; the sum is 243. 
c. The mean is half the sum of each 

column. 

10. Answers will vary, but all methods 
should confirm the answers in #7. 
One possible way of stating the 
shortcuts follows: The shortcut to find 
the mean is to average the first term 
and the last term. The shortcut to find 
the sum is to average the first and 
last terms and multiply the result by 
the number of terms. 

11. a. (12 + 110)/2 = 61 (mean) 
61 · 15 = 915 (sum) 

b. Knowing that the common differ
ence is -2 makes it possible to 
figure out that there are 12 terms. 
(-11 + -33)/2 = -22 (mean) 
-22 · 12 = -264 (sum) 

c. Knowing that the difference 
between consecutive terms is 5 
makes it possible to find the last 
term by adding 5 to -14 forty 
times, i.e. -14 + 5(40) = 186. 
Then find the mean (86) and the 
sum (3526) as above. 

d. Find the last term: 7 + (-1.4)7 = 
-2.8. Then find the mean (2.1) and 
the sum (16.8) using the method 
above. 

12. a. mean: (b + 5)/2 
sum: [(b + 5) · 6]/2 

b. mean: (b + f)/2 
sum: [(b + f) · 1 0)/2 

c. mean: (b + f)/2 
sum: [(b + f) · n]/2 

d. mean: [b+ b+ (n- 1)d]/2 
sum: [b+ b+ (n - 1)d)· n/2 

Simplifying: 
mean: [2b+ (n - 1)d]/2 
sum: [2b + (n - 1)d)· n/2 

13. a. 62 b. 35 + (n - 1) · 3 

14. a. There are 35 seats in the first row. 
The 26th row has 35 + (26 - 1) • 
3 seats, or 110 seats. The total is 
[(35 + 11 0) · 26)/2 , or 1885 seats. 

b. [35 + 35 + (n - 1) · 3) · n/2 = [70 
+ (n - 1) · 3) · n/2 seats 

15. The answers to 13 (a) and (b) would 
be 1 seat less. The answer to 14 (a) 
would be 26 seats less and to 14 (b) 
would be n seats less. 

16. 13(a) would be 9 seats less. 13 (b) 
would ben - 1 seats less. 14 (a) 
would be (1 + 2 + 3 + 4 + 5 + .. . 
25) = 325 seats less. 14(b) would be 
(1 + 2 + 3 + (n - 1)) = n (n - 1 )/2 
seats less. 



Smooth Moves 

I 

6 6 
2 J 

I. a. Write the letters A, B, and Con your 
triangle, near the vertices. Make sure 
the same letter appears on both sides of 
the cardboard at each vertex. 

b. Outline the triangle on a piece of paper, 
and write the number I, 2, and 3 out
side the outline, as in the figure. 

I I 

b,,~, 
There are several different ways you can place 
the triangle on its outline. The two ways 
shown in the figure can be written ABC and 
ACB. ABC is called the home position. 

5.12 Smooth Moves 

I 

' b ' D ~ J6i."' s / . ' 
/ J:: 

3 I ~r--~~--- 3 
'-..._a (t Iii;: A C 

0 (home= 
posilion) 

I B C fo_ I x· 3 ............ /i___l:, ,, / ~ rJ~ r,"'-,.0// "' 

' ~' P- "- , 

• means this com er does not move. 

As you can see on the figure, you can get from 
the home position to each other position by 
using one of the following moves. 

Thrns: 
• the clockwise tum (abbreviation: c) 

• the counterclockwise tum (abbreviation: a 
-short for amiclockwise) 

To do the turns (also called rotations), you do 
not li ft the triangle off the page. You turn it 
until the triangle fits into the outline again. 
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T 5.12 
Smooth Moves 

Core Sequence: none of the lesson 

Suitable for Homework: 5-15 

Useful for Assessment: 8-9, 11-14 

What this Lesson is About: 

• Symmetry 

• Abstract algebra 

• Identity and inverse elements 

• Using algebraic notation to represent 
varied mathematical structures 

This lesson provides the geometry connec
tion for this chapter, taking the place of the 
usual geoboard lesson. 

The Magic Carpets section is shorter and 
requires less in the way of materials, so 
you may want to do it even if you skip the 
work on triangle symmetry. 

5.12 S 0 L U T I 0 N S 

1. No answer is needed. 

--
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FLIPS AND TURNS 

THE ALGEBRA OF MOVES 

It is important for the triangles to be made 
of some kind of stiff cardboard. Paper will 
not work nearly as well. Having a class set 
of ready-made triangles will save some 
fussing. If you plan to assign homework 
from these sections, students will have to 
make their own triangles. 

Patterns for the triangles can be found in 
the back of this book. 

To make sure everyone understands how 
to do moves in succession, you may want 
to have all students do the example, and 
perhaps other problems like it at the same 
time. Make sure everyone gets to the same 
endpoint. The most common mistake is in 
executing/2 and/3, which students often 
confuse withfi. 

/n problem 8, you may want to demon
strate how to fill one or two cells of the 
table, taking care to emphasize which 
move is done first and which is done next. 
To yield a correct table, this must be done 
consistently throughout. 

... 5.12 

Flips: 

There are three flips. To do a flip you keep 
one comer in place and have the other two 
switch positions. For example, for flip 2 (/2) , 

you keep comer 2 fi xed, and corners I and 3 
switch positions. (Flips are also called 
reflections.) 

Stay: 

the move that does not move (abbreviation: s) 

2. Which comer stays fi xed and which 
changes position 

a. for flip 3 (/J)? 

b. for flip I <ft)? 

Practice the turns and flips, making sure you 
know what each one does. In this lesson, you 
will have to execute turns and flips in succes
sion, without going back to the home position 
in between. 

Example: Doft , then a. (Such a sequence is 
simply writtenfta.) If you start at the home 
position, and do these moves in order, you 
will end up in the position BAC. (Try it.) 
But since you could have ended up there in 
one move (/J), you can write:fta = /J. 

3. Find out whether aft = /J 

4. Simplify. That is, give the one move that 
has the same result as the given sequence 
of moves. 

a. a a b. /t/3 c. /J/1 
d. sfz e. a c f. ca 

5. Simplify. 

a. ft!zh b. aft afz aj3 

c. ft a fz a /Ja d. eft cfz c/J 

6. Figure out a way to write each of the six 
moves in terms of only ft and c. 

7. Fill in the blanks. 

a. a_ = ft b. _a = f t 

c. ! t _ = h d. _ !t = c 

TH E AL< .E RK I\ OF MOVES 

Executing moves in order is an operation on 
triangle moves, just as multiplication is an 
operation on numbers. The set of six moves, 
together with this operation, is called the 
symmetry group for the triangle. 

8. ..... Make a multiplication table for trian
gle moves. That is, fi gure out the one 
move that has the same result as doing the 
two given moves. Describe any interesting 
patterns you find in the fi nished table. 

Then ... 

a c f, f, f, 

a f, 

~ c 
li: 

f, 

f, 

f, 

9. ..... For each of the six moves, what 
move undoes it? 

Executing one move (or sequence) repeatedly 
can be written with power notation. For exam
ple,// means executefz seven times. 

10. Simplify. 

a. a999 

c./ztrm 

11. iiiZIWi What flips and turns are possible 
for another fig ure, like a rectangle or a 
square? Write a report on the symmetry 
group for that fi gure. 

. .. ..... .-.. .-. .-. 
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2. a. Corner C stays fixed while A and f2 = f1c 10. a. a999 = s 
8 change positions. f3 = cf1 b. d 000 = c 

b. Corner A stays fixed while 8 and 7. a. af3_ = f1 b. _f2_ a= f1 c. ,21000 = s 
C change positions. c. f1 _c_ = f2 d. _ ,3_ '1 = c d. (af2) 1oo1 = f3 

3. '1 "#- '3 8. s a c '1 '2 '3 11 . Answers will vary. A rectangle has 

4. a. aa = c s s a c '1 '2 '3 four symmetries: s , half turn , f1 , and 

b. f1f3 =a a a c s '2 '3 '1 f3. A square has four line symmetries 

c. ,3,1 = c c c s a '3 '1 '2 (f1 , f2, f3, f4), three rotational symme-

d. sf2 = f2 '1 '1 '3 '2 s c a tries (90, 180, and 270-degree turns 

e. ac= s '2 '2 '1 '3 a s c around the center of the figure) , and 

f. ca= s '3 '3 '2 '1 c a s the s symmetry. 

5. a. f1 f2f3 = f2 9. s undoes s 
b. af1 af2af3 = f3 cundoes a 
c. f1af2af3a = f1 a undoes c 
d. cf1cf2cf3 = f1 f1 undoes f1 

6. s = f1 f1 or ccc or f1 cccf1 f2 undoes f2 

a= cc f3 undoes f3 

C= C 
'1 = '1 

-
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f1J4jit)j#;JI MAGIC CA RPETS 

lmagine that you can travel from dot to dot on 
dot paper, using magic carpets such as the ones 
illustrated in this figure. Carpets cost only $1 , 
plus $ 1000 per arrow. 

De Luxe 
$8001 

Model X 
$400 1 

t 
<- -> 

! 
"' •v 

Carpet Plu 
$4001 

Magic carpets move in carpel steps. Each step 
takes the carpel and its riders to the next dot in 
the direction of one of the carpet's arrows. 
Each step takes one second. Carpets do not 
tum. o that the Carpet Plus cannot move diag
onally, and the Model X cannot move horizon
tally or vertically. 

Say you want to go from the origin to (6, 4 ). 
Here is a way to get there on each of the three 
carpet shown. 

De Luxe: - > -> / -r/Y-r/ -r 

AAAA 
Carpet Plus: -> -> -> -> -> -> I I I I 
12. Find another way to get to (6, 4) on each 

of the three carpets. 

5. I 2 Smooth Moves 

s.12T 

13. ,._. Compare the advan tages and short
comings of the three carpets . Keep in mind 
cost, speed, and abi lity to reach any dot. 

14.illi4llill 
a. Experiment with various $300 I carpets. 

What are the advantage and shortcom
ings of each design? Again, keep in 
mind cost, speed, and ability to reach 
any dot. Give a full explanation of your 
findings. 

b. Repeat part (a) for $500 I carpets . 

U ing the direction North. East, West, and 
South instead of the arrows, the three 
examples given above could be written: 

De Luxe - E E ( E)( E) ( E)(NE) 

Model X- (NE) (NE) (NE) (NE) (NE) (SE) 

Carpet Plus- E E E E E EN N N, 

or even: 

De Luxe- E2 (NE)4 

Model X - (NE)5 (SE) 

Carpet Plus- E6 4 

Since all three paths lead to the same place, we 
can write: 

In a sense, the last expression is the simplest. 

15. ,._. What are the rules that allow you to 
simplify expre sions using the N, E, W, S 
notation? Explain. 
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M odel X is faster than Carpet Plus, but it 
can reach onl y half of the dots. It is inter-
e ting that there is a 3-aJTow carpet that 
will get to all the dots. (However, it is low 
in certain direction .) 

[ n problem 15, the ru les can be expressed 
in a way simjlar to the ru les for the Letter 
String group of Chapter 4, Thjnking/ 
Writing 4.C. 

Parenthese can be removed. 
The comm utati ve law 
NS or SN can be removed. 
EW or WE can be removed. 

5.12 S 0 L U T I 0 N S 

12. Answers will vary. Sample: 

De Luxe: ;f X ;f ;f ;f ;f 
Model X: X ;f ;f ;f ;f ;f 

Carpet Plus: -+ t -+ t -+ 

t-+t-+-+ 
13. De Luxe: Advantage: It can reach 

every dot. It's the fastest of all three 
models. 
Disadvantage: It's the most expen
sive. 

Model X: Advantage: It is cheaper 
than the De Luxe. The dots it can 
reach take the same amount of time 
as the De Luxe model, so it is faster 
than the Carpet Plus. 

Disadvantage: It cannot reach all 
the dots. 

Carpet Plus: Advantage: It can reach 
every dot and is cheaper than the 
De Luxe. 
Disadvantage: It is the slowest of all 
three carpets. 

14. Answers will vary. 

15. Moving North one space is the same 
as moving the opposite of South one 
space, thus we can write the equality 
N = s-1 which indicates this relation
ship. So for example, if we want to 
simplify the fol lowing relationship, we 
can use this inverse relationship: 
N2S = N2N -1 = NNN-1 = N. 



rdii~i91$t~ S.C Sequences 
WRITING as Functions 

Core Sequence: 1-1 3 

Suitable for Homework: 5-13 

• Preview of geometric equence 

• Review of arithmetic sequence 

• Linear , quadratic, and ex ponential 
functions and their graphs 

• Prev iew of lope 

T hi as ignment i intended to focus 
student ' attention on a functional interpre
tation of sequences. In particular , tudents 
should see that arithmetic sequence corre
spond to linear functions. 

You can demon trate how to graph sequen
ce by putting non the x-ax is and t, on the 
y-axi , as wa done in Le on 10. 

The mystery sequence in problem 11 are 
quadratic. Other example can be found in 
Lesson 10, problems 3, 5, and 12. The 
numerical pattern that relates con ecuti ve 
term in such sequences can be expres ed 
in various ways. One way is to state that 
the differences between consecutive tenn 
fonn an arithmetic sequence. 

The common difference is vis ible in the 
graphs of arithmetic equence a the 
ri e between con ecuti ve point . Thi pre
views lope, which i c vered formally in 
Chapter 8. 
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1. 

2. 

3. 

4. 

5. 

6. 

7. 

arithmetic sequence, common 
difference -4 

arithmetic sequence, common 
difference 9 

neither 

geometric sequence, common 
ratio 1/2 

geometric sequence, common 
ratio 1/5 

neither 

a. Multiplying each term by 2 to get 
the nex1 term gives the sequence 
6, 12, 24, 48, 96, so the final term 
is 96. 

b. Adding 9 to each term to get the 
nex1 term gives the sequence -4, 
5, 14, 23, 32, 41, so the final term 
is 41 . 

8. 

9. 

rW@$i@t~ S.C Sequences as Functions 
_WRITIN~ 

A sequence can be thought of as a functi on. 
The input numbers are the natura l numbers, 
and the output numbers are the terms. In 
this assignment , we will study equences 
as functi ons. 

Definition: In a geometric sequence, each 
term is obtained from the previous term 
by multiplying by a constant amount , the 
commo11 ratio. 

Examples: These are geometric sequences. 

2, 10,50,250, 1250 

3, I , 113, 119, 1127 

For each of the fo llowing: 

a. Tell whether the sequence is geometric, 
arithmeti c, or neither. 

b. If it is ari thmetic, fi nd the common dif
ference . If it is geometric, find the com
mon ratio. 

1. 5, 1,-3,-7,- 11 2. -7, 2, 11 , 20,29 

3. I . I , 2, 3, 5, 8 4. 6, 3, 3/2, 3/4, 3/8 

5. 25 , 5, I, 115, 1125 

6. 112, 3/4, 7/8 , 5/16, 3 1132. 63/64 

7. Find the final term of each sequence. 

a. a geometric sequence hav ing five 
terms, common ratio 2, and first term 6 

b. an arithmeti c sequence having six 
terms, common difference 9, and first 
term -4 

8. Find the first term of each sequence. 

a. an arithmetic sequence having 10 
terms, common di ffe rence 7, and last 
term -3 

b. a geometric sequence hav ing eight 
terms, common ratio 112, and last 
term 114 

9. Graph these arithmetic sequences by 
graphing the term number (11) on the 

.... 200 

a. -66 
b. 32 

a. 
fn 

n 

hori zontal ax is and the term (r.) on the 
vertical ax is. 

a. 2, -4, - 10,-16,-22 

b. 2, 8, 14, 20, 26 

c. -5, - II , - 17, -23, -29 

10. Graph these geometri c sequences. 
a. 2, 6, 12, 24,48 

b. 3, 3/2, 3/4, 3/8, 3/16 

c. 118, 114, 112, I , 2 

JJ. These mystery sequences are neither geo
metric nor ari thmetic. Graph them. 

a 5, 8, 13, 20, 29,40, 53, 68 

b. 7, 13, 23, 37,55 

c. -2, 7, 22, 43 , 70 

12. Q By looking at the graph in problem 
II , one might think that the sequences are 
geometric, but it is clear fro m looking at 
the numbers that there is no common ratio. 
However, the numbers do have a spec ial 
pattern . Find the pattern and describe it. 

IJ. IIilllm Write a report about what you 
discovered about graphs of arithmetic 
sequences, geometric sequences, and the 
mystery sequences in problem II . 
Illustrate your report with examples. Your 
report should include, but not be limi ted 
to, answers to the fo llowing questions: 

b. 

• Which sequences have graphs that are 
straight lines? Which have graphs that 
are curved? How are the two kinds of 
curved graphs di ffe rent? 

• For arithmetic sequences, how does the 
common difference show up in each 
graph? 

• For geometric sequences, what 
difference does it make in the graph if 
the common ratio i greater or le than I? 

• What are the graphs of the mystery 
sequences call ed? 

Chapter 5 Sums and Products 

x unit = 1 
y unit= 2 

n 

(Solutions continued on page 518) 

-



~ Essential Ideas 

( ON\TANT SUMS AND PKODU( TS 

I. If possible, write an equation of the form 
x + y = S such that the graph of the 
equation 

a. lies in the 2nd , 3rd , and 4th quadrants; 

b. lies in the I st, 2nd, and 3rd quadrants; 

c. passes through the origin ; 

d. intersects the x-axis at (-7, 0); 

e. contai ns the point ( 12, -3.25). 

2. A graph has an equation of the form 
x + y = S. Find two more points on the 
graph if: 

a. the point (-3, -5.8) is on the graph; 

b. the graph has x-intercept ( 1/2, 0); 

c. the graph has y-intercept (0, -6.5). 

3. If possible, write an equation of the form 
x · y = P such that the graph of the 
equation 

a. lies in the 2nd and 4th quadrants; 

b. contains the point (-9, 1/2); 

c. passes through (-2 .5, -3.5); 

d. intersects the graph of x + y = 16 at 
the point ( I 0, 6); 

e. passes through the origin . 

4. Write one equation of the form x + y = S 
and one of the form x · y = P such that 

a. neither graph passes th rough the first 
quadrant; 

b. the two graphs intersect at (8, 4) 
and (4, 8). 

IIH 0 1\TK II!lJTIVf tAW 

5. Write an equi valent expression without 
parentheses . Combine like terms. 

a. 2 · (3 + x) 

b. 2 · (3x) 

c. (6x + 3)(2x - 4) 

d. (6x · 3)(2x - 4) 

e. (6x • 3)(2x · 4) 

• Essential ideas 

6. In which part of problem 5 did you use the 
distributi ve law to remove parentheses? 
Explai n. 

7. Write equivalent expressions without the 
parenthese . Combine li ke tenns. 

a. -2(9 + x) - x(2 - x) 

b. -2(9) + x - x(2 - x) 

c. -2(9 + x) - 2x - x 

d. -2(9) + x(-2x) - x 

8. In which parts of problem 7 did you use 
the distributive law to remove 
parentheses? Explain. 

9. Write without parentheses. Combine 
like terms. 

a. (x + 3)(x + 5) 

b. (x + 3)(x - 5) 

c. (x - 3)(x - 5) 

d. (x- 3)(x + 5) 

10. Divide. 

a. 6/ + 4xy 
2y 

b. 4x + 4 
4 

rACTOKI NG 

II. Multiply (2x - 7)(3x + 5). 

12. Factor 6i - llx- 35. 

13. a. Fill in the blank with a whole number 
so that the trinomial x2 + 9x + can 
be factored as a product of binomials. 
Write the fac tored form. 

b. How many different integer answers are 
there for part (a)? Find all of them. 
(Don' t forget negative integers.) 

14. a. Fill in the blank wit h an integer so that 
the trinomial r + X+ 18 Can be 
factored as a product of binomials. 
Write the factored form. 

20t 4 

+ S 0 L U T I 0 N S 

1. a. Answers will vary. The value of S b. x+y = 12 and xy = 32 9. a. x 2 + Bx + 15 
must be negative. 5. a. 6 + 2x b. x 2 - 2x - 15 

b. Answers wi ll vary. The value of S b. 6x c. x 2 - Bx + 15 
must be positive. c. 12x2 - 18x - 12 d. x 2 + 2x - 15 

c. X+ Y= 0. d. 36x2 - 72x 10. a. 3y + 2x d. x +y= -7 e. 144x2 
b. X+ 1 e. X+ y= 8.75 

6. It was used in parts (a), (c) , and (d) . 11 . 6x 2 - 11 x - 35 2. Answers wil l vary . One possibil ity for The distributive law requires two 
each is given. operations, so it was not used in the 12. (2x - 7)(3x + 5) 
a. (-8, -0.8) (-4.4, -4.4) problems contain ing only multiplica- 13. a. Answers will vary. 
b. (1/4, 1/4 ), (0, 1/2) tion. In (c), it was used twice. b. There is an infinite number of pos-
c. (-6.5, 0) , (-6, -0.5) 

7. a. -18 - 4x + x 2 sibil ities, so it is not possible to 
3. a. Answers will vary. P must be b. -18 - x + x2 find all of them. 

negative. c. -18 - 5x 14. a. Answers will vary. 
b. xy= -4.5 d. -18 - 2x2 - x b. The following integer answers are 
c. xy= 8.75 

8. It is used in all except (d). The possible: 19, 11 , 9, -9, -11 , -19. 
d. xy= 60 
e. xy= 0 distributive law is not required to 

remove the parentheses in (d) 
4. a. Answers will vary. P and S must because only multiplication is 

both be negative . involved. 
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• 
b. How many d iffe rent integer answers are 

there for part (a)? Find all of them. 
(Don ' t forget negative integers.) 

15. Factor completely. 

a. (2x + 8)(x-2 + 2x) 

b. 2yx-2 + 12yx + 16y 

c. r + 6x-2 + x 

16. How many x-i ntercepts does each parabola 
have? Explain. 

a. y = x-2 + 12r + 20 

b. y = x-2 + 12r + 36 

c. y = -~ + 12x + 49 

d. y= x-2- I2x + 36 

17. In problem 16, find the coordinate of: 

a. the y-intercept ; 

b. the x-intercept(s), if any; 

c. f the venex. 

SEQUENCES 

18. If you were to plot the e seq uence (with 
11 on one axis and tn on the other axis), for 
which one(s) would the point lie in a 
straight line? Explain how you know. 

a. 3, 3.5, 4.5, 5 .5, 6.5 

b. - 1, - 10, - 19,-28,-37,-46 

c. 112, 114, 118, 1116, 1132 

d . 4, 7, II , 16, 22, 29 

PYRAMIDS 

A pyramid i made by tacking rows of blue, 
red, and yellow blocks. There are I 00 blocks 
in the bottom (first) row, 98 in the next row, 
and so on, with 2 fewer blocks in each succes
sive row. The bottom row is blue, the nex t 
row is red, the third row is yellow, and o on, 
continuing the pattern . 
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19. Make a sketch or schematic drawing of 
what you think the pyramid might look 
like. Write about any pattern you notice. 

20. How many row of block are there? 

21. How many row of each color are there? 

22. How many block are in the I O'h row? II th 
row? n'h row? Top row? 

23. What color is the I Oth row? What color is 
the top row? 

24. There are 30 blocks in a row. Which row 
is it? 

25. Given the number of a row (S'h, IO'h, 20th, 
etc.) can you give its color? Explain the 
pattern . 

26. Gi ven the number of blocks in a row, can 
you give it color? Explain the pattern. 

27. How many block in all are needed to 
build the pyramid? 

28. How would your an wer to que tion 
19-27 be different if there were 50 blocks 
in the bottom row? 

29. Suppose fou r colors were u ed in tead of 
three. Would any of your an wers to prob
lems 19-27 be different? Explain . 

JO.Iimll!lil Summarize and explain the 
pattern you noticed in the above 
problems. What generalizations can 
you make? 

Chapter 5 Sums atJd Produ cts 

+ S 0 L U T I 0 N S 

15. a. 2x(x + 4)(x + 2) 
b. 2y(x + 2)(x + 4) 
c. x(x + 4)(x + 2) 

16. a. two, because there are two dis
tinct factors , (x + 1 0) and (x + 2) 

b. one, because the two factors are 
the same, (x + 6) and (x + 6) 

c. none, because 49 > 36 
d. one, because the two factors are 

the same, (x - 6) and (x - 6) 

17. a. x-intercepts: -10 and -2; y-inter
cept: 20; vertex: (-6, -16) 

b. x-intercept: -6; y-intercept: 36; 
vertex: (-6, 0) 

c. x-intercepts : none; y-intercept: 49; 
vertex : (-6, 13) 

d. x-intercept: 6; y-intercept: 36; 
vertex: (6, 0) 

18. The only one is (b) . It is an arithmetic 
sequence with a common difference 
of -9. 

19. Answers will vary. 

20. 50 

21. 17 red , 16 yellow, and 17 blue 

22. 82 in the tenth row, 80 in the 
eleventh row, 100 - 2(n - 1) in the 
n1h row, and 2 in the top row 

23. The 1 01h row is blue and the top row 
is red . 

24. There are 30 blocks in the 361h row. 
This can be found by solving the 
equation 100 - 2(n - 1) = 30. 

25. Write down the row numbers of the 
blue rows , the red rows , and the yel
low rows and look for patterns in the 
numbers. By looking at patterns, we 

can see that if the number is a term 
in the sequence 1, 4, 7, 1 O ... (that is, 
3n + 1 ), it will be blue. Likewise, red 
rows will be those in the sequence 
3n + 2, and yellow rows will be in the 
sequence 3n (that is , multiples of 3) . 

26. Yes. Use the number of blocks in a 
row to find its row number, as in #24. 
Then use the row number to find the 
color, using· the patterns found in 
#25. 

27. 1 00 + 98 + 96 + .. . + 2 = 
(1 02 . 50 )/2 = 2550 

28. If there were 50 blocks in the bottom 
row, there would be 25 rows total. 
The relationship of color to row num
ber described in #25-#27 would be 
the same, so using this we could fig
ure out that the top row would be 
blue. This means that blue occurs 
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Practice 

PRACTICE 

f;ljfliii 
THE DIS TRIBU TIVE LAW 

Simplify each pair of express ion . 

1. a. 4 + 2[s - 6s - I )) 

b. (4 + 2)[s - 6(s - I )) 

2. a. 4x - 2x[x- 6(x + I )) 

b. 4x - x[x - 6(x + 2)) 

EQUA TIONS 

3. The solution to this equation is 6: 

5x - I = 29. 
a. Change one number in the 

equation so that the solution 
wi ll be 5. 

b. Change the coefficient of x so 
that the solution to the equation 
wi ll be 15. 

PARENTHESES 

4. Simplify. Compare your answers 
for (a) and (b). 

a. 10 - 5 -3 + 2 
b. 10 - (5 -3 + 2) 

5. What is the smallest number you 
can get by inserti ng parentheses in 
the first expression? The largest 
number? Explain, showing your 
work. 

6. a. Make up an ex pres ion 
contai ning three terms whose 
value depends upon where the 
parentheses are placed. Fi nd all 
the possible values. 

b. Make up an ex pre sion 
containing three terms whose 
value does not depend upon 
where the parentheses are 
placed. 
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(5 .E.I. Solutions continued) 

one more time than the other colors, 
so there are 8 yellow, 8 red , and 9 
blue rows. To figure out the number 
of blocks in the nth row, we would 
use the expression 50 - 2(n - 1) 
instead of 100 - 2(n - 1 ). Likewise, 
given the number of blocks in a row, 
say 30, we would solve the equation 
50 - 2(n - 1) = 30. There are almost 
4 times as many blocks in the first 
pyramid. The number of blocks in 
this pyramid is (50 + 48 + ... + 2) = 
(52. 25)/2 = 650. 

29. This would not affect the answers to 
#20, #22, #24, or #27. However, the 
color pattern would obviously 
change. Let's assume the fourth 
color is purple. Blue rows would be 
those in the sequence 4n + 1, red 

rows would be those in the sequence 
4n + 2, yellow rows in the sequence 
4n + 3, and purple rows in the 
sequence 4n. For example, the 35th 

row would be purple because 36 is a 
multiple of 4. The top (50th) row 
would be red , since it is two more 
than a multiple of 4. Hence blue and 
red would appear one more time 
than yellow and purple, so there 
would be 12 yellow, 12 purple , 13 
red, and 13 blue rows. 

30. Reports will vary. 

1. a. 2 - 10s 
b. -30s + 36 

2. a. 10x 2 + 16x 
b. 5x 2 + 16x 

3. a. Answers may vary. Possible 
answer: 5x - 1 = 24 

b. 2x - 1 = 29 

4. a. 4 
b. 6 

5. 10 - 5 - (3 + 2) = 0 
10 - (5 - 3)+2= 10 

6. a. Answers will vary. 
b. Answers will vary. 

- - - -
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Chapter 6 
MAKING COMPARISONS 

Overview of the Chapter 

/n the context of making comparisons, stu
dents solve linear equations, work with 
rational expressions, and explore some 
ideas about similarity. The theme of com
parisons is explored in several real-world 
contexts, and the difference between com
paring by differences and comparing by 
ratios is introduced. 

Equations are contrasted with identities. 
The main algebraic focus is on developing 
skill in equation solving, using several sub
stantially different approaches; tables, 
graphs, and symbol manipulation are 
developed as methods for solving 
equations and inequalities. Through work 
with the Lab Gear, standard techniques are 
developed for solving equations by symbol 
manipulation. 

/n previous chapters, students have learned 
how to solve equations using trial and error 
and the cover-up method. They will begin 
to see the limitations of these methods as 
their ski ll with more effective techniques 
improves, but you should not discourage 
them from using these methods. There are 
many opportunities in this chapter for com
paring methods of solving equations, and 
you should encourage discussion of thi s. 

1. New Uses for Tools: 

• The Lab Gear for solving equations 
• Graphs and tables for solving equa

tions and inequalities 
• The multiplication table format to 

divide by a monomial 

2. Algebra Concepts Emphasized: 

• Expressing numerical relationships 
with variables 

• Writing equations 
• Solving linear equations 
• Equations and identities 
• Equations with no solutions 
• Adding and subtracting the same 

amount to both sides of an equation 
• Two ways of comparing quantities: 

ratio and differences 
• Proportional thinking 
• Multiplying and dividing both sides 

of an equation by the same amount 
• Solving for one variable in terms 

of another 
• Chunking 
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CHAPTER 

The outward spiral path of a spider web 

Coming in this chapter: 
ll!ltlti!Ut!ttl A movie discount card, valid for three months, 
costs $T. With the card, it costs only $D to attend a movie, 
instead of $5. How many movies would you have to see in three 
months in order to save money with the discount card? Does 
your answer depend on T, D, or on both? 

• Equivalent equations in two vari
ables 

• The use of parameters 

3. Algebra Concepts Reviewed: 

• Order of operations 
• Applying linear functions, equa-

tions, and inequalities 
• Using tables and graphs 
• The meaning of inequalities 
• The distributive law 
• Substitution 
• Division by a monomial 
• Direct variation 
• Signed number arithmetic 
• Averages, ratios, percents 
• Geoboard area 

4. Algebra Concepts Previewed: 

• Solving inequalities 
• Solving quadratic equations 
• Graphing linear equations 
• Slope 

Square roots 
• Rules for solving inequalities 
• Completing the square 

5. Problem-Solving Techniques: 

• Using variables, equations, and 
graphs 

• Using tables 
• Systematic search 
• Reducing a problem to an easier 

version 
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MAKING COMPARISONS 

6.1 Comparing Car Rentals 

6.2 Which is Greater? 

6.3 Solving Linear Equations 

6.4 Equations and Identities 

6.A THINKING/WRITING: 
Money Matters 

6.5 Graphical Solutions 

6.6 Solving Techniques: 
Addition and Subtraction 

6.7 How Much More Than? 
How Many Times as Much? 

6.8 Solving Techniques: 
Multiplication and Division 

6.8 THINKING/WRITING: 
Constant Differences, Constant Ratios 

6.9 Rational Expressions 

6.10 Improving Your Average 

6.11 Stuart Little and Alice 

6.12 Geoboard Squares 

6.( THINKING/WRITING: 
Group Theory 

• Essential Ideas 

6. Connections and Context: 

• Applications of linear functions 
and equations 

• Mathematics as a tool for 
deci sion-making 

• Equations with whole number 
solutions 

• Visualizing quantitative informa
tion 

• Mathematics in literature 
• Preview of the Pythagorean 

theorem 

Equation Solving with the Lab Gear 

Most of Lessons 2-9 involves the Lab 
Gear, though none of them for the entire 

lesson. You can follow the lessons in the 
order they are given, emphasizing Lab 
Gear work in class and other work at 
home, or you can combine the Lab Gear 
work of consecutive lessons in order to 
reduce the number of times you take out 
the blocks. 

/n any case, the work on inequality and 
equation solving using the workmat 
should follow this general scheme. 

A. Use the blocks to solve the 
problem.Record the answer. 

B. Write the original equation (trans
lated from the picture) . Record the 
answer. 

C. Write the original equation. At several 
points in the process, record what is on 
the mat. (One student can manipulate 
the blocks, and another one can take a 
"snapshot" of the workmat when there 
is a pause. For the next problem, the 
roles are switched.) Record the final 
answer. 

D. Write the original equation . Record 
what you do at each step. (Again , 
working in pairs is helpful. To demon
strate, have one student work with the 
blocks on the overhead while another 
records each step on the chalkboard.) 
Record the final answer. 

E. Analyze the record of what you did at 
each step. (At this point, some students 
will begin to generalize, and will rely 
much less on the blocks.) 

F. Have one student work with the blocks, 
and the other without. Compare 
answers. Switch roles for the next 
problem. 

These instructions are more or less the 
ones given in the Lab Gear problems in 
thi s chapter, but you should use your judg
ment in deciding where in this progression 
your class is at any particular time and 
modify the instructions accordingly. 
Remember that the point of the work with 
the Lab Gear is to help the students get to 
the point eventuall y where they understand 
algebra well enough to be able to manage 
without the blocks. 

Educational research shows that it is the 
process of translating work with manipula
tives into work without them which is the 
most productive in helping students learn 
mathematics. Completely di sembodied, 
abstract work is not effective with most 
students. On the other hand, work with 
manipulatives will usually engage 
students, but discussion to help facilitate 
transfer to a more abstract level is essen
tial. 

One way to facilitate this transfer is to 
keep track of shortcuts and rules the stu
dents discover when simplifying expres
sions and solving equations on the work
mat. These Lab Gear Rules can be named 
after the students who discover them and 
written on a large piece of butcher paper 
on the bulletin board. Later you can di s
cuss with the class what the corresponding 
Algebra Rules are and write those on 
another piece of paper. 



.. 6.1 
Comparing Car Rentals 

Core Sequence: 1-15 

Suitable for Homework: 5-18 

Useful for Assessment: 7, 11-12, 14 

What this Lesson is About: 

• Applying linear functions, equations, 
and inequalities 

• Using tables and graphs 

• Mathematics as a tool for decision
making 

While an individual is not li kely to do all 
the work in thi s lesson before deciding on 
a car rental company, thi s sort of analysis 
would be very important to a large organi
zation before making a decision about 
making purchases or signing a contract 
with one or another supplier. The concepts 
needed would be similar to what's outlined 
here, though the scale of the expense, the 
complexity of the data, and the tools used 
would differ. 

You may di scuss with your students how 
the problem has been simplified for inclu
sion in an algebra text. For example, what 
about differences among cars? The cost of 
gasoline? Insurance? It is as important to 
know the limitations of one's mathemati cal 
analysis, and to acknowledge its assump
tions, as to do the analys is correctly. 

LESSON 

• 
Comparing Car Rentals 

This table gives the results of a phone survey 
of the cost of renting a mid-size car in a 
large city. 

Dai ly "Free" 
Cost per 

Company additional 
rate miles 

mile 

A $34.99 150 miles 24 cen ts 

B $26.95 100 miles 30 cents 

c $39.95 100 miles 30 cents 

D $4 1.95 
unlimited 

mi leage -

E $27.99 
unlimited 
mileage -

I. iffi@M Suppose you wanted to rent 
a car for a short Lri p and you had the 
information in the table. There is one car 
that is clearl y the "best deal" in most 
cases. Which car is thi s? If thi s car were 
not available, how wou ld you decide 
whi ch car to rent ? Write a paragraph 
explaining how you wou ld decide. In
clude the following: 

• What things would you consider? 

• Show any calculations you would need 
to do to make your decision. 

• Is there any addit ional information not 
included in the table that you think you 
wou ld need to know? 
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USING TABLES 

2. Which car do you think would be the 
best deal if you planned to drive a short 
distance? Which car would you rent to 
drive several hundred miles? Explain. 

This table gives the cost of renting each car for 
one day to drive the indicated number of miles. 

3. Copy and complete the table, indicating 
how much it would cost to rent each car 
for the given miles. 

Total Cost of Car Rental 
..., 
c Miles driven " c. 
E 
0 50 100 ISO 200 250 u 

A 34.99 34.99 34.99 46.99 58.99 

B 26.95 26.95 4 1.95 56.95 -

c - - - - -

D - - - - -

E - - - - -

4. Copy and complete the next table. It ranks 
each car according to the amount it would 
cost to rent it to drive the given number of 
miles. The code is I for least expensive 
and 5 for most expensive. 

Chapter 6 Making Compariso11s 

6. 1 S 0 L U T I 0 N S 

1 . Company E is clearly the "best deal." 
Student solutions will vary and 
should include the number of days 
the car is to be rented. Renters may 
need to know if there are any costs 
for dropping the car off in a place 
other than the city of origin, the 
minimum age requirements for 
drivers, and any required insurance 
coverage. 

2. Company B is best for a one-day trip 
of 1 00 miles or less. Company E is 
best for a one-day trip of 150 miles, 
and Company E is best for a one-day 
trip of 300 miles. Company B has a 
lower rate than all the other compa-

3. 

..., 
c 
" c. 
E 
0 
u 

nies, but it becomes more expensive 4. 
if you drive over 100 miles, whereas 
Company E has a relatively low daily 
rate and unlimited mileage. 

TOTA L COST O F CA R RENTAL 

Miles Driven 

so 100 ISO 200 2SO 

A 34.99 34.99 34.99 46.99 58.99 

B 26.95 26.95 4 1.95 56.95 71.95 

c 39.95 39.95 54.95 69.95 84.95 

D 41.95 41.95 4 1.95 41.95 41.95 

E 27.99 27.99 27.99 27.99 27.99 

COM PANY RANK INGS 

Miles Driven 

so 100 ISO 200 2SO 

A 3 3 2 3 3 

;., 8 I I 3 4 4 
c 

" c. c 4 4 4 5 5 E 
0 
u D 5 5 3 2 2 

E 2 2 I I I 



Company Rankings 

Miles driven 

so 100 ISO 200 2SO 

A 

8 

c 4 

D 

E 2 

5. In the table you just completed, you can 
see that B is less expensive than A for 50 
miles and I 00 miles of travel. but this is 
reversed for 150 miles oflravel. 

a. Which is less ex pensive for 125 miles 
of travel? 

b. Show that the costs of A and B are 
almost exactl y the same for 130 miles 
of travel. 

USING G RAPHS 

6. The graph above problem 7 shows, for a 
single day of rental, how the cost of rent· 
ing a car from Company A varies as a 
function of the number of miles dri ven. 

a. Make an enlarged copy of the graph on 
your own paper. 

b. Add to the same grid a similar graph for 
each of the other four companies. Your 
graphs must be accurate. 

6.1 Comparing Car Rentals 

100 

90 

80 

70 

60 

50 

40 

30 

20 

10 

0 

6.1 

.__ _______ ____ 

50 100 150 200 250 

7. .... Two of the graphs should be hori zon· 
tal lines. Which ones, and why? 

8. According to your graphs, if you plan to 
dri ve I 00 miles or less, 

a. which company is the most expensive? 

b. which company is the least expensive? 

9. Company A has a higher dail y rate and 
lower mileage costs than Company B. 

a. Which of the two is more expensive for 
someone who travels 100 miles? 

b. Which is more expensive for someone 
who travels 150 miles? 

c. For what length trip is the cost of the 
two the same? 

10. Company D has a slightly higher dail y 
rate than Company C, but its mileage 
costs are zero. 

a. For what length trip is D cheaper? 

b. For what length trip are they the same? 
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USING TABLES 

Thi should not present any major i ntel
lectual obstacles at thi point, but ince 
the work can be tedious, student hould 
team up. 

USING GRAPHS 

USING EQUATIONS 

Looking at f unctions that have different 
parts actuall y helps throw light on the re la
tionshjp between point in tables and 
points on graphs. 

R oblems 14- 15 de erve a full di cu ion 
in class, even if you as ign them as home
work. In the discussion, talk about the role 
of each symbol in the equation. 

/n a way this is the mo t important part of 
the lesson. B eing able to w rite an equation 
like these w ill allow omeone to u e a 
graphing calculator or spread heet to 

inve tigate questi on like the one 
di cussed in thi le son. H owever, it i 
only after doing le on like thi one that 
tudents develop enough feel for what is 

going on to be able to write the equations. 

The goal , of course, is to get to the poi nt 
w here the student can write the equation 
w ithout having to make tables and graphs. 
For most tudents that i not pos ible at the 
beginning of f irst-year algebra, but by the 
end of the year, they should be much 
clo er to that level of understanding. 

6. 1 S 0 L U T I 0 N S 

5. a. For 125 miles, Company B is less 
expensive than Company A. 

b. For 130 miles Company A costs 
$34.99. Company B costs 26.95 + 
0.3(30) = $35.95 

6. a., b. 
11 . a., b. 

100 
90 
80 
70 

u; 60 
0 
(.) 50 

40 
30 
20 
10 

(179, 41 .95) ..... c 
(150, 41 .95) B 

(107, 41 .95) t" A 
t ... -- . o . . . ..... . . 

E 
t 

(103, 27.99) (127, 34.99) 

50 100 150 200 250 

Miles 

7. The graphs for companies D and E 
are horizontal because the cost for 
each does not change when the 
mileage changes from 50 to 250. 

8. a. For 100 miles or less Company D 
is most expensive. 

9. 

b. For 100 miles or less Company B 
is least expensive. 

a. Company A is more expensive 
than Company B for a 1 00-mile 
trip. 

b. Company B is more expensive 
than Company A for a 150-mile 
trip . 

c . The cost for Company A equals 
the cost of Company B for a 
127-mile trip. 

1 0. a. Company D is cheaper than C for 
a trip of more than 1 07 miles. 

b. Company D and Company C are 
the same for a 107 -mile trip . 

. -
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.,gfi,)ii;J• GRADE AVERAGES 

This is the fi rst in a series of optional sec
ti ons on averages. Students are interested 
in how grades are computed, and these sec
ti on give you a chance to capitali ze on 
that interest. You can make the problems 
even more relevant by addi ng simi lar prob
lems based on your own grading policy. 

To be continued in Grading Policies, after 
Lesson 3. 

11. a. See the figure for problem #6. 
b. See the figure for problem #6. 
c. These points of intersection show 

the mileage for which two compa
nies charge the same amount. 

12. Answers will vary. Consider that the 
exact costs are easier to read on 
tables. Graphs show least and most 
expensive companies at a particular 
mileage other than the ones calcu
lated on the table. Graphs also show 
where two or more companies 
charge the same amount. 

13. For x ::s 150, $34.99 shows the hori
zontal part of the graph. 

14. Because $0.24 is charged for every 
mile over 150, one must first calcu
late the number of miles in excess of 
150, which is x - 150. This expres
sion must be multiplied by $0.24 to 

6.1 

11 . ..... The graphs forB and D intersect at 
the point ( 150, 4 1.95). 

a. Label thi s point of intersection on 
your graph. 

b. Label other points of intersection on 
any of the other graphs. 

c. How would you interpret these points 
of intersection in terms of cost 
compari sons? 

l2 . ..... In what ways are tables better than 
graphs in helping you make a decision of 
thi s type? In what ways are graphs better? 

Equations are useful if you want to use a com
puter or a programmable calcul ator to help you 
analyze a problem like thi s one. You can write 
an equation for the cost of renting a car from 
Company A for one day as a function of the 
number of miles traveled. Notice that the 

f•J4fi1li#;Ji GRA DE AVERAGES 

Mrs. Wash man gives a quiz every Thursday. 
A student 's current average at the end of any 
week can be computed by finding the ratio of 
total correct points to total possible points to 
date. The table shows Caden's scores. 

Q l Q2 Q3 Q4 QS 

Correct 8 9 10 13 -

Possible 12 20 10 15 -

16. Find Caden's current average at the end 
of week I, week 2, week 3, and week 4. 
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get the cost for each mile over 150. 
This is written 0.24(x - 150). Without 
parentheses, 0.24x - 150, each mile 
travelled would cost $0.24 and then a 
deduction of $150 would be given. 
{This is not what the company wants 
to charge. For example if x were 350, 
0.24{350) - 150 would be 84 - 150 
= -66 which means the company 
would owe you $66 for this part of 
the equation. Whereas, 0.24{350 -
150) is 0.24(200) which is a more 
reasonable charge of $48 for the 200 
miles in excess of 150. The daily rate 
of $34.99 is added to the charge for 
miles in excess of 150, 0.24(x - 150) 
for the total cost, y, of driving x miles. 

15. Company B: y = $26.95 for x ::s 100. 
y = $26.95 + $0.30(x - 1 00) for 
x > 100. 

graph has two parts: a hori zontal part, and a 
part th at slopes upward . The equation also has 
two parts. 

If y is the cost in dollars and x is the number of 
miles driven, then: 

y=34.99 ifx::SI50 
y = 34.99 + 0.24(x - 150) if x > !50 

13. Which part of the equation represents the 
horizontal part of the graph? 

14 . ..... Explain every part of the second 
equation. (Why is !50 subtracted from x? 
Why are parentheses necessary? What is 
the meaning of the quantity in the paren
theses? Why is it multiplied by 0.24? Why 
is the result added to 34.99? What is the 
meaning of the sum?) 

15. f Write equations for the costs of renti ng 
the other cars as a function of mi les 
driven. 

17. Caden found his current average by doing 
this computation: 

8 9 10 13 40 
rr+w+10+15=rr 

Amiko said thi s was wrong because you 
don't add fractions by adding the nu mera
tors and adding the denominators. Who 
was right? Were they both right? Were 
they both wrong? Explain. 

18. What woul d Caden's average be at the end 
of week 5 if Quiz 5 had 

a. 20 points, and he got 12 correct? 
b. 40 points, and he got 80% correct? 

c. 25 points, and he got N correct? 

Chapter 6 Making Comparisons 

Company C: y = $39.95 for x ::s 1 00. 
y = $39.95 + $0.30(x - 100) for 
x > 100. 
Company 0 : y = $41 .95 
Company E: y = $27.99 

16. Week 1: 0.67 
Week 2: 0.53 
Week 3:0.64 
Week 4: 0.70 

17. Amiko was correct. 

18. a. 0.68 
b. 0.74 
c. 40 + N 

57 + 25 



+•iiiiiiJIIMI. · · · · · · · · · · · · · · · · · · · 
the Lab Gear 

lm@j® For each problem, if possible, 
give one value of x that 

a. makes the right side greater; 
b. makes the left side greater; 
c. makes the two sides equal. 

Describe the method you used for each 
problem. 

1. x ?2x+ 3 

2 y-2 ? -y-2 

3. 6x ? 7:?- + 6x - 7 

USING THE tAH Gf ,\R 

For each problem: 

4. 

5. 

6. 

7. 

a. Simplify each expression. 

b. Compare the two expressions. It may 
help to build them with the Lab Gear, 
one on each side of the workmat. 

c. Is one side greater, or are they equal? 
Write the correct symbol: >,<,or = . 
lf it is impossible to tell, write? . 
Remember that x is not necessarily a 
positive integer. 

x(x + 2) - 4 (x + l )(x + I) 

(x + l )(x + 2) 2+3x - . .-2 

3:?- + 9 - (:l- + 2) 3:?-+9-:l-+2 

3:?- + 9 - (:l- + 2x) 3:l-+9 - :l-+2x 

8. If you did not get at least one ? as an 
answer in problems 4-7, check your work . 

USING l •\ IllES 

For which values of xis 14x- [4x - (2 - 3x)] 
greater than 5x- 2[x- (3x + 2)] ? 

6.2 Which is Grealer? 

These two expressions are too complicated to 
build with the Lab Gear. It is easier to compare 
them if they are simplified first. Both expres
sions have two sets of grouping symbols, 
paremheses and brackets. Brackets mean 
exactly the same thing as parentheses. 

I Rule: Simplify from the inside out, remov
ing the parentheses first. 

9. Removing parentheses, the first expression 
is 14x - [4x - 2 + 3x]. Continue 
simpli fy ing. 

10. Removing parentheses, the second expres
sion is 5x - 2[x - 3x - 2]. Continue 
simpli fy ing. 

The table below compares the expressions 
9x + 4 and 7x + 2 for some values of x. 

X 9x + 4 7x + 2 

10 94 72 

5 49 37 

0. 1 4.9 2.7 

11. Copy and extend the table. 
a. Find some values of x for which 9x + 4 

is less than 7x + 2. 

b. Try to find a value of x for which the 
two expressions are equal. 

c. Describe any patterns you see in 
your table. 

Lea and Earl were tryi ng to compare these 
expressions: 

Express ion A: 5- [x - (3x + I)] 

Express ion B: 5 - 3[x - (3x + I)] 

They got different results when they simplified 
Expression B. 
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T 6.2 
Which is Greater? 

Core Sequence: 1- 15 , 18-27 

Suitable for Homework: 9- 15, 18-28 

Useful for Assessment: 15, 27 

What this Lesson is About: 

• Review of the meaning of inequalities 

• Preview of the o lving of inequaliti e 

• Systematic search 

Mo t of thi chapter concentrate on equa
tions. Starting with inequalities he lps tu
dents put equations in context. However, 
do not expect most students to rna ter the 
algebraic solving of inequalitie in thi 
course, let alone in thi s lesson. 

USING THE LAB GEAR 

Thi s section continue the preview of 
equation solving and inequaliti es that was 
begun in Chapter 3, Lesson 5, with the 
Which is Greater? Lab Gear problem . 

Students will probably need orne review, 
so you will probably want to do one of 
these problem , or a prob lem like it, a an 
example on the overhead. 

USING TABLES 

Thi s ection introduce one method of 
olvi ng equation and inequaliti e . Work 

with table wi ll make later work on olving 
equati on and inequalitie using graphs 
much easier to under tand. In the age of 

6.2 S 0 L U T I 0 N S 

Answers will vary for #1-3: 

1. a. Sample: x = 0 (any x > -3) 
b. Sample: x = -4 (any x < -3) 
C. X= -3 

2. a. Sample: y = -1 (any y < 0) 
b. Sample: y = 1 (any y > 0) 
c. y= 0 

3. a. Sample: x = 3 (any x < -1 or 
x > 1) 

b. Sample: 0 (any x: -1 < x < 1) 
c. x = -1 or x = 1 

4. a. x 2 + 2x - 4, x 2 + 2x + 1 
b & c. x 2 + 2x- 4 < x2 + 2x + 1 

5. a. x 2 + 3x + 2, 2 + 3x- x2 

b & c. 2 + 3x - x 2 < x2 + 3x + 2 

6. a. 2x2 + 7, 2x2 + 11 
b & c. 2x2 + 7 < 2x2 + 11 

7. a. 2x2 - 2x+ 9, 2x2 + 2x+ 9 
b & c. ? It is impossible to tell which 
is greater or smaller. When x = 0 
they are equal. When x > 0, 2x2 -

2x + 9 < 2x2 + 2x + 9. When x < 0, 
2x2 - 2x + 9 > 2x2 + 2x + 9. 

8. #7c was a?. 

9. 14x - (4x - 2 + 3x] 
= 14x - [7x - 2] 
=14x - 7x+2 
= 7X+ 2 

10. 5x - 2[x - 3x - 2] 
= 5x - 2[-2x - 2] 
= 5X+ 4X+ 4 
= 9x+4 

11. a. Tables will vary. 

X 9x + 4 7x + 2 

10 94 72 

5 49 37 

0.1 4.9 2.7 

0 4 2 

-Q. 1 3. 1 1.3 

- 1 -5 -5 

2 14 12 

-3 -23 - 19 

-5 -41 -33 

- 10 -86 -68 

b. x = -1 makes the two expressions 
equal. 

c. Answers may vary. If x > -1, then 
9x + 4 > 7 x + 2; if x < -1 , then 
9x+4 < 7x+2. 
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electron ic graphing, gr aphical solutions are 
of essential importance, and table prov ide 
a necessary conceptual building block. 

C omparing expressions provides a context 
for work on simpli fy ing expressions in 
which there is more than one grouping 
symbol. It gives a motivation for simpli fy
ing, since i t is much easier to compare 
expres i on in implified fonn . 

Problems 16-17 could get tedious. If you 
choose to as ign them, do them in clas , o 
students can work with a partner in order 
to expedite the computations. 

SOLVING INEQUALITIES 

This section introduces what it means to 
"sol ve" an inequality formally . Students 
are asked to solve some simple ones. The 
purpose at thi s stage is not to learn solving 
techniques, though di cussion of tho e 
should not be di couraged. 

The main point i to introduce the concept 
of sol ving an inequality. Problems 25-27 
are intended to warn students that a purely 
symbol ic approach can be confusing if one 
lo es sight of the meaning of the problem. 
A f ull algebraic technique for olving 
inequali ties wi ll be postponed unti l a f uture 
course. 

••lf'•1fh• SQUARES ON A 
CHESSBOARD 

Thi is a challenging counting prob lem, 
which can be u ed as a problem of the 
week or a a topic for group investigation. 

6.2 

Simplifying Expression B 

Lea's work Earl's work 

Step I 5 - 31x - 3x - I I 5 - 31x - 3x- I] 

Step 2 5 - 3[-2x - I] 5 - 3[-2x - I] 

Step 3 5 + 6x -3 21-2x - I] 

Step4 2 + 6x -4x - 2 

Lea and Earl wanted 10 know which one of 
them had made a mistake. They asked their 
teacher, Mr. Martin . "You can' t both be right," 
he said, "bu t you could both be wrong." 

12. Are Lea and Earl both wrong, or is only 
one of them wrong? Is Mr. Martin wrong? 
Look fo r mistakes in their work . When 
you fi nd a mistake, explai n what the 
student did wrong. 

13. Look at Expressions A and B agai n. 
Simpl ify both expression correctly. 

14. U ing the simplified form of each ex pres
sion, compare Ex press ions A and B by 
maki ng a table of values. 

15 . ... Summarize the information in your 
table by te ll ing when Expression A is 
greater, when Expression B is greater, and 
when the two ex pressions are equal. 

16. Simpli fy each pair of ex pressions. 

a. 4x- 2x[3- 6(x + I)] 
4 - x[x- 6(2x + I)] 

f1J41i•Jj#;JI SQUA RES ON A CHESSBOARD 

28. How many squares of any size are there 
on an 8-by-8 che board? Explain how 
you get your answer. (Hint: First analyze 
smaller boards.) 
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b. 4 - 2[y - 6(y + I)] 
4- [y - 6(y + I )] 

17. Compare each pair of expression in prob
lem 16. Make a table of values and sum
mari ze your findings in each case, tell ing 
when the fi rst expression is greater, when 
the second expression is greater, and when 
they are equal. 

SOLVING INEQUAliTIES 

18. Use a table of values to show that 
2x + 6 > 8 for all values of x greater 
than I. 

We say that the solution to the inequality 
2x + 6 > 8 is "all numbers greater than I" 
because thi s describes all the values fo r which 
the inequali ty is true. Using mathematical 
symbols, we say that the solution is x > I. 

Find the solution of each inequality. That is, 
descri be all the numbers for which the inequal
ity is true. 

19. x + 5 > I 

21. y + 5 > 0 

23. X- 5 > -) 

25. -x > 6 

20. n- 5 > I 

22. r - 5 > 0 

24. X+ 5 > -) 

26. -x > -6 

27 . ... Many students get problem 25 and 
26 wrong. Check your answers to them 
by substituting specific value of x. What 
makes them more diffi cult than the 
other ones? 

Chapter 6 Making Comparisons 

6.2 S 0 L U T I 0 N S 
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12. Both Lea and Earl are wrong. 
Lea's work: In step 3 Lea made a 
mistake when she multiplied -3 and 
-1 from step 2. Rather than 5 + 6x -
3, she should have 5 + 6x + 3. 

Earl 's work : In step 3 Earl made a 
mistake when he added 5 and -3 
from step 2 rather than multiplying 
the expression in brackets by -3. He 
should multiply before adding . Rather 
than 2[-2x - 1] he too should have 
5 + 6X+3. 

13. a. 5 - [x - (3x + 1)] 
= 5 - [x - 3x - 1] 
= 5 - [-2x - 1] 
= 5 + 2x+ 1 
= 2X+ 6 

b. 5 - 3[x - (3x + 1)] 
= 5 - 3[x - 3x - 1] 
= 5 - 3[-2x - 1] 

14. x 
4 
2 

0.5 
0 

-0.5 
-1 
-5 

= 5 + 6x+ 3 
= 6X + 8 

2X+ 6 
14 
10 
7 
6 
5 
4 
-4 

6X+ 8 
32 
20 
11 
8 
5 
2 

-22 

15. 2x + 6 equals 6x + 8 when x = -0.5. 
2x + 6 > 6x + 8 for x < -0.5 and 
6x + 8 > 2x + 6 for x > -0.5. 

16. a. 12x2 + 1 Ox, 11 x 2 + 6x + 4 
b. 10y+ 16, 5y+ 10 

17. Tables will vary. 

X 12x2 + 10x 11x2 + 6x + 4 
10 1300 1164 
5 350 309 
2 68 60 

0.5 8 9.75 
0 0 4 

-0.5 -2 3.75 
-2 28 36 
-5 250 249 

-10 1100 1044 

Answers may vary. 12x2 + 1 Ox > 
11 x2 + 6x + 4 for x < -4.83 or x > 
0.83. 12x2 + 10x=11x2 + 6x+ 4 for x 
""' -4.83 or x ""' 0.83. 11 x 2 + 6x + 4 > 
12x2 + 1 Ox for -4.83 < x < 0.83 

-



L ESSON 

·~S~o~lv~in~g~Li~n~e~a~r ~Eq·u~a~t~io~n~s~~~~~ 

iiiiii{ii!MI · · · · · · · · · · · · · · · · · · · ·: 

. . .....................•...•.••••.•• 
1. @@jj!ii!!l Find a value of x that makes 

each equation true. Describe the method 
you used. 

a. 3(x + 2) = x + 5 

b. 3x + 2 = x + 5 

c. 3x + 2 = x- 5 

d. 3(x + 2) = x - 5 

USING TH E LAB GEo\ R 

The easiest equations to solve are linear, or 
first-degree equations in one variable. All four 
of the equations above are linear. The equation 
:!? = 2x - I is not linear, because it contains 
an:!? term. 

You have already learned to solve equations by 
trial and error and the cover-up method. Some 
kinds of equations can also be solved using the 
Lab Gear. 

This figure represents an equation. We want to 
find out what value of x will make the quantity 
on the left side of the workmat equal to the 
quantity on the right side. 

2. Copy the figure with your Lab Gear. 

6.3 Solving Untar Equations 

3. Simplify each side. If you did it correctly, 
your blocks should match this fig ure. 

DO 
4. Rearrange the blocks to match this figure . 

Which blocks on the right side can be 
matched with identical blocks on the 
left side? 

DO 
There are some blocks that cannot be matched 
with blocks on the other side. The figure 
shows a two-dimensional view of these blocks. 
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T 6.3 
Solving Linear Equations 

Core Sequence: 1-23 

Suitable for Homework: 14-29 

What this Lesson is About: 

• Solvi ng linear equations with the 
Lab Gear 

• Review of linear equation solving 
techniques 

• Expre ing numeri cal relation hips with 
variables 

• Using tri al and error to solve puzzles 

• Review of averages 

USING THE LAB GEAR 

The goal of this section is for students to 
begin to recognize some general trategies 
for solving linear equations. These strate
gie will be discus ed in Lessons 6 and 8, 
so you should not teach them here. 
However, be alert to generalizations that 
students make, and allow them to teach 
anything they under tand to members of 
their group, or even to the whole cia s. 
You may want to lead a class di scussion in 
the end, in which students share their 
"shortcuts." 

6.3 S 0 L U T I 0 N S 

(6.2 Solutions continued) 
y 10y+ 16 
10 116 
5 66 

0.5 21 
0 16 
-1 6 

-1.2 
-2 
-5 

-10 

4 
-4 

-34 
-84 

5y + 10 
60 
35 

12.5 
10 
5 
4 
0 

-15 
-40 

10y+ 16 > 5y+ 10 for x > -1.2 
1 Oy + 16 = 5y + 10 for x = -1.2 
10y+ 16 < 5y+ 10 for x < -1 .2 

18. Tables will vary. 
x 2x+ 6 

1.2 8.4 
2 10 
3 12 

30 66 
100 206 
1.02 8.04 

19. X> -4 20. n > 6 

21 . X> -5 22. r > 5 

23. x > 4 24. X> -6 

25. X> -6 26. x > 6 

27. The previous two problems are more 
difficult because of the negative sign 
before x. If students are solving prob
lems 25 and 26 algebraically, they 
may want to add x to both sides so 
they can work with x and not -x. 

28. 204 squares. 

6.3 Solutions 

1. Explanations may vary. 
a. x= -0.5 
b. X= 1.5 
C. X= -3.5 
d. X = -5.5 

2. No solution is necessary. 

3. No solution is necessary. 

4. The x- and 5-blocks on the right can 
be matched with identical blocks on 
the left. 

,_ 
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The Lab Gear example stop short of sug
gesting that students remove matching 
blocks from the two sides of the workmat. 
This is to give them the opportunity to dis
cover th.i technique themselves . 

6.3 

Look at these remaining blocks. Remember 
that the two sides are equal. Th is is true even 
though they don' t/oak equal. Remember x can 
have any va lue. 

5. What must x be in order fo r the two sides 
to be equal? 

This fi gure shows how you would set out the 
blocks to solve the equation 2x + I = 4x - 5. 

O EJ 
Each side is simplified. The blocks have been 
arranged to show which blocks can be matched 
with blocks on the other side. Even so, it is not 
easy to te ll what the so lu ti on is. 

It helps to add zero. 

otice that the blocks on one side are rear
ranged to show wh ich ones can be matched 
with blocks on the other side. 

212 

The remaining blocks (those that cannot be 
matched with blocks on the other side) can 
then be rearranged to make it easy to see the 
solution to the eq uation. 

Ef:E B 

6. What is the solution to this eq uati on? 

For problems 7 - II : 

7. 

8. 

a. Write the ori ginal equati on. 

b. Use the Lab Gear to find the olution. 
Write eq uations to show some of the 
steps as you move your blocks. 

c. Write the solution. 

DO 

Chapter 6 Making Comparisons 

6.3 S 0 L U T I 0 N S 
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5. x must equal 3. 

6. x = 3 is the solution to the equation. 

Answers to part b will vary for #7-11. 

7. a. 4x+7=5x + 4 
C. X= 3 

8. a. -(6x + 10) = 10 - x - (Bx+ 5) 
C. X=5 

-



9. 

10. 

~ ~ 
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6.3 Solving Unear Equations 

6.3 

MORE EQUA liONS 

You have learned to solve equations using 
tables, trial and error, the cover-up method, 
and the Lab Gear. Solve these equations in 
whatever way you want, but show your work. 

12. 3x + 5 = 6 

13. 3x + 5 = -2x - I 0 

14. 2y - 6 = 5y + 3 

15. 6x; 6 = 3 

16. 6x; 6 + 15 = 3 

Make up an equation sati sfying each of the fol
lowing descriptions. Try to make up one that 
would be challenging for another student to 
solve, but not so challenging that you can' t 
solve it. 

17. An equation whose solution is x = 4 

18. An equation who e solution is y = - 1/2 

19. An equation that has variables on both 
sides of the equation and the solution 
m = 2 

20. Q An equation that has more than one 
solution 

213 .6. 

MORE EQUATIONS 

Again, do not teach student new 
techniques for solving linear equations. 
The e are discussed later in this chapter. 
Instead, use this as an opportuni ty to 
review trial and error, the cover-up 
method, the use of table , and/or any tech
nique di covered by students for solving 
equations. Because uch a review rna be 
important, start this section in class, and 
assign the rest as homework. (When in 
class, allow the students to use the Lab 
Gear if they want to.) 

Roblems 17-20 are e pecially good for 
homework, ince students will need to 
think independently. The nex t day the ini 
tial activity could center around solving 
one another's equations. Particul arly inter
esting equations (not necessari ly the hard
est ones) should be discu ed by the whole 
class. 

USING VA RIABLES 

B ecau e of the fact that it will oon be 
possible to solve equation by calculator, 
skill in solving equations i not a impor
tant as skill in etting up equation . These 
problems help students get some practice 
with writing expres ions having variables, 
starting with data in story form. 

6 .3 5 0 L U T I 0 N 5 

9. a. 6x+4 - x=5 - (x+7) 
C. X = -1 

10. a. 5 - x - (x + 6 - x) = x + 2 -
(3X+ 5 - 1) 

b. X= -1 

11 . a. 7 x + 5 - (5x - 2) = 2x + 15 -
x + 4 - (4x + 7 - 2) 

C. X= 1.4 

12.x=1/3 

13. X= -3 

14.y= -3 

15. X= 3 

16. Y= -7 

Answers will vary for #17-20. Samples: 

17. 2x+ 5 = 13 

18. 2y+3 =2 

19. 2m+ 7 = m + 9 

20. x2 + 3 = 7 



If students find these problems difficult, 
you may encourage them to set up tables as 
an intermediate step. For example, for 
problem 21, fi lling in values in a table like 
the following may help students find the 
formula. 

Months Age 

0 toll 0 
12 to 23 l 
24 to 35 2 

etc. 

In a way, thi s i s a review of step functions, 
which were seen in Chapter 2, L esson 6, 
and Chapter 4, Le son ll. 

44u#..if¥t MAGIC SQUARES 

It students are fru trated, you can help by 
leading an investigation of what the magic 
sum might be. Once it is known, the puzzle 
is much easier. Moreover, thi s approach 
will help review average . 

Starting with any arrangement, you can 
inspect the sums of the rows and take their 
average. The average of the sums of the 
columns should be the ame number, 
which is the magic sum. Try to move num
bers around until each row adds up to this 
sum. Then move numbers around within 
the rows until the columns add up to the 
magic sum. 

w•#fie)ji;J• GRADING POLICIES 

Thi s is a continuation of Grade Averages, 
after Le son I . To be continued in 
Weighted Averages, after Les on 5. 

6.3 

fiJ4jj•)f#;Ji USING VARIABLES 

21. A student is x years old. How many 
months old is he? (Are you sure?) 

22. Another student is y years old. 

a. How many years until she can vote? 

b. How many months? 

23. I start with 99 peanuts. It takes me x sec
onds to eat one. 

a. How long will it take to eat them all? 

b. After eating n peanuts, how many 
are left? 

c. After~ seconds, how many peanuts 
are left? 

fQfti..liJt MAGIC SQUARES 

These puzzles will be easier to olve if you 
make yourself little squares of paper with 
numbers written on them. To solve the puzzles, 
move the papers around, until you find a satis
factory arrangement. 

24. Arrange all the numbers from I to 9 into a 
3-by-3 square, so that the sum of all the 
numbers in any row or column is always 
the same. 

25. Repeat problem 24, but make sure the 
diagonals also add up to the same amount. 

26. Arrange all the numbers from I to 16 
into a 4-by-4 square, so that the sum of the 
numbers in any row or column is always 
the same. 
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f1J4jj1lf#;Jt GRADING POLICIES 

At the Shell School, math teachers give a six 
weeks grade based on six quizzes and two 
writing assignments. The math department 
policy requires that quizzes and writing assign
ments be counted equally. 

For each student in her class, Mrs. Washman 
averages the quizzes, averages the writing 
assignments, and then adds those two numbers 
and divides by two. 

For each student in his class, Mr. Pitcher adds 
all the grades together and divides by eight. 

27. Make up a list of grades of a student 
who would have a higher grade with 
Mrs. Washman 's method. 

28. Make up a list of grades of a student 
who would have a higher grade with 
Mr. Pitcher 's method. 

29. Is it possible for a student to have the same 
grade using either method? Explain. 

Chapter 6 A1aking Comparisons 

6.3 S 0 L U T I 0 N S 

21 . The student is at least 12x months 
old but the exact number of months 
cannot be determined without more 
information. For example, on the 
student's xth birthday he is 12x 
months old. 

22. Assume the student is younger than 
18 years. 
a. There are 18 - y years until she 

can vote. 
b. If today is her ylh birthday then 

she has 216 - 12y months to 
vote. If it is not her ylh birthday yet 
she has fewer than 216 - 12y 
months, but more information is 
needed to be exact. 

23. a. 99x seconds 
b. 99 - n 
c. 99 - (z/x) 

24. Answers may vary. Sample: 
4 8 3 
2 6 7 
9 1 5 

26. 1 15 16 2 

12 6 9 7 

8 10 5 11 

13 3 4 14 
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• 
Equations and Identit ies 
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I Definition: An idemiry is an equat ion that is 

true for all values of the variables. 

1. Which of these eq uations are identities? 
Explain your answers. 

a. 3x + 9 - 2(x + 2) = 3x + 9 - 2x + 2 
b. 3x + 9 - 2(x + 2) = 3x + 7(x + 2) 
c. 3x + 9 - 2(x + 2) = x + 5 
d. 3x + 9 - 2(x + 2) = x + 7 

USING THE lAB GEAR 

To solve the equation 5(x + I) = 25 you can 
model both the left side and the right side as 
rectangles. In this case, you can match the rec
tangles, and it is easy to see what the value of 
x must be. 

2. What is the value of x that makes both 
sides equal? 

Use the Lab Gear to solve these equations. If 
the equation is an identity, explain how you 
know, using sketches if necessary. 

3. 3(x + 2) = 15 

4. 3(x + 2) = 3x + 6 

5. 4(2x+ 1)=4(x + 5) 

6. 4(2x - I) = 4(x - I ) 

7. 4(2.x - I) = 4(2.x + I) 

8. 2(2x + 2) = 4(x + I) 

6.4 Equ.atio11s a11d Identities 

9. 4(2x - 2) = 2(4.x- 4) 

USING GRAPHS AND TABlES 

10. Make a table of (x. y) pairs and graph each 
linear function. 

a. y = -2(x - I) + 2 

b. y = -2x + 4 

11. By simplifying the left side, show that 
-2(x - I) + 2 = -2x + 4 is an identity. 

12. For each pair of functions. decide whether 
or not both members of the pai r wou ld 
have the same graph. Explain . 

a. y = 3 - 4x and y = 4x - 3 

b. y = -6 - Sx and y = Sx - 6 
c. y = :z.x2 and y = 2x(x + 2) - 4x 

d. y = 5 - x andy = -x - 5 

e. y = -x + 5 andy = 5 - x 

13. Look at your answers to problem 12. For 
each pair that would not have the same 
graph. graph both functions on the same 
axes. Find the po int where the two graphs 
intersect and label it on the graph. 

14 . ._ Which of the pairs of graphs that you 
drew in problem 13 do not have a poi nt 
of intersection? Can you explain why this 
is o? 

JS . ._ When graphing two linear functions, 
there are three possibi li ties: You may get 
the same line. two parallel lines, or two 
lines that intersect. Explain what the tables 
of (x. y) values look like in each case. 

AlWAYS, SOMETIMES, NEVER 

While an identity is true for a ll values of x. an 
equat ion may be true for only some values of 
x, or for no values of x. 

21s.A. 

6.4 S 0 L U T I 0 N S 

1. a. This is not an identity. The equa
tion simplifies to x + 5 = x + 11 . 
There is no x for which this is true. 

b. This is not an identity . The equa
tion simplifies to x + 5 = 1 Ox+ 14. 
There is only one value of x that 
satisfies this equation, x = -1. 

c. This is an identity. The equation 
simplifies to x + 5 = x + 5 which is 
true for all x. 

d. This is not an identity. The equa
tion simplifies to x + 5 = x + 7, 
which is not true for any value 
of x. 

2. X= 4 3. X= 3 

4. This is an identity. It simplifies down 
to 3x + 6 = 3x + 6, which is true for all 
values of x. 

5. X=4 6. X=O 

7. No solution. This equation simplifies 
to 0 = 8, wh ich is never true. 

8. This is an identity. The equation sim
plifies to 4x + 4 = 4x + 4, which is 
true for all values of x. 

9. This is an identity. The equation sim
plifies to 8x - 8 = 8x - 8, which is 
true for all values of x. 

10. a. x y b. X y 
-2 8 -2 8 
-1 6 -1 6 
0 4 0 4 
1 2 2 
2 0 2 0 
3 -2 3 -2 

• 6.4 
Equations and Identities 

Core Sequence: 1-36 

Suitable for Homework: I 0-23, 36 

Useful for Asses ment: 14-15,22, 29, 
35-36 

• Equation and identi ties 

• Equati ons with no solu tion 

• Solvi ng equations with the Lab Gear 

• Preview of olving equation with tables 
and graph 

• Review of the di tributive law 

• Preview of the square of a binomial 

• Preview of completing the quare 

The concept of identity was previewed in 
Chapter I, Le son 4, but this i the fir t 
formal introduction to it. Thi le son give 
students two ways of vi ualizing, wi th 
graph and wi th the Lab Gear, why some 
equation are identitie and why some have 
no solution. 

USING THE LAB GEAR 

These equations requ ire students to under
stand multiplication well enough to model 
both ide . Thi hould not be a problem at 
this point. After multiplying, the problem 
are similar to the Lab Gear problems in 
Le son 3. 

IF students want to o lve these equation 
without the Lab Gear, ugge t they com
pare their an wer with those obtai ned by 
other tudent u ing the block . (Or, they 
can take turns, with one student using the 
Lab Gear and the other one o lving the 
equati on on paper.) 



USING GRAPHS AND TABLES 

ALWAYS, SOMETIMES, NEVER 

These are very important sections. In addi 
tion to the comparison of equations and 
identities, their purpose i to help students 
start seeing how graphs can be used to 
solve equations. If they are done at home, 
make ure that at least problems 15 and 18-
21 are discussed in class the fo llowing day. 

If students simplify the expression in prob
lem I Oa, it will be obvious that the tables 
and graphs are identical. But if they don't, 
do not hint at it; let them fi nd out through 
their calculations. 

We will return to graphical solutions in 
Les on 5, and again in Chapter 10. 

t;lifW• WHICH IS GREATER? 

Thi s problem reviews the basic operations 
and how to use parentheses, as well as 
inequalities. If your students have trouble 
with it, suggest they substitute values for 
x and make tables. They can also make 
graphs of the form y = the first expres
sion, and y = the second expression and 
use those. 

REVIEW/PREVIEW MAKE A SQUARE 

Thi ection reviews the di stributi ve law. 
In addition, it i an important preview of 
the square of a binomial, to which we will 
return in Chapter 7, and of completing the 
square, which we will see in Chapter 12. 
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10. a., b. 

11. -2(x - 1) + 2 = -2x + 2 + 2 = -2x + 4 

12. a. These would not have the same 
graph because 3 - 4x ~ 4x - 3 
for all values of x, only for x = 3/4. 

6.4 

I Examples: 2x + 6 = 4 is true when x = - I, 
but not when x = 0. The equation x + 5 = x 
is never true, because a number is never 
equal to five more than itself. We say thi s 
equation has no solution. 

16. For each equation, state whether it is 
always, sometimes, or never true. If it is 
always or never true, explain how you 
know. It may help to simplify and to use 
tables, graphs, or sketches of the Lab Gear. 

a. 2x + 5 = 2x + I 

b. 3(x - 4) - 4(x - 3) = 0 

c. (x + 5)2 = r + 25 

d. 6x - (7 - x) + 8 = 7x + I 

17. Look at the equations in problem 16that 
you decided were sometimes true. For 
each one, find a value of x that makes it 
true and one that makes it fal se. Show 
your work. 

f;/itlj$1 WHICH IS GREATER? 

23. Which is greater, or does it depend on the 
value of x? Explain . 

a. -2x -2x + 7 

b. 6x-4 6x + 4 

c. -r r 
d. (-xl -r 

REVIEW / PREVIEW MAKE A SQUARE 

Make a square with these blocks, addi ng as 
many yellow blocks as you want, but nothing 
else. For each square, write an equation 
relating the side length to the area. 

24. r + I Ox + 25. 4r + 8x + 

26. 9r + 6x + 27. x2 + 2x + 

28. 4r + 12 + 
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b. They do not have the same graph 
because -6 - Bx ~ Bx - 6 for all 
values of x, only for x = 0. 

c. These would have the same graph 
since the second equation simpli
fies toy= 2x2, so that we have 
y = 2x2 for both graphs. 

d. These do not have the same 
graph because 5 - xis never 
equal to -x - 5. 

e. These have the same graph 
because -x + 5 = 5 - x for all val
ues of x. 

For each equation 18-2 1: 

State whether the equation is always, 
sometimes, or never true. Explain. 

18. 0.5x - 2 = 0.5(x - 2) 

19. 0.5x - 2 = 0.5(x - 4) 

20. 0.5x - 2 = x - 4 

21. 0.5(x - 2) = x - 4 

22. llil!lm Write a report about equations that 
are always, sometimes, or never true. Use 
one example of each type. Illustrate each 
example with a graph and a Lab Gear 
sketch. Be sure to include the definition 
of identity and full explanations. 

29 . .... Is it possible to get a different square 
by addi ng a different number of yellow 
blocks? Explain your answer. 

Make a square with these blocks, adding as 
many x-blocks as you want, but nothing else. 
For each square, write an equation relating the 
side length to the area. 

30. r + + 25 31. 4r + + 25 

32. r + + 36 33. 9r + + 1 

34. 2 + +9 

35 . .... Is it possible to get a different square 
by adding a different number of x-blocks? 
Explain your answer. 

36. f1i!,!,fi•i Describe the panem for the 
square of a binomial, in terms of the Lab 
Gear, and in terms of the algebraic 
symbols. 

Chapter 6 Making Comparisons 

13. a. 

(Solutions continued on page 519) 

- - - -



riiii§i$1@(~ 6.A Money Matters 
_WRITIN~ 

DISCOUNTS 

A discount card at a movie theater costs $10. 
With that card, it costs only $3 to attend a 
movie, instead of $5. The card is valid for 
three months. 

1. Use the same pair of axes for both of the 
graphs in this problem. Make a graph of 
the total cost (including the cost of the dis
count card if you got one) as a function of 
the number of movies you see 

a. if you have the discount card; 

b. if you do not have the discount card. 

2. What is the total cost of seeing n movies in 
three months 

a. with the discount card? 

b. without the di scount card? 

3. a. lf you saw 12 movies in three months, 
how much would you save by buying 
the discount card? 

b. lf you saw only two movies in three 
months, how much would you save by 
not buying the discount card? 

4. lliGm Write a report explaining how you 
wou ld decide whether or not to buy the 
card. Do a complete analysis of the situa
tion, using graph , tables, and equations. 
Your discussion shou ld include, but not 
be limited to, answers to the following 
questions: 

• What is the break-even point; that is, 
how many movies would you have 
to see in order to spend exactly the 
same amount with and without the 
discount card? 

6.A Money Mailers 

• How would your decision be affected if 
the cost of the discount card were raised 
to $ 12? 

• 0 How would your decision be affected 
if the cost of the discount card were 
changed to $K? 

I'AYMEN TS 

Today Lara opened a bank account and 
deposited $700. She has just started a part-time 
job and will get a paycheck of $ 130 every two 
weeks, on the I" and the I 5'h of the month . 
She plans to take $40 out of each paycheck 
for cash expenses and deposi t the re t in her 
bank account. On the I 5th of every month , 
when her car payment is due, she will write a 
check for $220. 

5. Make a table showing how much money 
Lara will have in her account on the I" 
and I 5th of every month over the next five 
month . It may help to show deposits and 
withdrawal . Look for a panem. 

6. How much money wi ll Lara have in her 
account on the I" and the 15th of the 
month 

a. eight months after receiving her first 
paycheck? 

b. n month after receiving her fi rst 
paycheck? 

7. lliGm Imagi ne that you are Lara's older 
sister or brother. Write a letter to her 
showing why she wi ll run out of money, 
and when. Give her orne sugge ti on for 
what she might do to avoid thi s. 

217 A 

ru@@~t~ 6.A 
w R 1 r 1 N i Money Matters 

Core Sequence: 1-4 

Suitable for Homework: 1-7 

Useful for Assessment: 4, 7 

What thi Assignment is About: 

• Applying linear functions, equations, 
and inequalitie 

• U ing tables and graphs 

Mathematics a a tool for deci ion
making 

The e problem are omewhat like the 
chapter introductory problem on car rental , 
bu t not as difficult. They can be so lved 
without equations, but they are written in 
uch a way that tudent are encouraged to 

write equations and use their budding 
equation- olvi ng technique . 

S ome tudents may not be able to an wer 
the part of problem 4 that ask for an 
analy i of the ca e where the discount 
card co ts K. 

6.A S 0 L U T I 0 N S 

1. 

a. With discount card 

X y 
1 13 
2 16 
3 19 
4 22 
5 25 
6 28 
7 31 
8 34 
n 10 + 3n 

b. Without discount card 
X y 
1 5 
2 10 
3 15 
4 20 
5 25 
6 30 
7 
8 

35 
40 

n 5n 

2. a. 3n + 10 
b. 5n 

3. a. 5(12) - [3(12) + 10] = $14 saved 
b. 16 - 10 = $6 saved 

4. Reports should include: The break
even point of 5 movies for $25.00; if 
the discount card's cost were raised 
to $12, the new break-even point 
would be 6 movies for $30; if the cost 
of the discount card were raised to 
$K, the new break-even point would 
be 0.5K movies for $2.5K. 

(Solutions continued on page 521) 

- . -
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T 6.5 
Graphical Solutions 

Core Sequence: 1-17,2 1-3 1 

Suitable for Homework: 10-34 

Useful fo r Assessment: 12 

What this Lesson is About: 

• Graphical solution of equations and 
inequal ities 

• Preview of so lving quadratics 

• Review of equation- olving methods 

• Review of substitution 

• Review of divi ion by a monomial 

Thi le on take the "table" method, 
introduced earlier in the chapter, a step fur
ther. Emphasis is on olving linear equa
tion , but since the method i completely 
general, a few simple quadratic are 
included. The harde t part of thi method 
for ntdents is to real ize that they are solv
ing for x, even though the graph hows 
both x and y. 

A GRAPHICAL ANALYSIS 

FINDING SOLUTIONS 

1f students have trouble using graphs to 
analyze the inequali tie and equations, or 
can u e them but do not fully under tand 
thi technique, they hould use tables of 
value . For example, fo r problems 1-7, a 
large table for each fun ction can be gener
ated by the cia and di played on the 
chalkboard or overhead projector. Such a 
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1. No solution needed. 

2. Answers wi ll vary. Sample: (5, 4) , 
(6, 5) , (7, 6) , any (x, x - 1) for x > 4 

3. (4, 3) 

4. a. When x = 100, y = x - 1 is above. 
b. 0.25(1 00) + 2 = 27 
c. 100 - 1 = 99 

5. a. When x = -100, y = 0.25x+ 2 is 
above. 

b. 0.25(-100) + 2 = -23 
c. -100 - 1= -101 

6. a. y= x - 1 is above Y = 0.25x+ 2 
for all values of x greater than 4. 

b. y= x - 1 is below y = 0.25x+ 2 
for all values of x less than 4. 

7. a. x=4 
b. For all x-values less than 4 
c. For all x-values greater than 4 

LESSON 

~--G·r-ap·h-ic•a•I•S•o•lu.ti•o-ns ........ ._ .. 

iiJ!ilijiiMM · · · · · · · · .. · · · · · ..... : 

?..r.a.p.~ i-~?. .. ~.~ ~~-~- '.a..t?..r ..... 
(optio nal) 

?. r.a.p~p~p~r . IB 
A GRAPHICAL ANA LYSIS 

1. On the same axes, graph y = x - I and 
y = 0.25x + 2. 

Your graph should look like the one below. 
The Lhree points that are marked and labeled 
with their coordi nates are all on the pan of the 
graph of y = x - I that is below the graph of 
y = 0.25x + 2. 

y 10 

- 10 

2. Find the coordinates of Lhree points on the 
pan of the line y = x - I that is above the 
graph of y = 0.25x + 2. 

3. Find the coordinates of the point where the 
two lines cross. 

.A, 218 

8. Answers will vary. 
a. Samples: X= 0, X= 1, X= 1.5 

(any x > -1) 
b. Samples: x = -2, x = -3, x = -4 

(any x < -1) 

9. a. x > -1 
b. X< -1 

4. If X= 100, 
a. which graph is above, y = x - I or 

y = 0.25x + 2? 

b. what is the value of 0.25x + 2? 
c. what is the value of x - I? 

5. If X= - 100, 
a. which graph is above, y = x - I or 

y = 0.25x + 2? 
b. what is the value of 0.25x + 2? 

c. what is the value of x - I? 

6. Describe all the values of x for which the 
graph of y = x - I 

a. is above the graph of y = 0.25x + 2. 

b. is below the graph of y = 0.25x + 2. 

7. Describe all the values of x that satisfy 
each equation or inequality. 

a. 0.25x + 2 = x - I 
b. 0.25x + 2 > x - I 
c. 0.25x + 2 < x - I 

FINDING SOLUTIONS 

8. Using trial and error, fi nd three values of x 
that satisfy each inequality. 

a. 2x < 3x + I 
b. 2x > 3x + I 

It is often easy to fi nd a few values of x that 
satisfy an inequality. It is harder to find all the 
values, that is, to solve the inequality. You 
have solved equations and inequalities using 
trial and error, the cover-up method, tables, 
and the Lab Gear. Another method is to 
use graphs. 

10. a. 

x-unit = 3 
y-unit = 4 

Clupter 6 Malring Comparisons 
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9. Graph y = 2x and y = 3x + I on the same 
pair of axes. Use the graphs to solve the 
two inequalities in problem 8. Remember 
that even though the graph shows values 
of both x and y, the original inequalities 
involved only the variable x. Your answers 
should involve only x. 

10. Graph each pair of functions on graph 
paper. Use a separate grid for each pair. 
a. y = 2x - 10 and y = 5x- I 
b. y = 2x + 10 andy= 5x- 2 
c. y = 2x - 10 andy = 5x- 2 
d. y = x'- and y = 4x - 4 

11. Use your graphs from problem 10 to 
find the values of x that make these 
equations true. 
a. 2x- 10 = 5x- I 
b. 2x + 10 = 5x - 2 
c. 2x- 10 = 5x - 2 
d. x'- = 4x - 4 

12.fll!,!,fl,j Write a paragraph explaining 
how you can use graphs to help solve 
equations and inequalities. Illustrate by 

i;liilji- SUBSTITUTION 

For each problem, write a simple expression 
that shows the relationship between tl. and 0. 
(Hint: If you cannot find the relationship by 
using algebra, make a table of values of tl. and 
0 that make the expressions true, and find a 
pattern in the table.) Show your work. 

6.5 GraphU:al Solutions 

6.5 

showing how you would use your method 
to solve these equations and inequalities . 
a. -2x + I > 3x- 4 

b. 2x- I > -3x + 4 
c. 3x + 4 = -2x- 6 
d. x'- =X+ 2 

MORE EQUA liONS AND INEQUALITIES 

Use the techniques you have learned to solve 
these equations and inequalities. You can use 
trial and error, the cover-up method, tables, 
graphs, or the Lab Gear. Show your work. 

13. 6x + I !£ -3x + 7 

14. 2x + 32 = 6x + 28 

15. 4(x + 5) = 4x + 20 

16. -3 + m < -m - 3 

17. Sx: 3 - 6 = I 

18. x'- = 6 - X 

19. X~ I = I 

x+ 5 
20. - 2- + X = 19 

21.,., - 0 =,., 
22. 0+ 2 = 0+ ti+t!. 

23.0+ti+ti+ 0 = 0 

24. 0-t!.+O-t!.=O 

25.,., +,., = 0 + 0 

26. 0+ti+ti+0=4 

2t9A 

reference could make the graphs much ea -
ier to interpret. 

S ome computer oftware and graph ing 
calcul ators make it easy to generate table 
of va lues. This fea ture hould be u ed. 

MORE EQUATIONS AND INEQUALITIES 

This ection provides an opportunity for 
review and practice of all equation-solving 
methods. For most classes, it is probably 
not a good idea to assign the whole ection 
for homework, ince tudent who have 
trouble with symbol manipulation will 
probably till not feel confident with 
equati on-solvi ng methods. One approach 
is to ass ign these for group work. You 
can move around the room, ob ervi ng the 
methods u ed by the different group . 
Then you can choose some problem for 
di cu sion , having tudent present di ffer
ent approache so that the cia s can com
pare method . Student often enjoy arguing 
about which method is "best" for a particu
lar prob lem. 

f;liil41• SUBSTITUTION 

These problem resemble the ones in 
Chapter l , Le on 4. However, by now 
students hould be more ophi ticated , and 
should be able to u e algebraic shortcut to 
analyze the relati onship between the two 
variable . If not, ub ti tution i still a valid 
approach. 

6.5 S 0 L U T I 0 N S 

b. 

x-unit = 5 
y-unit = 5 

c. 

x-unit = 4 
y-unit = 4 

(-2.66, -15.33) 

d. 

x-unit = 1 
y-unit = 1 

11. a. x= -3 
b. X=4 
c. Answers will vary because of diffi

culty of reading the graph. Exact 
answer is x = -8/3 

d. X=2 
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REVIEW/PREVIEW DIVISIO N AND TH E 

DISTRIBUTI VE LAW 

This serves to review the division of a 
polynomial by a monomial , with a di ffer
ent format. At the same time, it helps 
preview L esson 9. 

••Ufi•1fi;J• WEIGHTED AVERAGES 

M ore on grading. See Grading Policies, 
after L e son 3. To be continued after 
L es on I 2, with Can Tara Make a B? 

6.5 

REVIEW/ PREVIEW DIVISION AND THE 

DISTRIBUTIVE LA W 

To di vide a polynomial by a monomial, you 
can use the mult iplication table format. For 
example, here is the setup to di vide lOr - 5x 
by 5. 

s l.___l_ox' __ .J..._ __ -s_x_--' 

Ask yourself: What times 5 = 10:1 ? and what 
times 5 = -5x ? Write the answers across the 
top of the table: 2; - x. 

Divide. 

27. lOx'- Sx 
X 

28. lOx'- Sx 
Sx 

If the denominator does not divide every term 
of the numerator, you will still have fractions 
in the answer. For example: 

Divide. 

29. IO.r'- Sx 
10 

31. lOx'- Sx 
3 

.A no 

lOx'- Sx = 5x 2 _ ~ 
2 2 

30. lOx'- Sx 
x' 

41JLfi•lp#jJi WEIGHTED A VERACES 

Mr. Cody counts the quiz average (Q) in his 
class three times as much as the test average 
(T). That is, he uses the form ula: 

3Q + T 
-4-

(This is called a weighted average, because he 
weights the quizzes three ti mes as much.) 

Mr. Fletcher counts the test average twice as 
much as the quiz average. He uses the formu la: 

Q + 2T 
-3-

0 li ver 's grades: 
Quizzes: 75 80 85 95 70 
Tests: 95 I 00 80 

Connie's gr ades: 
Qui zzes: 95 98 94 88 90 
Tests: 80 80 95 

32. Which teacher wou ld Oliver prefer to 
have? 

33. Which teacher would Connie prefer to 
have? 

34. Oliver and Connie are both in Mr. Dodge's 
class. He gives students an A who have an 
average of 90 or better. If possible, how 
how Mr. Dodge can weight the tests and 
qu izzes so that 

a. Oliver has an A average; 

b. Connie has an A average; 

c. both Connie and Oliver have an A 
average . 

Chapter 6 Makiug Comparisous 

6.5 S 0 L U T I 0 N S 
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12. a. x < 1 
C. X= -2 

13. X :S 2/3 

b. x > 1 
d. x = -1 and x = 2 

14. X = 1 

15. True for all values of x 

16. m < 0 

17. X= 5 18. X = 2 

19. No solution . For the fraction to equal 
1, the numerator must equal the 
denominator. 

20. X= 11 

21 . !'J. can equal any number. 0 equals 
zero. 

22. !'J. = 1. 0 can equal any number. 

23. !'J. = (-1/2)0 or 0 = -21l 

24. 0 = 21l or ll = (1 /2)0 

25. ll = 0 

26. 0 = 2 - !'J. or !'J. = 2 - 0 

27.1 0x - 5 28. 2x - 1 

29. x2 - x/2 30. 10 - 5/x 

31. (10x 2)/3 - (5x)/3 

32. For Oliver, Q = 81 and 
T = 91 .67 = 92 

30+ T = 3(81) + 92 = 335 = 83.75 = 84 
4 4 4 

34. a. For Oliver to get an A, the tests 
wou ld need to be counted more 
heavily. One way is to find n such 

that 81 + n (92) ;::: 90. 
n + 1 

b. For Connie to get an A, the 
quizzes would need to be counted 
more heavily. One possibil ity is to 

find n such that n <93l + 88 ;::: 90. 
n + 1 

0+2T = 81 + 2 (92) = 81 + 184 =265 = 88.33 = 88 c. By trial and error find nand m 
such that n (93l + m (85) ;::: 90 and 

3 3 3 3 

Oliver would prefer Mr. Fletcher. 

33. For Connie, Q = 93 and T = 85 
30+ T = 3(93) + 85 = 91 

4 4 

0+ 2T = 93 + 2 (85) = 87 67 = 88 
3 3 . 

Connie would prefer Mr. Cody. 

n+m 

n (81 ) + m (92) ;::: 90. 
n + m 

This is impossible, since for Oliver 
to get an A, m must be greater 
than n, but the reverse must be 
true for Connie to get an A. 

-



L EssoN Solving Techniques: 

.IIII!A'd•d,it.io•nlllll!!!an1d~Su~b~t1ra1c1t~io1n~~""'-"-
liliik\jj!MI .............. · · · · · ·: 

the Lab Gear 

One key to solving linear equations is a tech
nique based on thi s fact: If two quantities are 
equal, and you add or subtract the same 
quantity from both, you end up with equal 
quantities. This provides you with a method 
for simplifying equations. 

USING THE LAB GEAR 

2. Remove three x-blocks from each side. 
Add 5 to each side and simplify. Finall y. 
form rectangles on both sides, setting them 
up to show a common side. 

3. Write the solution to the equation. Explain . 

For each fi gure in problems 4-7, wri te the 
equation, then solve for x. Use the method 
shown in problem 2. 

6.6 Solving Techniques: Addition and Subtraction 

4. 

~0 

6. 

221 .A 

T 6.6 Solving Techniques: 
Addition and Subtraction 

Core Sequence: 1-21 

Suitable for Homework: 14-33 

seful for Assessment : 20-21 

What this Lesson is About : 

• Add ing and ubtracting the ame 
amount to both sides of an equation 

• An application of linear funct ions and 
equati ons 

• Mathematics a a tool for decision
making 

• Preview of more difficu lt trinomial 
factori ng 

In this lesson we tart to di cu algebraic 
equation-solving technique expl ici tly. 
However, do not teach the "divi ion
mul tiplication" technique at this point. If 
necessary, you can hint at it, u ing the 
blocks, or better, ask students who know 
thi s technique to share what they know. 
However, there is no need to do thi yet, as 
a full di scussion wi ll happen in Les on 8. 

USING THE LAB GEAR 

M oni tor the students' work, bei ng alert to 
any techniques or shortcuts they may have 
di covered. Challenge them to explain and 
defend the mo t interesting technique , by 
presenting them to the cia s on the over
head projector. 

6 .6 S 0 L U T I 0 N S 

1 . 3x + 13 = 6x - 5 

2. 18 3x 

3. X= 6 

4. 5x - 5 - (4x - 8) = 0 
5x - 5 + 5 - ( 4x - 8 + 8) = 5 - 8 
5x - 4x = -3 
X= - 3 

5. X - X+ 5 - 1 - X - (5X+ 9 - 1) = 
12 - 2x - (8x+ 4) 
X= 3 

6. 2X + X - X+ 5X - X+ 5 - X+ 5 -
x + 3 - (2x - x2 - x + 1) = 5 + x2 -

1 - (2x + 6 - x - 4) 
X= -5/2 

7. 3(x + 2) - [2(2x + 1) + 5) = 2(x+ 6) 
- [3(x+ 1) + 2x+ 1) 
X= 9/2 

8. a. 

b. Answers will vary. 
C. X=2 

9. a. 

b. Answers will vary. 
C. X= 17 

10. a. 

DO 
~ 

-
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At the end , you may discuss how some of 
the e problems could be olved without the 
blocks, using the technique of addi ng and 
subtracting the arne amount from both 
side . 

SAVINGS PlANS 

Students once again use tables to solve a 
rea l-life problem. The di fference is that 
writing and olving equations is empha
sized and perh aps being een as a shortcut. 

6.6 

7. 

For each problem, 8- 11 , 

a. Model the equation with the Lab Gear. 

b. Solve it using the techniques you have 
learned wi th the blocks. Record alge
braicall y at least two of the intermedi 
ate steps. 

c. Write the final answer. 

8. 5x + 3(x + 3) = 25 

9. 5x = 25 + 3(x + 3) 

10. 0 = 3(6 - x) + 6x 

11. 15 - 4(x - 2) + 2x = 3 

12. Start with the equati on x = 3. 

a. Add and/or subtract the same amount 
from both sides repeatedly, getting the 
equation to be more and more compli
cated. (The quant ities you add and sub
tract may include x. You may use the 
Lab Gear. If you do, record some of 
the steps.) Write the final equation on 
paper and give it to a classmate. 

b. Solve a classmate 's equati on. If you 
both do your work correctly, the so lu
ti on should be x = 3. (Again , you may 
use the Lab Gear.) 

SAVINGS PLANS 

In this section, you can apply equation solving 
to rea l-life problems . 

.A n2 

13.00ff!t1M Tania Rhine had $ 123 . For 
her birthday, she received $ 175 from her 
grandparents, and her allowance was 
raised to $ 11 a week. What is the largest 
amount she can spend every week, if 

a. she wants to have a total of $600 by 
her nex t birthday? 

b. she wants to have $ 100 left by her 
nex t birthday? 

Beatrice had $321 in her savings account on 
September I . She planned to save $ 14 a week. 

14. Make a table or graph showing how her 
total savings change as a function of the 
number of weeks that have passed. 

15. Look for a pattern in your table or graph. 
How much would Bea have at the end of: 

a. 4 weeks? b. 52 weeks? 

c. 11 weeks? 

e. 11 years? 

d. 2 years? 

16. Beatrice is considering another possible 
savings plan. She wants to go to a movie 
every week, which means she would spend 
$5 out of the $ 14. She would depo it the 
rest in her savings account. Make a table 
or graph of this sav ings plan to compare 
with your first one. 

17. Wi th the second savings plan, how much 
would Beatrice have at the end of: 

a. 4 weeks? 

b. 11 weeks? 

18. Beatri ce is sav ing for a stereo that costs 
$549. How long will it take to reach her 
goa l under each savings plan? Try to 
an wer this question without extending 
your tables or graphs. Instead, try to write 
and solve equati ons. 

Chapter 6 Making Comparisons 

6.6 S 0 L U T I 0 N S 
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b. Answers will vary. 
C. X = -6 

11 . a. 

b. Answers will vary. 
C. X= 10 

12. Equations will vary. 

13. a. 123 + 175 + 11 (52) - 52x = 600 
xis approximately $5.19 

b. 870 - 52x= 100 
xis approximately $14.80 

14. No. of Weeks 
1 
2 
3 
4 
5 
n 

15. a. $377 
b. $1049 
c. 14n + 321 dollars 
d. $1777 

Savings 
335 
349 
363 
377 
391 

14n + 321 

e. 14(52)n + 321 = 728n + 321 
dollars 

16. No. of Weeks 
1 
2 
3 
4 
5 
n 

Savings 
330 
339 
348 
357 
366 

9n + 321 

17. a. $357 
b. 9n + 321 dollars 

18. First Savings Plan: 14n + 321 = 549 
n = 16.3. Beatrice would have 
enough money for her stereo after 
saving for 17 weeks when she will 
have saved $559.00. 
Second savings plan: 9n + 321 = 549 
n = 25.3. Beatrice would have 
enough money for her stereo after 
saving for 26 weeks, when she will 
have saved $555. 

19. 21n +235 

20. 21 n + 235 = 549. n = 14.95. Abra
ham will have enough money for the 
stereo after saving for 15 weeks 
when he will have saved $550. 
a. Abraham will have $550 in 15 

weeks. Because Beatrice's first 

-



19. Abraham is also saving fo r the stereo. 
He has 235 in hi s savings account on 
October I and depo its $2 1 per week. 
Write an ex pression that gives the amount 
of money that Abraham has after n week . 

20 . .,_ Use tables, graphs, or equati ons to 
answer the e questions. Show your work. 
Who will have enough to buy the stereo 
first , Abraham or Beatrice, 

a. if Beatrice has been fo llowing her 
fi rst plan? 

b. if Beatrice has been fo llowing her 
second plan? 

21. .,_ On January 15, Bea and Abe see an 
adverti sement about the stereo. For two 
weeks, it will be on ale for $499. Wi ll 
either one of them have enough money to 
buy the stereo then? Do you th ink one of 

frJ4@firii HARDER FACTORING 

Factor these tri nomials by maki ng a rectangle 
with the Lab Gear and writ ing a multiplication 
equation relati ng length, width. and area. 

28. ~ + X)' + X + y 

29. 3~ + 5x + 2 

6.6 Solving Techniques: Adtlition and Subtraction 

6.6 

them wi ll already have bought the stereo? 
Will your answer depend on what sav ings 
plan Bea was fo llowing? Ex plain , showing 
all your work. 

MORE EQUA liON SOLVING 

Use any of the methods you have learned to 
olve these equations. Show your work. 

22. 3x + 3 - 5x + 6 = 9x - 3x + 23 

23. 5x - 6 = 13x - 5 - 9x 

24. I Ox + 23 = 6x + 27 

25. 2 - 3x + 5 = 7x - 4 - 8x 

26. 4x + 5 = 4x + 7 

27. 3x + 4x = 8 + 7x - 8 

30. 6~ + 7x + 2 

31. 6~+ 19x+ 10 

32. 3.~ + 16x + 5 

33. 4~ + 20x + 25 

221 .A. 

MORE EQUATION SOLVING 

M ore practice. You may ave the e 
problems for later review. If they are 
being done in cla , allow the use of the 
Lab Gear. 

••Ufi,)i#;Jw HARDER FACTORING 

The section is opti onal becau e it is not 
important for tudents to learn to factor 
trinomial where the leading coefficient i 
not 1. However, ince it i relati vely ea y 
with the help of the Lab Gear, you may 
a ign this section and di cus the pattern 
that emerge. 

6.6 S 0 L U T I 0 N S 

plan will accumulate $559 in 17 
weeks and she started saving 4 
weeks before Abraham, she will 
have the money to buy the stereo 
first. 

b. Abraham will have the money first. 
In 19 weeks Beatrice's second 
plan accumulates only $492.00. 

21 . Using a calendar, one finds that 
there are 19 savings weeks from 
Sept. 1 to Jan. 15, and 15 savings 
weeks from Oct. 1 to Jan. 15. 
Abe: 21 (15) + 235 = $550 
Bea (1) : 14(19) + 321 = $587 
Bea (2) : 9(19) + 321 = $492 
Abe started saving on Oct. 1 and 
could not afford the stereo until Jan. 
15 except for the sale price. On Jan. 
15 Abe and Bea (1) will be able to 
buy the stereo on sale. If Bea follows 
savings plan (2) , she will be able to 

buy the stereo one week after the 
sale starts. 

22. X = -1.75 

23. X = 1 

24. X = 1 

25. X= 5.5 

26. No solution 

27. True for all values of x. 

28. (X+ 1}(X+ y) = x2 + XY+ X+ y 

29. (3x+ 2)(x+ 1) = 3x2 + 5x + 2 

30. (3x+ 2)(2x+ 1) = 6x2 + 7x+ 2 

31 . (3x + 2)(2x + 5) = 6x2 + 19x + 1 0 

32. (3X+ 1}(X+ 5) = 3x 2 + 16X+ 5 

33. (2x + 5)(2x + 5) = 4x2 + 20x + 25 



T 6.7 How Much More Than? 
How Many Times as Much? 

Core Sequence: l-21 

Suitable for Homework: 1-22, 
but see below 

Useful fo r As es ment: 5-7, 19-2 1 

What this Lesson is About: 

• Two way of comparing quanti tie 

• Visualizing quantitati ve informati on 

• Proportional thinking 

At most a ll of thi le son could be as igned 
for homework. The sections that in volve 
the Lab Gear could reall y be done with
out it, by using the Lab Gear as a mental 
model , and sketching if neces ary. How
ever almo t every part of the le on could 
provide a great pringboard for etas di -
cussion, and you may want to do much of 
it in cia , or at lea t make ure to allot suf
fic ient time fo r an extended di cuss ion of 
the homework. 

T hi le on focuse on the di fference 
between comparing by di vi ion and com
paring by ubtraction. There are two things 
going on here. 

• One is, in a ubtl e way, the link between 
Lesson 6 and 8 on equation-solving 
techniques. While both of those involve 
operati ons, thi le on highlights the di f
ference between them. 

lESSON 

• 
How Much More Than? 
How Many Times as Much? 

IJ.!ii\ji!MI .................... : 

graph paper .... D 
the Lab Gear . . .................................. 

COMPARING AGES 

On Mark 's 12'h birthday. he said to his li tt le 
brother Gordon, "You 'd better do what I say. 
Now I'm twice as old as you are." 

The six-year-old math whiz wasn·t scared. 
"That's nothing." he laughed. "A few years 
ago. you were four times as old as I was . And 
not long after I wa born, you were thirty
seven times as old as I was." 

1. How old were the two brothers when 

a. Mark was four times as old as Gordon? 

b. Mark was 37 times as old? 

2. a. A Mark and Gordon get older, doe the 
difference between their ages increase. 
decrease, or stay the same? Explain. 

b. Does the ratio of their ages increase, 
decrease, or stay the same? Explain. 

3. Mark was born in 1980. On the same axes, 
make two graphs, one showing Mark's age 
as a function of time and the other show
ing Gordon's age as a function of time. 
Label the x-axis years after 19 0 and the 
y-axis age. Compare the two graphs. 

4. a. Make a graph howing the difference 
between the two boy ' ages as a function 
of time. Label the x-axis years after 1980 
and the y-ax is difference in ages. Describe 
your graph. 

b. Make a graph showing the ratio of 
Mark's age to Gordon's age as a fu nc
tion of time. Label the x-axis years 
after 1980 and they-axis ratio of ages. 
Describe your graph. 

c. Compare the two graphs . 

5 . ... 

a. Why do we usua lly compare people 's 
ages using differences in tead of ratios? 

b. What do you think is the malle t po si
ble value for this ratio of Mark 's age to 
Gordon 's age? Explain. 

6. Beau and Bea said, "The ratio of our ages 
will always be the same!" How could thi 
be? Discuss. 

7. ._ On Mark 's 12'h birthday, his mother 
was three times as old as Mark. Was she 
ever twice as old? Was she ever four time 
a old? Explain . 

COMPARING NUMBERS 

When comparing the size of two positive num
bers, for example 5 and 15, you can ask two 
different questions. 

• 15 is how m11ch more than 5? 

• 15 is how many times as IIIIIch as 5? 

The question How much more than ... ? is 
answered using ubtraction , a shown in this 
figure. Since 15 - 5 = 10, you can say that 
15 is 10 more than 5, (or 10 is the difference 
of 15 and 5). 

A 224 Chapter 6 Nlakiug Comparisous 
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1. a. Mark was 8 and Gordon was 2. 
b. Mark was 74 months old and 

Gordon was 2 months old. 

2. a. The difference between their ages 
is always 6 years. 

b. The ratio of their age changes. 

Mark's Age Gordon's Age Ratio of 
in Years in Years Mark's to 

Gordon's Age 
12 6 2 
11 5 2.2 
10 4 2.5 
9 3 3 
8 2 4 
7 1 7 

6.167 0.167 37 
The ratio decreases as the boys 
grow older. 

3. Age 

Years after 1980 

a. Difference in ages 

(6, 6) 

Years after 1980 

The graph is a line at a 45-degree 
angle with the x-axis until it 
reaches {6, 6). It is then a horizon
tal line, 6 units above the x-axis. 



The question How many times as IIIllCh ... ? is 
answered using di vision, as shown with the 
Lab Gear. Since 15/5 = 3, 15 is 3 times as 
much as 5, (or 3 is the ratio of 15 and 5). 

Answer both questions about these pairs of 
numbers in problems 8- 13. Show how you got 
your answers. In some cases, you may want to 
use the Lab Gear. 

a. The first number is how much more 
than the second? 

b. The first number is how many times as 
much as the second? 

8. 35 and 5 

10. 9 and 8 
I 

12. 16 and 4 

9. IO and 10 

II. 16 and 4 

13. 4 and 16 

C"OMPI\RIN(, 1\LCEHRI\K EXPRESSIONS 

Sometimes you need to compare quantities 
given by formulas that involve variables. The 
same methods can be used as when comparing 
numbers. 

To find out how much more 5x is than x, sub
tract 5x - x , as shown. 

6. 7 How Much More Than ? How Many Times as Much? 

6.7 

To fi nd out how many times as much 5x is than 
x, di vide as shown. 

For each pair of expressions in problems 14- 18: 

a. The fi rs t ex press ion is how much more 
than the second? 

b. The first express ion is how many times 
as mllch as the second? 

14. 5x and x 

16. lOx and 5x 

18. 2x + 2y and x + y 

15. lOx and 5 

17. 8xyand 2r 

1\PPLICI\ l iONS 

19 . ._ The Statue of Liberty, which guards 
the entrance to New York harbor, was 
given 10 the United States by the people 
of France in honor of the centennial of 
American independence. The statue mea
sures Ill feet I inch, from her heel to the 
top of her head. She was designed by 
Frederic Auguste Banholdi. Suppose 
Mr. Bartholdi had used as a model fo r the 
statue a woman who was 5 feet I inch tall. 

a. How much taller is the sta tue than the 
model? 

b. How many times as tall is the statue? 

c. Which of these two numbers woul d 
have been useful to Mr. Bartholdi when 
designi ng the statue? Explai n. 

22s .A 

More important, thi le on continue 
the work in proportional reasoning, with 
the immediate goa l of malGng it ea ier 
for tudent to dea l wi th equation 
involving rational expressions. 

COMPARING AGES 

This section is an introducti on to the key 
idea of the lesson, the compari son between 
difference and ratio. 

A ge problem are not rea ll y "real-world 
applications" since the onl y contex t in 
which they are ever ex plored is chool 
mathematics (plus, occasionall y, 
recreational mathematic ). 

S tudents would probably enjoy gue ing 
your age. Let them gue onl y at the ratio 
between your age and the mo t common 
age among the tudents. Then te ll them if 
their gue es are high or low. Tell them 
they will have onl y three guesses, and mu 
plan their strategies carefull y. 

You can find some age riddles at the end of 
Lesson 8. 

COMPARING NUMBERS 

Di cuss these pr blem and perhap up
plement them with examples orall y. 
Students will have no trouble finding the 
answers once they realize that all they have 
to do is di vide the fir t number by the ec
ond, but it worth dwelling on theca e 
where the an wer i I, le than I, or frac
ti onal for the ratio , and 0 or negati ve fo r 
the differences. 

6. 7 S 0 L U T I 0 N S 

4. b. Ratio of ages 

···· ·· 
Years after 1980 

The graph is a curve that decends 
quickly at first and then more and 
more gradual ly as x increases. 
There are no points for values of 
x less than 6. 

c. The first graph is a line and the 
second is a curve. The first has 
y-values for all x-values greater 

than or equal to zero, and the sec
ond has y-values for x-values 
greater than 6. The first has a con
stant y-value for x-values greater 
than or equal to 6, the second has 
different y-values for each x-value 
greater than 6. 

5. a. We usually compare people's 
ages using differences instead of 
ratios because the difference 
remains constant whereas the 
ratio changes over time. Using the 
difference one can tell if two peo
ple are or are not about the same 
age. Using ratios one cannot tell if 
two peoples' ages are close or 
not. If the ratio is three, the two 
people could be 2 yrs and 6 yrs 
old or 30 yrs and 90 yrs old . 

b. The smallest possible ratio of 
Mark's age to Gordon's age is 
slightly more than one. When 
Mark is 90, the ratio is 
90/84 = 1.07. 

6. If Beau and Bea are the same age 
the ratio of their ages will always 
be 1. 

7. Mark's mother will be twice as old as 
Mark on his 241h birthday when she 
will be 48. She was 4 times as old 
when Mark was 8 and she was 32. 

8. a. 35 is 30 more than 5. 
b. 35 is 7 times as much as 5. 

9. a. 10 is 0 more than 10. 
b. 10 is 1 time as much as 10. 

10. a. 9 is 1 more than 8. 
b. 9 is 9/8 times as much as 8. 



COMPARING ALGEBRAIC EXPRESSIONS 

This is a straightforward generalization of 
the prev ious section. 

APPLICATIONS 

These would work well a group exer
ci ses, fo llowed by whole-cia di cu ion. 

••Ufi•1f#;J• TOURNAMENTS 

Thi i another application of triangular 
number . 

6.7 

20 . ._ If Reg takes the bus to work, it takes 
him about an hour and 15 minutes. If he 
dri ves, it takes him about 45 minutes. 

a. How much longer does it take on 
the bus? 

b. How many times as long does it take? 

c. Which number would be more impor
tant to Reg in deciding which method 
of transportation to u e? Why? 

21. ._ The A.R . Bagel Company charged 30 
cents for a bagel in 1973 and 60 cents in 

fJJ4fit)f#;Ji TOURNAMEN TS 

22. Twelve teams are play ing in a tournament. 

a. Each team must be scheduled to play 
three games with each other team. 
How many game must be cheduled? 
(Hint: Start by thinking of a smaller 
tournament.) 

.A 226 

1983. During the same period of time, the 
hourly wage of a bagel deliverer increased 
from $2.50 per hour to $5.00 per hour. The 
company pres ident said , "We try to pay 
our employees the highest po sible wages 
and charge our customers the lowest possi
ble prices . ln a period of hi gh inflation, 
our prices have risen only 30 cents in ten 
years. Yet, during the same time, we dou
bled hourly wages." How might the presi
dent of the Bagel Workers' Union describe 
thi s si tuation? Discuss. 

b. The teams play "be t out of three" 
games. ln other word , the third game 
of the three may not get played. What 
is the smal lest number of games that 
might be played? 

Chapter 6 A1aking Comparisons 

6 . 7 S 0 L U T I 0 N S 

11 . a. 16 is 12 more than 4. 
b. 16 is 4 times as much as 4. 

12. a. 16 is 15.75 more than 1/4. 
b. 16 is 64 times as much as 1/4. 

13. a. 4 is -12 more than 16. 
b. 4 is 1/4 times as much as 16. 

14. a. 5x is 4x more than x. 
b. 5x is 5 times as much as x. 

15. a. 1 Ox is 1 Ox - 5 more than 5. 
b. 1 Ox is 2x times as much as 5. 

16. a. 1 Ox is 5x more than 5x. 
b. 1 Ox is 2 times as much as 5x. 

17. a. 8xy is 8xy - 2x more than 2x. 
b. 8xyis 4ytimes as much as 2x. 

18. a. 2x + 2y is x + y more than x + y. 
b. 2x + 2y is 2 times as much as 

X+ Y, 

19. a. The statue is 106ft. taller than the 
model. 

b. The statue is 21 .85 times as tall 
as the model. 

c. By knowing that the whole statue 
is 21 .85 times as tall as the model, 
Mr. Bartholdi would also know 
how many times longer were parts 
of the body such as the arms, 
legs, or face . 

20. a. The bus takes 30 minutes longer 
than the car. 

b. The bus takes 5/3 times as much 
time as the car. 

c. The difference would be more 
important, because he could use it 
to figure out what time to leave for 
work. 

21 . The president of the Bagel Workers' 
Union would point out that the price 
of the bagel went up twice the 
amount, like the wages in the 1 0-
year period. The president of the 
A.R. Bagel Company is being decep
tive when he uses the difference in 
the prices of the bagels, when he 
should be using a ratio as he did 
when he compared the wage 
increase. 

22. a. 198 games 
b. 132 games 



lESSON 

• 
Solving Techniques: 
Multiplication and Division 

ii.llll.iii!MM'''''''''''''''''''': 
the Lab Gear 

graph paper .... lm 
Another key to so lving equations is the fact 
that you can multiply or divide both sides by 
the same number (as long as it 's not zero). 

For example, if 3x = 15, then divide both sides 
by 3, and you find that x = 5. 

Of course, some di visions cannot be shown 
easily with the blocks. If you end up with 
4y = 7, then dividing both sides by 4 will 
reveal that y = 7/4. This is impossible to show 
with the Lab Gear. 

USING THE lAB GEAR 

Write and solve these equations. 

1. 

6.8 Solving Techniques: Multiplication and Division 

2. 

3. 

~ 
4. 

~ 
~ 

~ 
~~ ~ 

ffiffi 
~ 

~ 
~ 
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T 6.8 Solving Techniques: 
Multiplication and Division 

Core Sequence: 1-27 

Suitable fo r Homework: 15-31, 33 

Useful for Assessment: 13 

What this Lesson is About: 

• Multiplying and dividing by the same 
amount on both sides of an equation 

• Solving for one variable in terms of 
another 

• Equivalent equations in two variables 

• Equations with whole number solutions 

By thi s time, through using the Lab Gear, 
many students will probably have come up 
with the strategy of dividing or multiplying 
both sides by the same number. We state it 
for the first time here. In addition , the idea 
is applied in two situations: solving for y 
in terms of x, and recognizing equivalent 
equations. 

6.8 S 0 L U T I 0 N S 

1. 4x - 3 - (6x + 5) = 3x + 3 + 5 -
X - (8X+ 8) 
X=2 

2. 4(x+ 1) - 2(2x+ 5) = 5x - 10 -
(5x - 5 + 3x + 6) 
X= -5/3 

3. 5(x + 2) - (3(x + 3) + x) = x + 9 -
(31 + 4x - 2x) 
X= -23/2 

4. 6x - 16 - (3x - 5) = 2x - 5 -
(4x - 3) 
X= 9/5 



USING THE LAB GEAR 

USING RECIPROCALS 

There is no one way that is best for solv
ing linear equations. It i perfectl y legiti 
mate for students to have differences of 
opinion. Of course, getting the right 
solution is the goal. 

Using Reciprocals does not explicitly 
mention the strategy of multiplying by the 
reciprocal of the coeffi cient of x or the 
number outside the parentheses, but the 
title provides a rather obvious hint. 
Observe how students approach these 
problems, then di scuss the summary. 

If you prefer the method of "clearing frac
tions first," you may introduce it in the 
context of that discussion. 

SOLVING FOR y 

EQUIVALENT EQUATIONS 

This material previews work in Chapter 
10, where we will work on simultaneous 
equations. 

228 

5. X = 27 9. X = 19/2 

6. X = 495 10. X = -9/4 

7. X = 44/7 11 . x = 7 

8. X= -2 12. x = -27/20 

13. a. When distributing results in inte
gers and not in fractions, it is 
easier to distribute first. Other
wise, when distributing results in 
fractions , it is easier to multiply or 
divide both sides of the equa
tion first . 

b. One multiplies by the reciprocal of 
the number before the parenthe
ses in equations similar to #7 -12. 
For equations like #5 or 6, one 
multiplies by the reciprocal of the 
coefficient of x. 

14. Answers will vary . 

6.8 

USING RECIPROCALS 

Solve these without the Lab Gear. 

5. ~X = 18 6. ~X = 99 

Solve these by mu ltiplying or di viding first, 
and then again by first distributi ng the number 
in fro nt of the parentheses . You should get the 
same an wers by both methods. 

7. 7(x- 2) = 30 

9. ~(2x- 4) = 5 

11. ~(2x- 4) = 5 

8. J2(x + 6) = 48 
4 

10. 5(2- 8x) = 16 

12. ~(2- 8x) = 16 

13.fii!,!uf!N Use examples. 

a. Explain how to decide which of the two 
methods (di stributing first or later) one 
should use in problems 7- 12. 

b. Ex plain how to decide what number to 
mul ti ply or divide both sides by when 
solving an equati on. 

14. Start with x = -3. 

a. Create an equation by adding and/or 
subtracting the same amount from both 
sides repeatedly, and by multiplying 
and/or di viding both sides by the same 
amount repeatedly. Write the fi nal 
equation on paper and give it to a 
clas mate. 

b. Solve a classmate 's equation. lf you 
both do your work correctl y, the solu
ti on shoul d be -3. 

.Azza 

15. y=3 + 2X 

17. y=x - 1 

16. y=2x - 4 

18. y = (6/5)x 

19. The graph is a direct variation graph 
with a y to x ratio of 2. 

SOLVING FOR y 

You have learned to multiply or divide by a 
number when solving an equation containing 
one variable. This is also a useful technique 
when working with equations containing two 
variables, such as thi s one, 4y - 8x = 0. 

In a two-variable equation, it is often useful to 
solve for one variable in terms of another. This 
means that one variable is a lone on one ide of 
the equation. 

By adding 8x to both sides, it is easy to rewrite 
this equation so that the y's are on one side and 
the x's are on the other: 

4y = 8x. 

Dividing both sides by 4 gives 

y = 2x. 

Transform each equation below so that y is in 
terms of x. You may use the Lab Gear. 

15. 3y- 6x = 9 16. 6x- 3y = 12 

17. x- y = I 18. 6x- 5y = 0 

EQU IVALENT EQUATIONS 

19. Draw axes and plot three (x, y) pairs that 
sati sfy the graph of 4y - 8x = 0. De cribe 
the graph. 

20. Find three (x, y) pairs that satisfy y = 2x 
and draw the graph. Compare it wi th the 
graph in problem 19. What do you noti ce? 
Ex plain . 

If equations in two variables have the same 
graph on the Cartesian coordinate system, they 
are ca ll ed equivalem equations . 

Chapter 6 Making Comparisons 

20. The graph of y = 2x is the same as 
the graph of 4y - 8x = 0. 



21. Explain how you could have determined 
withour graphing that the equation 
4y - 8x = 0 is equi valent to y = 2x. 

22. a. Write an equation that is equivalent 
to 6y = 12x, but looks different. 

b. Describe what the graphs of both 
equations would look like. 

For each group of equations decide which 
ones, if any, are equivalent equations. If 
you are unsure, you might want to solve the 
equations for y, make some tables, or draw 
some graphs. 

fQf#..iJJi AGf RIDDLES 

28. At age 3, Henry could count to 12. How 
far could he count by age 2 1 ? 

29. Augustus De Morgan li ved in the nine
teenth century. He said, "I was x years old 
in the year il." ln what year was he born? 

30. 0 Diophantus spent one-sixth of his life 
in childhood and one-twelf th of his life in 
youth. He spent one-seventh more of his 
life as a bachelor. Five years after he was 
married, his son was born . His son li ved 

6.8 Solvi11g Techniques: Multl'plication a11d Divisio11 

23. X + y = 2 

2x + 2y = 2 
2r + 2y = 4 

25. 3x - y = 6 
2y = 6x - 12 

y - 3x = 6 

27. 1.2 X = y 

24. x ly = 12 

ylx = 12 

y = 12r 

26. 0.8x = y 

X - 0.2x = y 

y - 4/Sx = 0 

X + 0.2x - y = 0 
2.4x - 2y - x = 0 

6.8 

half as long as hi s father and died four 
years before his father. How many years 
did Diophantus live? How old was he 
when he got married? 

31. Make up an age riddle. 

32. Solve a classmate's riddle. 

W;iiijf/@#• FAMOUS MATHEMATICIANS 

33. Prepare a report about Diophantus or 
Augustus De Morgan. What were their 
contributions to mathematics? 
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f4u.i.if¥• AGE RIDDLES 

Roblem 28 is a joke. A student who 
answers 84 has mastered proportions, but 
not when to use them! 

As a follow-up to problem 29, you may 
ask students to find out if the same ques
tion can be asked about anyone in the 20th 
century. 

You may collect the best student-created 
age riddles, and make a take-home quiz out 
of them. Do not teach any "canned" meth
ods for solving age problems. Let students 
find their own solutions, supporting them 
with hints and suggestions. 

di#lfitill FAMOUS MATHEMATICIANS 

Do not assign this to the whole class. 
A pair of students in need of extra credit 
could collaborate on each of the two math
ematicians. They could produce an oral 
report to present to the class or an 
illustrated bulletin board display. 

6.8 S 0 L U T I 0 N S 

21 . When 4y - ax= 0 is solved for yin 
terms of x, the resulting equation is 
y = 2x. This means they are equiva
lent equations. 

22. a. Answers will vary. Sample: y= 2x 
b. Both graphs are the same direct 

variation graph of a line through 
the origin with a y to x ratio of 2. 

23. x+ y= 2 and 2x+ 2y= 4 are equiva
lent equations. 

24. y/x = 12 and y = 12x are equivalent 
equations. 

25. 3x- y= 6 and 2y= 6x - 12 are 
equivalent equations. 

26. All three equations are equivalent. 

27. 1.2x= yand X+ 0.2x - y= 0 are 
equivalent equations. 

28. There is not enough information to 
determine solution. (See Teacher's 
Notes.) 

29. Augustus was born in 1806. 

30. Diophantus lived for 84 years. He got 
married when he was 33 years old. 

31. Riddles will vary. 

32. Solutions will vary. 

33. Reports will vary. 



rd@!Ni~t~ 6.8 Constant D~erences, 
w R 1 r 1 N G Constant Ratios 

Core Sequence: l-1 0 

Sujtable for Homework: 1-10 

Useful for Assessment: I 0 

What this Assignment is About: 

• Review of direct variation 

• Review of signed number arithmetic 

• Graphing linear function 

• The concept of parameter 

• Preview of lope 

This is al o a preview of work in Chapter 
10 with linear combinations of the form 
ax - by = c. (Student see these as a vari
ation on constant differences, just as they 
see ax + by = c as a variation on constant 
sums.) 

This is a much richer assignment than 
might appear at fir t sight. The concept of 
parameter is used for the first time (though 
it was used informally before, for example 
when discussing constant sum and product 
graphs). The concept of slope is pre
viewed. Issues of symmetry and inverse 
functions are aJ o hinted at. 

Students will probably have some trouble 
understanding the idea of a parameter, 
without orne introduction. Di cuss thi 
and give example in cia s before assign
ing the Report. 

1. 

~W@$i@t~ 6.8 Constant Differences Constant Ratios 
WRITING ' 

tl.iiiijiiMI · · .................. : 

~ 9. r~p~p~e:r 1m ~ .................................. 
CONSTANT DIFFERENCE GRAPHS 

These three (x, y) pairs follow a pattern: (6, 0), 
(7, 1), (-4, - 10). The difference between y and 
x always equals 6. The equation y - x = -6 
describes the relationship between x and y. 

Use the same pair of axes for all the graphs in 
problems 1-5. 

1. Graph y - x = -6. 

2. Choose any other integer D and graph the 
function y - x = D. (For example, if you 
chose the integer I 0, you would graph the 
equat ion y - x = I 0. ) Label the graph 
with its equation. 

3. Graph several other functions of the form 
y - x = D. For each graph, you will need 
to choose a different number for D. 
Remember to try negati ve numbers and 
fracti ons as well as positi ve integers. 

4. Compare your cons tam difference graphs 
with the constam sum graphs that you 
investigated in Chapter 5, Lesson I. 

5. Graph some constant difference graphs of 
the form x - y = D. Explain any 
differences or similariti es with graphs of 
the form y - x = D. 

CONSTANT RA T!O GRAPHS 

These three (x, y ) pairs fo llow a pattern : (3 , 6), 
(4, 8), (-4, -8). The ratio of y to x is always 
equal to 2. The equation ylx = 2 describes the 
relationship between x and y. 

Use the same pair of axes for the graphs in 
problems 6-9. 

6. Graph ylx = 2. 

.A no 

2. Answers 
will vary. 

0 = 3 
y - X = 3 

7. Choose any other number R and graph the 
function ylx = R. (For example, if you 
chose R to be 3, you would graph the 
equation ylx = 3.) Label the graph with 
its equation. 

8. Graph several other functions of the form 
ylx = R. For each graph , you will need to 
choose a different number for R. Be sure 
to try some negati ve and fractiona l values 
as well as positive integers. 

9. ow graph some constant ratio graphs of 
the form xly = R. Explain any differences 
and similarities with graphs of the form 
ylx= R. 

PARAMETERS 

I Note: D and R in problems 2-9 are called 
parameters. 

IO. ilifllm Write a report describing and 
analyzi ng any patterns you noticed in the 
graphs you just drew. Your report should 
be divided into two parts, one on constant 
differences, and the other on constant 
ratios. It should include, but not be limited 
to, answers to these questions: 

• Can you tell from the value of the para
meter which quadrants the lines wi ll 
pass through? Whether the lines slope 
up or down? 

• Do any lines go through the origin? If 
not, do you think you could find a value 
for the parameter so that the line would 
go through the ori gin? Explain . 

• For the constant ratio graphs, why is 
there a "hole" in the graph when x = 0? 

• Comment on anything you noti ce about 
the x- intercepts and y-intercepts. 

• There is one constant difference graph 
that is also a constant rati o graph. What 
are the values of D and R? 

3. Answers 
will vary. 

Let 0 = 0.5, 
-2, _1% 

Chapter 6 Maki11g Comparison.s 

4. Constant difference graphs slope up 
from left to right whereas constant 
sum graphs slope down . In both 
x + y = 0 and y - x = 0 , the graphs 
cross they-axis at (0 , 0). 



LESSON 

• 
Rational Expressions 

'""""'"' .................... : 
the Lab Gear 

COMI'ARI N(; RATIO NAL EXPRESSIONS 

To add, subtracl. multiply, and divide fractions 
in volving variables, use the same rules you use 
for numerical frac tions. 

I. ._ Review the rules for adding. subtract
ing. multiplying. and dividing fractions . 
using an example of each kind. 

2. For each expression. substitute I, 2, and 9 
for x and perform the indicated operation. 
Ln which problem is the answer the same, 
regardle s of the value of x? 

a. 5 x 
:< "5 

c. ~ + ~ 
X 5 

b. (~YW 
d.~ -~ 

X 5 

A rational number is any number that can be 
written as a ratio of integers. A rational 
expression is an expression that involves a 
ratio. A very simple rational expression is the 
rational number 1/2, which is the ratio of I to 

2. A more complicated rational expression is 
(~ + 3x + 4)/(r - 99), which is the ratio of 
two polynomials. 

3. With the numbers 3 and 4, you can write 
the ratio 3/4 or the ratio 4/3. 

a. Which is greater. 3/4 or 4/3? 

b. Which is greater. 3/4 of 4/3 or 4/3 of 
3/4? Explain. 

4. ._ For each pair of expressions below. 
write: 

6.9 Rational Expressions 

A if the express ion in the first column is 
greater 

B if the express ion in the second column 
is greater 

? if the value of x determines which one 
is greater 

Explain your answers. 

a. ~ 

b. X-~ 

c. ~ 

r - 2 
-5-

.\ - 2 
-5-

5 
\ - 2 

EQUIVALENT RATIONAL EXPRESSIO NS 

By dividing. you can show that two fracti ons 
represent the same ratio. For example, as the 
figure shows, I 0/5 equa ls 2/1. 

The same thing sometimes works with polyno
mials. As shown in the figure, the rational 
expression (~ + 3x + 2)/(x + I ) is equal to 
(~ + 5x + 6)/(x + 3) because the result of 
both divisions is the same. 

• 6.9 
Rational Expressions 

Core Sequence: 1- 15 

Suitable for Homework: 9-27, (1-7 if 
you r students' fractio n kill s are solid) 

U eful for Assessment: 1, 4, 15 

What this Lesson is About: 

• Review of fraction arith metic 

• Preview of algebraic frac ti on 

Solving linear equations that involve 
rati onal expres ions 

• Review of equation-solving technique 

• Review of order of operation 

This lesson continues the ideas about 
ratio previewed in Le on 7. 

COMPARING RATIONAL EXPRESSIONS 

/n this ection the foc us i mo tly on the 
arith metic of fractions. The problem may 
be difficult for some of your tudent and 
shou ld probably be done in c ia . 

R oblem 2 i a preview of later work with 
algebraic frac tions. Do not get bogged 
down introducing techn iques for operations 
with algebraic fraction . Let tudent help 
each other use whatever arithmetic tech
niques they know, incl uding the u e of ca l
culators. Different technique hould be 
compared. 

R oblem 3-4 te t tudent ' under tanding 
of fraction a number . 

6.9 S 0 L U T I 0 N S 

1. Answers will vary. 

2. a. 5/x · x/5 = 1 for all values of x 
b. X= 1: (5/1) · (1/5) = 25 

X= 2: (5/2) · (5/2) = 25/4 
X= 9: (5/9) · (5/9) = 25/81 

C. X= 1: (5/1) + (1/5) = 26/5 
X= 2: (5/2) + (2/5) = 29/1 0 
X= 9: (5/9) + (9/5) = 1 06/45 

d. X= 1: (5/1) - (1/5) = 24/5 
X= 2: (5/2) - (215) = 21/10 
X= 9: (5/9) - (9/5) = -56/45 

3. a. 4/3 > 3/4 
b. They are both equal to 1211 2 or 1. 

4. a. A. x/5 is 2/5 greater than (x - 2)/5. 
b. ? x - 215 is greater when x > 0. 

(x - 2)/5 is greater when x < 0. 
x - 2/5 equals (x - 2)/5 when 
X=O 

c. ? 5/(x - 2) is greater than 5/x if 
x < 0 or x > 2. 5/x is greater if 
0 < x < 2. The expressions can
not be compared if x = 0 or x = 2. 



EQUIVALENT RATIONAL EXPRESSIONS 

E ssentially, thi s reviews dividing by a 
common factor. The L ab Gear is used as a 
vi sual support, but by now your students 
should already know how to perform 
such division without the L ab Gear, 
perhaps using the " multiplication table" 
repre entation. 

The note after problem 5 i intended to 
remind tudents that zero cannot be in the 
denominator. Students at thi level are not 
li kely to grasp or remember th is fact fully. 
Do not dwell on it. 

SOLVING EQUATIONS INVOLVING RATIOS 

The purpose of thi s ection is to help 
students see how to solve equations that 
involve rational expre sion (but that can 
be transformed into linear equations). The 
problems were deliberately chosen to be 
more complicated than simple proportions 
of the form alb= c/d o that students 
would not be tempted to use "cross multi 
plying" techniques that they may have 
learned in a previous class. Resist the 
temptation to teach thi s method, since it is 
very often misunderstood and misused by 
students at this level. The approach taught 
in thi lesson is more general , and incorpo
rates the same methods already introduced 
for work with linear equations. (Th is is 
what hould be reflected in problem 15.) 

(There will be opportunities to solve sim
ple proportions in Lesson 11 , in an applied 
context.) 

5. X+ 2 

6. Yes they are equal when X i' 0 and 
yi'O . 

7. a. x+2whenx i' O 
b. 5 
c. x2 + 2xy+ y2 

d. X+2 

8. X= -2 

9. They are both wrong. 
Lea's work: 
Step 1: Lea multiplied both sides 
by 5. 
Step 2: On the left, the 5 in the 
numerator and 5 in the denominator 
equal 1 and 1 times (x - 3) is x - 3. 
On the right, Lea distributed the 5. 
Step 3: Lea subtracted x from both 
sides. 

6.9 

5. What is the result of both di visions? 

(Note: These two rati onal expressions are not 
equal when x = - I or x = -3. Can you see 
why? Try substituting these numbers for x and 
see what happens.) 

6. Are these rational expressions equal? 
Explain. You may use a sketch. 

(xy + 2.x)lx (/ + 2y)ly 

7. For each problem, find a number or 
express ion you could put in the box that 
would make the two rational ex pressions 
equal. Explain each pan , perhaps using 
a sketch. 

a. 3x 3x + 6 
X D 

b. 18 15 
6 D 
D c.-

x +y 
2r + 2y 
- 2 - · 

d. 
x2 + 8x + 12 2\" + 12 

D ~ 
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Step 4: This line is incorrect. Lea 
meant to subtract 5 from both sides 
to get -8 = 4x. The left side has -2 
which results from adding 5 to -3. 
So she added 5 to the left and sub
tracted 5 from the right. 
Step 5: Lea divided both sides by 4. 
Earl 's work: 
Step 1: Earl multiplied both sides 
by 5. 
Step 2: This line is incorrect. Earl 
dropped the 5 from the denominator 
on the left. The right side is correct. 
He commuted the expression (x + 1) 
and 5. 
Step 3: Earl multiplied both sides 
by 1/5 

SOLVING EQUA liONS INVOLVING RATIOS 

8. Q!i1@@il The equation 
x-3 
- 5-= x + I 

cannot easily be modeled with the Lab 
Gear. Try to solve it using any technique 
you have learned. Compare your method 
and your answers with other students' 
work. 

Lea and Earl both tried to solve thi s equation. 
They got different answers. 

Lea's work 

5~X~ 3) =<x+ 1)·5 

x - 3=5x + 5 

Earl's work 

5 (~~ =(x+ 1) ·5 

5(x - 3) = 5(x + I ) 

-3 = 4x + 5 I I 5 · 5(x - 3) = 5 · 5(x + I) 

-2 = 4x 

-0.5 =X 
x - 3=x + l 

impossible 

9. Who is ri ght, or are they both wrong? 
Copy each student 's work and write an 
ex planation beside each step telling what 
was done. If a step is incorrect, explain 
why and make a correction. 

Solve these equations. Show your work and 
write a brief ex planation of each step. 

6 - x x 6 -x x 
10. - 8- = 2 11. -8- = 5 

12. ~ = 3 13. 6 + 2r = '! 
x +7 x+ 7 5 

14. o:..=..l = X + 5 
2 

ts. fii!,l,f!N Describe a general method for 
solving equations like those in problems 
I 0-14. Include the solution of an example 
you made up. 

Chapter 6 Making Comparisons 

Step 4: (1 /5) · 5 = 1.1 · (x - 3) = 
x - 3 and 1 · (x + 1) = x + 1 
Step 5: No correction 

10. X= 6/5 

11 . X = 30/13 

12. x = -8 

13. x = -1/3 

14. X = -13 

15. Summaries will vary. Multiply both 
sides of the equation by the denomi
nator(s) or lowest common denomi
nator and then solve the equation. 



f;lifiJSi EQUATION SOLVING 

Write the equation shown by the blocks, then 
solve it. If you use the Lab Gear, write equa
tions to show some of the steps as you move 
your blocks. If you don't, show all your work. 

6.9 ilJJJioiUJI Expressions 

6.9 .. 

19. 

Solve. 

20. (x + 3)2 = (x - 3)(x + 4) 

21. (x- 1)2 = (x + 2)(x- 6) 

f4ui..l1Ji ORDER OF OPERATIONS 

Keeping in mind order of operations, insen as 
many pairs of parentheses as needed, to make 
these equations true. 

22. 4 ·2 +3=20 

23 • .!. +.!. · .!.=.!. 
4 2 2 2 

24. 5 • 3 - 2 + 6 = 35 

25. 32 + 2 • 7 - 4 = 33 

26. ~·6+4·~+~=~ 

27. I - 2 · 2 + 5 • 6 = -42 

2334 

1;141141• EQUATION SOLVING 

Extra practice, if you feel your students 
need it. 

Most students should not need the Lab 
Gear by now, but translating the figures 
into symbols is still a worthwhile exercise. 

Roblems 20 and 21 review multiplication 
of binomials. The equations are easily 
solved since the x?- terms cancel. If you 
think your students need more practice 
with multiplication of binomials, you can 
have students make up more problems of 
this type. 

f41ii1J¥t ORDER OF OPERATIONS 

Review in puzzle form. Problem 23 is a 
trick question, since it requires no paren
theses. The problems get harder and 
harder. 

6. 9 S 0 L U T I 0 N S 

16. 2x + 3 - (6x + x2 + 5 - 5) = 2x + 5 
- (5x + x2 + 5 + 2 - 2) 
X=3 

17. X+ 3 + 5- X+ X2 - x2- 8 = 8X+ 9 
- 2x- 1 - (7x+ 1) 
X=7 

18. 3x + 27 - x - (2x + 25 + 5 - 5 + 2) 
= 17 + 2x- x- (6x + 3 - 1) 
X=3 

19. 7X- (7X- X+ 6) =X- X+ X+ 1 -
1 + 2 - (10 + 2x) 
X =-1 

20. X= -21/5 

21. X=-13/2 

22. 4(2 + 3) = 20 

23. 1/4 + (1/2. 1/2) = 1/2 

24. 5(3 - 2 + 6) = 35 

25. (32 + 2)(7- 4) = 33 

26. (1/3. 6 + 4)2/6 + 1/3 = 7/3 

27. (1 - 2)(2 + 5)6 = -42 

~ 
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.. 6.10 
Improving Your Average 

Core Sequence: 1-9 

Suitable for Homework: 5-18 

Useful for Assessment: 9 

What this Lesson is About: 

• Review of averages, ratio, and percent 

• Writing equations 

• Solving equations 

Students can apply the equation-solving 
methods they learned in Lesson 9 to these 
problems. 

FREE THROWS 

The answer to problem 1 is debatable, in 
that LiAnn contributed more points, but 
Bea had a better average. 

For problem 2 let students experiment 
with their calculators, but insi ton thor
ough record-keeping. Students may be 
surpri sed by their answers. Of course (f) 
is impossible. 

The key idea of the lesson is that the aver
age is obtained by dividing free throws 
made by free throws attempted. In writing 
equations in problems 3-9 it is necessary to 
understand how to expre s the numerator 
(free throws made) and the denominator 
(free throw attempted) using the ri ght 
numbers, variables, and operations. 

L ESSON 

Improving Your Average 

FREE THROWS 

Ala berg High School has a girls ' basketball 
team nicknamed "the Gals." Ms. Ball , the 
coach, is studying these statistics. 

Mid-Season Free-Throw Data 

IT-A Average 

Bea 15-20 75% 

Gale 3- 18 -

Lara - -8 25% 

Lea 5- 20% -

LiAnn 16-24 -

Ff-A means free throws made -free throws 
attempted. The average is shown as a percent, 
but it could be shown as a ratio or decimal. 
(For example, Bea's average is 15/20 or 0.75.) 

1. Copy and complete the table. Who has the 
best record so far this season? 

2. @@fiN Bea wants to have a season 
record of 90%. She thinks she can make 
every free throw that she attempts for the 
rest of the season. Tell how many she 
would have to make in a row in order for 
her season average to be: 

a. 80% b. 85% c. 90% 

d. 95% e. 99% f. 100% 

Discuss. 

3. If Bea has had 20 free throw attempts and 
has made 15 of them, her average is 15/20. 
If she has x more attempts and makes all 
of them, her average is 15 + x. 

20 +X 
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a. What is the value of this ratio when 
x = 40? (That is, what is her average if 
she has 40 more attempts and makes all 
of them?) 

b. What is her average if x = 25? 

4. Suppose Li Ann had x free throw attempts 
during the rest of the season and missed 
every one. 

a. What would her season average be, in 
terms of x? (Hint: The expression will 
be different from the one in problem 3.) 

b. If she had a season average of 40%, 
how many more free throws after mid
season must she have attempted? 

c. If she attempted ten more free throws, 
what would her season average be? 

5. Suppose Li Ann made every attempted 
free throw. 

a. What would her season average be, in 
terms of x? 

b. What would her season average be if 
she attempted eight more free throws? 

c. If she had a season average of 0.85, 
how many more free throws must she 
have attempted? 

These problems are not very realistic. Usually 
people do not make all their attempted free 
throws, but they don't miss all of them either. 
Lea hopes that she will make about 40% 
of her attempted free throws for the rest of 
the season. 

6. If Lea attempts x more free throws, and 
makes 40% of them, she knows that her 
average for the season would be 

5 + 0.40x 
~· 

Chapter 6 Making Comparisons 
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1. Mid-Season Free-Throw Data 

Ff·A Average 

Bea 15-20 75% 

Gale 3-18 17% 

Lara 2-8 25% 

Lea 5-25 20% 

LIAnn 16-24 67% 

2. a. 5 
b. 14 
c. 30 
d. 80 
e. 480 
f. impossible 
It is impossible for Bea to get 1 00% 
because she already missed 5 free 
throw attempts. The more she throws 
accurately, the closer her average 
gets to 1 00%, but it will never equal 
exactly 1 00%. 

3. a. 92% 
b. 89% 

4. a. 16/(24 + x) 
b. 16 attempts 
c. 47% 

5. a. (16 + x)/(24 + x) 
b. 75% 
c. 30 free throws 

-



a. Explain the meaning of the numerator 
and denominator of this expression, 
and how it was figured out. 

b. How would the expression change if 
Lea made 60% of her remaining free 
throws? 

c. How would the expression change if 
Lea made 20% of her remaining free 
throws? 

7. Assume Lea makes 40% of her remaining 
free throws and wants to raise her season 
average to at least 30%. What is the mini
mum number of free throws she needs? 

8. By the end of the season Gale had doubled 
both her attempts and her successes. What 
happened to her average? 

9. 1§§.!§61tMN Assume a student has made 
M out of T free throws. Assume she 
attempts x more shots and makes N of 
them. What will her season average be in 
terms of M , T, x, and N? Explain. 

GRADES 

Alaberg High School has a "no pass, no play" 
rule for all sports. Students must have an aver
age of 65% in all their classes in order to qual
ify to play any sport the following quarter. 

Some members of the boys' basketball team 
(the Bears) are worrying about their averages 
for algebra. (See the table.) 

Solve for the variable. 

13. ,Lf2 - !1.::..1 
2 - I 

14. ,Lf2 - !1.::..1 
4 - 2 

6.10 Improving Your Average 

6.10 ... 

Their grades in algebra are based on 12 ten
point assignments per quarter. Students who 
have been absent because of illness (like Hal 
and Zal) can complete the assignments late. 

Mid-Quarter Algebra Scores 

Possible Points 
Average 

points earned 

AI 80 35 -

Hal 70 52 -

Cal 80 63 -

Zal 60 59 -

Sid 80 74 -

10. Copy and complete the table. 

Use the table to answer the following 
questions. Assume that passing means having 
an average of 65% or better, and failing means 
having an average below 65%. 

11. Who has the lowest average so far? 

12. Answer the following questions for each 
student. 
a. What is the worst conceivable average 

he could get by the end of the course? 

b. What is the best conceivable average 
he could get? 

c. What is the smallest number of points 
he needs to earn in the remaining 
assignments in order to pass? 

15. 2(y + 5) = 19- y 

16. 4(y + 5) = 2(19- y ) 

17. y + 5 = 2(19 - y) 

18 -15 + 3x = 7 
' 5 + 4x 
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Free throw data is readily available in 
da il y newspapers, so you can easil y ex tend 
this activity with di cussion and analysis of 
real-world basketball data. 

GRADES 

The mathematics is essentiall y the same as 
in the prev ious section, but thi s time the 
number of remaining tests is known. 

Trial and error may well be the mo t popu
lar approach used by your students for 
problem 1 2c, in sp ite of the work expended 
in the prev ious secti on in presenting an 
equation-solving approach. If so, you may 
want to follow the e problems with a dis
cussion of how they could be done with 
equations and a discussion of which 
method tudents prefer. Do not criti cize 
trial and error. For one thing, the students 
who use that method probably need that 
kind of involvement with the numbers. For 
tho e students, discus ion of writing an 
equation is much more likely to be mean
ingful after having used trial and error, 
than before. 

t;iiflji. EQUATION SOL VING 

M ore practice. Many students should 
beg in to master equation solving by now. 
Thi ection makes a good in-class group 
activity , followed by compari son and di -
cu sion of several methods for solving the 
same problem. 

6. 10 5 0 L U T I 0 N 5 

6. a. The numerator is the total number 
of free throws made. Lea made 5 
free throws and then 40% of the 
remaining x free throws for a total 
of 5 + 0.40x. The denominator is 
the total number of attempted free 
throws. Lea attempted 25 free 
throws and then attempted x more 
for a total of 25 + x. 

b. 0.40x would change to 0.60x. 
The new expression would be 
(5 + 0.60x)/(25 + x) . 

c. 0.40x would change to 0.20x. 
The new expression would be 
(5 + 0.20x)/(25 + x) . 

7. Lea needs a minimum of 25 free 
throws to raise her average to 30%. 

8. Her average remains the same. 

9. Season average= (M + N)/(T + x) . 
The numerator is the total number of 
free throws made. The student made 
M free throws and then N more, for a 
total of M + N. The denominator is 
the total number of attempted free 
throws. She attempted Tfree throws 
and then x more, for a total of T + x. 

10. Mid-Quarter Algebra Scores 

~ble 
points 

points 
earned 

average 

AI 80 35 44 

Hal 70 52 74 

Cal 80 63 79 

Zal 60 59 98 

Sid 80 74 93 

11 . AI has the lowest average so far. 

12. 

AI 

Hal 

Cal 

Zal 

Sid 

13. Y= 11 

14. y= 11 

15. y= 3 

16. Y= 3 

17. y=11 

18. X= -2 

a. 

worst 
possible 
average 

29 

43 

53 

49 

62 

b. c. 

smallest 
best number 

possible of points 
average needed to 

pass 

63 43 

85 26 

86 15 

99 19 

95 4 

............ ~ 
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T 6.11 
Stuart Little and Alice 

Core Sequence: 1- 11 , 15- 17 

Suitable for Homework: 8- 17 

Useful for A sessment: 4, 12- 14, 17 

What this Lesson is About: 

• Proportional thinking 

• Mathematic in li terature 

• Measurement in inches 

• Review of equation solving 

B ecause the measurements mentioned in 
the quotations are in inches, we a k the 
students to make their mea urement in 
inches. 

M ake sure the students actuall y make the 
m asurement , in tead of merely gues ing 
or estimating. This is important in order to 
make the connecti on between textbook 
math , literature, and reality. 

To solve problems 4, 8, 9, and II, students 
will need to et up and olve proportion 
like thi one. 

Stuart ' s height _ length of Stuart ' s pants 
boy '. height - length of boy's pants 

Alternately, if they fi nd the ratio of the 
he ight , they can j ust multiply by the fac
tor. Instead of suggesting a method a ' the 
best one," he lp the students compare and 
di cus the method they discover. 

l ESS O N 

• 
Stuart Little and Alice 

r"~::;:.::::./ ............. ~ 
~ ;~::~~;;:;,~;;3 / ~ . ...................... ............................... . . . .................................. 

STUART liTTlE 

Here is the beginning of S /Liart Little, a 
children's book by E. B. White. 

W hen Mrs. f'redelick C. Lillle"s 
second son arrived. everybody noticed 
lhat he was not much bigger than a 
mouse. The lrulh of U1e matter was. 
the baby looked very much like a 
mouse in every way. He was only 
about two inches high; and he had a 
mouse's sharp nose. a mou e's tail. a 
mouse's whiskers. and the pleasant. 
shy manner of a rnouse. Before he 
was many days old he was not only 
looking like a mouse but acting like 
one. too- wearing a gray hat and 
carrying a small cane. Mr. and Mrs. 
Lillie named him Stuart. and Mr. 
Lillie made him a tiny bed out of four 
clothespins and a cigarette box. 

I. Measure, in inches, the height of several 
boys in your class. To do the following 
exercises, choose someone whose height 
is near the average of the heights you 
measured. 

2. Measure, in inches, the length and width 
of the average boy 's 

a. pants; b. shin or coat. 

3. Measure, in inches, the length and 
width of: 

" · a book o r binder; 

b. a chair or desk . 

.A2Jc. 

4. ._ Calculate the size of each item in 
problems 2-3, if it were to be made for 
Stuart Little. Explain your work. 

5. Draw each item in the size that you 
calculated in problem 4. 

,\liCE 

Here is an excerpt from Alice in Wonderland, 
a book by the English mathematician Lewis 
Carroll. 

...this botUe was not marked Mpoison. M 

so Alice ventured to taste il, and 
Onding It very nice. (it had. in fact. a 
sort of mlxed flavour of cherry-tart. 
custard, pine·apple. roast tu rkey. 
toffy. and hot buttered toast). she very 
soon finished it off. 

"What a culious feeling!" saJd Alice. "1 
must be shutting up like a telescope!" 

And so it was indeed: she was now 
only ten inches high. and her face 
brightened up at the thought that she 
was now the right size for going 
through the lilUe door into that lovely 
garden. 

6. Measure, in inches, the height of several 
girls in your class. To do the following 
exercise , choose someone whose 
height is near the average of the heights 
you measured. 

7. Assuming that before she drank from the 
bottle, Alice was the size of the average 
gi rl in your class, how many times as tall 
was she after shrinking? 

8. a. Measure a real pencil or pen. 

b. Calculate the correct size for a pencil or 
pen of the same kind for Alice. Explain. 

Chapter 6 Making Comparisons 
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Answers will vary for # 1-10 

Samples: 

1. Average boy's height equals 68 
inches. 

2. a. length 32 inches, width 14 inches 
b. length 28 inches, width at shoul

der18inches 

3. a. length 11 .5 inches, width 10 
inches 

b. height 33 inches, width 18 inches 

4. 2/68 = 0.029. So Stuart's height is 
2.9% of the average boy's height. 
The dimensions of his pants, coat, 
book, and chair should also be 2.9% 
of the ones measured. 

pants 
coat 
book 
chair 

length (in.) 
0.9 
0.8 
0.3 

width (in.) 
0.4 
0.5 
0.3 
0.5 

5. Students' drawings will vary. 

6. Sample: 66 inches 

7. 10/66 = 0.15. Alice was 0.15 times 
as tall after shrinking. 

8. a. 7 in. 
b. 0.15 · 7 = 1.05 in. 
c. Student drawings will vary. 

... ... - -



c. Draw it in the size you calculated in 
part (b). 

9. Measure a real door. and calculate the 
dimensions of "the little door into that 
lovely garden." 

'"Curlouser and curtouser!" cried Ali e 
(she was so much surprised. that for 
the moment she quite forgot how to 
speak good English). "Now rm 
opening out like the largest telescope 
that ever was! Goodbye. feel!· ... 

... Just at this moment. her head 
struck against the roof of the hall: ln 
fact she was now rather more than 
nine feet high ... 

10. How many times as tall as an average girl 
in your class is Alice now? 

II. What would be the size of a pencil if it 
were the right size for giant Alice? Show 
your calculations. 

IHf HI(, fRif'>lll\ Ll\'>1 

The following are quotations about the Big 
Friendly Giant, a character in Roald Dahl's 
book The BFG. 

a. It was four times as tall as the tallest 
human. 

b. It actually had to bend down to peer 
into the upstairs windows. That's how 
tall it was. 

c. ...an arm as thick as a tree trunk ... 

d. The Giant was sprinting down the High 
Street. .. Each stride he took was as long 
as a tennis court. 

f/jJfiJie SOLVING EQUATIONS 

15. Solve the equation, 

2.5x + 18 + l.Sx- II = 19. 

6.11 Stuart Liltk turd Alice 

6.11. 

e. In the middle of the floor there was a 
table twelve feet high ... 

f. He had truly enormous ears. Each one 
was as big as the wheel of a truck ... 

12.111iild Estimate the height of the Giant 
using the information given in each quota· 
tion. Explain your work. 

• What real-world numbers did you use? 

• How did you find them? 

• What calculations did you do? 

• Did the results of your calculations 
agree with each other? 

• Based on all the calculations, what is 
your final estimate of the Giant's height? 

13.111iild 

a. Write and illustrate a story for a young 
child featuring little people or giants. 
Make sure the dimensions of all objects 
are sized correctly. 

b. On a separate piece of paper, explain 
your calculations. 

OllfiR '>lORi[<, 

14.111iild Ask a librarian or an elementary 
school teacher to suggest a book that 
involves little people or giants. Make up 
math problems based on the book. Use 
specific quotations from the book as much 
as possible. On a separate piece of paper. 
solve the problems you make up. 

16. If x = 3, calculate, 2.5x + 18 + l.Sx- II. 

17 • ._Explain how problems 15 and 16 are 
related. 

237 .... 

You may let the students choose one of the 
projects. Or you may choose for them, but 
do not assign all three projects, as that 
would be too much work for any one stu
dent. The projects would make good bul
letin board exhibits. One way or another, 
make sure that the work students do is 
shared, at least as bulletin board exhibits. 
Problem 12 would make for excellent dis
cussions. Stories created for problem 13 
should be read to the class. Problems cre
ated for 14 can be assigned as homework. 

4;lifijit SOLVING EQUATIONS 

This section is easy, but makes an impor
tant point that some students miss as they 
drown in the technicalities of equation 
solving: Problem 16 is the check on the 
correctness of the solution to problem 15. 
Students who understand that connection 
and trust they did 15 correctly need not 
make any calculations for 16. 

6 . 11 S 0 L U T I 0 N S 

9. 80 in. tall by 30 in. wide. So 0.15 • 80 
= 12 in. wide. 0.15 • 30 = 4.5 in. wide 

10. 9 • 12 = 108. 108/66 = 1.6. Alice was 
1.6 times as tall after stretching. 

11. 1.6 • 7 = 11.2. The pencil would be 
11.2 in. long. 

12. Student projects will vary. 

13. Student projects will vary. 

14. Student projects will vary. 

15. X= 3 

16. 19 

17. #15 is the solution to the equation 
and #16 is the check to the solution. 

~ - - - -
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T 6.12 
Geoboard Squares 

Core Sequence: 1-1 9 

Suitable for Homework: ll - 18, 20, 29 

Useful for As e sment: 10- 1 l 

What this Les on is About: 

• Review of geoboard area 

• Prev iew of the Pythagorean theorem 

• Preview of quare roots 

• Prev iew of rule for inequalities 

• Review of olving inequalitie 

R oblem I i a big project and quite suit
able for group work. Of course, some kind 
of systematic search is more effi cient than 
random attempts. The crucial thing is fo r 
student to be able to recogni ze a right 
angle, even when the ides are not hori zon
tal or verti ca l. Have students use the corner 
of a piece of paper to measure the angle. 

O ne technique fo r fi nding right angles is 
to count how far aero and down one 
move from one vertex to the nex t. Then 
by switching those numbers, and reversing 
one direction, one can find the next vertex. 
(This is eas ier to do than to explain , and it 
con titutes a prev iew of the lope of per
pendicular line .) 

FIND THE AREA 

There are no new techniques here, but 
old ones arc applied with very interesting 
results. incc there was no geoboard le on 
in Chapter 5 you may a k tudents to 
remind each other of the ba ic area-findin g 
technique : by addition, by subtracti on, by 
divi sion by two. 

R oblem 2 yield the petfect square . 

Roblem 5 and refer to the limits of the 
geoboard. Of cour eon an infi nite plane 
there is an in fi nite number of squares of 
the type con idered. 

R ·oblem 9 rev iews the ubtrac ti on tech
nique, which i likely the one students 
have been u ing in the prev iou problems. 
Problem I 0 repeat the same problem, but 
u ing va ri able . If students simplify the 
an wer to problem I Od, they will get a 
very simple an wer. 

LESSON 

Geoboard Squares 

ii.lli@llljfftl····················: 

geoboards • 

do t pa pe r ....... m I : : W 

1. Mm!iif!M There are 33 different 
geoboard squares. Find as many of them 
as you can. (For thi s exerc ise, squares that 
have Lhe same size are con idered the 
same.) Sketch each square on dol paper. 

FIND THE AREA 

2. There are 10 geoboard squares hav ing 
horizontal and vert ical sides. What are 
their areas? 

3. Make a 1-by- 1 square in the bonom left of 
your geoboard . Make a square that has this 
square 's diagonal - (0, I) to ( I, 0) - fo r 
a side. What is the area of the new square? 

4. Repeat problem 3, starting with larger and 
larger squares in the bouom left. What is 
the area of each new square? 

5. Explain why onl y five sq uares can be 
found th is way. 

6. .... Make a sq uare havi ng (0, I) to (2. 0) 
as a side. 

a. Ex plain how you fo und the other ver
tices o f 1he sq uare. 

b. Find the area. Exp lain how you did it. 

.A ns 

7. Make squares havi ng (0. I) to (x, 0) a a 
side. sex= 3, 4, .. . 9. Find Lhe area of 
each one. 

8. .... Explain why you cannot find a 
geoboard sq uare having (0, I) to ( I 0, 0) 
as one side. 

9. Make a square hav ing (0, 2) to (3, 0) as 
one side. 

a. Sketch the square. 

b. Make and sketch the smallest quare 
having horizontal and vertical s ides thai 
ent irely covers the original square. 
What is the area of this square? 

c. What is the total area of the fo ur trian
gles th at surround Lhe original square? 

d. What is the area of the ori ginal square? 

toJ§§U§bllff:i«·tiJ On dot paper, sketch a pai r 
of x- and y-axes. 

a . Copy the above fig ure. 

b. Sketch the smallest square hav ing hori
zontal and vertical ides that enti rely 
covers the ori ginal square. What are its 
side; in te rms of a and b? What is its 
area in terms of a and b? 

Chapter 6 A1aking Comparisons 
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2. The areas from smallest to largest 17 square units if x = 4 
are: 1, 4, 9, 16, 25, 36, 49, 64, 81 , 26 square units if x = 5 
and 100 square units. 37 square units if x = 6 

3. The area of the new square is 2 50 square units if x = 7 

square units. 65 square units if x = 8 
82 square units if x = 9 

4. 8, 18, 32, 50 
The geoboard is too small. Using this 8. 

5. The geoboard is too small to make method, one would need an 11-by-11 
more squares. geoboard to find the area of a square 

6. a. Answers will vary . One approach with (0, 1) and (1 0, 0) as vertices. 
is to count to the right 1 and up 2 9. a. No solution is needed. 
from (0, 1) and (2, 0) . b. 25 square units 

b. The area is 5 square units. The c. 12 square units 
area of the 3-by-3 square is 9 d. 13 square units 
square units. Four triangles, each 

10. a. See figure in text. with area of 1 unit, can be 
subtracted to result in the square b. Each side of the square is 

whose area is wanted. That is, ~a 2 + b2. The area is a2 + b2 . 

9 - 4(1) = 9 - 4 = 5 in2. 
c. The area of one triangle is (1 /2)(ab) 

square units. The total area of the 
7. 10 square units if x = 3 four triangles is 4(1/2)(ab) or 2ab 



c. What is the area o f one o f the triangles 
that surround the original quare in 
terms of a and b? What is the tota l 
area of the four triangles in terms of 
a and b? 

d. What is the area of the original square 
in terms of a and b? 

JJ. f)i!,!,fi,i How does one find the area of a 

geoboard square? For examples, use the 
squares having the fo ll owing as one side. 

a. (0 , 3) to (4, 0) 

b. f (2, 4) to (7. I) 

FIND THE SIDE 

12. How long is the s ide of a square if the 
area is 

fl)&fi,)f#;jj CHUNKINC 

16. So lve: 3(x + 3) + 5 = 4(x + 3) 

It is easie r to solve this equ ation by fi rst solv
ing for (x + 3), and then finding x, instead of 
di stributing. This is called chunking, since in 
th is method the quantity (x + 3) is thought of 
as one chu nk. 

17. Solve 3y + 5 = 4y. then use the fact that 
y = x + 3 to solve for x. Ex plain what you 
did , and how this problem is related to 
problem 16. 

I 8. Create an eq uati on that would be easier to 
solve by chunking than by d istributing . 
Solve it. 

19. So lve a classmate 's chunking equation. 

ftUfillf#;Ji INEQUALITY RULES 

Like mo t students. Mary and Martin enjoy 
di cussing inequalities during their lunch 
period . 

6. 12 Geoboard Squares 

a. 64? 
c. 289? 

b. 8 1? 

d. 0.01 21'1 

6.12 

13. How long is the side of a square if the area 
is 70? Give an approximate answer. (Hint: 
You may be able to use some of the results 
from problem 12.) 

14. Use tria l and error on a ca lcu lator to 
answer problem 13 to the closest one
thousandth . 

ls.fi'!,!,fl•i Use examples to explain . 

a. How does one fi nd the area of a square. 
if given the s ide? 

b. How does one find the side of a square. 
if gi vcn the area? 

20. Martin said, " I noti ced something coo l. If 
5/x is less than 5, then x/5 is more than 
1/5." Mary said, " I don't understand. In 
the fi rst place. I can' t think o f a value of x 
that would make 5/x greater than 5.' ' 

a. Give Mary at least two va lues of x that 
will make 5/x greater than 5. 

b. Is Martin 's statement correct? Gi ve 
examples to ex plain your answer. 

21. ._ Martin said, " If a < b, then by 
taking the reciprocals of both sides, I get 
I! a > lib. otice that I changed the direc
tion of the inequality." Mary answered, 
"Sorry, but you' re wrong." Who is right? 
Explain. with examples. 

22 . ._ Martin said , " If a < b, then by 
taking the opposites of both sides, I get 
-a > -b. ot ice that I changed the direc
tion of the inequality." Mary answered, 
"When wi ll you give up maki ng up ru les 
off the top of your head ! You' re wrong 
again !" Who is right? Explain , wi th 
examples. 
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square units. 
d. a 2 + 2ab + b 2 - 2ab = a 2 + b2, so 

the area of the original square is 
a 2 + b 2. 

11 . a. 32 + 42 = 9 + 16 = 25 
b. To find side a, we subtract 1 from 

4 to get 3. To find side b we sub
tract 2 from 7 to get 5. Hence the 
area of the square would be 
32 +52 = 34. 

12. a. 8 b. 9 
c. 17 d. 0.11 

13. 8.37 because (8.37){8.37) = 70.057 

14. 8.367 

15. a. To find the area of a square if 
given a side, square the length of 
the side. The resulting number is 
the area A = s2. 

b. To find the length of a side from 
the given area, take the square 
root of the area, or find the num
ber which when squared equals 
the area. 

16. X = 2 

17. y = 5, and since y = X+ 3, x must 
equal 2 as we found in #16. 

18. Answers will vary. Sample: 
7(x - 4) + 2(x - 4) = 9 - 8(x - 4) 

19. Answers will vary. Solving the sam
ple in #1 8: Let y = x - 4 
7y+2y= 9 - 8y 
9y + 8y= 9 
17y= 9 
y = 9/17 

20. a. Any value of x between 0 and 1 
will satisfy this. For example, if x = 
1/2, 5/xis 10. If x = 1/3, 5/xis 15. 

Problem J I should be di cussed in cia . 
Part (b) cannot be olved by a simple 
application of the formula discovered in 
problem I 0, becau e the given vert ices are 
not on the x- and y-axe . The meaning of a 
and b in this figure i not simply an x- and 
a y-coordinate. L et tudent expres i t in 
thei r own words. One way to think of it i 
to make a copy of the square with a vertex 
on each ax is. A nother is to think of a a the 
di fference in the x-coordinates, and b a 
the difference in the y-coordinates between 
the two given vertices. 

Students should not be required to memo
r ize this result. In Chapter 9 when this is 
approached again in terms of arbitrary 
geoboard right triangles, the Pythagorean 
theorem will be explicitly tated and may 
be memori zed then. 

FIND THE SIDE 

This section serves a a preview of the 
concept of quare root, which we will con
tinue developing in Chapter 7 and 9. 

For problem 13- 14, if tudents know how 
to fi nd the answer wi th the quare root key 
of their calculator, it is ti ll worthwhile to 
discuss how one could find the square root 
on a calculator wi thout u ing the key. uch 
discussion helps clarify the meaning of 
quare root. 

w.Ufi,Jji;Jt CH UNKING 

M any students will di tribute first, and 
think later, which makes an equation like 
that in problem 16 harder to olve. Thi i 
an important idea, to which we will return . 

w»gfi,)ji;Jt INEQUALITY RULES 

This section is optional because rna tery 
of rules for olving inequalities is not 
important to achieve in first-year algebra. 
If you choo e to do i t, expect orne vigor
ous discu ion. 

Problem 2 1 should help prepare the 
ground for problem 22, by expres ing it in 
terms of a speci fic value for a and b. There 
i no con. i tent pattern for taking the reci
procal of both sides of an inequali ty. For 
example, if 5/x is less than 5, then x/5 
could be either greater or le than 1/5. 
(Try x = 2, and then try x = -2.) 

/n problem 22, however, M artin is right, a 
students can readily veri fy by trying many 
examples. 

- - - -
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•utm• SOLVING INEQUALITIES 

Your tudents may have trouble solving 
these by straight algebraic manipulation , 
becau e all the method developed for 
equation cannot be u ed when olving 
inequalities. Specifically, one cannot multi
ply or divide both sides by a non-positive 
number. If you did the previous section, 
encourage students to use the rule di scov
ered in problem 23, when needed. 

/ r your tudents have diverging an wers, it 
would be best to recommend they consider 
the two ex pres ions: 

y = the left side andy = the ri ght side. 

Then by making tables of values and/or 
graphs they wi ll have a better gra p of 
what's going on, and it will be clearer 
who e an wer i ri ght. Thi i definitely 
the ea ie t approach if your tudent have 
acce to, and know how to u e, a graphing 
calcu lator. 

w•Ufi•ljf;J• CAN TARA MAKE A B? 

T hi i the Ia t of the serie on averages 
and grading. It fo llows Weighted 
Averages, Lesson 5. 
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b. Martin's statement is not always 
true. If x < 0, it is false. For exam
ple, if x = -2, 5/-2 is less than 5 but 
-2/5 is not greater than 1/5. 

21 . Not always true. For example, if 
a= -3 and b = 2, then -3 < 2 but -1/3 
is not greater than 1/2. 

22. This time Martin is right! To visual ize 
this, you could draw a number line 
showing that -a is the reflection of a 
(over the 0 point) and -b is the reflec
tion of b, so the order of a and bon 
the number line will be reversed if 
you take their opposites. 

23. X> 6 

24. x > 4 

25. X< -3 

26. X> -3 

i;/iflU• SOL VINC INEQUALITIES 

Solve the e inequalities. Remember that you 
mu t find all the values of x that make the 
inequality true. Show your work, and check 
your answers. 

23. x- I > 5 

24. X+ I > 5 

25. 2x - 6 > 5x + 3 

26. 2x - 6 < 5x + 3 

27. 3(x + 1) > 6 

28. 2 - 3(x + I) > 6 

.A 24o 

27. X> 1 

28. X< -7/3 

29. Quiz average (Q) = 85 
Writing average (W) = 50 
Solutions will vary. One possible 

approach is n <~sl ~ 50 ~ 80. 

ftJ&fi.Jfi:Ji CAN TARA MAKE A 8? 

Some auto in urance policies have a "good 
student" policy for high school student . If a 
student maintains a 8 average, he or she can 
qualify for a di count on in urance rate . 

Tara doesn' t like writing assignments becau e 
they take time outside of school, when she 
wou ld rather be driving her car. However, she 
does well on quizzes. She needs a 8 in algebra. 
Her scores are: 

Writing As ignments: 45 55 

Quizzes: I 00 50 90 85 90 95 

Tara hopes that the teacher will count quizzes 
heav il y in the average so that she can make 
a8. 

29. Is it possible for Tara to make a 8? If so, 
how much would the teacher have to 
weight her quizzes? If not, explai n why 
not. 

Chapter 6 J\1oki11g Compan"sons 
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~llll§iiji§t~ 6.C Group Theory 
_WRIT/N~ 

MOD CLOCKS 

The figure shows a mod clock, which is a spe
cial function machine. For any positive whole 
number input, it will output a number between 
0 and 4. For example: 

Input Output Input Output 

I I 5 0 

9 4 12 2 

13 3 17 2 

25 0 26 I 

77 2 100 0 

1. What would be the output of the mod 
clock for the fo llowing inputs? Explai n. 

a. 1998 b. 1899 c. 998 1 

I Definition: a EEl b is the output from the 
mod clock for the input a + b. a @ b is the 
output for the input ab. 

I Example: 3 EEl 2 = 0, and 3 @ 2 = I 

2. Make a table for each of EEl and @. 

3. i§§U§fl@il$1 The clock above is a mod 5 
clock. Find ways to predict the output of 
mod 10, mod 2, mod 9, and mod 3 clocks. 

6. C Group Th•ory 

GROUPS 

Definition: A group is a set of elements, 
together with an operation that satisfi es the 
following rules. 

• closure: using the operation on two 
elements of the group yields an element 
of the group. 

• associative law: (ab)c = a( be). 

• identity element: one of the elements, e, is 
such that ae = ea = a, for any 
element a in the group. 

• inverse element: every element a has an 
inverse a' such that a a' = a' a = e 

Some groups are commutative (ab = ba) and 
some are not. 

For 4-7 assume the associative law holds. 

4. a. Show that the set I 0, I, 2, 3, 4 } together 
with the operation EEl is a group. 

b. Show that I 0, I , 2, 3, 4 } with @ is not 
a group. 

c. Show that I I, 2, 3, 4} with @ is a group. 

5. Is the set of the integers a group with the 
fo llowing operations? 

a. addition b. multiplication 

6. Show that the set of rational numbers (pos
iti ve and negati ve fractions and zero) 
together with multiplication is not a group. 
By removing one element, it can be made 
into a group. Which element? Explain. 

7. Think about a mod 4 clock, with the num
bers I 0, I , 2, 3 }. Is it a group for EEJ? For 
@?Can it be made into one by removi ng 
an element? 

8. illilllm Gi ve examples of groups. For 
each, give the set and operation. Explain 
how they sati sfy the rules. Include fi ni te, 
infi nite, commutative, and noncommuta
tive groups. 
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1. a. 3 

2. EEl 
0 

I 

2 

3 

4 

® 
0 

I 

2 

3 

4 

b. 4 

0 

0 

I 

2 

3 

4 

0 

0 

0 

0 

0 

0 

c. 1 

I 2 3 4 

I 2 3 4 

2 3 4 0 

3 4 0 I 

4 0 I 2 

0 I 2 3 

I 2 3 4 

0 0 0 0 

I 2 3 4 

2 4 I 3 

3 I 4 2 

4 3 2 I 

3. For mod 10, the last digit gives the 
output. For mod 2, divide the last 
digit by 2. The remainder will be the 
output. For mod 9, the output is 
determined by summing up the digits 

of the input and dividing by 9. The 
remainder is the output. Mod 3 works 
the same way. Sum up the digits, 
divide by 3, and the remainder will be 
the output. 

4. a. closure: It is evident from the table 
in #2 that this property holds. 
identity element: The identity ele
ment is 0. 
inverse element: As can be seen 
from the table, every element has 
an inverse under this operation. 
The inverse of 0 is 0. 4 and 1 are 
inverses. 2 and 3 are inverses. 

b. closure: It is evident from the table 
in #2 that the set is closed under 
this operation. 
identity element: The identity ele
ment is 1. 

(Solutions continued on page 521) 

rdll~i~l~r~ 6.( 
WRITIN; Group Theory 

Core Sequence: none of the lesson 

Suitable for Homework: 8 

Useful for Assessment: 8 

What this Assignment is About: 

• Looking for patterns 

• Modular arithmetic 

• Abstract algebra 

• Identity and inverse elements 

• Finite and infinite groups 

• Preview of number systems 

This is the last lesson of the optional 
strand on group theory and abstract alge
bra. It represents the culmination of the 
work of Chapter 3, L esson 11 ; Chapter 4, 
Thinking/Writing 4.C; and Chapter 5, 
L esson 12. This lesson adds groups of 
numbers that have the same structure as 
the quite varied groups seen in the previ
ous lessons. The idea that apparently di f
ferent things can share a common structure 
may be the most fundamental concept in 
mathematics, and certainly in al gebra. 

B ecause it is so abstract and number
based, most of the lesson needs to be done 
in class. If you are not comfortable with 
the second section, Groups, you may still 
teach the fir st one, which is essentially a 
lesson in number patterns and arithmetic. 

MOD CLOCKS 

The mod clock provides an example of a 
function from number theory. It behaves 
quite differently from most of the functions 
students see in algebra, and therefore it 
helps broaden their horizons. Another ben
efit of this section is the review of divisi
bility patterns. 

A good way to introduce this lesson is to 
play What's my function? (see Teacher's 
Notes for Chapter 2, L esson 7). This can 
be played for problems 1 and 3. M od 5, 10, 
and 2 outputs can easily be predicted from 
the last digit of the input. Mod 9 and 3 
inputs depend on the sum of the digits, 
though you should let students discover 
this for themselves if they can. (The mod 
9 pattern is easier to see than the mod 3 
pattern.) 

The connection with the remainder of a 
division by the mod number can al so be 
discussed. The "addition" and " multiplica-

(continued on page 242) 
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(6.C continued) 

tion" tables wi ll be remini scent of the 
tables made in the previous group theory 
le sons. Students will need help in getting 
started. (See the blank tables on page 572.) 
A comparison of the tables may lead to the 
discovery of interesting patterns. 

• If the operation is commutative, the 
table is symmetric around its main 
diagonal. 

• The identi ty element's row and column 
look like the elements outside the table. 

• In some cases, no elements are repeated 
in any row or column. 

GROUPS 

Thi is where we give the formal definition 
of a group. M erely combining a set with an 
operation does not guarantee a group. For 
example, the natural numbers do not con
sti tute a group with any operation, because 
of the lack of inverse elements. (For addi
tion you need negati ve numbers, and for 
multiplication you need f ractions.) 

B ecau e the defini tion is abstract, it i be t 
to di cuss it in the contex t of an example, 
uch as the one given in problem 4. A dis

cussion of problems 4-7 can be supple
mented with a look back at the groups 
studied in prev ious chapters in the light of 
the new terminology. 

(continued on page 243) 

~ Essential Ideas 

EQUA liONS. IDENTITI ES. INEQUALITI ES 

l. Always, sometimes, or never true? 

a. 2x + 6 = 2r - 6 

b. 2x + 6 = 2(x + 6) 

C. 2x + 6 =X+ 6 
d. 2x + 6 = 2(x + 3) 

2. For each equation above, decide which of 
the two ex pressions is greater, if they are 
equal, or if the answer depends on the 
value of x. 

3. Solve the inequalities. You may want to 
use a graph. 

a. 3x < 5 b. x + 3 < 5 

c. 3x + 3 < 5 d. 2x + 6 < x + 6 

SOLVING EQUA liONS 

Solve these equations. 

4. a. 4x + 8 = 9 
b. -4x + 8 = 9 

c. 4x - 8 = 9 

d. -4x + 8 = -9 

5. a. x - 6 = 2(x - 5) 
b. 2x- 12 = 4(x - 5) 

c. 2.5(x - 5) = 2.5x - 12 
I 6. a. 3 (4x - 2) = 5 

b. ~ (8 - 2x) = 16 
5 

'- 3 c. 1= x - 4.3 

7. a. 6 - 3(m - 4) = 3m 

b. (6 - 3)(11 - 4) = 3n 

c. 6- 2(p + 4) = (8- p)(2 + 3) 
d. (6 - x)(x + 4) = (8 - x)(x + 2) 

8. a. d; 9- 3 = 15 b. J..:;?:. = f + 3 

2t/+6 Jt/- 7 
c. - 5-=-5 -

A 242 

9. Solve for y in terms of x. 
a. -6x + y = 4 

b. 2y +X= 8 

GRAPHS 

10. Graph these equations on the same axes. 

y - x = -6 y = 2(x - 5) 

y=2x - 12 y= 4(x - 5) 

11. Ex plai n how one can use this graph to 
check the solutions to problem 5. 

12. Use your graph to solve the compound 
inequality, 2x- 12 < x- 6 < 2x - 10. 
Ex plai n. 

WR ITI NG EQUATIONS 

13. Write an ex pression tell ing how much 
money Bea wi ll have if she 

a. stans with $32 1 and saves $9 a week 
for n weeks ; 

b. stans wi th $32 1 and saves $d a week 
for n weeks; 

c. stans with $m and saves $d a week for 
n weeks. 

14. If Bea stans with $32 1, how much must 
she save each week to reach $456 in 28 
weeks? Write an equation and solve it. 

D IFFERENCES AND RATIOS 

According to author Glen Rounds, Johnny 
lnkslinger was Paul Bunyan's accountant. He 
used a penci l that was "over three feet in diam
eter and seventy-six feet long- the fi rst one 
ever used." A typical penci l is a quaner inch in 
diameter and seven and a half inches long. 
Most men in those days were probably 
between 5 feet 6 in . and 6 feet tall. 

Chapter 6 Making Comparisons 
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1. a. never true b. never true 
c. sometimes true d. always true 

2. a. 2x + 6 is always greater than 
2x - 6 

b. 2(x + 6) is always greater than 
2x+6 

c. 2x + 6 > x + 6 when x > 0 
2x+ 6 = X+ 6 when X= 0 
x + 6 > 2x + 6 when x < 0 

d. 2x + 6 always equals 2(x + 3) 

3. a. x < 5/3 b. x < 2 
c. x < 2/3 d. x < O 

4. a. 1/4 b. -1/4 
c. 4.25 d. 4.25 

5. a. 4 b. 4 c. no solution 

6. a. 4.25 b. -6 c. 5.6 

7. a. m=3 b. no solution 
c. p = 14 d. X=2 

8. a. d = 81 
c. d = 13 

9. a. y = 6x + 4 

10. 

y = 2x - 10 

y= 2x - 12 

Y = X - 6 

b. f = -14/3 11 . The graph of y - x = -6 is the same 
as the graph of y = x - 6. The 
x-coordinate of the intersection of 
this graph with the graph of 
y = 2(x - 5) is 4, which gives the 
solution to 5(a) . Similarly, 5(b) can be 
solved by finding that the intersection 
of y = 2x - 12 andy= 4(x - 5) also 
occurs at x = 4. For 5(c) , one could 
notice that y = 2(x - 5) is parallel to 
y = 2x - 12, soy= 2.5(x - 5) will be 
parallel to y = 2.5x - 12. Hence 
there is no solution. 

12. The graph of y = x - 6 is between 
the graphs of y = 2x - 12 and 
y = 2x - 1 0 for values of x between 4 
and 6. Therefore, the solution to the 
compound inequality is 4 < x < 6. 



15. Compared to a normal pencil, Johnny 
Inkslinger 's was 

a. how much wider? 

b. how many Limes as wide? 

c. how much longer? 

d. how many Limes as long? 

16. Based on this information, how tall do you 
think Johnny was? Explain. (Gi ve your 
answer as a range of probable heights.) 

TABl ES, GRAPHS, AND EQUATIONS 

A telephone company offer two di fferent 
bi ll ing plans. The Community Plan costs 
$ 10.77 a month and allows un limited local 
calls. The Tiui fty Plan costs $5.50 a month, 
but the cost of local calls is 5.5 cents for the 
firs t minute, plus 3.5 cents fo r each additional 
minute. Both plans cost the same for long 
distance call s. Which plan should different 
callers use? 

17. Assume that your phone calls last an aver
age of fi ve minutes. 

a. How much does an average call cost 
under the Thri fty Plan? 

b. Write a formula for the Thrifty Plan. 
Use y for the cost, x for the number of 
phone calls. 

c. If you make exactly one fi ve-minute 
cal l a day, should you use the Thrifty 
Plan or the Communi ty Plan? 

18. Write a formula for the Thrifty Plan. Use y 
for the cost and x for the number of phone 
calls. Assume your call s last an average 
of: 

a. I minute; 

c. 5 minutes; 

b. 3 minutes; 

d. 7 minutes. 

19. Make tables to show how many calls a 
month make it preferable to use the 
Community Plan, for a customer whose 
calls last an average of: 

a. I mi nute ; 

c. 5 mi nutes; 

+ Essential Ideas 

b. 3 minutes; 

d. 7 minutes. 

• 
20. Use a graph to show the costs of both 

plans for each customer listed in problem 
19 as a function of the nu mber of ca lls 
made. (Your graph should include fi ve 
lines.) 

A consumer advocate gives advice to people 
about which plan to choose. In order to do that, 
he needs to generalize the information 
revealed in problems 17-20. 

21. He would like to have a formu la for the 
Thrifty Plan in terms of two variables: x 
for the number of loca l calls. and 1 for the 
average duration of each call. Find such a 
formula. 

22. He would like to know the number of local 
calls at the "break even" point , where both 
plans cost roughl y the same amount , in 
temts of 1. To figure th is out , he sets up an 
equation, with the form ula for the Thri fty 
Plan on the left , and the cost of the 
Community Plan ( 10.77) on the right. 

a. Solve the equation for x. 
b. Check your answers to problem 17 with 

the formula you found in pan (a). 

23. f In trying to use the form ula from prob
lem 22 he fi nds that people don' t usuall y 
know the average duration of their phone 
calls. To help them fi gure it out , he asks 
them for an estimate of the numbers of 
local call s they make every week that last 
approximately: one minute, five mi nutes, 
ten mi nutes, and thirty minutes. Given 
these four numbers, how can he fi nd the 
average duration of the phone call s? 

24.iliiZilW Keep track of the du ration of your 
phone cal ls for a week. Figure out wltich 
plan would be more suitable fo r you if you 
had your own phone. 
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(6.C continued) 

R oblem 8: For examples, tudents can 
look back at the lessons Li sted previously 
e pecially for the noncommutati ve ca e, of 
which there are no cases in this lesson. 
(In tead, see Letter Strings, Chapter 5, 
Le son 12, and Smooth Moves, Chapter 4, 
Lesson 4.C.) You can help get students 
started by di cu ing an example in cia s, 
and pointing out where others can be 
fo und. 

S ince this is the las t le son on ab tract 
algebra, if you want to do more, one pos i
ble investigation i to explore which of the 
mod clocks yield groups. It turns out that 
any number yields a group for 8:), but onl y 
prime numbers yield groups for ® (and 
this only once zero has been removed from 
the set). 

At a more advanced level, 11th or 12th 
grade, you may u e Richard Brown' s book 
on Transformational Geometry, (Sil ver, 
Burdett, and Ginn, Inc. J 973), reissued by 
Dale Seymour Publications, to explore 
groups with your pre-calculus students. 

+ S 0 L U T I 0 N S 

13. a. 321 + 9n dollars 
b. 321 + dn dollars 
c. m + dn dollars 

14. The equation is 321 + 28d = 456, 
which gives an approximate solution 
of d = 4.82. If Bea saves $4.82 per 
week for 28 weeks, she will have 
$455.96. (If she cannot borrow the 4 
cents , she will have to save for 
another week.) An alternative plan 
would be to save $4.83 per week for 
28 weeks, to end up with $456.24. 

15. a. over 35.75 inches wider 
b. over 144 times as wide 
c. over 904.5 inches longer 
d. over 121 .6 times as long 

16. Using the width of the pencil as a 
guide, Johnny would be 144 times 
as tall as most men, who are 66" to 
72" tal l. 

66(144) = 9504 inches = 792 feet 
72(144) = 10368 inches = 864 feet 
Johnny was between 792 and 864 
feet tal l. Using the length of the pen
cil as a guide, Johnny would be 
121 .6 times as tall as most men. 
66(121 .6) = 8025.6 inches = 
668.8 feet 
72(121 .6) = 8755.2 inches = 
729.6 feet 
Johnny was between 668.8 feet and 
729.6 feet tall. 

17. a. A five-minute call costs 
[0.055 + 0.035(4)] = 0.195 or approx
imately 20 cents. 
b. y = 5.50 + 0.195x 
c. 5.50 + 0.195(30) = $11 .35 or 

5.50 + 0.195(31) = 11 .55 This 
means that if the month has 30 
days, the Thrifty Plan costs 

$11 .35, and if the month has 31 
days it costs $11 .55. The 
Community Plan is a better deal. 

18. a. y = 5.50 + 0.055x 
b. Y= 5.50 + [0.055 + 0.035(2)] 

y= 5.50 + 0.125x 
c. Y= 5.50 + 0.195x 
d . y = 5.50 + [0.055 + 0.035(6)] 

y = 5.50 + 0.265x 

(Solutions continued on page 522) 

--
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Chapter 7 
PRODUCTS AND POWERS 

Overview of the Chapter 

The first eight lessons do not offer strik
ingly new material. Rather, they constitute 
a return to areas that have been introduced, 
and in some cases fairly well covered, in 
Chapters I, 3, 5, and 6. The difference is 
the focus on the main identities and the 
expectation that by now students should 
have reached a certain level of mastery of 
the distributive law. By the end of this 
chapter, they should be able to multiply 
binomials and trinomials accurately with
out the help of the Lab Gear, and they 
should be ready for the factoring lessons 
of Chapters 13 and 14. 

You will have to decide how much empha
sis to put on the Lab Gear in this chapter. 
Some students will be ready to work 
almost entirely without it, and you 
shouldn ' t insist that they use it. Other 
students will need the Lab Gear, and it 
should be available to them. 

If your students already have a solid 
understanding of the distributive law, you 
may do Lesson I and Lessons 3-5 quickly, 
and with a light touch. However most 
classes will benefit from fairly thorough 
coverage of this material. 

Products and powers are the key ideas 
behind scientific notation, which is the 
focus of Lessons 9-11 . This part of the 
chapter helps prepare students for 
Chapter 8. 

Finally, squares play an important part in 
this chapter, which ends with a geoboard 
lesson on squares and square roots, which 
previews Chapter 9. 
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CHAPTER 

A spiral galaxy, having arms made of gas, dusl, and stars 

Coming in this chapter: 
IJ!!1!!tllt1t!1tl The ex pression 13 + 23 + 33 + 43 +53 + ... + 113 

can be modeled by buildi ng " cube out of blocks. Could you 
rearrange these blocks into a square? If so, what are its di men
sions? Ex periment with diffe rent values of 11 . Look for a pattern. ___. 
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PRODUCTS AND POWERS 
1. Introduction of New Tools: 

• Tree di agrams for counting . Exponentiation and scientific 
notation on the calculator . Squares and square roots on the 
calculator 

7.1 Squares and Cubes 2. Algebra Concepts Emphasized: 

7.2 Square Windows 

7.3 Squares of Sums 

. Squares and square roots . Square of a sum . Square of a difference 

7.4 Di fferences of Squares • Factoring differences of squares . Factoring perfect squares 

7.A THINKING/WRITING: . Factoring multiples of perfect 
Cube Problems squares 

7.5 Remarkable Identities 
. Large numbers . Scientific notation 

7.6 How Many Solutions? . Operations with numbers in 
scienti fic notation 

7.7 Equations With Squares . Compound inequalities 

7.8 Power Play 
. The exponent 0 
• Distance on the Cartesian plane 

7.8 THINKING/WRITING: 
Graphing Inequalities 3. Algebra Concepts Reviewed: 

7.9 Powers and Large Numbers 
. Order of operations 
• The di stributi ve law 

7.10 Using Scientific Notation 

7.11 Using Large Numbers 

. Factoring . Combining like terms . Solving equations by graphing 

7.12 As the Crow Fli es 
. Equi valent equations 
• Exponentiation 

7.( THINKING/WRITING: 
One Googol Zeroes 4. Algebra Concepts Previewed: 

• Essential Ideas 
. Linear versus quadratic growth . Exponenti al growth . Optimization 
• Completing the square . Quadratic equations 
• Cube of a binomial . Square of a trinomjal . Simultaneous equati ons . Solving inequalities by graphing 
• The laws of exponents . Geometric sequences and their sums 
• The Pythagorean theorem 
• The distance formula 

5. Problem-Solving Techniques: 

• Using tables, graphs, variables, and 
functions . Using diagrams and geometric 
models . Reducing a problem to previously 
solved problems 

6. Connections and Context: 

. Three-dimensional visualization 
• Astronomy 
• Infinity 

-
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.. 7.1 
Squares and Cubes 

Core Sequence: 1-14, 19 

Suitable for Homework: 7, 12-14, 16-19 

What this Lesson is About: 

• Review of order of operations 

• Review of the di stributi ve law 

• Preparation for work with quares 

In thi s lesson students have an opportuni ty 
to think of the quare of a quantity, as 
opposed to the square of a number. This 
requires understanding at a more ophi sti 
cated level, but again the Lab Gear 
provides concrete vi ual support. 

The Exploration preview the first lessons 
of the chapter, by directly addressing a 
standard student mistake. Experimenting 
with numbers is an important part of 
understanding what' s wrong with "di strib
uting the square," but for most students it 
is not suffic ient, which is why we wi ll 
return to thi s questi on in many ways in the 
course of the chapter. 

HOW MANY SQUARES? 

In some cases the answers may surprise 
your students. For example, in problems 4a 
and 5a, it is not immediately clear that 
there i a way to model the expression with 
a ingle square. (In fact problem Sa could 
lead to a search fo r other Pythagorean 
triples. But do not bring thi s up if your stu
dents don' t, since the Pythagorean theorem 

the Lab Gear . .................................. 
I. tmpmm Which is greater, 22 + 32 or 

(2 + 3)2 ? By how much? Which is 
greater, 52 + 82 or (5 + 8)2 ? By how 
much? Is it ever true that 

Xl + / = (x + y)2 ? 
How far apart are they? Experiment and 
write a paragraph summarizing your work 
and your conclusions. It may help to use 
the Lab Gear. 

HO\\ MANY SQUARES! 

The square (x + 2)2 can be wri tten as the prod
uct (x + 2)(x + 2). It can be represented by a 
single square with side (x + 2), as shown in 
the figure. 

x+2 
~ 

The sum of the squares Xl + 22 cannot be writ
ten as a product or represented with a single 
square. It must be represented by two individ
ual squares. 

EB 
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Compare these two expressions. 
(i) 2. 32 

(ii) (2. 3)2 

Because the ru les for order of operations te ll 
us to perform exponentiation first, expression 
(i) means square 3 and then multiply by 2. This 
can be modeled by buildi ng two squares with 
the Lab Gear. 

Expression (ii) means multiply 2 by 3 and 
square the result. Since 2 · 3 = 6, this can 
be written more simply as 62 This can be 
modeled by building one square with the 
Lab Gear. 

Make a rough sketch representing each expres
sion, 2-6, with as few squares as possible. 
Which of these expressions can be modeled as 
a single square? Which require more than one 
square? (Be careful!) 

2. a. (x + I )2 b. -~ + I 

3. a. 4.fl + 4 b. (2x + 2)2 

4. a. 52 + 3 · 52 b. 22 + 5 . 22 

5. a. 32 + 42 b. (3 + 4)2 

6. a. (3 · 4)2 b. 32 • 42 

7. Give the value of each expression. 

a. 32 + 42 b. (3. 4)2 

c. (3 + 4)2 d. 32 .42 

e. 52 + 3 ·52 f. 22 + 5. 22 

Chapter 7 Products and Powers 

7. 1 S 0 L U T I 0 N S 

1. 22 + 32 = 13 and (2 + 3)2 = 25, so 
(2 + 3)2 is greater. Also (5 + 8)2 is 
greater than 52 + 82. Using the Lab 
Gear, it can be seen that the differ
ence between (x + y)2 and x2 + y 2 is 
2xy. The two expressions are equal 
only if x and/or y is 0. 

2. through 6. The following can be 
modeled as a single square: 2a, 3b, 
4a, Sa, Sb, 6a, 6b. 

7. a. 25 
b. 144 
c. 49 
d. 144 
e. 100 
f. 24 



HOI\ \ 11\NY CUBES? 

The cube (x + 2)3 can be written as the prod
uct (x + 2)(x + 2)(x + 2). It can be represented 
by a single cube with sides (x + 2), as shown. 

+ 2 

The sum of the cubes~ + 23 cannot be writ
ten as a product. It cannot be represented with 
a single cube. It must be represented by two 
individual cubes. 

Compare these two expressions. 
(i) 3 . 23 

(ii) (3 . 2)3 

Because the order of operations tells us to 
perform exponentiation first, expression (i) 
means cube 2 and then multiply by 3. This can 
be modeled by building three cubes with the 
Lab Gear. 

7.1 Squares and Cub.s 

7.1 

Expression (ii) means multiply 2 by 3 and cube 
the result. Since 3 · 2 = 6, thi s can be written 
more simply as 6] This can be modeled by 
building one cube with the Lab Gear. 

• 
8. What number does each expression equal? 

a. 3 · 23 b. (3 · 2)3 

How would you represent each expression 
with as few cubes as possible? It may help to 
use the Lab Gear. Make a sketch, giving the 
dimensions of each cube. 

9. a. (x + I )3 

10. a. ~+ 8 

ll. a . ~+ i 

b.~+ I 

b. (x + 2)3 

b. (x + Yi 
Which of these expressions could be modeled 
using only one cube? Which require more than 
one cube? Tell how you would represent each 
expression with as few cubes as possible. Give 
the dimensions of each cube. 

12. a. 6 · 23 

13. a. 63 + 23 

b. (6. 2)3 

b. (6 + 2i 

14. What is the va lue of each expression? 

a. 6 · 23 b. (6 · 2i 
c. 63 + 23 d. (6 + 2)3 

247A 

wi ll be add re sed more fu ll y in Chapter 9, 
and there i plenty of pressing work in thi s 
chapter.) ln problem 5b, it i po ible to 
model the expre sion with three quare . 

A fuller investigation of writing whole 
numbers as sums of square i pre en ted 
as an optional Discovery at the end of 
Les on 12. 

HOW MANY CUBES? 

This i the same activity, u ing cube . It i 
not important at thi s stage that the student 
memori ze an identity fo r the cube of a 
binomial. However it is u efu l for them to 
actuall y build the cubes in problems 9- 1 I. 

7. 1 S 0 L U T I 0 N S 

8. a. 24 
b. 216 

9. a. one cube with sides of length x + 1 
b. two cubes: one with sides of 

length x, the other with sides of 
length 1 

10. a. two cubes: one of side x, the 
other of side 2 

b. one cube of side x + 2 

11 . a. two cubes: one of side x, the 
other of side y 

b. one cube of side x + y 

12. a. six cubes, each with side 2 
b. one cube of side 12 

13. a. two cubes, one of side 6 and the 
other of side 2 

b. one cube of side 8 

14. a. 48 
b. 1728 
c. 224 
d. 512 



MAKING SQUARES FROM CUBES 

Trus is a surpri ing number pattern, once 
again invo lving tri angular numbers, which 
i particularly pleasing to di scover by 
working with actual blocks. Of course, 
thi s becomes difficul t with large numbers, 
but it is reall y worth it to actually make 
square from cubes for small nu mbers. 
Problem 15 should be done in class, 
even if problems 16-18 are ass igned as 
homework. 

Or course you cannot expect a proof of 
tills result at thj level, but in problem 18 
students should be able to wri te an expres
sion in terms of n. You shoul d accept an 
expression with " ... " in it. However it is 
conceivable that some students or groups 
will find a formula in closed form (with no 
dots) , especially if they did the problem in 
Chapter I , Les on I I . 

t;liilii• CUBING WITH A TABLE 

D istributi ve law practice without the 
block . This also previews an activity at 
the end of Lesson 7, where students wi II 
be asked to go one tep further and mul ti
ply polynomials without using the table 
format. 

7.1 

MAKING SQUARES FROM CUBES 

15. a. Use the Lab Gear to show how the 
expression 13 + 23 + 33 can be 
modeled by building three cubes. 

b. What was the total number of blocks 
needed for part (a)? 

c. Make a square by rearranging the 
blocks you used to make the three 
cubes. What are the dimensions of 
the square? 

16. a. The ex press ion 13 + 23 + 33 + 43 

could be modeled by bui lding four 
cubes. What is the total number of 
blocks used? 

b. How would one make a square by 
rearranging these blocks? Give the 
square's dimensions. 

f;/Jflfl• CUBIN G WITH A TA BLE 

To find the cube of a polynomial , first find its 
square, then multiply the result by the p<_; lyno
mial. For example, to calculate (x + 2y) , first 
square x + 2y. 

X 2y 

X~ 
2y G_GJ 

Combine like terms in the body of the table. 
Multiply this result by x + 2y. 
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17. Compare your answers to problems 15 
and 16. Look for a pattern. Check it for 
13 + 23. Predict the value of the sum, 

13 + 23 + 33 + 43 + 53 

Check your prediction . 

Js. IH§.!§dtffliN The expression 
13 + 23 + 33 + 43 + 53 + ... + nJ 

can be modeled by building n cubes out of 
blocks. Could you rearrange these blocks 
into a square? If o, what would its dimen
sions be? Exp lain your answer. 

4xy 

X 
_., 

4ry 4xy' 

2y Uy 8xy' sy' 

so (x + 2y)3 = ~ + 6ry + 121y2 + &i. 
19. Find the cube. 

a. (x + 1)3 b. (2x + 2)3 

c. (x + y)3 d. (2x - y)3 

e. (3x + 2y- 5)3 

Chapter 7 Products a11d Po Hiers 

7. 1 S 0 L U T I 0 N 
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15. a. l:jJ 

b. 36 
c. 6 by 6 

16. a. 100 
b. 10by10 

1 7. 13 + 23 = 32 

13 + 23 + 33 + 4 3 + 53 = 152 

The pattern is to add all the bases 
and take the square of the sum. 

18. Using the pattern discovered above: 
13 + 23 + 33 + ... n3 = (1 + 2 + 3 + .. . 
+ n)2 
The dimensions are (1 + 2 + 3 + ... 
+ n) by (1 + 2 + 3 + ... + n). 

19. a. x3 + 3x2 + 3x + 1 
b. 8x3 + 24x2 + 24x + 8 
c. x3 + 3x2y + 3xy2 + y 3 

d. 8x3 - 12x2y + 6xy2 - y 3 

e. 27x3 + 54x2y + 36xy2 - 135x2 -
180xy - 60y2 + 225x + 150y -
125 + 8y3 

-



iil!llliiie::~ ~:~:~ ·.·. ·g· ...... : 
THRFE Tl PE'> OF PANES 

The A.B. Glare wi ndow store has started sell 
ing a new kind of window. These windows can 
be made to order by combining three types of 
square window panes. Each pane measures one 
foot on each side. The three types of panes are 
shown below: comer panes, edge panes, and 
inside panes. 

ODD 
A 3-foot-by-3-foot window is shown below. It 
was made by putting together 4 comer panes, 
4 edge panes, and I inside pane. 

I. Sketch a 4-foot-by-5-foot rectangular win
dow. How many panes of each type were 
used to make it? 

'>QUARE V. INDOIVS 

2. OOMfiM An architect was asked to 
design a recreation hall. He was going 
to use the A.B. Glare wi ndow panes 
described above. The bui lding code 
imposes a limit of 72 square feet for the 
total area of all windows in the main part 

7.2 Square Windows 

of the hall. The architect dec ides to con
sider various combinations of square win
dows such that their total area is exactly 
72. Find several such configurations, and 
for each one, find the total number of each 
type of pane the architect will need. 

The architect is not the only one to like square 
windows. To save time when customers ask 
for them, Lara is assembling ki ts with the 
correct number of comer panes, edge panes, 
and inside panes to make square windows of 
various sizes. 

3. Make a table to show how many panes of 
each type are needed for a 2-by-2 window, 
a 3-by-3 window, and so on, up to a 
10-by-10 window. 

4. ._ Study the table from problem 3. 
Which increases the fastest: the number of 
comer, edge, or inside panes? Which 
increases the most slowly? Why? 

5. Make three graphs of the data in your 
table, on the same set of axes. 

a. Graph the number of comer panes as a 
function of the length of the side of the 
window. For example, since a 3-by-3 
window uses fou r comer panes, the 
point (3 , 4) would be on your graph. 

b. Graph the number of edge panes as a 
function of the side length . 

c. Graph the number of inside panes as a 
fu nction of the side length . 

6. .... Study your graphs. Which is the 
steepest? Explain why. 
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... 7.2 
Square Windows 

Core Sequence: 1-13, 17 

Suitable for Homework: 3- 17 

Useful for Assessment: 4, 7, 12 

What this Lesson is About: 

Comparing linear and quadrati c growth 

Using tables, graphs, variables, and 
fun ctions 

Preview of the identity for the square 
of a sum 

Optimizati on 

THREE TYPES OF PANES 

SQUARE WINDOWS 

P roblem 1-2 will acquai nt tudents with 
the bas ic assumptions of the problem. ote 
that the Ex plorati on ha many solutions, 
and it is not necessary to find all of them. 

ote that 1-by- 1 windows are not possible 
with the pane we are given. everthele 
there are many way to combine square of 
side 2 to 8 for a total area of 72. 

When you are sure that all student under-
tand how to find the number for each type 

of pane for different ize of square win
dow , you can let the class move on to the 
m re guided di scovery in problem 3-9. 
By now thi s ort of work with table , 
graphs, vari ables, and fun cti on hould be 
routine. 

7.2 S 0 L U T I 0 · N S 

l ,.m 
4 corner panes, 10 edge panes, 
6 inside panes 

2. Answers will vary. Sample answers: 
Two 6-by-6 windows: 8 corner 
panes, 32 edge panes, 32 inside 
panes 
Eight 3-by-3 windows: 32 corner 
panes, 32 edge panes, 8 inside 
panes 
Eighteen 2-by-2 windows: 72 corner 
panes 

3. 
Dimensions Corner Edge Inside Total 
of window 

2 by 2 4 0 0 4 
3 by3 4 4 1 9 
4by4 4 8 4 16 
5 by 5 4 12 9 25 
6 by6 4 16 16 36 
7 by7 4 20 25 49 
8 by8 4 24 36 64 
9 by9 4 28 49 81 

10 by 10 4 32 64 100 

4. The number of inside panes 
increases fastest. The number of cor-
ner panes remains constant as each 
window has exactly 4 corner panes. 

5. 64 
60 
56 
52 
48 

en 44 
~ 40 
~36 
0 32 

2 28 
§ 24 
c 20 

16 
12 
8 
4 

x interior panes 
o edge panes 
• corner panes 

0 
0 X 

• ® )( 
).( 

X 

X 0 

0 

X 

X 

0 

0 

1 2 3 4 5 6 7 8 9 10 
length of side of window 

. --- -
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An alternate trategy i s to spend more ti me 
on the Exploration, then answer problems 
7a, 8, and 9 before doing 3-6. 

Students may arri ve at a correct equation 
by inspection of the table developed in 
problem 3. That' fine, but make sure they 
understand the relationshi p between the 
geometry of the problem and the equa
tions. Recognizing a number pattern 
is an important skill, but in and of itsel f 
it does not throw light on the content of 
the problem. This is why problem 7 is 
important. 

COMPARING SIZES 

You may use the Lab Gear on the overhead 
projector to lead a discussion of problems 
12- 13. Let students sugge t how one could 
use the L ab Gear to model the problem. 
At one level , one can u e the ! -blocks as 
window panes, and vary the numbers for 
different-si zed windows. A more sophis
ticated solution could involve a set-up with 
l in the center, a 1-block at each corner, 
and four y-blocks for the edge panes. Other 
arrangements are possible, for example 
using y for the ide length, and not explic
itly showing the difference between the 
various type of panes. 

Or course, problems 12- 13 preview 
L esson 3 on squares of urn . 

MAKING THE MOST OF INVENTORY 

R oblem 16 i an interesting optimization 
puzzle. Many olution lead to three pane 
left over, but none that the author could 
find improve on that resul t. 

If your tudents enjoy the problem, have 
them explore whether they can improve 
their re ults by allowing nonsquare 
rectangular windows. 

d;iifiiit BIGGER WINDOWS 

R oblem 17 preview the question of area 
of similar figure . 

7.2 

7. 1§§.!§61iff1M 
a. Write a formul a for the number of 

panes of each type in an x-by-x 
window. Explain each fommla in refer
ence to a sketch of such a wi ndow. 

b. How are the fo nn ulas related to the 
graphs in problem 5? 

8. .,_ Add up the algebraic expressions for 
the numbers of each type of pane. If you 
did your work correctly, the sum should be 
very simple. 

9. Find the number of corner, edge, and 
inside panes needed for a I 00-by- 1 00 
window. 

COMPARING SIZES 

10. Lara has too many window kits of some 
types and not enough of other types. She 
has too many kits for 2-by-2 windows and 
not enough for 3-by-3 windows. How 
many panes of each type would she have 
to add to a 2-by-2 ki t to conven it to a 
3-by-3 ki t? 

11. Answer question 10 if Lara wanted 
to conven 

a. a 5-by-5 kit to a 6-by-6 kit ; 

b. an 8-by-8 kit to a 9-by-9 kit. 

t2J§§rl§k'@iffiM How many panes of each 
type would Lara have to add if she wanted 
to conven an N-by-N-foot kit to an 
N+ 1-by-N+ 1-foot kit. Explain, using a 
sketch of an N+ 1-by-N+ I window. 

13. How many panes of each type would 
Lara have to add if she wanted to conven 
an N-by-N-foot kit to an N+M-by-N+ M
foot kit. Explain, using a sketch of an 
N+M-by-N+M window. 

.6. 250 

MAKING THE MOST Of INVENTORY 

14. Suppose you have 12 panes of each type 
in inventory. 
a. What is the largest square window you 

could make? Give the size of the win
dow and tell how many panes of each 
type you would have left over. 

b. What is the largest square window you 
could make with the remaining panes? 
Continue until no more windows can be 
made. Give the size of all the windows 
and the number of each type of pane 
left at the end. 

15. Repeat problem 14 for: 
a. 20 panes of each type; 

b. I 00 panes of each type. 

16. Now assume that instead of trying fo r the 
largest possible square window, you try to 
make any number of square windows, with 
the goal of having as f ew panes as possi
ble left over. 

a. If you stan with 100 panes of each type, 
what size windows should you make? 
What wi ll be left over? 

b. Compare your answers with other stu
dents ' answers. 

fQ;/ifli§i BIGGER WINDOWS 

17. Suppose each pane, regardles of the type, 
costs $ 1.00. 
a. Make a table and a graph showing the 

cost of the window as a function of the 
side length. 

b. AI knows that an 8-by-8 window costs 
$64.00. He thinks that a 16-by- 16 win
dow should cost twice as much , but he 
isn' t sure. What do you think? Explain 
your opinion. 

c. A 16-by- 16 window costs how many 
times as much as an 8-by-8 window? 

Chapter 7 Products a11d Powers 

7.2 S 0 L U T I 0 N S 

6. The graph of the number of inside 
panes as a function of side length is 
the steepest. The center of the win
dow grows faster than the edges 
because two dimensions are grow
ing. The edges are growing in one 
dimension only. 

7. a. As shown in the figure, there are 
four corner panes. There are four 
edge regions , each of length 
(x - 2). There is one center region 
of dimensions (x - 2) by (x - 2). 
Hence for an x-by-xwindow, there 
are 4 corner panes, 4(x - 2) edge 
panes, and (x - 2)2 inside panes. 

x - 2 

corner""' center 
region edge region 

region 

b. The corner regions do not grow, 
hence the graph is a horizontal 
line. The edge regions grow along 
one dimension; hence the graph is 
linear. The center panes grow in 
two dimensions {length and 
width) , and so the graph is 
quadratic. 

8. 4 + 4(x - 2) + (x - 2)2 = 4 + 4x - 8 
+ x 2 - 4x + 4 = x2 
This makes sense, since an x-by-x 
window will have x 2 panes, total. 

9. 4 corner panes, 392 edge panes, 
9604 inside panes (and 10,000 
panes in all) 

(Solutions continued on page 522) 
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the Lab Gear 

l. @@Mi 
a. Model the square (x + I )2 with the Lab 

Gear. Then add blocks to create the 
square (x + 2)2 What blocks did you 
need to add to the first square to get the 
second? Now add blocks to create the 
square (x + 3f What blocks did you 
add this time? Continue to make the 
square grow, keeping an organized 
record of what blocks you add each 
time. Write a paragraph about any 
patterns you notice. 

b. If a and bare whole numbers, what 
blocks would you need to add to 
(x + a)2 to get (x +a+ 1)2? To get 
(x +a+ b)2? 

MISSI~G TERMS 

2. a. Use the Lab Gear to build a square 
using I 0 x-blocks and any other blocks 
that you want (except more x-blocks). 
Sketch the square. 

b. What is the area of the square? 

c. What are its dimensions? 

d. Is this the only such square you could 
build? (That is, is your answer unique?) 
If it isn' t, try to find another possibility. 
If you can' t build another square, 
explain why. 

3. Repeat problem 2, using 16 one-blocks 
and any other blocks that you want (except 
more yellow blocks). 

7.3 Squares of Sums 

4. Repeat problem 2, using 8 ..ry-blocks and 
any other blocks that you want (except 
more ..ry-blocks). 

5. Can you build a square starting with 3 
2 -blocks, if you can use any other blocks 
except more .1-blocks? Explain. 

6. Can you bui ld a square starting with 15 
one-blocks, if you can use any other 
blocks except more one-blocks? Explain . 

7. Build two different squares starting with 
4 2 -blocks, using any other blocks except 
more 2-blocks. Are there more solutions? 
Explain . 

TERMS AND COEFF IC lENTS 

8. a. Use the Lab Gear to build three 
squares of the form (x + b)2, using a 
different value of beach time. Sketch 
the squares. 

b. Write the area of the square next to 
each sketch, combining like terms. 

c. Notice how many terms are in each 
expression for area. Notice the coeffi
cient of each term. Describe what 
you notice. 

In each expression below, a binomial is 
squared. Distribute and combine like terms. 

9. (2y + 3f 10. (3x + 2)2 

II . (2x + 3y)2 12. (3x + 2yf 
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.. 7.3 
Squares of Sums 

Core Sequence: 1-20,22, 27-28 

Sui table for Homework: 9-2 1, 27-28 

Useful for Assessment: 13- 15, 20 

What this Lesson is About: 

• The square of a sum 

• Preview of completing the quare 

• Preview of difference of squares and 
square of a difference 

• Review of quotient and remainder 

The Exploration i somewhat remini cent 
of the work with squa re wi ndow in the 
previous lesson. 

MISSING TERMS 

TERMS AND COEFFICIENTS 

The Lab Gear exerci e bring in sharp 
focus the structure of the square of a bino
mial. Stru1ing with problem 9, tudent do 
not need to u e the block , though you 
should allow them to if they want. 

7.3 S 0 L U T I 0 N S 

1. a. 2x + 3 blocks are needed to con- original 16 blocks. Another square 6. No. The number of one-blocks needs 
vert (x + 1 )2 to (x + 2}2. can be made by adding one x 2- to be a perfect square. 
2x + 5 blocks are needed to con- block and eight x-blocks. 7. There are several possible solutions: 
vert (x + 2)2 to (x + 3f b. One square has area 16. The (2X+ 5}2 = 4x2 + 20X+ 25 
2x + 7 blocks are needed to con- other square has area (2X+ 4)2 = 4x2 + 16X+ 16 
vert (x + 3}2 to (x + 4f x 2 + Bx+ 16. (2x + 3)2 = 4x2 + 12x + 9 
2x + 2n + 1 blocks are needed to c. 4 by 4, or (x+ 4) by (x+ 4) (2X+ 2)2 = 4x2 + 8X+ 4 
convert (x + n)2 to (x + n + 1 )2. d. There are two squares, so the (2X+ 1)2 = 4x 2 + 4X+ 1 

b. Two x-blocks and 2a + 1 one- answer is not unique. 
blocks are needed to change 8. Answers will vary. A sample is given. 

4. a. Two squares are possible, one 
(x + a)2 to (x + a+ 1 )2 . To change requiring the addition of one l X+3 

(x+ a)2 to (x+ a+ b)2 we must and 16 x2 , the other requiring the 
add 2b x-blocks and 2ab + if one- addition of one x2 and 161. 
blocks. b. y2 + Bxy + 16x2 or ~+ Bxy+ 161 

X+3 

2. a. Build a square by adding one x2 c. y+ 4x by y + 4x, or x+ 4yby 
and 25 ones. X+4y x 2 + 3x + 3x + 9 = 

b. x2 + 10x+ 25 d. not unique x 2 + 6x + 9 
C. X+ 5 by X+ 5 5. No. The number of x2-blocks needs 
d. Yes, it is unique. to be a perfect square. 

3. a. You can make a square with the 



RECOGNIZING PERFECT SQUARES 

If students want to use the L ab Gear, let 
them, though it w ill not work for problem 
19 or for problems that use large or f rac
tional coeffi cients. Encourage the use of 
the table representation, as the breaking up 
of the middle term into equal halves for 
inclusion in the table i an important tep 
towards understanding completing the 
square (which we do in Chapter 13) . 

One way to understand the pattern in 
problem 22 is to substitute l for x and y. 
Then the express ion that is being squared 
is simply a number. In the case of a whole 
number, it square is a perfect square. 

7.3 

13 . .... Refer to problems 9- 12 to answer 
these questi ons. 

a. How many terms are in each product, 
after combining like terms? 

b. For each binomial, notice the 
coeffi c ients of each of the terms. Then 
notice the coefficie nts in the related 
expression fo r area. Describe any rela
tionships you notice. 

c. For each binomial, notice the degree of 
each of the terms. Then notice the 
degree of each term in the related 
ex press ion fo r area. Describe any rela
ti onships you notice. 

14. fiilr,l,flej Summari ze the patterns for the 
square of a binomial. 

ts. +§§,(§fitifiN The patterns you found can 
be generali zed by using letters instead of 
numbers for coeffi cients. Show how you 
would find the area of a square 
hav ing side 

a. a+ b; 

c. a+ by; 

b. ax+ b; 
d. ax+ by. 

16. In each ex pression below, a binomial 
is squared. Distribu te and combi ne 
like terms. 

a. (m + n)1 b. ( ll m +2)2 

c. (5y + 6x)2 d. ( I + 9y)2 

RECOGNIZING PERFECT SQUARE~ 

.fl + 14x + 49 is ca ll ed a perf ect square trino
mial. It is the square of the bi nomial (x + 7), 
as you can see by wri ting it in a mu ltiplica
tion table. 
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; lr----;-x----+----:-:----~ 
17. Which of the fo llowing are perfect square 

trinomials? For each one, wri te the bino
mial it is the square of. 

a . .I+ 16x + 16 

b . .I+ 4x + 4 
c . .I+ lOx+ 25 

d. x2 + IOxy + 25i 

18. All of these are perfect square trinomials. 
Write each one as the square of a 
binomial. Sketches may help. 

a. 4.1 + 20xy + 25i 

b. 36/ + 12xy +.I 
c. /+ 18y+8 1 
d. 25.fl + lOxy + / 

19. one of these express ions is a perfect 
square tri nomial. In each one, change just 
one of the terms to convert the who le 
expression into the square of a binomial. 

a. 4.1 + 12x + I 0 

b. U + 8x + 16 

c. 36.1 + 30x + 25 

d. 1.44.1 + 1.6x + 2.25 

20. fijj,U,fi•i Explain how to recog-nize a 
perfect square tri nomial. You may use 
sketches, but be sure to discuss 
coeffi cients, terms, and degree. 

21. Look at each perfect square trinomial in 
this lesson. For each one, fi nd the sum of 
the coefficients. What do you notice? 
Explain . 

Chapter 7 Produ cts and Powers 

7.3 S 0 L U T I 0 N S 

X+ 5 

X+ 1 

X+5 

x 2 + 5x + 5x + 25 = 
x 2 + 10x+ 25 

X+1 

x 2 + 1x+ 1x+ 1 = 
x 2 + 2x+ 1 

c. Each expression for area has 
three terms. The constant term is 
the square of b. The middle term is 
twice bx. The coefficient of x2 is 1 . 

9. (2y+ 3)2 = 4l + 12y+ 9 

10. (3X+ 2)2 = 9x2 + 12X+ 4 

11 . (2x+ 3y)2 = 4x2 + 12xy+ 9l 

12. (3x+ 2y)2 = 9x2 + 12xy+ 4l 

13. a. three terms 
b. The coefficients of the first and 

last terms are the squares of the 
coefficients of the terms of the 
binomials. The coefficient of the 
middle term is twice the product of 
the coefficients of the terms of the 
binomials. Algebraically: 
(ax+ by)2 = a2x2 + 2abxy+ b2y2 

c. Answers will vary . One thing to 
notice is that the term of lowest 
degree has degree twice that of 
the term of lowest degree in the 
binomial. Likewise, the term of 
highest degree has degree twice 

that of the term of highest degree 
in the binomial. 

14. Answers will vary . Main ideas: 
(ax+ b)2 = a2x2 + 2abx+ b2 and 
(ax+ by) = a 2x2 + 2abxy+ b2y 2. 

15. a. (a + b)2 = a2 + 2ab + b2 

b. (ax+ b)2 = a 2x2 + 2abx + b2 

c. (a+ by)2 = a2 + 2aby + b2l 
d. (ax+ by)2 = a 2x2 + 2abxy + b2l 

To find the area of each square 
whose side is a binomial , square the 
first term of the binomial , add twice 
the product of the terms of the bino
mial, and finally add the square of 
the second term of the binomial. 

16. a. (m + n)2 = m2 + 2mn + n2 

b. (11m+2t =121m2 +44m+4 
c. (5y+ 6xJ = 25l + 60xy+ 36x2 

d. (1 +9y) =1 +18y+81y2 



fPf(ifliii HOW MANY TERMS! 

22. M@M Two of the fo llowing 
problems are impossible. Solve the other 
three. Find a pair of binomials such that 
their product has: 

a. three terms 

b. four terms 

c. fi ve terms 

d. one term 

e. two terms 

f r/Jflilj LAB GEAR MVL TIPLICA TION 

For each of these problems, 23-25: 
a. Use the corner piece to show the 

multiplication. 

b. Check that the resulting fig ure includes 
an uncovered recumgle of the req uired 
dimensions. 

c. Write a length times width equals area 
equation. 

7.3 Squares of Sums 

7.3 

23. (y + 2)(y + 2) 24. (y + 2)(y - 2) 

25. (y - 2)(y - 2) 

26. Which of the uncovered rectangles in 
prob lems 23, 24, and 25 are squares? 

f•J1fi•1fi;Ji CONSTRAINED NUMBERS 

27. What are m and 11 if they are whole num
bers and 

a. 89 = 12m + n, with n < 12; 

b. 123 = 45m + n, with 11 < 45 ; 
c. 2345 = 67m + n, with n < 67. 

28. If Nand m are whole numbers, and 
N = 1m + n, fi nd several values of N 
such that n = 2. 
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tP;lillii• HO W MA N Y TERMS? 

T hi s Exploration is a very important pre
view of the di fference of quare (which 
we tackle formal ly in the next lesson), a 
well as a problem-so lving opportun ity 
to practice the di stributi ve law. Do not 
ski p it ! 

/t should be done in c las , so that student 
can work in groups. Do not give hints. Let 
student truggle with this, using tri al and 
error with the help of the Lab Gear and/or 
the table representation. 

t;liilii• LAB GEAR MUL TIPLICA TION 

T his section offers a tran iti on to the 
identitie that involve minu , a well as a 
rev iew of multiplicati on in the corner 
piece. lf you are pressed for time, you may 
skip it, but on ly if your student are very 
much on top of Lab Gear multiplicati on. 

CONSTRA INED N UMBERS 

O rdinary equati on-solving techniques will 
not help here. Make sure students check 
that their fi nal an wer ati fies a ll three 
constrain t : the equation, the fac t that m 
and n are whole number , and the inequal
ity. m and n are the quotient and remainder 
of the corresponding di vi ion. 

7.3 S 0 L U T I 0 N S 

17. b, c, and d are perfect squares. 
b. X+2 C. X+5 d. X+5y 

18. a. (2x + 5y)2 b. (6y + x)2 

c. (y + 9)2 d. (5x + y)2 

19. a. change the constant term to 9 
b. change the first term to x 2 

c. change the middle term to 60x 
d. change the middle term to 3.6x 

20. Answers will vary. The key ideas are 
that the first and last terms are per
fect squares. The middle term is 
twice the product of the square roots 
of the perfect-square terms. Squares 
of binomials of the form ax+ b have 
three terms: one second-degree , one 
first-degree , and one zero-degree. 
Squares of binomials of the form 
ax+ by have three second-degree 
terms. 

21 . The sum of the coefficients is a per-
feet square. 

22. Answers will vary. Sample answers 

23. 

are given. 
a. (x+ 1)(2x + 3) = 2x2 + 5x + 3 
b. (x + 1)(y+ a)= xy + ax + y+ a 
c. impossible 
d. impossible 
e. (x + 1 )(x - 1) = x 2 - 1 

,... 

y+ 2 

y + 2 

(y+ 2)(y+ 2) = 
y 2 + 4y+ 4 

24. 
,r 

y - 2 

25. 
,.r 

y - 2 

y + 2 

(y + 2)(y - 2) = 
y 2- 4 

y - 2 

(y - 2)(y - 2) = 
y 2 - 4y+ 4 

26. the two that are squares of binomials 
(#23 and #25) 

(Solutions continued on page 523) 



T 7.4 
Differences of Squares 

Core Sequence: 1-17, 21-32 

Suitable for Homework: 1-5, 10-13, 
21-32 

Useful for Assessment: 5, 9, 13, 17 

What this Lesson is About: 

Factoring a difference of squares 

Using different models for the ame 
mathematica l structure 

Review of equation solving 

The Exploration sets the stage in the con
text of numbers, as did the Exploration that 
opened L es on 1. 

CUTTING A SQUARE OUT OF A SQUARE 

USING VARIABLES 

If you do not have access to scissor , stu
dents can fo ld and tear the graph paper. Or, 
assign problems 1-5 as homework. 

In problem 4, the simplest solution 
involve traight cuts, but the geometrically 
inclined may explore the question of what 
other shapes are possible for the cut. 

iiiiii{iiiMI .................... : 

the Lab Gear 

?..ra..P.~ .~~J:J.:r .IW ~ 1 
sc isso rs : 

........................................ : .................................. 
I. IMMti!M Which is greater, 32 22 or 

(3 - 2)2 ? Which is greater, 82 - 52 or 
(8 - 5)2 ? }s it ;ver true that 

y- - x- = ( y - x)2 ? 
Is it ever true that 

/ - ;(2 < ( y - x)2 ? 
Experiment, and write a paragraph sum
marizing your work and your conclusions. 

CUTT ING A SQUI\Rf OUT OF ,\ SQUARE 

Problems 2-4 show how to model the 
difference of two squares geometrically. 

2. Cut a I 0-by-1 0 square out of graph paper. 
Then, out of the corner of thi s square, cut 
a 4-by-4 square. The remaining paper 
should look like this. 

3. The size of the remaining paper represents 
the difference of the I 0-by- 1 0 square and 
the 4-by-4 square. Its area is 102 - 42 

square centimeters. How many square 
centimeters is thi s? 

.A zs4 

4. The odd-shaped figure you have left after 
cutting out the 4-by-4 square can be 
rearranged into a rectangle. You can do 
this by making a single cut in the paper. 
Try it. Sketch the resulting rectangle and 
label its length and width. 

5. +;gug;nmm Repeat problems 2-4 for 
some other differences of squares. (For 
example, try cutt.ing a 3-by-3 square out of 
a 7-by-7 square. Try several others.) Can 
the resulting shape always be rearranged 
into a rectangle, no matter what two num
bers you use? Can you use fractions? What 
are the dimensions of the rectangle? If it 
can always be arranged into a rectangle, 
explain why. If not, explain when it is pos
sible and when it is not possible. Give 
examples, using sketches. 

USIN( , \'\RI ,\IHES 

Use the Lab Gear to do problems 6-9. 

6. Trace the x'2 -block on a piece of paper and 
cut out the square. Then trace a 1-by- 1 
square in the comer of the x'2 -paper and cut 
it out. What di ffe rence is represented by 
the remaining paper? 

7. Show how you can rearrange the remai n
ing paper into a rectangle. Make a sketch 
showing the dimen ions of the rectangle. 

Chapter 7 l'roducls and Powers 

7.4 S 0 L U T I 0 N S 

1. 32 - 22 is greater m-by-m square (as long as n < m). 7. dimensions x - 1 by x + 1 

82 - 52 is greater The rectangle wi ll have dimensions /cut c=lJ }x - 1 l - x2 = (y - x)2 if x = 0 or if x = y m - n by m + n. See the figure. [] l - x2 < (y - x)2 when x > 0 and L:J0 X+1 
x > y, or when x < 0 and x < y 8. a. dimensions are x - 2 by x + 2 

3. 84 b. dimensions are y - x by y + x 

4. •• 
c. dimensions are y - 3 by y + 3 
d. dimensions are y - 5 by y + 5 

m 2- n2 9. dimensions are b - a by b + a 
r--- -

·D 
I 

:~ 

.....-----..... m - nl I I 
11111 1111 1111 11· 

b 
m+n b a 

14 6. x2 - 1 I b - a 
5. Answers will vary. The key idea is D b a 

~ 

that a rectangle is always possible if b+a 
an n-by-n square is cut out of an 

b 2- a2 = (b - a)(b + a) 



8. Repeat problems 6 and 7 for the following 
squares. You do not have to do the actual 
cutting unless you want to, but your 
sketches should be traced in the 
correct sizes. 

a. Cut a square having area 4 out of a 
square having area:?-. 

b. Cut a square having area:?- out of a 
square having area i . 

c. Cut a square having area 9 out of a 
square having area /. 

d. Cut a square having area 25 out of a 
y-by-y square. 

9. irl§,!§fl®® Make a sketch showing 
what remains after a square having area a2 

has been cut out of a square having area 
b2 Then show by sketching how this can 
be rearranged into a rectangle. What are 
the dimensions of this rectangle? 

FACTORING A DIFFEREN( E OF SQUARES 

When you cut a square out of a square, the 
area of the remaining paper is the difference 
of the two squares. When you rearrange thi s 
paper into a rectangle and write the area as 
length · width, you are wri ting this di fference 
as a product, or factoring. Later in this course 
you will find thi s factoring technique helpful 
in solving equations. 

10. Which of these is a di fference of two 
squares? 

a. 4:?-- 16/ 
b. 4:?- + 16/ 
c. (x - y )(x - y) 

d. (a - b)2 

7.4 Differences of Squares 

7.4 

11. Write these di fferences as the product of 
two factors . 

a. :?- - 9 
c. 25 - x2 

12. Factor. 

b. /-25 
d. 4x2 - 16 

a. 9/ - 25 b. 9 - 25:?-
c. 9/- 25:?-

IJ. I§§U§fl@i® In this lesson you found a 
technique fo r fac toring a di fference of two 
squares. However, in all the examples you 
have done, you have assumed that the fi rs t 
square was larger than the second. Does 
the pattern work if the first square is 
smaller than the second? That is, if a is 
less than b, is it still true that 

a1 - b1 = (a - b)(a + b)? 
Experiment , using some numbers, and 
explain your conclusions. 

f;/ijii§. THE LAB GEAR MODEL 

14. Use the corner piece to multi ply 
(y + 5)(y - 5). Remember to simpli fy. 

15. Show l - 25 with the Lab Gear. Show 
how you can add zero and rearrange the 
blocks so that the uncovered part fonns a 
rectangle. What are the dimensions of the 
rectangle? 

16. Explain how one can use the Lab Gear 
to factor 

a. :?- - I ; b. l - :?-. 

17. fii!,!,f!ii Write a paragraph summari zing 

what you learned in thi s lesson about dif
ferences of squares. Use sketches and 
examples. 
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FACTORING A DIFFERENCE OF SQUARES 

S tudents' ability to fac tor these depend 
on their understanding of the pattern 
revealed in the first part of the les on (and 
in the Preview at the end of Les on 3). If 
they are having trouble, have them check 
their solution by distributing with the 
table representation. 

7. 4 S 0 L U T I 0 N S 

10. (a) on ly 

11 . a . (x - 3)(x + 3) 
b. (y+ 5)(y - 5) 
c. (5 - x)(5 + x) 
d. (2x - 4)(2x+ 4) 

12. a. (3y - 5)(3y+ 5) 
b. (3 - 5x)(3 + 5x) 
c. (3y - 5x)(3y + 5x) 

13. Yes, the pattern works if the first 
square is smaller than the second. 

a 2 - b2 is a negative number 
because a 2 is less than b2 . In the 
case where a and b are both posi
tive, the expression a - b is nega
tive , so the product of a+ b and 
a - b will be negative. (The cases 
where a and b are both negative, or 

a is negative and b is posit ive, can 
be considered separately. Simi lar 
arguments wi ll work.) 

14. l - 25 

y - 5 

y +5 

(y - 5)(y + 5) = 
y 2 - 5y+ 5y-25= 
y 2 - 25 

15. You can add zero in the form 
5y - 5y. Move -25 on top of the 5y 
and the upstairs 5yon top of the l . 

+5y 
Jl 

~~ 
Place 25 
upstairs 
here. 

16. a. Add zero in the form x - x. 
Rearrange the upstairs 1- and 
x-block to show an uncovered 
rectangle with dimensions x + 1 
byx-1. 

b. Add zero in the form xy - xy and 
rearrange upstairs x2 and xy to 
show an uncovered rectangle with 
dimensions y + x by y - x. 

17. Summaries will vary. 

-
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t;lii/41• THE LAB GEAR MODEL 

P roblem 14-16 can serve as a review of 
the whole les on from a different point of 
view. It i somewhat less concrete than the 
paper and cissors activity, since minus i 
shown accordi ng to the Lab Gear upstairs 
convention, in tead of through phy ical 
removal of the part that is being subtracted. 

If some tudents have forgotten how to do 
problem 14, group or class discussion 
hould help. Problem 18 bridges the gap 

between the two representations, since it 
invo lve physically removing the square in 
a Lab Gear layout. 

7.4 

18. Arrange Lab Gear blocks to show a square 
havi ng area (x + sf 
a. sing the blocks, remove a square 

having area .tl out of the square having 
area (x + 5)2, and rearrange the remain
ing blocks as a rectangle. Write its 
dimensions. 

b. Repeat pan (a) and remove a square 
having area 25. 

c. What other squares can you remove 
from (x + Si? Remove one, and 
rearrange the remaining blocks into 
a rectangle. 

Solve these equations using the cover-up 
method. 

5 - X 8 
21. -7- = i4 

3 +2+x=l_2 
23. 5 5 

6 -!.'!.=~ 25. X 2 

27 .!. = 2 
• X 

4 
29. -; = 5 

4 
3 1. 3x - 1= 5 

.A 2s6 

X- 2 2 
22. 2 --3- = 3 

·7 X 

24. 6 = 4 
2 +X 5 

26. -g-= 3 
I + X 2 

28. -3- = 9 

4 5 30. x=J = 

4 5 
32. X+ 4 = (; 

d. Explain how pans (a), (b), and (c) are 
examples of the pan ern you learned 
about earl ier in this lesson. 

19. Write each difference as a product of 
two factor . 

a. (y + 4)2- l 
b. (y + 4f - (y + w 
c. (y+4)2 -(y+ 1)2 

20. Factor. (y + 2f - (x + 5)2 

Chapter 7 Products and Powers 

7.4 S 0 L U T I 0 N S 
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18.~ 
~(x+S)' 

Remove x2: 

I 11111 1 ls(2x + S) 

Remove 25: 

111111 llllll x(x+ 10) 

d. In part (a) , we found (x + 5)2 - x2 . 

Using the pattern of a 2 - b 2 = 
(a - b)(a + b) , this would be 
(x + 5 - x)(x + 5 + x) which simpli
fies to 5(2x + 5) . In part {b) , we 
found (x + 5)2 - 52 , which is 
(x+ 5 - S){x+ 5 + 5) = x(x+ 10). 
Part (c) showed a similar pattern. 
This shows that the pattern 

a 2 - b2 = (a - b)( a+ b) applies 
even if a and b are expressions 
containing more than one term . 

19. a. (y+ 4)2 -l = (y+ 4 - y) 
(y+ 4 + y) = 4(2y+ 4) 

b. (y+ 4)2 - (y+ 3)2 = 
(y + 4 + y + 3)(y + 4 - y - 3) = 
(2y+ 7)(1) 

c. (y+ 4) - (y+ 1)2 = 
(y + 4 - y - 1 )(y + 4 + y + 1 ) = 
3{2y+ 5) 

20. [y + 2 - (x + 5)][y + 2 + X+ 5] = 
(y - X - 3){y + X+ 7) 

21 . X = 1 

22. X= 6 

23. X= 2 

24. X= -14/3 

25. X= 4 

26. X= 34/3 

27. X= 1/2 

28. X= -1/3 

29. X= 4/5 

30. X= 9/5 

31 . X= 3/5 

32. X = 4/5 

-



~ill@$@~ 7 .A Cube Problems 
_WRITIN~ 

TilE PAINTED CUBE 

Lea made a cube by gluing together 27 Lab 
Gear 1-blocks. 

1. Make a sketch of what thi s cube would 
look like. What are its dimensions? 

Lea painted the cube red on all six sides. Later, 
Mary and Martin were annoyed when they dis
covered what Lea had done. They needed the 
27 one-blocks to do a hard factoring problem. 
Besides, they didn ' t think she should have 
been gluing and painting Lab Gear blocks. 

2. a. When Mary and Martin broke Lea's 
cube apart into the 27 original small 
cubes, how many of the 1-blocks 
did they find to be painted red on 
three sides? 

b. How many were painted red on 
only one side? 

c. How many were painted red on 
two sides? 

d. How many had no red paint on them? 

3. Repeat problem 2 fo r a 4-by-4-by-4 cube. 

4. llillim Write a report about problems 2 
and 3. It should include, but need not be 
limited to, the following: 

• Show how you solved problems 2 and 3. 
Include sketches. 

• Look for patterns in your answers. Use 
them to guess the answers for a cube of 
side 5 and a cube of side 6. How can you 
check whether or not you are ri ght? 

• Make a generalization to an n-by-n-by-n 
cube. Write expressions in terms of n for 
the number of cubes with 0 sides 
painted, I side painted, 2 sides painted, 
and 3 sides painted. (Explain why the 
four expressions should add up to n3, 

and check that they do.) 

7.A Cube Problems 

CUBES IN CUBES 

It is easy to see that there are 27 different 1-by-
1-by- 1 cubes in this 3-by-3-by-3 cube. It is 
harder to see how many different 2-by-2-by-2 
cubes there are, because they overlap. 

5. Figure out how many different 2-by-2-by-
2 cubes there are in a 3-by-3-by-3 cube. 

6. Think about a 4-by-4-by-4 cube. It 
contains how many 

a. 1-by- 1-by- 1 cubes? 

b. 2-by-2-by-2 cubes? 

c. 3-by-3-by-3 cubes? 

d. 4-by-4-by-4 cubes? 

e. cubes altogether? 

7. Find how many cubes of each size 
there are in a 5-by-5-by-5 cube. Try to 
figure out a systematic way for counting 
the cubes. 

8. llillim Write a report about these cube 
problems. It should include, but not be 
limited to, the following: 
• Describe the strategy you used to answer 

problems 5, 6, and 7. Use sketches and 
explain your reasoning. 

• Make a generalization. In an n-by-n-by
n cube, how many cubes of each size ( 1-
by-1-by-1 , 2-by-2-by-2, 3-by-3-by-3, 
and so on) would there be? Write 
expressions in terms of n. 

• Test your generalization by trying it for 
a 7-by-7-by-7 cube. How many smaller 
cubes of each size should there be, 
according to your generalization? If you 
add all these numbers, do you get the 
correct total of 784? Show your work. 
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rii@ISI~t~ 7.A 
_WRtTtN~ Cube Problems 

Core Sequence: 1-4 

Suitable for Homework: 1-8 

Useful for Assessment: 4, 8 

What this Assignment is About: 

• Three-dimensional visualization 

• Review of the distributive law, including 
preview of square of a difference 

• Review of combining like terms 

THE PAINTED CUBE 

Thi s is an ex tension of the square window 
problem into three dimensions. You may 
discus with your class a compari son of 
the rate of growth of the numbers of the 
different types of cubes as n increase . 

CUBES IN CUBES 

Thi problem generalizes the question of 
the number of quares in a chessboard, 
which was addressed in Chapter 6, Lesson 
2, to three dimensions. However, while it 
is diff icult at thi level to come up with a 
formula for the two-dimen ional problem, 
it is possible to find a formula for the 
number of cubes in a cube. In fact thi s was 
done in the section Making Squar es from 
Cubes in L esson I. In working on thi 
assignment, students have an opportunity 
to reduce a tough problem to two 
prev iou ly solved simpler problem . 

7.A S 0 L U T I 0 N S 

1 . • 

2. a. 8 (one at each vertex) 
b. 6 (the central block of each face) 
c. 12 (the middle block along each 

edge) 
d. 1 (the block at the very center of 

the cube) 

3. a. 8 (one at each vertex) 
b. 24 (the 4 central blocks of each 

face) 
c. 24 (the 2 middle blocks along 

each edge) 
d. 8 (the 2-by-2-by-2 cube at the 

center of the 4-by-4-by-4 cube) 

4. Reports will vary . Some main points 
follow: 

31 =27 

#of blocks 
painted on 3 8 

sides 

#of blocks 
painted on 2 12 

sides 

#of block; 
painted on I 6 

side 

#of bloc k~ 

painted on 0 I 
sides 

sum of 
pain1ed 27 
blocks 

tow/# uf blocks in the cube 

41 =64 51 = 125 6 1 = 2 16 

8 8 8 

24 36 48 

24 54 % 

8 27 64 

64 125 2 16 

II ' 

8 

12(11 - 2) 

6(11 - 2)2 

(n - 2)1 

113 

The sum of blocks with 0 sides 
painted , 1 side painted, 2 sides 
painted, and 3 sides painted is the 
total number of blocks in the cube. 
(n - 2)3 = n3 - 6n 2 + 12n - 8 
(no paint) 
12(n - 2) = 12n - 24 (two sides) 
6(n - 2)2 = 6n 2 - 24n + 24 (one 
side) 
8 = 8 (three sides) 
Add these expressions: n3 - 6n 2 + 
12n - 8 + 12n - 24 + 6n 2 - 24n + 
24 + 8 = n3 

The blocks painted on one side are 
the inside blocks on each of the 6 
faces, or 6(n - 2f The blocks 
painted on two sides are the blocks 
along each of the 12 edges with the 
exception of the vertex blocks on 
each end of an edge (which are 

(Solutions continued on page 523) 
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T 7.5 
Remarkable Identities 

Core Sequence: 1- 18, 25-27 

Suitable for Homework: 1- 14, 19-22, 
25-27 

Useful for Assessment: 2, 5, 8, 10, 13, 
2 1-24 

What this Lesson is About: 

• The three main identities 

• Factoring when there is a common 
factor times the square of a sum 

• Preview of other identities: cube of a 
binomial, square of a trinomial 

• Review of solving inequalities 
graphically 

By now your students should be more than 
ready fo r thi s lesson which should not pre
ent any major di fficul ties. Start by using 

the Lab Gear, but hope that your students 
will not need it after problem 13. 

ii.liiiQIIMM . · ................. . 

the Lab Gear 

~r~~~p~~:r. Q 
graphi ng ca lculator 
iCiiiiionaii···························· 

fj#Ufili MULTIPLYING PA TTfRNS 

I. Find these products. 

a. (y - 3)(y + 3) 

b. (y + 5)(y - 5) 

2. .,_ What is the pattern in problem I? 

3. Does the pattern still ho ld for 
(2x - I )(2x + I)? Ex plain . 

4. Find these squares. 

a. (y - 3)2 b. (y - 5)2 

c. (y + 3)2 d. (y + 5)2 

5. .,_ What is the pattern in problem 4? 

6. Does the pattern sti ll hold fo r (2r - I )2 

and (2r + I )2? Ex plain . 

THREE IDENTITIES 

7. True or False? The square of a sum is 
equal to the sum of the squares. Explain, 
using a sketch. 

8. .,_ Describe a shortcut fo r finding the 
square of a sum. 

The ex pression / -.l is the difference of 
squares. (Remember that shaded blocks are 
upstairs.) 
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The ex pression (y - x)2 is the square of a 
difference. 

9. True or False? The square of a d ifference 
is equal to the difference of the squares. 
Explain. 

10 . .,_ Describe a shortcut for finding the 
square of a difference. 

11. Find the products. 

a . (y + x)2 

b. (y- x)2 

c. (y - x)(y + x) 

As you know, identiti es are algebraic 
statements that are always true. The three that 
are shown in problem II are especially impor· 
tant and useful. You should memorize them. 
For example, using the second one, 

(2x - 5)2 = (2x)2 - 2(2x)(5) + 52 

= 4.?- 20x + 25 . 

12. Multiply by using one of the identi ties. 
You may check your answers with the Lab 
Gear or by setting up the multiplication as 
a table. 

a. (3x- 2)2 

b. (3x + 2)2 

c. (3x - 2)(3x + 2) 

Chapter 7 Products and Powers 

7.5 S 0 L U T I 0 N S 

1. a. y 2 - 9 
b. y 2 - 25 

2. (a - b)( a+ b) = a 2 - b2 

3. Yes. (2x - 1)(2x+ 1) = 4x2 - 1 
The middle terms are -2x and 2x. 
They are opposites, so their sum is 
zero. 

4. a. y 2 - 6y+9 
b. y 2 - 10y+ 25 
c. y 2 + 6y+ 9 
d. y 2 + 10y+ 25 

5. (y+ a)= y 2 + 2ay+ a2 
2 2 (y - a) = y - 2ay + a 

6. Yes. Let 2x= yand 1 =a in the 
formula. 

7. False 
X+ y 

~ 
X+ y 0 

(x+ y)2 x 2 + y 2 

square of a sum sum of squares 

8. If there are two terms, square each 
number. Then double the product of 
the two terms. That is, 
(a + b)2 = a2 + 2ab + b2 . 

9. False. (y - x)2 is the square of a dif
ference. y 2 - x 2 is the difference of 
squares. These are equal only if 
x = 0 or x = y. 

10. Square the first term of the binomial , 
subtract twice the product of the two 
terms, and add the square of the 
second term of the binomial. 
(a - b)2 = a2 - 2ab + b2 

11 . a. (y + x)2 = y 2 + 2xy + x 2 

b. (y - x)2 = y 2 - 2xy + x 2 

c. (y - x)(y + x) = y 2 - x 2 

12. a. (3x - 2)2 = 9x 2 - 12x + 4 
b. (3x + 2)2 = 9x2 + 12x + 4 
c. (3x - 2)(3x + 2) = 9x2 - 4 



Even if you don' t use the identi ties for multi
plying, it is useful to memorize them in order 
to recognize them quickly when trying to fac
tor a trinomial. Knowing them is also useful 
for understanding the solution of quadratic 
equations. 

II CASE O F MISTAKEN IDENTITY 

Some of the most common mistakes of math 
students concern the identities you have 
learned about in this chapter. Even after having 
learned the identities, students often forget and 
write (x + yf = .XZ + / or (x - yf = .XZ - / . 
This mistake causes math teachers to tear their 
hair in desperation. 

13.iil!ld Write an article or create a poster 
that you think would help other students 
avoid these mistakes. (Math teachers all 
over the world would greatly appreciate 
your help.) Include explanations, sketches, 
and examples. Make your article or poster 
appealing, eye-catching, or humorous so 
that other students will want to read it. 

FACTORING 

14. Factor these trinomials. 

a. 9.~ + 6x + I 
b . .xz - 6xy + 9/ 
c. 4.~ + 4xy + l 
d. 9XZ - 25 

e. 4.XZ- 4/ 
f. a2.XZ + 2acx + c2 

15. Use the Lab Gear to make as many 
di fferent rectangles as you can with 
3.XZ + 12x + 12. Write a product 
corresponding to each rectangle. 

7.5 Remarkable Identities 

7.5 

16. The figure below shows a box with a 
square base. 

a. Write an expression for the volume of 
the box in the form 

Height · Area of Base. 
b. Write an expression for the volume of 

the box in the form Height · (Sidef 

17. Each of these expressions gives the 
volume of a box that has a square base. 
For each one, write an expression of the 
form Height · (Side)2 You may want to 
use the Lab Gear. 

a. 3.XZ + 12x + 12 
b. 8.XZ + Sx + 2 
c. 3x2 + 6xy + 3/ 
d. 2/ + 12y + 18 
e. xy2 + 2xy + x 

18. Each of these polynomials gives the vol
ume of a box that has a square base. For 
each one, write an expression of the form 
Height · (Side)2, without using the blocks. 
(Hint: The height of the blocks is the fac
tor that is common to all three terms.) 

a. 27.XZ + 54x + 27 

b. 60/ + 60y + 15 
c. 50.XZ + I OOo~y + 50/ 
d. 16/ + 96y + 144 

e. 6.XZy + 24xy + 24y 
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f;liiW• MUL TIPL YINC PATTERNS 

THREE IDENTITIES 

A CASE OF MISTAKEN IDENTITY 

These sections wrap up the work on the 
squares of sums and differences of squares 
that has been done earlier in the chapter. In 
addition, a little introductory work is done 
with the square of a difference, but this is 
close enough to the square of a sum. 

If the work is being done in class, you 
should allow use of the Lab Gear, but 
encourage anyone who can to do the work 
on paper. 

The three identities are so important that 
students should be encouraged to create 
posters or articles about them; see 
Problem 13, Report. 

FACTORING 

Problem 14 applies the identities to factor
ing. The remainder of the lesson extends 
the work in a challenging direction. 

Problems 15-18 focus on the more diffi
cult case of the square of a sum times a 
common factor. 

7.5 S 0 L U T I 0 N S 

14. a. (3x + 1)2 

b. (x - 3y)2 

C. (2X+ y)2 

d. (3x - 5)(3x + 5) 
e. (2x - 2r)(2x + 2y) 
f. (ax+ c) 

15. 3x2 + 12x+ 12 = (x+ 2)(3x+ 6) 

16. a. 3(x2 + 2x + 1) 
b. 3(x+ 1)2 

17.a. 3(x+2)2 

b. 2(2X+ 1)2 

c. 3(x+ y)2 

d. 2(y + 3)2 

e . x(y + 1)2 

18. a. 27(x + 1)2 

b. 15(2y+ v2 

C. 50(X+ y) 
d. 16(y+ 3)2 

e. 6y(x + 2)2 



SQUARING TRINOMIALS 

CUBES OF SUMS 

Challenge students who are comfortable 
with the bas ic three to discover the e trick
ier identi ti e . These do not need to be 
memorized. 

REVIEW/PREVIEW ALWAYS, 
SOMETIMES, OR 
NEVER TRUE? 

Thi ection help preview Thinking/ 
Writing 7.B. A graphing calculator could 
be u ed for problem 27. 

7.5 

SQUARI NG TRINOMIALS 

Do you think Lhere is a pauem for the square 
of trinomials? Experiment with Lhese 
problems. 

19. (x + y + 2)2 

20. (x + y - 5)2 

21. Describe the pauern you di covered in 
problems 19 and 20. 

22. What is (a - b + c)2 equal to? Use the 
pattern you discovered, then check your 
an wer by using the distributi ve law very 
carefully. 

REVIEW/ PREVIEW A LWAYS, SOMETIMES, 
O R NEVER TRUE? 

25. On Lhe same axes. graph y = 12 - x and 
y = 8 - x. 

26. A lways, sometimes, or never true? 
( xplain your rea oning in each case.) 

a. 12 - X > 8 - X 

b. 12 - X > J3 

C. 8- X > 12 - X 

d. 4 > 8 - X 

e. -4 > 8- x 

.A, 26o 

CU UES OF SUMS 

23. Find an identity for the cube of a sum. Lab 
Gear models using 3-D blocks may help. 
Explain why the cube of a sum is not the 
sum of the cubes. 

fRf.t..ifi SUM OF SQUA RES 

24. 52 + 20x + 25 

Think of the Lab Gear blocks representing thi s 
polynomial. The polynomial is not a perfect 
square, so you cannot rearrange it into a single 
quare. However, i t can be arranged into a sum 

of squares. Figure out how you would do it. 

27. A lways, sometimes, or never true? (I f 
sometimes true, give the values of x that 
make it true.) 

a. x > 2x - 8 
b. 2x- 5 > 2x 

C. X< 2x- 5 

Chapter 7 Products aut/ Powers 
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19. (x + y + 2)2 = x 2 + y 2 + 4 + 2xy + 4x 
+ 4y 

20. (x + y - 5)2 = x 2 + y 2 + 25 + 2xy -
10x - 10y 

21 . The square of the trinomial is the 
sum of the squares of each term and 
twice the product of each pair of 
terms. (a+ b + c)2 = a2 + b 2 + c2 + 
2ab + 2ac + 2bc 

22. (a - b + c)2 = a2 + b2 + c2 - 2ab + 
2ac - 2bc 

23. The cube (x + y)3 can be built with 
the 3-D blocks. By looking at the 
components of the cube, we can see 
that (x + y)3 = x 3 + 3x2y + 3xy2 + y 3. 

It is not equal to x 3 + y 3 unless x = 0 
or y = 0 or x = -y. 

24. {It helps to use the blocks.) 
5x 2 + 20x+ 25 = x 2 + (2x+ 5)2 

25. x unit = 2 
y unit = 2 

Y = 12 - X 

26. a. Always. The graph of y = 12 - xis 
always above the graph of 
Y = 8 - X. 

b. Sometimes. The graph of 
y = 12 - x is above the horizontal 
line y = 13 when xis less than - 1. 

c. Never. The graph of y = 8 - xis 
never above y = 12 - x. 

Y = 4 

y = -4 

y = 8 - X 

d. Sometimes. When x > 4, the 
graph of y = 4 is above y = 8 - x. 

e. Sometimes. When x > 12, the 
graph of y = -4 is above y = 8 - x. 

27. a. Sometimes, when x < 8 
b. Always. The line Y= 2x - 5 is par

allel to the line y = 2x - 8. 
c. Sometimes; when x > 5 



l ESSON 

How Many Solutions? 

iihii{jlldfijl .................... : 

: g ra ph pape r EtfEI • . ..................................... l:J::±l,' 
; g ra phing ca lc ul a to r 

As you learned in Chapter 6, graphing is one 
way to find solutions to equations. For exam
ple, consider the equation 2x - 6 = -x. This 
equation can be solved by graphing the lines 
y = 2x - 6 and y = -x on the same axes. 
I 

y y=2r-6 

-5 

1. a. From the graph above, estimate the 
point of intersection of the lines 
y = 2x - 6 and y = -x. 

b. Use algebra to solve the equation 
2x- 6 = -x. 

X 

2. The linear equation 2x - 6 = 2x has no 
solution. Show that thi s is tme by graphing 
the lines y = 2r - 6 andy = 2x. Expla in 
how your graph shows that the equation 
has no solution. 

7.6 How Many Solutions? 

3. Te ll how many solutions each equati on 
has. Use graphs if necessary. 

a. 5x - 6 = 5x - 7 

b. 5x - 6 = 0.5( 10x- 12) 
c. 5x - 6 = x 

4. For a ll the equations in problem 3 that 
have one solution, find the solution. 

5 . ..... 

a. Write and solve a linear equation that 
has onl y one solution. 

b. Write a linear equation that has an infi 
nite number of solutions. 

c. Write a linear equation that has no 
solution. 

6. ..... Is it possible for a linear equation to 
have two solutions? T hree solutions? 
Explain your answers, using graphs if 
possible . 

QU \DRMK EQU ·\TIO" S 

I Definition: Second-degree equations are 
called quadratic equations. I Example: These are all quadratic equations . 

..(2 = 45 
3x2 - 15 = 6x + 2 
6x2 +5x+8= 0 

You will learn several methods for solving 
quadratic equations. In this lesson, we will use 
graphing. Use a whole piece of graph paper for 
problems 7 - II. 

7. Draw a pair of axes on a full page of graph 
paper. Show a ll four quadrants. Graph 
y = X2 very carefully. 

8. On the same pair of axes, graph these lines 
and label them with their equatio ns. 

a. y= 6x - l2 
b. y = 6x - 9 

c. y = 6x - 5 

261 ... 

7.6 
How Many Solut ions? 

Core Sequence: 1-19 

Suitable for Homework: I-ll , 26 

Useful for Assessment: 5, 6, 15 , 24 

What this Lesson is About: 

• Graphing to sol ve equations 

• Equi valent equations 

• Prev iew of simultaneous equations 

• Prev iew of quadratic equations 

This secti on reviews the material in 
Chapter 6, L esson 5, and previews simulta
neous equations which will be addressed in 
Chapter 10. 

l:JADRATIC EQUATIONS 

By observ ing the number of intersections 
between a l ine and a parabola, students 
w ill find out that a quadratic equation can 
have 0, I, or 2 solutions. A f ull treatment 
of quadratic equati on w ill occur in 
Chapter 13. 

7.6 S 0 L U T I 0 N S 

1. a. (2, -2) 
b. 2x - 6 = -x 

3x=6 
X=2 

2. The lines are parallel , so they never 
intersect. 

3. a. no solution. (The graph of 
y = 5x - 6 does not intersect the 
graph of y= 5x - 7.) 

b. There is an infinite number of 
solutions. y = 5x - 6 and 
y = 0.5(1 Ox - 12) are the same 
line when graphed. 

c. One solution, which can be found 
by graphing y = x and y = 5x - 6 
or by solving algebraically. 

4. x = 1.5 is the solution to 3(c) 

5. a. Answers will vary. 
b. Any linear identity will work, for 

example : 6x+ 12 = 6(x+ 2) 
c. Anything of the form 

mx+ b= mx+ c, where b "~o c, will 
work; for example 
6x + 12 = 6x - 1 0 

6. The solution of linear equations can 
be modeled by graphing lines. Since 
two lines intersect in at most one 
point, it is not possible to have more 
than one solution unless the equation 
is an identity. 

7. 



HOW MANY INTERSECTIONS? 

In the previou section , students looked at 
specific example of quadratics. In thi s 
ection they create thei r own. Thi would 

most effectively be done in cia , so 
tudent can compare answers and help 

each other out. 

WHICH GRAPH SHOUlD YOU USE? 

It i probably best to do this section with 
the help of an electronic graphing calcul a
tor. If you don ' t have access to them, you 
may lead a di cu ion at the overhead 
projector. 

7.6 

9. Label the point or points of intersection of 
each line with the graph of y = _;_ 

One of the lines you drew touches the graph of 
y = _; at only one point. 

I Definition: A line that touches a graph at 
only one point is rangenr to the graph. 

10. Which of the lines you drew is tangent to 
the graph of y = _; ? 

11. Use the graphs to solve these equations. 

a._;= 6x- 12 

b._;= 6x- 9 

c. _; = 6x- 5 

11011 \lA'-\ I,_TER'>ECTIONS! 

12. a. Draw a graph of y = .;. 

b. On the same axes, draw a line that does 
not inter ect y = .~. Write the equation 
of the line. 

c. Repeat part (b) for another line that 
does not intersect y = _;_ 

13. a. Draw a graph of y = .;. 

b. On the same axes, draw a line that 
intersects y = _; at only one point. 
Write the equation of the line and label 
the point of intersection. 

c. Repeat part (b) for another line that 
intersects y = .~ at only one point. 

14. a. Draw a graph of y = x2. 

b. On the same axes, draw a line that 
intersects y = _; at two points. Write 
the equation of the line and label the 
points of intersection. 

c. Repeat part (b) for another line that 
intersects y = r at two points. 
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IS . .,_ Refer to your answers to problems 
12- 14. Use them to write and solve a 
quadratic equation that has 

a. one solution; 

b. two solutions; 

c. no solutions. 

16. CJ> Use graphs to estimate the solutions to 
these equations. 

a . . ~= -6x- II 
b. _; = -6x + II 
c. -_; = 6x + II 

17. \;) Wri te the equation of a line that is tan
gent to y = _; at the point ( -4, 16). 

\\HI< H <,R,\PH ~HOlllO YOl ' l ~F' 

The solution of the equation _; = 4 can be 
found by graphing y = _; and y = 4 on the 
same pair of axes. 

y = _; 

y=4 

-5 5 

-5 

The equation _; = 4 can also be written as 
_; - 4 = 0. It can be solved by graphing 
y = r - 4 and y = 0 on the same axes. 

X 

18. What is another name for the line y = 0? 

Chapter 7 Products aud J'owers 
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8., 9. 

points of 
intersection are 
(3, 9) , (1 , 1 ), and 
(5, 25) , which 
is not shown . 

10. y= 6x- 9 

3 

2 

(3, 9) 

1. Y= x2 
2. y= 6x - 12 
3. y= 6x - 9 
4. y= 6x - 5 

11. a. The line y = 6x - 12 does not 
intersect the parabola, so there is 
no solution. 

b. y = x 2 and y = 6x - 9 intersect at 
(3, 9), so the solution is x = 3. 

c. y = x 2 and y = 6x - 5 intersect for 
x = 1 and x = 5. 

12.-14. Answers will vary . Sample 
answers are given in the figures . 

12. 

x unit= 1 
y unit= 1 

13. 

y= -2x - 1 

xunit = 1 
yunit = 1 

Y= 2x - 1 



As shown in the figure, the graphs inrersecl in 
two poims. This means thai the quadraric 
equation ~ = 4 has two solutions. 

)' 
y=~ - 4 

-5 5 

-5 

19. Wha! are the rwo values of x thai sari sfy 
!he equarion ~ = 4? Where do they 
appear in each of the two graphs above? 

20. Ex plain why all of these quadratic equa
tions are equivalent. 

~=x+6 
~-x= 6 

~-x-6= 0 

ffllj@fi;Ji LAST DIGITS 

X 

26. What is the Ia t digit fo r each of these 
numbers: 0 11Xl, 1100, 2' 00, ••. , 9 100? Most of 
these numbers have too many digit for 
the las! one ro appear in your calculator, 
o you will have to fi gure out some other 

approach. (Hi m: Try finding the last digi ts 
of maller powers of these number .) 

7. 6 How Many Solutions? 

7.6 

21. Graph the parabola y =-~and the line 
y = x + 6 on the same pair of axes. Label 
the point of intersection. 

22. Graph the parabola y = ~ - x and the line 
y = 6 on the same pair of axes. Label the 
points of intersection. 

23. Graph the parabola y = ~ - x - 6 and 
y = 0 on the same pair of axes. Label the 
points of intersection. 

24 . .... Compare your answers to problems 
2 1-23. 

a. What is the oluLion ro the quadratic 
equation~ - x - 6 = 0? 

b. Which of the three graph do you rhink 
gave the easiesr way ro fi nd the solut ion 
to this equation? 

25. Find the so lutions to these equations by 
graphing a parabola and a line on the 
same pair of axes. As you saw in problem 
24, there may be more than one possible 
pair of graphs !hat can be used. You may 
u e any pair that will work. 

a.~= 3x + 4 

b.~- 5 = -4x 
c. U = 18 

263 .6. 
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Thi s section cou ld be assigned a a prob
lem of the week or as a wri ting as ign
ment. Or it cou ld be ass igned as group 
problem-solv ing, followed by the group ' s 
presentati on of patterns and conclusion 
to the whole class. 
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14. 

Y= 4 

x unit= 2 
yunit = 2 

15. Answers will vary . Samples are 
given . 
a. x2 = -2x - 1 
b. x 2 = 4 
c. x2 = -x - 1 

16. a. no solution. (The graphs do not 
intersect.) 

y= -6x - 11 

Y = 6X + 11 y= -6x+ 11 

b. Estimates will vary slightly. 
x = -7.5orx=1.5 

c. no solution 

17. By trial and error, the answer can be 
found to be y = -8x - 16. A graphing 
calculator is helpful. Students should 
confirm that it is a point of tangency, 
by showing that x 2 = -8x - 16 has 
only one solution. 

18. The x-axis. 

19. 2 and -2 
On one graph , they appear where 
the graph of y = x 2 intersects the 
graph of y = 4. On the other, they 
appear where the graph of 
y = x 2 - 4 intersects the line y = 0, 
which is the x-axis. 

20. The second equation can be 
converted to the first by adding x to 
both sides. The third equation can be 
converted to the first by adding x + 6 
to both sides. 

(Solutions continued on page 523) 



... 7.7 
Equations with Squares 

Core Sequence: 1-3 1 

Suitable for Homework: 14- 18, 21-3 J 

Useful for Assessment: 4, 18-19 

What this Lesson is About: 

• Preview of solving quadratic equations 

• Factoring wrap-up 

• Mul tiplying polynomials wrap-up 

GRAPHICAl SOlUTIONS 

This is an appli cation of the strategies, 
introduced in the previous le on , to qua
dratics presented in the form (x- p)2 = K, 
where K is an expression. 

A graphing calcul ator may be helpful for 
prob lems 4b and 5, but if they are unavail
able, tudents should be able to do the 
work by hand. 

l £ ~ S 0 N 

Equations With Squares 

the Lab Gea r . . .................................. 
This lesson is about so lving equati ons. You 
will use two di fferent methods to approach 
equati ons that involve the square of a 
binomial. 

GRAPHICAL SOLUTIO~S 

The graphs of y = (x + 3)2 and y = (x - 2)2 

are shown below. 

-5 5 

I. Ex plain why these two graphs never go 
below the x-ax is. (Why is the value of y 
never negati ve?) 
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2. On a piece of graph paper, copy the two 
graphs. For more accuracy, calculate the 
coordinates of several points on each 
curve. Use the graphs to solve these 
equations. 

a. (x + 3)2 = 4 
b. (x- 2)2 = 9 

c. (x - 2f = I 
d. (x + 3)2 =- I 

e. (x- 2)2 = 0 

3. Use your graphs to estimate the solutions 
to these equations. 

a. (x + 3)2 = I 2 

b. (x - 2)2 = 6 

c. (x- 2)2 = -2 

d. (x + 3)2 = S 
e. (x + 3)2 = (x - 2)2 

4 . .... 
a. Describe what you think the graphs 

of the functions y = (x + 2)2 and 
y = (x - 1 )2 would look like. (Where 
would each one intersect the x-ax is?) 

b. Check your guess by making tables of 
va lues and graphing the functions. 

5. Use your graphs to find or estimate the 
so lutions to the e equations. 

a. (x + 2)2 = 9 

b. (x + 2)2 = 2x + 3 

c. (x - 1)2 = S 
d. (x - 1)2 = -x 

Chapter 7 Products and Powers 
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1. The square of a number is always 
nonnegative. 

2. a. x = -5 or x = -1 
b. x= -1orx = 5 
c. x = 1 orx = 3 
d. no solution 
e. x =2 

3. Estimates will vary slightly. 
a. x = -6.46 or x = 0.46 
b. x = 4.45 or x = -0.45 
c. no solution 

-. 

d. x = -Q.76 or x = -5.24 
e. X= -0.5 

y ; (x + 2)2 

y ; (x - 1)2 

y ; 12 

y ; 6 

y ; 5 

y ; -2 

4. a. They would be parabolas that 
touch the x-axis in one point, the 
vertex. The first would have a ver
tex at (-2, 0) and the second 
would have a vertex at (1, 0). 

5. a. x = -5 and x = 1 
b. X= -1 
c. Estimates will vary. x = -1.24 or 

x = 3.24 
d. no solution 

y ; (X+ 2)2 y ; (x - 1)2 

y ; 9 

y ; 5 



EQUAL SQUARES 

The equation _; = 25 can be illustrated using 
the Lab Gear. Put out your blocks li ke this. 

One way to get started w ith thi s equati on is to 
remember that if the squares are equal, their 
sides must be equal. (This is true even though 
they don't look equal. Remember that x can 
have any value.) 

6. Solve the equati on. I f you found only one 
solution, think some more, because there 
are two. 

7. Explain why there are two solutions. 

8. Write the equation shown by thi s figure. 

DO 
By rearranging the blocks, you can see that 
thi s is an equal squares problem, so it can 
be solved the same way. As you can see 
(x + 5)2 = 72 It fo llows that x + 5 = 7 'or 
X+ 5 = -7. 

7.7 Equati.orrs With Squares 

9. Solve the equation. T here are two 
solutions. Check them both in the 
original equati on. 

7.7 

Solve the equations I 0- I 3 us ing the equal 
squares method. You do not have to use the 
actual blocks, but you can i f you want to. M ost 
equations, but not all , have two so lutions. 

10. ~ = 16 

11. ~ + 2x + I = 0 

12. 4~ = 36 

13. 4~ + 4x + I = 9 

Solve these equations without the blocks. 

14. 4x2 - 4x + I = -9 

15. ~ - I Ox + 25 = I 6 

16. ~ + 6x + 9 = 4~ - 4x + I 

17. -~- 6x - 9 = -25 (Hint: I f quantities are 
equal , their opposi tes must be equal.) 

18 . ..... Explain why some problems had one, 
or no solut ion. 
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EQUAL SQUARES 

Thi s secti on previews completing the 
square, which we will do in Chapter 13. 
Note that the Lab Gear method does not 
show the fact that there are two solutions. 
Having looked at graphical olutions first 
should have made clear to the students that 
they should often expect two solutions for 
equations of thi s type. Remind them of that 
when working on thi section. 

· S 0 L U T I 0 N S 

6. x=5orx= -5 

7. (5)2 = 25 and (-5)2 = 25 

8. x2 + 1 Ox+ 25 = 49 

9. x=2orx= -12 

10. x=4orx= -4 

11.x= -1 

12.x = 3orx = -3 

13. x = 1 or x = -2 

14. no solution 

15.x=1 orx=9 

16. X= -213 or x= 4 

17.x=2orx= -8 

18. If the equation can be written as a 
perfect square on one side and 0 on 
the other, there will be one solution. 
If the equation can be written as a 

perfect square on one side and a 
negative number on the other, there 
will be no solutions. 

19. a. Answers will vary. Sample 
answers are given. 
two solutions: x2 = 9 
With the Lab Gear, show x2 on 
one side of the workmat and 32 on 
the other. This shows the solution 
x = 3. One must remember to 
include the negative value of 
x = -3 because 9 = 32 and 
9 = (-3)2. With the graphical 
method, graph y = x2 and y = 9. 
This shows two points of intersec
tion , (-3, 9) and (3, 9) , so both 
solutions x = ±3, are visible. 
one solution: x2 + 2x + 1 = 0 
Using the Lab Gear, show (x + 1 )2 

on one side of the workmat and 0 

on the other. This shows the sin
gle solution, x = -1. The graphical 
method shows y = x 2 + 2x + 1 
and y = 0, which intersect where 
x = -1. The methods are compara
ble because they each show the 
single solution. 
no solution: x2 = -25 
Using the Lab Gear, show x 2 on 
one side of the equation and 25 in 
the minus region on the other 
side. Since x 2 is nonnegative and 
-25 is negative, there is no solu
tion. The graphical method shows 
that y = x2 does not intersect 
y = -25, since the graph of y = x2 

does not go below the x-axis . 
no solution: x 2 + 2x + 1 = x - 1 
Using the Lab Gear, show (x + 1 )2 

on one side and x - 1 on the 
other. This is not an equal squares 



COMPARING METHODS 

Make sure this section is done in class , as 
it is challenging and requires a solid under
standing of the Jesson. Group discussi on 
will be necessary, and perhaps also a 
whole-cia disc&ss ion. 

t;lit'ii• FACTORING PRACTICE 

nifW• MULTIPLICATION PRACTICE 

ffith the next lesson, the chapter changes 
direction. These sections are intended to 
wrap up the work on the distributive law 
and factoring that has been covered in the 
early part of the chapter and in prev ious 
chapters. 

7.7 

COMPARING METHOIJS 

19.fii!.,j,rF!fl 

a. Compare the graphical method and the 
Lab Gear method for the solution of an 
equal-squares equ ation. Use examples 
that can be solved by both methods, and 
have 0, I, and 2 solutions. 

b. f What is the meaning of the x-inter
cept in the graphical method? Where 
does that number appear in the Lab 
Gear method? 

Factor these polynomials. One is difficult, one 
is impossible. The Lab Gear may help for 
some of the problems. 

21. xy + 6y + / 22. /- 16 

23. 3K + 13x - I 0 24. 4K + 8x + 4 

25. Y + 2x + I 

27. /- 4y + 4 

26. /- 5y + 6 

28. K + 8x + 12 

WjliflUI MULTIPLICATION PRACTICE 

You can multiply polynomials without the Lab 
Gear and without a table. Picture the table in 
your mind, and make sure you fi ll all its 
spaces. For example, to multiply 

(2 - x)(7 - 3x + 5y) 

you would need a 2-by-3 table. To fill the six 
cell s of the table, you would multipl y the 2 by 
7, by -3x, and by 5y. Then you would multipl y 
the -x by 7, by -3x, and by 5y. Finall y, you 
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c. f What is the meaning of the x- and 
y-coordinates of the intersections of 
the line and parabola in the graphical 
method? Where do these number 
appear in the Lab Gear method? 

20. f Create an equal-squares equation that 
has two solutions that are not whole num
bers. So lve it. 

would combi ne like terms. While you think o f 
the six cell s of the table, what you actua lly 
write on paper looks like thi s. 

(2 - x)(7 - 3x + 5y) 

= 14 - 6x + lOy- 7x + 3.~- 5xy 

= I4 - 13x+ IOy +3K- 5xy 

29. Look at the example above, and make 
sure you understand where each term 
came from. 

Multiply these po lynomials without using 
a table. Combine like terms. 

30. a. (2r - y)(y + 3x) 

b. (x- 5y)(3x + 2y) 

c. (ac - b)(2b + 2ac) 

d. (ab - c)(b - c2) 

31. a. (2x - y + 4)(5 - y) 

b. cu - y + 4)(5y - K) 
c. C2x- i + 4)(5y - K) 
d. (a + b + c)(2a + 3b + 4c) 

Chapter 7 Products and Powers 
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equation, because we cannot 
write x - 1 as a square. Later, we 
will learn how to turn this into an 
equal squares problem by using 
the technique of completing the 
square. 

b. The x-intercept is the value of x 
where the expression takes on the 
smallest possible value. It is the 
vertex of the parabola. That num
ber is the opposite of the number 
of x-blocks in the Lab Gear model. 
By setting up the Lab Gear model 
using the corner piece, it is even 
easier to see. It is the opposite of 
the number represented by the 
yellow blocks forming one side of 
the square. 

c. The x-coordinate is the solution to 
the equation. The y-coordinate is 

the other square. In the Lab Gear 
method, the y-coordinate shows 
up as the square on the right side. 
The x-coordinate shows up in the 
last step of the equation, as the 
number of yellow blocks equal to a 
single x-block. 

20. Answers will vary. Sample: 
4x2 - 4x+ 1 = 4 
(2x - 1)2 = 4 sox= 3/2 or X = -1/2 

21 . y(x + 6 + y) 

22. (y - 4)(y + 4) 

23. (3x - 2)(x + 5) 

24. 4(X+ 1f 

25. prime 

26. (y - 3)(y - 2) 

27. (y - 2)2 

28. (x + 6)(x + 2) 

30. a. 6x2 - xy - y2 

b. 3x2 - 13xy - 10y2 

c. 2a 2c2 - 2b2 

d. ab2 - abe2 - be + e3 

31 . a. 1 Ox - 2xy - 9y + y 2 + 20 
b. 11x2y - 2x4 - 5y2 + 20y - 4x2 

c. 10xy - 2x3 - 5y3 + x2y2 + 
20y - 4x2 

d. 2a2 + 5ab + 6ae + 3b2 +?be+ 4e2 



Rflffl l TICKET\ 

Erin is a senior at Alaberg High School and the 
director of the senior class play. To help pay 
for sets and costumes, she plans to raise money 
through a raffle. She is considering several 
plans for selling raffle tickets. 

Erin's first idea was to have members of each 
class sell raffle tickets to the class below them. 
Erin would sell tickets to three II th graders. 
Each of them would sell tickets to three I Oth 
graders, who in tum would each sell tickets to 
three 9th graders, and so on. Erin started to 
draw a tree-diagram of her plan. 

e Erin 

~ 
e e • II th graders 

!l\ !l\ !l\ 
• • • • • • • • • IQth graders 

~~~ ~~~ ~~~ 
••• ••• ••• ••• ••• ••• ••• ••• ••• 9th graders 

I. If Erin extended her plan all the way down 
to first grade, how many first graders 
would be buying tickets? Explain. 

2. Make a table like the one following show
ing how many tickets would be bought by 
students in each grade. (The first entry in 
the table is based on the assumption that 
Erin bought one ticket for herself.) In the 
last column, express the number of tickets 
as a power of 3. 

7.8 Power PIJJy 

Grade 
Tickets Tickets 

(number) (as a power or 3) 

12th I 

lllh 3 3' 

... 

1st 

3. Give several reasons why Erin 's plan is 
not practical. 

THE FXPONENT ZERO 

The last column in your table above contained 
increasing powers of 3. 

4. a. To fo llow the pattern, what should the 
exponent on the first power in the 
table be? 

b. Based on that pattern, what should 3° 
be equal to? 

5. a. Copy and complete this table. 

s' 3125 

s' 

s' 

s' 

s' 

b. As you move down the columns, how 
can you get the next row from the pre
vious one? 

c. Add another row to the bottom of the 
table. Explain how it fits the pattern. 
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T 7.8 
Power Play 

Core Sequence: 1-16, 19-23 

Suitable for Homework: 1-7 , 13- 16, 19-
23 

Usefu l for Assessment: 6, 7, II , 15 

What this Lesson is About: 

• Preview of ex ponenti al growth and law 
of exponents 

• Preview of geometric sequences and 
their sum 

• The exponent 0 

• Review of order of operations 

• Review of equal squares and prev iew of 
quadratic equati on 

RAFFLE TICKETS 

Thi s section is reminiscent of the work 
done in Chapter 2, Lesson 5, on Doing 
Dishes and Chain Letter. Thi s les on wi ll 
go further, and pave the way fo r Chapter 
8's work on the laws of exponents and 
exponenti al growth. 

R oblem 3 should form the basis of a good 
class di cus ion. When doing problems 
like the one that provide the theme for thi 
lesson, do not pretend that the problems 
are rea li ti c if they' re not. Well -cho en 
contri ved problems still offer plenty to 
learn and think about. 

7.8 S 0 L U T I 0 N S 

1. 311 or 177,147 first graders 

Erin 11 lh 10th gth 8th yth 

31 32 33 34 35 

6th 5th 4th 3'd 2nd 1st 

36 37 38 39 310 311 

The number of tickets sold by each 
grade is obtained by multiplying the 
previous grade's number by 3. 

grade 
tickets tickets (as a 

(number) power or3) 

12th I 

li th 3 3' 

lOth 9 3' 

9th 27 3' 

8th 8 1 3' 

7th 243 3' 

6th 729 36 

5th 2187 3' 

4th 656 1 38 

3rd 19.683 39 

2nd 59,049 3'0 

1st 177 , 147 3" 

3. Answers will vary . Some possible 
answers follow. More than one senior 
will want to go to the play. Few 
school communities have 177,147 
members who would want to see the 
school play. This puts too much 
responsibility on the younger 
students. 

4. a. zero 
b. one 

5. a. 55 3125 
54 625 
53 125 
52 25 
51 5 

b. First column : raise 5 to the next 
lower power. Second column: 
divide the previous number by 5. 

c. 5° = 1 (It fits the pattern described 
in part (b) .) 
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THE EXPONENT ZERO 

We will return to this in Chapter 8, but the 
table in the previous section provides a 
good opportunity to introduce the idea. 

A BETTER PLAN 

This section gradually leads to a formula. 
Make sure this work is done in class. In 
particular, the Exploration in problem 12 
would work best as a group project. 

6. 24 16 44 256 
23 8 43 64 
22 4 42 16 
21 2 41 4 
20 40 1 
Generalization: A positive number 
raised to the zero power equals 1. 

7. Answers will vary. A convincing argu-
ment could be made based on the 
tables above. 

8. a. 405 
12th 5 
11th 15 
10th 45 
gth 135 
8th 405 
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6. i§§.!§b'#iffl You have found the values 
of 3° and 5° Using patterns in the same 
way, find the values of 2° and 4°. What 
generali zation can you make? 

7. f:i1!,1,6'fl Many people think that a num
ber raised to the zero power should be 
zero. Write a few sentences explaining 
why thi s is not true. 

II 1111 rtR ~t liN 

Erin needs a better scheme for selling raffle 
tickets. She decides to enli st the help of other 
seniors in the play. Each senior (including 
Erin) will buy a ticket for himself or herself, 
and sell a ticket to three juniors; each of the 
juniors will sell a ticket to three sophomores; 
and so on, down to the 8th grade. 

Four more seniors help out: 

. . . ... . . . . . . . . . . ..... l l l l l l l ll l 4. l & A l 

. .. . 
·'· . . . . . . . . . . . . . ..... 

• ' ~ ' ' ' ' ' ' ' ' l ' ' l .. ' • 

8. Assume Erin gets fi ve seniors to help 
(including herself) . 

a. How many 8th graders would buy 
tickets? 

b. How is this number related to the num
ber of 8th graders who would buy tick
ets if Erin does not get any other 
seniors to help? 
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b. 405 is 5 times as large as 81, 
which is the number of eighth 
graders who would buy tickets 
under the other scheme. 

c. 5(34) 

9. k(34) 

1 0. a. 80 eighth graders 
b. 5 (24) Use a power of 2 because 

each student sells 2 tickets. 
12th 5 5. 2° 
11 1h 10 5·21 

10th 20 5. 22 

91h 40 5. 23 

a'h 80 5 · 24 

11 . a. K~ 
b. KM12-N 

c. Express the answer to (a) as a number 
times a power of 3. Explain . 

9. If Erin gets K eniors to help (including 
herself) , how many 8th graders would buy 
tickets? Express the answer in terms of K. 

10. Assume fi ve seniors are involved, includ
ing Erin . As before, each student at every 
step buys one ticket, but now each student 
sells two tickets instead of three. 

a. How many 8th graders would 
buy tickets? 

b. Express the answer to (a) as a number 
times a power. Should you use a power 
of 2, a power of 3, or a power of 5? 
Ex plain your answer. 

11 • ._ Assume K seniors are involved and 
each student sells M tickets. 

a. How many 8th graders would buy tick
ets? Express your answer in terms of K 
andM. 

b. \) How many Nth graders would buy 
tickets? Express your answer in terms 
of K, M, and N. 

n M@M Erin hopes to sell 1500 tickets 
altogether. Find several values for K (the 
number of seniors) and M (the number of 
tickets o ld per person) that make it po si
ble to sell at least 1500 tickets, without 
going below 7th grade. For each plan, 
indicate the number of students who 
would be in volved at each grade level. 
Which of those plans do you think is the 
mo t realistic? 

Chapter 7 Products and Powers 

12. Answers will vary. Sample answers: 
Five seniors each selling 3 tickets 
would sell a total of 1820 tickets, if all 
students down to and including the 
7th grade sold 3 tickets each. Fifteen 
seniors each selling 3 tickets would 
sell 1815 tickets, if all students down 
to and including the 81h grade sold 3 
tickets each. Fourteen seniors each 
selling 3 tickets would sell 1694 
tickets, if all students down to and 
including the ath grade sold 3 tickets 
each. · 
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fjiiiliii WHICH IS GREA TER1 

13. Which is greater? 
a. 5 · 335 or 3 • 5JS 
b. 5 • 30.15 or 30 • 5J5 

c. 5 · 30035 or 300 • 535 

14. Which is greater? 
a. 535• 3J5 or 1515 

b. 35° or 035 

IS • .,_ If a and bare each greater than I, 
which is greater, (ab) 10 or ab 10? Explain. 

ftiiiljiiA COMMUTATIVE LA WI 

AI announced, "I noticed that 42 = 24 and 
32 = 23, so I generalized this using algebra to 
say ab = b", always." 

"That's a great discovery," said Beau. "This 
means that exponentiation is commutative!" 

"Nice try, AI," said Cal. "It's true that 41 and 
24 are both 16, but 31 is 9 and 2J is 8. They 
aren't equal." 

AI was disappointed. "Round-off error," he 
muttered. "Close enough." 

16. What did Beau mean when she said that 
exponentiation is commutative? Is she 
right or wrong? Explain. using examples 
to support your answer. 

7.8 Power Play 

7.sT 

17. Is 42 = 24 the only case where ab = b"? If 
it is, how can you be sure? If it isn't, how 
can you find others? 

IsJfi\lt.@ff.fi Which is greater, ab orb"? 
Of course, the answer to this question 
depends on the values of a and b. 
Experiment, and try to make some 
generalizations. 

REVIEW/PREVIEW CHUNKING 

19. Solve for y: l = 49. (Remember there are 
two solutions.) 

You can use the strategy of chunking to solve 
equations involving squares. For example, in 
problem 20, think of (x + 3) as a chunk, and 
write two linear equations. 

Solve. 

20. (X+ 3)2 = 49 

21. (2p - 5)2 = 49 

22. (5 - 2p)2 = 49 

23. (6 + 2d = 49 

269 .... 

t;iiitil• WHICH IS GREATER? 

tdilil• A COMMUTATIVE LAW? 

This previews the work on exponential 
growth and the laws of exponents. It also 
reviews order of operations. 

If you decide to assign problems 17 and 
18, they should be done in class, allowing 
time for group discussion. 

REVIEW /PREVIEW CHUNKING 

This reviews the equal squares material 
from Lesson 7, and previews completing 
the square, without the support of the Lab 
Gear. 

7.8 S 0 L U T I 0 N S 

13. a. 3 • 535 

b. 5. 3035 

c. 5. 30035 

14. a. They are equal. 
b. 35° = 1 and is greater than 035 = 0 

15. (ab) 10 is greater because both a and 
bare raised to the 10th power. In the 
expression ab 10, only b is raised to 
the 1 olh power. 

16. Beau meant that the positions of the 
base and the exponent could be 
reversed without affecting the value 
of the expression. She is wrong. 
Cal 's example that 32 = 9 and 23 = 8 
is an example. Another example is 
52 = 25 and 25 = 32. 

17. It seems to be the only case. 
Students will probably have no way 
of being sure. The best way to 

search for others seems to be trial 
and error. It looks as if poor AI was 
really out to lunch. 

18. Assume that a :~: b and that a and b 
are natural numbers. If b > a, then 
ab > b8 , and if a > b the reverse is 
true. If a= b, then ab = b8 • If either a 
or b equals zero, the expression with 
the zero exponent is greater than the 
expression with the base of zero. 

19. y=±7 

20. X= -10 or X= 4 

21 . p = -1 or p = 6 

22. p = -1 or p = 6 

23. R = -6.5 or R = 0.5 

- - - -
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rdii$1$1~[~ 7 .B 
wRtTtN; Graphing Inequalities 

Core Sequence: 1-l 0 

Suitable for Homework: 1-l 0 

Useful for Assessment: 10 

What this Assignment is About: 

• Linear and quadratic inequalities 

• Compound inequalities 
• Preview of quadratic equations 
• Preview of square roots 

COMPOUND INEQUALITIES 

This reviews the material in Chapter 6, 
Lesson 5. Even though we are dealing with 
compound inequalities, the examples are 
straightforward, since the upper and lower 
bounds are constant, except in the last 
problem. 

This section also offers an opportunity to 
review graphing lines, including horizontal 
lines. 

270 

1. (1, -2) and (3, 2) 

2. a. Answers will vary. Sample: (2, 0), 
(2.5, 1 ), and (1.5, -1) 

b. The largest the y-value can get is 
just less than 2, and the smallest 
is just larger than -2. 

c. The largest the x-value can get is 
just less than 3, and the smallest 
is just larger than 1. 

3. Looking at the answer to #2c, one 
can see that the part of the line 
y = 2x - 4 that falls between the hor
izontallines y = 2 and y = -2 has 
x-values larger than 1 and smaller 
than 3. 

~!'2f~1W~ 7.8 Graphing Inequalities 

4. a. 

< < )\11'( H 'f) 1'1 c )l \IIIII \ 

I Definition: An inequality that contains 
more than one inequality symbol is called a 
compound inequality. 

I Example: 3 < 2x < 8 is read 2x is between 
3 and8. 

The figure shows the graphs of the line 
y = 2x - 4 and the horizontal lines y = 2 and 
y = -2. 

y 5 
y=2x-4 

-5 

y = -2 

1. What are the coordinates of the points of 
intersection of y = 2x - 4 with each of the 
horizontal lines? 

2. Look only at the pan of the line y = 2x - 4 
that is between the lines y = 2 andy = -2. 
a. Give the coordinates of some of the 

points on this part of the line. 
b. On this part of the line, how large can 

they-coordinate get? How small? 
c. On this part of the line, how large can 

the x-coordinate get? How small? 

.A,27o 

b. -2/3 <X< 1 

We say that the solution of the compound 
inequality -2 < 2x- 4 < 2 is 

I <x<3. 
Notice that the solution is also a compound 
inequality, but it is simpler than the original 
one. It tells us what values of x make the first 
inequality true. 

3. Explain how the graph above can be used 
to show that the solution to the inequality 
is I <x<3. 

4. a. Graph the horizontal lines y = 3, y = 8, 
andy= 3x + 5. 

b. Use your graph to find the solution of 
the compound inequality 

3 < 3x + 5 < 8. 

<)I \ll~\11< 1"<11 \IIIII\ 

Sometimes an inequality is not compound, but 
it has a compound solution. An example is the 
inequality x' < 4. The two graphs shown can 
be used to solve this inequality. 

y = xl 

y=4 

..5 5 

C/uzpltr 7 Prodru:ts lllfll Powtrs 

- - -



5. Look at the part of the graph of y = x2 that 
is below the graph of y = 4. 
a. Give the coordinates of four points that 

lie on thi s part of the graph. 

b. On this part of the curve, how large can 
the x-coordinate get? How small ? 

c. Write the solution to this inequality. 

6. The same graph can also be used to 
solve the inequality r > 4. In this case, 
the solution cannot be written as a 
compound inequality. Instead it is written 
in two parts, 

x < -2 or x > 2. 

Explain why the solution has two parts. 

7. On the same pair of axes, make an accu
rate graph of y = r, y = I, and y= 9. Use 
your graphs to solve these inequalities . 

a. r < 9 b. r > 9 
c. r <, d. r >, 
e. I <r < 9 

7.8 Graphing Inequalities 

7.8 

8. Use the graph to estimate the solution to 

r > s. 
9. Solve these without a graph. 

a. r < 16 b . . .-2 > 16 

c. r > o d. r < o 

JO. W!I!Iili Write an illustrated report summa
rizing what you have learned in thi s 
assignment. Use examples, includi ng at 
least one quadratic, and at least one com
pound, inequali ty. 

271 .6. 

QUADRATIC INEQUAliTIES 

Ttti extend the graphical technique fo r 
solving inequalities to quadratic inequali
ties. Problem 8 previews square roots. 
Problem 9 is a good way to check whether 
students are able to visuali ze the e olu
tion in simple cases. 

7.8 S 0 L U T I 0 N S 

5. a. Answers vary: Sample: (-1, 1 ), 
(0 , 0) , (1 ' 1 ), (0 .5, 0.25) 

b. The x-coordinates are between 2 
and -2. 

c. -2 < x < 2 

6. There are two separate parts of the 
parabola above the line y = 4. Each 
separate inequality represents one of 
the parts. 

7. a. -3 < x < 3 
b. x < -3 or x > 3 
C. -1 < X< 1 
d. x < -1 or x > 1 
e. -3 < x < -1 or 1 < x < 3 

8. Estimates will vary sl ightly. x < -2.2 
or x > 2.2 

9. a. -4 < x < 4 
b. x < -4 or x > 4 
c. x < 0 or x > 0 
d. no solution 

10. Reports will vary. 

--"-- --
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T 7.9 
Powers and Large Numbers 

Core Sequence: 1-13, 15- 18 

Suitable for Homework: 7- 19 

Useful for Assessment: 11-12 

What this Lesson is About : 

• Exponenti ation 

• L arge numbers 

• Introduction to scienti f ic notation 

• Review of pri me numbers 

Lessons 8- 11 concentrate on large num
bers, scientif ic notation, and exponentia
tion. More problems in thi s area can be 
found in the book Innumeracy: Mathe
matical Illiteracy and its Consequences, 
by John Al len Paulos (Hill and W ang, 
NY, 1988). 

T he key idea behind L esson 9 is that 
instead of j ust teaching scienti fic notation 
by rote, it is possible to gi ve the students 
some feel for the mathemati cs behind it. 
This is achieved by f irst developing the 
same system with powers other than ten. 

S tudents need to learn how to use their 
calculators for exponentiation for this les
son. If students are eager to discuss nega
ti ve and fractional exponents, reassure 
them that these are coming in Chapter 8. 
In thi s lesson, keep the focus on posi tive 
whole-number exponents. 

Powers provide a shorthand fo r writing large 
numbers. Ju st as multipli cation is repeated 
addition. raising to a power is repeated mult i
plication. For example, 

I 2 · 12 · I 2 · I 2 · 12 · 12. 

whi ch equals 2,985,984 . can be written 126 

Not only is thi s shorte r to write than either the 
repeated multiplicati on or the decimal number, 
it is shorter to key into a scienti fic calcul ator. 

I Notation: Calculators use 0 . IZJ . or IZJ 
for expone/l[iar ion (raising to a power). We 
will use 0 to refer to that key. 

Calcul ators can calculate with exponents that 
are not pos iti ve whole numbers . For example, 
it is poss ible to get a value for a number like 
Tv using the key for powers on your calcula
tor. (Try it.) In thi s lesson, you will consider 
onl y posit i ve whole 11l1111ber s for ex ponents. In 
later chapters, you will use other ex ponents. 

APPROXIMATING LARGE NUMBERS 

1. @!if!!i!M Consider the number 123.456. 
Use your calcul ator to approxi mate the 
number as c losely as you can with a power 
of 2, a power of 3. a power of 9, and a 
power of I 0. How close can you get with 
each power? Repeat thi s ex periment with 
fo ur other numbers. (Use the same num
bers as other students, so as to be ab le to 
co mpare your answers. Use onl y positi ve 
whole numbers havi ng s ix or more dig its.) 
Is it poss ible to get c lose 10 most large 
numbers by ra ising small numbers to a 
power? 

For problems 2-4 fi nd the powers of the 
fo ll owing numbers (a-d), that are immediately 
below and above the given nu mbers. 

a. 2 b. 3 

c. 9 d. 10 

Example: 69 1,737 (the population of 
Virginia , the most heavi ly popul ated state 
in 1790) is: 

a. between 2 19 and 220 

b. between 3 12 and 3 13 

c. between 96 and 97 

d. between I 05 and I 06 

2. 3,929,2 14 (the popul ation of the United 
States in 1790) 

3. 48 .88 1 ,22 1 (the number of people who 
voted fo r President Bush in 1988) 

4. 178.098,000 (approx imate number of 
Americans aged 18 or older in 1988) 

CLOSER APPROXIMATIONS 

It is possible to combine powers wi th multi pli
cation to get approxi mations that are c loser 
than those you were able to get in the previous 
sections by using only powers. For example, 
the speed of li ght is approx imately 186,282 
miles pe r second. T hi s nu mber is more than 2' 7 

and less than 218• since 

2 17 = 13 1,072 and 218 = 262, 144. 

By mult ip lying 13 1.072 by a number less than 
2, it is possib le to get quite close to 186, 282. 

1.2 · 13 1,072 = 157,286.4(toosmall ) 

1.5 · 13 1,072 = 196,608 (too large) 

1.4 · 13 1,072 = 183,500.8 (too small , but 
pren y close) 

Chapter 7 Produ cts aud Powers 

7.9 S 0 L U T I 0 N S 

1. Answers will vary. The Exploration is 
what is important, not the individual 
answers, but a few sample answers 
follow: The closest power of 2 is 
217 = 131 ,072, which is 7616 larger 
than 123,456. The closest power of 3 
is 311 = 177,147, which is 53,691 
larger than 123,456. The closest 
power of 9 is 95 = 59,049, which is 
64,407 less than 123,456. The clos
est power of 10 is 105 = 1 00,000, 
which is 23,456 less than 123,456. 
Yes, it is possible to get close to 
most large numbers by raising a 
small number to a power. 

2. 3,929,214 is between : 
a. 221 and 222 

b. 313 and 314 

c. 96 and 97 

d. 106 and 107 

3. 48,881 ,221 is between: 
a. 225 and 226 

b. 316 and 317 

c. 98 and 99 

d. 107 and 108 

4. 178,098,000 is between: 
a. 227 and 228 

b. 317 and 3 t8 

c. 98 and 99 

d. 108 and 109 



5. We showed that the speed of light can be 
roughly approximated by multipl ying i 7 

by 1.4. Find an even better approx imation 
by changing the number by which you 
multiply, using more places after the 
decimal po int. 

You can approximate the speed o f li ght in 
many different ways using powers of 2. 
For example: 

931 4 1 · 21 = 186.282 

46570 . 22 = 186,280 

23280 . 23 = 186,240 

45.5 . 2 12 = 186,368 

We used i 1 in the example instead of some 
other power o f 2 because it is the largest 
power of 2 lhat is less th an 186,282. We 
approx imated 186,282 by multiplying that 
power of 2, by a number between I and 2. 

6. Write an approximation to the speed of 
light using a power of 3 multiplied by a 
number between I and 3. (Hint: Begin by 
finding the largest power of 3 that is less 
than 186,282.) 

7. Wri te an approximation to the speed of 
light using a power of9 multi plied by a 
number between I and 9. 

8. Write an approximation to lhe speed of 
light using a power of I 0 multi pli ed by a 
number between I and I 0. 

9. Co mbine a power and multi plication to get 
a close approx imati on to the length of lhe 
Earth 's equator, which is 24,902 miles, to 
the nearest mile. You can use any base fo r 
the power, but multi ply the power by a 
number between I and the base. 

7.9 Powers and Large Numbers 

7.9 

NAML~ I ON t ANGI NlJMIILNS 

10. Write 100 and I 000 as powers of I 0. 

There are common names for some of the 
powers of ten. Billion in the U.S. means I 09 

but in Britain it means I 0 12 The tab le gives 
the common names used in the U.S . for some 
powers of ten. 

Power N~une 

to• million 

r--
t09 bi ll ion 

to" tri ll ion 

tO " quadrillion 

to" quintillion 

1021 sex tillion 

t0'00 googol 

11. ._ Someone might think a bi llion is two 
millions, and a trillion is three millions. In 
fact , a billion is how many millio ns? A 
trillion is how many millions? Explain. 

\(IINTIFIC NOIATION I Definition: To write a number in sciemific 
notation means to write it as a power o f I 0 
multiplied by a number between I and I 0. 
This is the most common way of writing 
large numbers in sc ience and eng ineering. 

12 . ._ Explain why 10 is used fo r the base 
in scientifi c notati on rather than some 
other number. Use examples. 

273 ... 

APPROXIMATING LARGE NUMBERS 

In fact, powers of small number are not a 
good way to approximate large numbers, 
because the gaps between con ecuti ve 
power are enormous. 

You may a k your students what percent of 
the U.S. population lived in Virginia in 
1790 and what percent of Americans of 
voti ng age voted for the President in 1988. 

CLOSER APPROXIMATIONS 

In problem 5, note that student can get 
an extremely accurate answer by using 
division and their calculators. 

I f tudent understand problems 5 and 6, 
they hould be able to do the re t of the 
lesson as homework. Problem 9 gi ves them 
the opportunity to try their own ba e. Of 
course, 1 0 i the easiest. 

NAMES FOR LARGE NUMBERS 

SCIENTIFIC NOTATION 

A fter a brief review of power of ten, sci
entific notation is defi ned, and tudent are 
a ked to u e it to write a few large num
bers. Note that they are just applying what 
they learned earlier in the lesson. 

7.9 S 0 L U T I 0 N S 

5. Answers will vary slightly. Sample: 
1.42122 . 217 = 186282.1 

6. Answers may vary slightly. 1.05157 · 
311 = 186282.47 

7 . Answers may vary slightly. 3.1547 · 
95 = 186,281 .88 

8. 1.86282 . 105 = 186282 

9. Answers may vary. 2.4902 · 
104 = 24902 

10. 100 = 102 

1000 = 103 

11 . A billion is 1 000 millions because 
1 09 = 1 03 • 1 06 

A trill ion is a million millions because 
1012 = 106 • 106 

12. Ten is used for the base because 
one can write the exact value of the 
number. In #6 through #8 above, the 
best approximation for the speed of 
light (186 ,282) was the one using a 
power of 1 0. Also, no division or trial 
and error multiplication on a calcula
tor is needed when using a power of 
1 0. One simply moves a decimal 
point left to divide or right to multiply. 

. . 
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4;141141• PRIME NUMBERS 

Since many of your students should 
already be famil iar with prime nu mbers, do 
not spend a lot of class time on thi ec
ti on. We will rev iew prime factorization in 
Chapter 11 , and use that idea in the expla
nation of the fact that the square root of 
two is not a rational nu mber. 

7.9 

13. Write in scientific notation. 

a. one million 

b. 67 million (the average di stance from 
the sun to Venus in miles) 

c. 5.3 bill ion (an estimate of the world 's 
populati on in 1990) 

d. twenty billion 

e. 3. 1 trillion (the U.S. nati onal debt in 
doll ars as of June 1990) 

f. three hundred trillion 

There is onl y one polyomino rectangle of area 
2, and onl y one of area 3. But there are two 
po lyomino rectangles of area 4, corresponding 
to the products 2 · 2 = 4 and I · 4 = 4. 

15. What is the smallest number that is the 
area of a polyomino rectangle in 3 di ffer
ent ways? Sketch the three rectangles and 
show the products. 

16. Repeat the problem for 4 different ways. 

17. Can you predi ct the smallest number that 
is the area of a polyomino rectangle in 5 
different ways? Check your prediction. 

I Definition: Numbers greater than I that can 
only make a rectangle with whole number 
dimensions in one way are called prime munbers. 

.6. 274 

14.11iii!ld Find four large numbers that mea
ure some real quantity. They should all be 

larger than I 00,000,000. Encyclopedia , 
almanacs, and science books are good 
sources of such numbers. 

a. Tell what each number measures. 
b. Write the number in scientific notation . 

18. Here is an ancient method, (invented by 
the Greek mathematician Eratosthenes,) 
of finding the prime numbers. 

a. On a list of numbers from I to I 00, 
cross out the I. 

Circle 2, cross out its multiples. 

Circle the first number that is not 
crossed out, cross out its multiples. 
Repeat, until all the numbers are either 
cro sed out or circled. 

b. Explain how and why thi s method 
works to find the prime numbers. 

19. A mathematician once suggested that 
every even number greater than 2 may be 
the sum of two prime numbers. No one 
knows why this should be true, but it has 
worked for every number that 's ever been 
tried . Test this for yourself with at least ten 
even numbers. (This is known as 
Goldbach 's conjecture. A conjecture is 
a guess that has not yet been proved true 
or false.) 

Chapter 7 Products and Powers 

7.9 S 0 L U T I 0 N S 
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13. a. 1.0 · 106 

c. 5.3. 109 

e. 3.1 · 1012 

b. 6.7 . 107 

d. 2.0. 1010 

f. 3.0. 1014 

15. 12 16. 24 
12 I I I I I I I I I I I I I 1 · 12 = 12 

1111111 2. 6 = 12 

Ef£§3· 4= 12 

24 llllllllllllllll Ill! Ill! I 

17. 36 

1 . 24 = 24 

I I I I I I I I I I I I I 2 . 12 = 24 

1111111113 . 8 = 24 

·4· 6 = 24 

18. a. 

/ 0 ® ~ ® ft 0 ft ft ;6 
@ ;1 @ ;4 ~ ;6 @ ;e @) ~ 
~ p1 @ ~ ~ ~ Jf ~ @ )16 

® )11 )11 )'4 }5 ))6 ® )16 ~ ¢ 
@ f2 @ fo4 fo5 ¢ @ ~ ¢ 96 
fr{ fr1 @ ?4 fi5 fi6 7f ¢ ¢ ¢ 

@ ¢ ¢ 94 95 ¢ ® 96 ¢ }6 

J{ 12 @ ]4 ~ 'ft yf ~ @) ¢ 
JY( ]11 @ p4 115 p6 pf f16 @ ~ 
?!' ~ ~ ;M % % ® ~ ~ too 

b. Any number that is a multiple of 2 
can be written as a product of 2 
and another number, so they are 

crossed out. The number 2 can 
only be factored into 1 · 2, so it is 
prime. The next number to circle is 
3 which can only be factored into 
1 · 3, so it is prime. All of 3's multi
ples can be written as a product of 
3 and another number. So multi
ples of 3 are crossed out. The 
next number to be circled is 7. Its 
multiples are crossed out. The 
next circled digit is 11 , and its mul
tiples are already crossed out. 
Thirteen is circled next. All multi
ples of 2, 3, 5, and 7 have already 
been eliminated. 26, 39, 65, and 
91 , which are also multiples of 13 
have already been crossed out. 13 
times 4, 6, or 8 have been elimi
nated as multiples of 2. The 
remaining numbers are all prime. 



Using Scientific Notation 

\\I Ill A C.\LC lilA TOR 

Calculators can display numbers only up to a 
certain number of digits. For many calculators, 
ten digits is the limit. 

1. What is the limit for your calculator? 

2. What is the smallest power of 2 that forces 
your calculator into scientific notation? 

On many calculators, the answer to problem 2 
is 234 which, according to the calcul ator, is 
equal to 

IJ.7179869J8 10I or IJ.717986918EIO I. 

The expression on the left does not mean 
1.717986918 10, even though that 's what it 
looks like. It is j ust calculator shorthand for 
1.717986918 · 1010 The actual value is 
I 7 I 79869 I 84, which is too long to fit, so the 
calculator gives the approximate value of 
I 7 I 79869 I 80, expressed in scientific notation. 
(For a number this large, thi s represents a very 
small error.) 

3. Which power of 2 is displayed as 

12.8 14749767E14 I? 

4. Find a power of 4 and a power of 8 that 
are also displayed as I2.8 14749767E14 I. 

5. Find powers of 3, 9, 27, and 8 I that are 
displayed in scientific notation, in the form 
__ • 1017• If possible, find more than 
one solution for each number. 

There are three ways to enter numbers in sci
entific notation into your calculator. For exam
ple, to enter 2 · 103, you can key in 2 G 
10 tJ 3, or 2 G [IQJ 3, or (depending on the 
calculator) 2~3, or 2IEXPI 3. We will refer 

to this last key as ~ . 

7.10 Using Sci•ntific NotoJion 

6. Try all the methods li sted that are 
available on your calculator. ln each case, 

the calculator should respond with 120001 

after you press EJ or IENTERI. 

7. ._ Explain the purpose of the tJ and 

~ keys. How are they different? 

ItO\\ 1\\ll( H FARIHFR , 
HO\\ \\N...:) 11\H'-t A'-1 f,\ R1 

The table shows the ten brightest objects in the 
sky, and their average distances from Earth, in 
miles. (The objects are listed in order of aver
age brightness as seen from Earth.) 

Distance 

Sun 9.29(107) 

Moon 2.39(1o') 

Venus 9.30( 107) 

Jupiter 4.84( 108) 

Sirius 5.11 (10 13) 

Canopus 5.76(1014) 

Arcturus 2. 12( 10 14) 

Mars 1.42( 108) 

Vega 1.59( 1014) 

Saturn 8.88( 108) 

8. If you were to divide the objects into two 
groups, based on ly on the value of the 
exponents of I 0, what wou ld be in each 
group? What is the actual significance of 
the two groups? 
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.. 7.10 
Using Scientific Notation 

Core Sequence: 1-23 

Suitable for Homework: 8-23 

UsefuJ for Assessment: 7, 15 

What this Lesson is About: 

• Sc ientific notation on the calculator 

• Operation with number in scienti fic 
notation 

• Preview of the laws of exponents 

WITH A CALCULATOR 

This section i intended to get the tudent 
farru liar with their calculators. It should be 
done in cia , o that tudents can help 
each other. I f they are allu ing di fferent 
types of calcu lator , it i interesting to 
compare the calculator feature . 

.floblems 4 and 5 prev iew the law of 
exponents. There is no need to dwell on 
them, as they will be a major focu in 
Chapter 8. 

HOW MUCH FARTHER, 

HOW MANY TIMES AS FAR? 

Since the brigh tness of the planets varie , 
a mean value wa u ed to order the planet 
in the table. The brightne of the M oon 
when it i fu ll wa used. (A ll thi i for 
your information only, and ha no bearing 
whatsoever on the assignment.) 

7. 1 0 S 0 L U T I 0 N S 

(7.9 Solutions continued) 

19. Answers will vary. For example: 
4 = 2 + 2; 6 = 3 + 3; 32 = 29 + 3; 
42 = 37 + 5 

1. Answers may vary. 

2. Answers may vary. (234 will be a 
common answer.) 

3. The 481h power of 2. 

4. 424 and 816 are also displayed as 
2.814749767 E14 

5. 336 = 1.5 · 1017 and 337 = 4.5 · 1017 

918 = 1.5 ·1017 

2712 = 1.5 · 1017 

81 9 = 1.5. 1017 

7. The ~key raises a number to a 
power. For example, A~ N means 
AN. 
lEE] N means 1 oN 
AlEE] N means A(1 oN) . 
~can have any number as a base 
lEE has only 10 as a base. 

8. One group would consist of our sun 
and the planets in our solar system. 
The other wou ld consist of stars. 

9. a. 9.2761 (1 07) miles farther 
b. 389 times as far 

1 o. a. 8.87761 (1 08) miles farther 
b. 3715 times as far 

11 . a. 5.10999071 (1 0 13) miles farther 
b. 5.5(1 05) times as far 

12. a. 5.759999071(1014) miles farther 
b. 6.2(1 06) times as far 

13. a. 5.249(1014) miles farther 
b. 11 .3 times as far 

14. a. 40,000,000 + 5,000,000 = 
45,000,000 

b. 40,000,000 + 5,000,000 = 
45,000,000 



S cientist often compare numbers by 
thinking of their order of magnitude. An 
order of magnitude ranges from any num
ber to ten times that number. The vi ible 
Solar Sy tem objects are at distance that 
range across four orders of magnitude. The 
fou r brightest stars are about f i ve order of 
magnitude farther than the farthest visible 
object in the Solar System, and within one 
order of magnitude of each other. 

WITHOUT A CALCULATOR 

The purpose of thi s ection i s to develop 
estimation skills and to preview the laws of 
exponent by using the par ticularl y acces-
ible case of power of ten. 

f4diliit MULTIPLICATION AND 
EXPONENTS 

R ·oblems 21 and 22 ex tend the work of the 
prev ious ection to ba es other than ten. 
This is only a Preview, so you should not 
expect mastery. We will return to these 
ideas in Chapter 8. 

4;liiliit PERFECT SQUARE 
TRINOMIALS 

Thi s rev iews and extends Lesson 3. 

T7.1o 
For each pair of objects given in problems 
9- 13, answer questions (a) and (b). If an 
answer is greater than I 0,000, give it in scien
tific notation. 

a. The second object is how many miles 
farther from Earth than the fi rst? 

b. The second object is how many times as 
far from Earth as the first? 

9. The Moon, Venus 

10. The Moon, Saturn 

11. The Sun, Sirius 

12. The Sun, Canopus 

13. Sirius, Canopus 

WITHOUT A CALCULATOR 

14. Convert these numbers to ordinary dec i
mal notation and add them without a 
ca lculator. 

a. (4 · 107) + (5 · 106) 

b. (40. 106) + (5 . 106) 

15 . ..,_ Compare the two computati ons in 
problem 14. Wh ich would have been easy 
to do without converting to ordinary deci
mal notation? Ex plain . 

2 1. ' 
a. In each of problems 17-20, look for a 

relati onship between your answer and 
the ori ginal numbers. How could you 
have obtained your answer without con
verting from scientifi c notation? 

b. Ex plain a shortcut for multipl ying and 
dividing numbers in scientific notation. 
Include an ex planati on of what happens 
to the ex ponent of I 0 . 
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Without a ca lcul ator it is not easy to add and 
subtract in scientific notation. One way is to 
revert to ordinary decimal notation. Another is 
to write the two quantities with a common 
ex ponent for I 0 , as was done in problem 14b. 

16. Add or subtract. 

a. 6.2 · I 03 + 5 · I 06 

b. 6.2 · I 06 - 5 · I 03 

c. 6.2 · 105 + 5 · t o3 

d. 6.2 · I 03 - 5 · I 06 

Without a calculator it can be ted ious to multi 
ply and di vide large numbers. However, if the 
numbers are written in scientifi c notation it is 
easy to estimate the size of the an wer. 

For the fo llowing problems, 17-20: 

a. Convert the numbers to ordinary deci
mal notation. 

b. Multiply or di vide. 

c. Write your answers in scienti fic notation. 

17. (3 . 105). (6. 103) 

18. (3 . 103) . (6 . 105) 

19. (6 . 106) -7 (3 . 103) 

20. (3 · I 06) + ( 6 · I 03) 

22. f Doe the shortcut, described in problem 
2 1 b, work for multipl ying 3(24) by 5(26)? 
Explain, givi ng several examples of 
this type. 

fjlivt4§• PERFECT SQUA RE TRINOMIALS 

23. All of these are perfect square trinomials. 
Write each one as the square of a 
binomial. 

a. c2.? + 2bo.y + b2/ 

b. / + 2xy + x2 

c. l + 2by + b2 

d . 0 .25.? + 0.2x + 0.04 

Chapter 7 Products and Powers 

7. 10 S 0 L U T I 0 N S 

15. Part (b) would have been easy to do 
without converting to ord inary deci
mal notation. One would simply add 
40 and 5 and multiply the result by 
106 . If 106 = x, the problem would be 
40x + 5x, which is 45x. 

16. a. 0.0062(1 06) + 5(1 06) = 5.0062(1 06) 

b. 6.2(1 06) - 0.005(1 06) = 6.195(1 06) 

c. 6.2(1 05) + 0.05(1 05) = 6.25(1 05) 

d. 0.0062(106) - 5(106) = 
-4.9938(1 06) 

17. (300,000)(6000) = 1,800,000,000 = 
1.8(1 09) 

18. (3,000)(600,000) = 1 ,800,000,000 = 
1.8(1 09) 

19. 6,000,000/3,000 = 2000 = 2.0(1 03) 

20. 3,000,000/6,000 = 500 = 5.0(1 02) 

21 . a. The first part of the answer is 
obtained by multiplying or dividing 
the first parts (numbers between 1 
and 1 0) of each number. The sec
ond part of the answer is obtained 
by multiplying or dividing the pow
ers of 10. 

b. To obtain an answer for multiplica
tion without converting from scien
tific notation , multiply the two num
bers between 1 and 1 0. Multiply 
this product by a power of 1 0. The 
power of 1 0 in the answer is 
obtained by adding the exponents 
of the powers of 1 0 in the factors. 
To divide, divide the two numbers 
between 1 and 1 0. Multiply this 
quotient by a power of 1 0. The 
power of 1 0 in the answer is 
obtained by subtracting the expo-

nents of the powers of 1 0 in the 
factors. If you want your answer 
to be in scientific notation , adjust
ments may be needed to make 
the first part of the answer a num
ber between 1 and 1 0. 

22. Yes. Examples: 
3(24) • 5(26) = 15(210) = 15,360 
4(35) . 2(37) = 8(312) = 4,251 ,528 
2(43) . 5(46) = 1 0(49) = 2,621 ,440 

23. a. (ex+ by)2 

b. (y+x) 2 

c. (y+ b)2 

d . (0 .5x + 0.2)2 



TRAVEL IN(, IN THF SOLAR SYSTEM 

The table below gives the diameter and aver
age di stance fro m the Sun in kilometers (km) 
of each of the planets in the solar system. The 
Sun 's diameter is also shown. 

Diameter 
Distance 

Moons 
from Sun 

Sun 1.39( 106) 

Mercury 4.88( 103) 57.700.000 0 

Venus 1.21(104) 108.150.000 0 

Earth 1.23(104 ) 150.000.000 I 

Mars 6.79( 103) 227.700.000 2 

Jupiter 1.43( 10') 778.300.000 17 

Saturn 1.20( io') 1.427.000.000 22 

Uranus 5.18( 104) 2.870.000.000 15 

Neptune 4.95( 10') 4.497.000.000 3 

Pluto 6.00( 103) 5.900.000.000 I 

1. Convert the diameters to normal dec imal 
notation. 

2. Convert the distances to scientific 
nota tion. 

3. Divide the planets into groups 
according to: 

a. their diameters. How many groups are 
there? Ex plain. 

b. their distance from the Sun. How many 
groups are there? Exp lain . 

c. their number of moons. How many 
groups are there? Ex plain . 

7. 11 Using Large Numbers 

4. .... Compare the groups you created in 
problem 3. Find a way to combine your 
dec isions into an overall di vision of the 
planets into two or three groups, by type of 
planet. Name each group. and list its char
acteristics in terms of the data in the table. 

5. Light trave ls approx imately 299.793 
ki lometers per second. Show your calc ul a
tions, and give your answers in scientific 
notation. How far does light travel in 

a. one mi nute? b. one hour? 

c. one day? d. one year? 

6. Abe remembers learn ing in elementary 
school that it takes about eight minutes for 
light to travel from the Sun to the Earth . 
Figure out whether he remembers 
correctly. Show your ca lculati ons. 

7. Light fro m the Sun takes more than one 
day to reach which planets. if any? 

8. When Pluto is at its mean di stance from 
the Sun, how long does it take li ght from 
the Sun to reach it ? 

9. An Astronomical Unit is the distance from 
the Earth 10 the Sun. What is Pluto's dis
tance from the Sun in Astronomical Units? 

SC•\IE ~IODHS 

10. Make a cale drawing showi ng the 
distances of the planets from the Sun. Tell 
what your scale is, and explain why you 
chose it. 

ii4tld 
11. Decide what would be a good scale for a 

scale model of the solar system, so you 
could fi t the model in your classroom. 
How large would each planet be? How far 
would each planet be from the Sun? 
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T 7.11 
Using large Numbers 

Core Sequence: 1-9 

Suitable for Homework: 1-9, 15-1 9 

Useful for Assessment: 4 

What this Lesson is About: 

• U sing scientific notation 

• A nal yzi ng numerical data 

• Proportional thinking 

• Work with exponents 

TRAVELING IN THE SOlAR SYSTEM 

This is a straightforward appl ication of the 
work of the past two lessons. 

In problem 4 allow any answers, as long 
as they are backed up with arguments 
based on the given data. A stronomers usu
ally div ide the planets in two groups, the 
inner planets and the outer planets. The 
inner planets are smaller and have fewer 
moons than the outer planets. Pluto is an 
exception to that pattern, and it is believed 
to be an escaped moon. 

7. 11 S 0 L U T I 0 N S 

1. & 2. 
Di~meter Distance from Sun 

Sun 1,390,000 
Mercury 4,880 5.77(107) 

Venus 12,100 1.0815(1 08) 

Earth 12,300 1.5(1 08) 

Mars 6,790 2.277(108) 

Jupiter 143,000 7.783(108) 

Saturn 120,000 1.427(1 09) 

Uranus 51 ,800 2.87(1 09) 

Neptune 49,500 4.497(109) 

Pluto 6,000 5.9(1 09) 

3 . a. 3 groups: 
diameters between 4,000 and 
7,000 km: Mercury (4,880) , Mars 
(6,790), Pluto (6,000) 
diameters between 12,000 and 
52,000 km: Venus (12, 1 00), Earth 
(12,300), Uranus (51 ,800) , 
Neptune (49,500) 

diameters greater than 100,000 
km: Jupiter (143,000), Saturn 
(120,000) 

b. 2 groups: 
distance from the sun is less than 
109 km: Mercury, Venus, Earth, 
Mars, Jupiter 
distance from the sun is greater 
than 109 km: Saturn, Uranus, 
Neptune, Pluto 

c. 3 groups: 
no moons: Mercury and Venus 
one to three moons: Earth , Mars, 
Neptune, Pluto 
15 to 22 moons: Jupiter, Saturn, 
Uranus 

4. Answers may vary . (See Notes to the 
Teacher.) 

5. a. 299793 km/sec · 60 
sec/min = 1.798758 · (107) km/min 

b. 299793 km/sec · 3600 sec/hr 
= 1.0792548(1 09) km/hr 

c. 1.0792548(1 09) km/hr · 24 
hr/day = 2.590(1010) km/day 

d. 2.590(1010) km/day · 365 
day/year = 9.454(1 012) km/yr 

6. 1.798758(1 07) km/min · 8 min = 
143,900,640 km = 1.439 · 108 km 
He did remember correctly because 
light will travel 1.439(1 08) km in 8 
minutes. This is close to the distance 
from the sun to the earth, which is 
1.5 x 108 km. 

7. Sunlight travels 2.59 . (1010) km in 
one day, which is more than the dis
tance of the farthest planet from the 
sun. So sunlight leaving the sun can 
reach all nine planets in one day. 

" .... - - -
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l:tlfjl@l Scale Model 

This is a challenging project that should 
be seen a a project for a group or for the 
whole class. It incorporates the use of the 
data from the table in the previous section, 
the scientifi c notation techniques of the 
past two lessons, and work with propor
tional thinking. The "astronomical" dis
tances in the solar system mean that for the 
small planets to be visible in a scale model, 
the di stances between the planets must be 
substanti al. The model would have to be 
spread out across a midsize town, and the 
nearest star would be a long drive away. 

DOWN TO EARTH 

These problems give practice with opera
ti ons with large numbers and help students 
get a sense of the relative sizes of large 
numbers. 

7.11 

12. Decide what would be a good scale for a 
sca le model of the solar system, so yo u 
could clearly see even the smallest planet. 
How far would each planet be fro m the 
Sun? How large would each planet be? 
What objects could you use to represent 
the pl anets? 

13. Using a map of your town, fi gure out 
where you might place the planets and 
the Sun. Use the scale you calculated in 
problem 12. 

14. The nearest star, Alpha Centauri , is 40 tril 
li on kilometers away fro m the Sun . Where 
would it be in your model? 

DOWN TO EARTH 

15. In 1986 people in the U.S. threw away 
about 64.7 million tons of paper and card
board. Write this number in scientific 
notation. 

The number 64.7 million is too large to mean 
anythin g to most people. The following prob
lems illustrate some ways of bringing large 
numbers "down to earth ." 

For example, to understand how much paper 
and cardboard was thrown away in the U.S. in 
1986, it helps to fi gure out how much was 
thrown away per person. 

Since there are 2000 pounds in a ton, 64.7 mi l
lion tons is 

(6.47 · I 07 tons) · (2 · I 03 lbs/ton) 

= 12.94 · I 010 lbs . 
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16. The U.S. popu lation in 1986 was about 
240 mill ion people. Write thi s number in 
scientific notation. Then ca lculate how 
many pounds of paper and cardboard were 
thrown away per person. 

17. The di stance around the equator of the 
Earth is about 24,900 miles. AI bikes to 
and from school every day, about fi ve 
mil es each way. Bik ing back and forth to 
school, about how many school years 
would it take AI to cover the d istance 
around the equator? (A school year has 
about 180 days.) 

18. Biking back and forth to school, about 
how many school year would it take 
AI to cover 

a. the di stance from the Earth to 
the moon? 

b. the distance from the Earth to the Sun? 

19. The population of the U.S. was about 250 
mill ion in 1990. Approx imately 5 · 10 11 

cigarettes were smoked in the U.S. 

a. About how many cigarettes were 
smoked per person? 

b. About how many were smoked per 
person, per day? 

c. If 186 million U.S. residents did not 
smoke any cigarettes. how many 
cigarettes were smoked per smoket; 
per day? 

Chapter 7 Products and Powers 

7. 11 S 0 L U T I 0 N S 
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8. [5.9(1 09) km]/[299793 km/sec] = 
19680.25 sec= 19680.25 
sec(1 hr/3600 sec) = 5.47 hours 

9. Divide 5.9(1 09) by 1 .5(1 08) to get 
3.93(101) , or 39.3 Astronomical 
Units. 

10. Answers will vary. 

11 . This will not work. In order to fit the 
planets inside the classroom, the dis
tances would have to be so small 
that the planets could not be seen. 
For example, suppose a room were 
1 0 meters long. If the distance from 
the Sun to Mercury were 9 centime
ters, then the distance from the Sun 
to Pluto wou ld be about 9.2 meters. 
But this would make the smallest 
planet 0.01 mm in diameter. 

12.-14. Answers will vary, depending 
on how large students decide the 
smallest planet must be in order to 
see it clearly. If the smallest planet is 
given a diameter of 1 mm, Alpha 
Centauri will be 8197 km away. 

15. 6.47(107) 

16. 2.40(108) people threw away 539.2 
lbs per person. 

17. 13.8 school years 

18. a. 132.8 school years 
b. 51 ,611 school years 

19. a. 2000 cigarettes per person 
b. 5.5 cigarettes per day 
c. 64 million smokers 

21.4 cigarettes per smoker 
per day 

. -



iiilll\fiiMI. · · · · · · · · · · · · · · · · · · ·! 
geoboards ............................. 

do t pa per ............. ... .... ... ... ! : : g . .................................. 
SQUARE ROOTS 

As you know, the square o f a number is the 
area of a sq uare that has that number for a side. 
For example. the square of 4 is 16. because a 
square hav ing side 4 has area 16. 

1. a. What is the area of a square having 
side 9? 

b. What is the s ide o f a square hav ing 
area 9? 

2. a. What is the area of a square hav ing 
s ide 10? 

b. What is the s ide o f a square having 
area I o·) 

You can answer questi on 2b with the help of a 
ca lculator, by using tria l and error. Or, you 
may answer it by using the O key. 

I Definition: The square roo f of a number is 
the side of a square that has that number for 
area. 

For example, the square root of 4 is 2, because 
a square having area 4 has side 2. 

3. a . What is the square of I I? 

b. What is the squ are root o f II ? 

The square root of I I is written ' I I. The num
ber given by a calculator is an approximati on 
of the exact value. Many calculators ha ve an 
121 key. 

7.12 As lhe Crow Flies 

4. ._ Use the 121 key to calculate the 
squ are of 8.76. Write it down. Clear your 
ca lculator. Now use the 0 key to find 

the square root o f the number. What ans
wer di d you get? Ex plain why thi s is so . 

5. ._ Find a number for ' 5. Write it down. 
Now clear your calculator. enter the num
ber. and use the 121 key. What answer did 
you get? Compare your answer wi th other 
students ' answers. Explai n. 

6. ._ Which number has more digits. 
, I 0.304 1 or ' 2? Make a pred ictio n and 
check it wi th your calcul ator. Explai n your 
answer. 

IJISTANCl ON THE (,EOOOARD 

To fi nd the di stance between two points on the 
geoboard . as 1he crow fl ies. you can use the 
following strategy. 

• Make a square that has the two points as 
consecut ive venices. 

• Find the area of the sq uare. 

• Find the side of the square. 

In problems 7-9. ex press your answers two 
ways: as a square root. and as a decimal 
approx imati on (unless the answer is a 
whole nu mber). 
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1. a. 81 
b. 3 

2. a. 100 
b. approx. 3.162 

3. a. 121 
b. approx. 3.317 

4. Taking the square root "undoes" the 
squaring of a positive number. 

5. Squaring "undoes" the taking of a 
square root. 

6. f2 gives more digits. ~1 0.3041 = 3.21. 
f2 is approximately equal to 
1.414213562, according to one cal 
culator. We cannot express f2 
exactly using decimal notation. 

7 . a . .J25 = 4.47 
b. f8 = 2.83 
c. 3 

8. fi0 = 3.16 

9. 5 

10. a. {5 , 10) 
2, 9 8, 9 

{1 ' 0 \ /0 
' I ' 8) 

(0, 5} 
ir l r · 

{10 , 5} 

' 

(1 ' 2) I(~ ' 2} 
2 1 8 1 

{5 , 0) 

b. The 12 points lie on a circle with 
center {5 , 5} and radius 5. 

11 . a. 40 b. 68 

12. Answers will vary. 

.. 7o12 
As the Crow Flies 

Core Sequence: I - 15 

Suitable for Homework: 13- 19 

Useful for Assessment: 5, 15 

What this Lesson is About: 

o Square roots 

o Distance on the Cartesian plane 

o Preview of the Pythagorean theorem 

o The square and square root key on the 
calculator 

o Review of powers of two and cienti fic 
notati on 

This lesson formally introduce square 
roots, and previews Chapter 9, w here the 
properties of square roots wi l l be inve ti 
gated in more depth. 

SQUARE ROOTS 

This secti on concentrates on a numerica l , 
ca lculator-based approach. M any students 
confuse square w ith square root. W hile 
thi s problem is much reduced by the geo
metri c work that fol lows, we try to prevent 
that confusion by exp lic i t discuss ion up 
front. 

/n problem 5, tudents may be urpri ed 
by the fact that squaring the number the 
calculator gave for !5 does not y ield the 
expected answer of 5. T his is becau e of 
the fact that the number displayed i ju t an 
approx imati on. It is nece ary to c lear the 
calculator and re-enter the number to 
notice thi , because in many ca lculator , 
the accuracy is greater than w hat is hown 
on the display. As a result, squari ng the 
number g iven for !5 w ill give 5, because 
the ca lculator is squaring a number w ith 
more digit than are shown. B y re-entering 
the number shown, you get the calculator 
to square that number. 

DISTANCE ON THE GEOBOARD 

P art of the reason for all the geoboard 
work we have done wa to prepare 
tudents for thi s visual interpretati on of 

square roots. The payof f should be a 
tronger sense of the meaning of quare 

roots, more insight into the ru les governing 
their use, and fewer mistakes w hen apply
ing the Pythagorean theorem and the dis
tance formula in future courses. 

- - - - -
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Let students find the areas of the squares 
by any method they please. Some of them 
may remember the formula developed in 
Chapter 6, Lesson 12; others may just use 
generic geoboard technique involving 
subtraction of areas. Either approach is 
acceptable. 

Roblems 10-13 have a geometrical flavor 
to them. Students use their new technique 
for finding distance on the geoboard to 
investigate geometric idea uch a the set 
of points at a given distance from a center, 
or the set of points equidi stant fro m two 
points. 

The Generalization in problem 15 should 
be reminiscent of the formula derived for 
the area of a square in Chapter 6, Lesson 
12, and again it previews the Pythagorean 
theorem. 

••Ufi•1fi;J• SUMS OF PERFECT SQUARES 

••Ui•lf#;J• SUMS OF POWERS 

Note that these are substantial problems 
with a number theoretic fl avor. Either of 
these sections could be assigned as a prob
lem of the week or as a writing assignment. 
Or the sections could be ass igned a group 
problem-solving, followed by the group' s 
presentation of patterns and conclusions to 
the whole class. Do not assign both sec-
tions the same night. 

7.12 

I Example: Fi nd the dis tance between ( I, 0) 
and (0, 1). 

v. .. . . . . . . . . . . 
The area of the square is 2, so the distance 
between the two points is ' 2, or I .4 1 ... 

7. Find the di stance between: 

a. (4, 3) and (6. 7) ; 

b. (4. 6) and (6, 4) ; 

c. (4, 5) and (4. 8). 

8. Find the di stance between the ori gin 
and (3, 1). 

16. Any whole number can be written as a 
sum of perfect squares. Write each whole 
number from I to 25 as a sum of squares, 
using as few squares as possible for each 
one. (For example, 32 + 12 is a better 
answer for 10 than 22 + 22 + 12 + 12.) 

17. \) You should have been able to write 
every number in problem 16 as a sum of 
four or fewer perfect squares. Do you 
think this would remain possible for large 
numbers? For very large numbers? 
Experiment with a few large numbers, 
such as I 23, or 432 I . 
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9. Find the di stance between (5, 5) and (8, 9). 

I 0. a. Find I 2 geoboard pegs that are at a dis
tance 5 from (5 , 5). Connect them with 
a rubber band. Sketch the fi gure. 

b. Explai n why someone might call that 
fi gure a geoboard circle. 

II. How many geoboard pegs are there whose 
distance from (5, 5) is 

a. greater than 5? 

b. less than 5? 

12. Choose a peg outside the circle and find its 
di stance from (5 , 5). 

13. Find alI the geoboard pegs whose 
di stances from (4, 3) and (6, 7) are equal. 
Connect them with a rubber band . Sketch. 

14. What are the di stances between the peg 
you found in prob lem I 3 and (4, 3) or 
(6, 7)? 

ts. i§§U§fi@\M Describe a method for find
ing the di stance between the ori gin and a 
point with coordinates (x, y) . Use a sketch 
and algebraic notation. 

18. Write every whole number from I to 30 as 
a sum of powers of 2. Each power of 2 
cannot be used more than once for each 
number. Do you think this could be done 
with very large numbers? Try it for I 00. 

19. Write every whole number from I to 30 a 
a sum of power of 3 and their opposites. 
Each power can appear only once for each 
number. Do you think this cou.ld be done 
with very large numbers? Try it for I 00. 

Chapter 7 Products a11d l,owers 

7.12 S 0 . L U T I 0 N S 

I 280 

13. 

. ~ ''} 6 7 
. l ;j ti .. VI! i\ 

I. • (j l\ . . 
4. 3\ 9. 3 . 

14. coordinate: (1 , 7) distance: 5 
coordinate: (3, 6) distance: 
.ffO = 3.16 
coordinate: (5, 5) distance: 
.J5 = 2.24 
coordinate: (7, 4) distance: 
.ff0 = 3.16 
coordinate: (9, 3) distance: 5 

15. d = ~(x+ y)2 - 4 (1 /2 xy) 

d = ~ x2 + 2xy + y2 - 2xy 

d = ~x2 + y2 

~..;f' 

\ 

' 0 
.,... 

v 0 0 X 

16. 1 = 12 

2=1 2+1 2 

3=1 2+1 2+1 2 

4 = 22 

5=22+1 2 
6=22+1 2+1 2 

I( 

1-' 

7 =22+1 2+1 2+1 2 

8=22+22 

9 = 32 

10 = 32 + 12 

11 = 32 + 12 + 12 

12 = 22 + 22 + 22 

13 = 32 + 22 

14 = 32 + 22 + 12 

15 = 32 + 22 + 12 + 12 

16 = 42 

17=42 +1 2 

18 = 32 + 32 

19=42+1 2 +1 2+1 2 

20 = 42 + 22 

21 = 42 + 22 + 12 

22 = 32 + 32 + 22 

23 = 32 + 32 + 22 + 12 

24 = 42 + 22 + 22 

25 =52 

17. 123=72 +72 +52 

4321 = 642 + 152 

18. 1 =2° 
2=21 

3 = 21 + 2° 
4 = 22 

(Solutions continued on page 523) 



~llll§lijlk~ 7 .C One Googol Zeroes 
WRITING 

Scientific notation will help you think about 
these two very large numbers. 

one googol= 10,000,000,000,000.000,000, 
000,000,000,000,000,000,000,000,000,000, 
000,000,000,000,000,000,000,000,000,000, 
000,000,000,000.000,000,000 

1. How many zeroes does it take to write one 
googol? (Count them!) 

one googolplex = I followed by one googol 
zeroes 

2. Guess how large a sheet of paper one 
would need to write one googol zeroes. 

a. a sheet the size of a table? 

b. a sheet the size of a room? 
c. a sheet the size of a school? 

d. a sheet the size of a city? 

3. Let's assume a zero takes up one square 
centimeter. How many zeroes could you fit 
on a piece of paper having area 
a. one square meter? (There are I 00 cen

timeters in a meter. Use a sketch to fig
ure out how many square centimeters 
in a square meter. Hint: There are more 
than 100 square centimeters in a 
square meter.) 

b. one square kilometer? (There are 1000 
meters in a kilometer.) 

I Notation: cm2 stands for square centimeter; 
km2 for square kilometer. 

4. a. The area of California is 4( I 05) km2• 

How many zeroes could fit on a sheet 
of paper this size? 

b. The area of the United States is nearly 
107 km2• How many zeroes could fit on 
a sheet this size? 

7.C One Googol Zeroes 

5. 30,000 sheets of thin paper make a pile 
one meter high. How many zeroes could 
be in such a pile. if each sheet is the size 
of the United States? 

6. a. The moon is less than 4( lOS) km away. 
How many zeroes, if our pile of paper 
extended that far? 

b. The sun is 1.5(108) km away. How 
many zeroes, if our pile extended 
that far? 

c. The nearest star is 4( 101.1) km away. 
How many zeroes, if our pile extended 
that far? 

7. What fraction of the total number of 
zeroes does our pile include? 

8. illil:im Write a report summarizing your 
answers to problems 3-6 above. Show 
your calculations and include any sketches 
that were useful in figuring out answers. 
Explain your reasoning. Then show how to 
figure out the correct answer to problem 2. 

9. illill!lllli Where in the universe would our 
pile of papers end if it did include one 
googol zeroes? 

The word googol was created in 1938 by the 
eleven-year-old nephew of the American 
mathematician Edward Kasner. In one sense. 
a googolplex is the largest number that has a 
name. But in fact, even without creating any 
new names. you can name larger numbers. For 
example, the words two googolplex name a 
larger number. 

10. What is the largest nameable number? 
Explain your reasoning. 

2814 

7. C S 0 L U T I 0 N S 

1. 100 

2. Answers will vary. 

3. a. 10,000 zeroes 
b. 1010 zeroes 

4. a. 4(105)(1010) = 4(1015) zeroes 
b. (107)(101~ = 1017 zeroes 

5. 3(104)(1017) = 3(1o21) zeroes 

6. a. 4(105)(103) 3(1o21) = 12(1o29} = 
1.2(1~ zeroes 

b. 1.5(108)(103)(3)(1o21) = 4.5(1~) 
zeroes 

c. 4(1013)(103)(3)(1o21) = 12(10 37) = 
1.2(1038) 

7. 1.2(1~)/(101~ = 1.2/(1062) = 
1.2(1 0-62) (A very small fraction!) 

8. Reports will vary. 

9. 10100/3(1o21) = 1079/3 = 3.3(1078) m 
away or 3.49(1085) light years away. 

10. Answers will vary. (There isn't one.) 

~0@19!~(~ 7 .c w R 1 r 1 N i One Googol Zeroes 

Core Sequence: 1-8 

Suitable for Homework: 8-9 

Useful for Assessment: 7 

What this Assignment is About: 

• Estimation with large numbers 
• Multiplication and division in scientific 

notation 
• Infinity 

Most people do not have a good feel for 
very large numbers, and since a googol is 
much, much larger than most numbers that 
people have trouble comprehending, it is 
almost impossible to gain a mental picture 
of a googol. 

This assignment helps students get a han
dle on the size of a googol. That, in and of 
itself, is not important, but the work done 
along the way with scientific notation and 
large numbers helps students develop a 
better sense of the meaning of powers of 
ten and orders of magnitude. (The same 
sort of techniques can be applied to devel
oping a feel for smaller numbers such as 
the defense budget.) 

The assignment should preferably be 
started in class. One possible difficulty is 
that students may need help understanding 
why there are 10,000 cm2 in a m2• A class 
discussion of the number of square inches 
in a square foot would help. It is also use
ful to wrap up the assignment with a class 
discussion, particularly of problem 7, 
which most students should find quite 
surprising. 

. -- -
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There are two interesting books around to 
help students develop a feel for the mean
ing of powers of ten: Cosmic view: the uni
verse in 40 jumps by Kees Boeke (J. Day, 
NY, © 1957) and Powers of Ten: a book 
about the relative size of things in the uni
verse and the effect of adding another zero, 
by Philip and Phyli s Morri son and the 
Office of Charles and Ray Eames 
(Scientific American Library ; distributed 
by W.H. Freeman, San Francisco, © 1982). 

There are also two movies on the same 
topic: Cosmic Zoom (Canadian Film 
Board) and Powers of Ten (Charles Eames, 
1968). Using these films and/or books will 
also help preview negati ve exponents, 
which are introduced in Chapter 8. 

Students should enjoy a class di scussion 
of problem l 0, which leads into a di scus
sion of infinity. For more discussion of thi s 
questi on, see Infinity and the Mind: the 
science and philosophy of the infinite, by 
Rudy Rucker (Birkhauser, Boston, © 
1982). 

~ Essential Ideas 

RECTANGULAR WINDOWS 

The window panes referred to be low are those 
pictured in Lesson 2 of thi s chapter. 

1. Sketch a window having length equal to 
twice its width that is made up of panes 
from the A.B. Glare Co. How many panes 
of each type (corner, edge, and inside) are 
there? 

Use sketches or tables of values to help solve 
the fo ll owing problem. 

2. How many of each type of pane would 
you need for windows that are twice as 
long as they are wide? Your answer will 
depend on the width of the window. Let 
the width be W, and fi nd expressions in 
terms of W for: 

a. the length of the window; 

b. the number of inside panes; 

c . the number of edge panes; 

d . the number of corner panes. 

3. Draw a pair of axes and labe l the x-ax is 
Width and they-ax is Number of Panes. 
T hen make a graph showing each of 
these as a functi on o f W, the width of 
the window. 

a. the number of inside panes 

b. the number of edge panes 

c . the number of corner panes 

4. As you increase the width of the wi ndow, 
which grows fastest, the number of inside 
panes, edge panes, or corner panes? 
Explain, referring to graphs or sketches . 

.A 2s2 

5. The panes described in Lesson 2 cannot be 
used for windows of width I. 

a. Ex plain why. 

b. Sketch the two types of panes that are 
needed in thi s case. 

c. Find the number of each type of pane 
for a window having width I and 
length L. 

MUlTIPLY 

6. Multiply these po lynomials. 

a. (3x- 5)(4x - 6) 

b. (5 - 3x)(6 - 4x) 

c. (3y + 3x - I )(-2x + 2y) 

d. (x + y + z)(-x + y) 

7. Multiply and compare the resul ts. What do 
you notice? Explain . 

a. (ax - by)(ax- by) 

b. (by - ax )(by - ax) 

c. (ax - by)(by - ax) 

REMARKABLE IDENTITIES 

8. Fi nd the miss ing terms. 
a. (ax - __ )2 = __ - 2ax + I 

b. b2 - 2 = (b - x)( _ _ ) 

c. / - I Oy + __ = ( __ _i 
d. (ax + _)2 = a22 + __ + b2/ 

FACTOR 

Factor. Look for a common factor and use 
an identity. 

Chapter 7 Products and Powers 

• S 0 L U T I 0 N S 

1. Answers will vary. 4. The number of inside panes grows 7. a. a2x2 - 2abxy+ b2y 2 

2. a. 2W faster. The graph is a parabola. The b. b2y 2 - 2abxy+ a2x2 

b. 2W2 - 6W + 4 graphs of the other two are straight c. -a2x2 + 2abxy - b2y 2 

c. 6W - 8 lines. When both factors are replaced by 

d. 4 5. a. There are no panes with borders their opposites, the product is not 

3. on opposite sides or corner panes changed. When one factor is 
Inside with borders on three sides. replaced by its opposite, the product 

b. c c is the opposite. 

8. a. (ax-1 )2 =a 2x 2 -2ax+1 
Corner b. b2 - x2 = (b- x)(b + x) inside end 

pane pane c. y 2 - 1 Oy + 25 = (.~--=--5i 
Width 

L - 2 inside panes and 2 end 
d. (ax+ !Jy)2 = a2x2 + 2abxv + b2y 2 

c. 
panes 9. a. 5(x+ 2)2 

b. 6(y+ x)2 

6. a. 12x2 - 38x+ 30 C . 2(X+ 15)2 

b. 30 - 38x+ 12x2 

c. 6y2 - 2y+ 2x - 6x2 10. a. 100a2 + 140ab + 49b2 = 

d. -x2 - xz + y 2 + yz (10a + 7b)2 

b. (1/9)x2 + (1/3)xy+ (1 /4)y2 = 
((1/3)X+ (1 /2)yf 



9. a. 5r + 20x + 20 
b. 6/ + 12xy + ~ 
c. 22 + 60x + 450 

10. Find the middle tenn that will make each 
of these a perfect square trinomial. Then 
write it as the square of a binomial. 

a. I 00a2 + + 49b2 

b. <It9l-x2 + _ + Ot4>l 

11. Factor these polynomials. 

a. 4r - 20x + 25 
b. 4r- 25 
c. 25- 4r 

12. Q Factor these polynomials. (Hint: First 
look for common factors.) 

a. 5/ + 90XY + 45r 
b. 48x - 27XY2 

c. XY2 - ~y + 9_; 

SOLVING EQUA liONS WITH SQUARES 

Solve for x. There may be no solution, one 
solution, or more than one solution. 

13. r=25 

14. 3~ = 49 

1s. r - 6x + 9 = o 
16. r - 6x + 9 = , 

GRM'HING l"fQUALITifS 

17. Use graphs to help you find the solution to 
each of these compound inequalities. In 
each case, you will need to graph two hori
zontal lines and one other line. 

a. -3 < 4x- 3 < 5 
b. -3 < -4x + 3 < 5 
c. -5 < 4x - 3 < 3 
d. -5 < -4x + 3 < 3 

• EssenlitU Ideas 

• 
18. CJ Use graphs and tables of values to solve 

these compound inequalities. 

a. x - 2 < 3x - 4 < x + 5 
b. x - 2 < 3x - 4 < -x + 5 

HILLIONS AND I!ILLIONS 

The following was wri tten on an ice cream 
package: $3 billion is I% of the U.S. yearly 
defense budget. If you ate one ice cream cone 
per hour per day it would take you 342,466 
years to consume 3 billion ice cream cones. 

19. Check that the calculation is accurate. 

20. Assuming that the information is accurate, 
what is the U.S. hourly defense budget? 

LIGHT· HAR'> 

21. A light-year is the distance light travels 
in one year. Figure out how far that is in 
kilometers, given that light travels approx
imately 299,793 kilometers per second. 
Use scientific notation. 

WHAT A BARGAIN 

22. Say that a particularly expensive necklace 
costs one googol dollars. 

a. Fortunately, it 's on sale at 99% off. 
How much does it cost now? 

b. What percent-off sale would be needed 
so that the necklace would cost ten 
billion dollars? 

28J .A, 

+ S 0 L U T I 0 N S 

11 . a. (2x - 5)2 

b. (2x - 5)(2x + 5) 
c. (5 - 2x)(5 + 2x) 

12. a. 5(y2 + 18xy + 9x2) 

b. 3x(4 - 3y)(4 + 3y) 
c. x(y - 3x)2 

13. x = 5 or x = -5 

14. X=±7/6 

15. X = 3 

16. x = 2 or x = 4 

17. a. O < x < 2 
b. -1/2 < x < 3/2 
c. -1/2 < x < 3/2 
d. 0 < X < 2 

18. a. 1 < x < 4.5 
b. 1 < x < 2.25 

19. 24 cones/day · 365 days/yr = 8760 
cones/yr 
Then divide 3 billion by this number. 
Yes, the calculation is accurate. 

20. $3.4 · 1 07 per hour 

21 . 9.45 · 1012 km 

22. a. $1098 

b. [1 - (1/1090)]· 100 percent off 

-- . 
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Chapter 8 
GROWTH AND CHANGE 

Overview of the Chapter 

The theme of growth and change ti es 
together two main algebraic concepts. 

The first part of the chapter concentrates 
on the concept of the rate of change of 
functi ons, starting with an applicati on and 
ending with a concentrated effo rt on linear 
functi on in the fo rm y = mx + b. 

The next pa11 o f the chapter i about expo
nenti al growth and decay and the laws of 
ex ponent . 

By the end of the chapter, students should 
have a good sense of the di ffe rence 
between ex ponenti al and linear growth, as 
well as a grasp of many traditional algebra 
skill . 

Exponenti al functions are not part of most 
first-year algebra cour e . We include 
them fo r everal rea ons. First, they have a 
structure that is parall e l to that of I in ear 
fun cti ons. When the two are tudied 
together, the contrast is interesting and 
instructi ve. Second , they ari e naturall y in 
many applications that are accessible to 
students at thi s level. Through these appli 
cati on , the operati on of exponentiati on 
and the difficult ideas of fractional and 
negati ve ex ponents are made more 
concrete. Third , by prov iding ex perience 
with the idea of con tant multiplication, 
they help build a good fo undation fo r 
understanding the law of ex ponent . 

1. New Ways to Use Tools: 

• The focus fo r linear functi on 
di agram 

2. Algebra Concepts Emphasized: 

• Rate of change 
• Ri e and run 
• Slope 
• Positi ve, negati ve, and zero slope 
• y- intercept 

lope-intercept form 
• Hori zontal and verti ca l line 
• Linear growth 
• Ex ponenti al growth and decay 
• Product of powers 
• Quoti ent o f powers 
• Power of a power 
• Power of a product 
• Power of a rati o 
• Negati ve ex ponents 

284 
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CHAPTER 

The spiral surface pattern of gastropod fossils 

Coming in this chapter: 
QIMtm!Ut!ttl A population is growing at a ra te of about 2% per 
year. In how many years will the population double? Experiment 
with di fferent stan ing va lues for the population. How doe your 
answer depend on the starting value? 



GROWTH AND CHANGE 

8.1 Height and Weight 

8.2 Focus on Function Diagrams 

8.3 Slope 

8.4 Linear Functions 

8.A THINKING/WRITING: 
Slope-Intercept Form 

8.5 Ideal Population Growth 

8.6 Comparing Populations 

8.7 Percent Increase 

8.8 Percent Decrease 

8.8 THINKING/WRITING: 
Simple and Compound Interest 

8.9 Equal Powers 

8.10 Working With Monomials 

8.11 egative Bases, Negative Exponents 

8.12 Small and Large Numbers 

8.( THINKING/WRITING: 
Applying the Laws of Exponents 

• Essentia l Ideas 

3. Algebra Concepts Reviewed: 

• Proportional thinking 
• Scientific notation 
• Solving linear equations 
• Linear growth 
• Percent problems 
• Working with decimals 
• Reciprocals 
• Order of operations 

4. Algebra Concepts Previewed: 

• Finding the equation of a line from 
two points and from point-slope 

• Fitting a line to data 
• Simplifying algebraic fractions 
• Rational expressions 
• Fractional exponents 

5. Problem-Solving Techniques: 

• Writing an equation 
• Making a table 

6. Connections and Context: 

• Data analysis 
• Discounts 
• Taxes and tips 
• Simple and compound interest 
• Population growth 
• Unit conversion 

[ n Lessons 1-4, the concept of slope is 
introduced in many ways, using many 
roughly synonymous word : slope, rate of 
change, magnification , grade. Approaching 
the concept from a number of perspectives, 
with a special emphasis on a visual under
standing in different contexts, may prove 
to be more effective than narrowing the 
focus to one particu lar interpretation. 

Lessons 5-8 are about exponential growth 
and decay . The contrast between exponen
tial (repeated multiplication) and linear 
(repeated addition) growth is emphas ized. 
The laws of exponents are previewed in 
this context. 

Lessons 9- 12 provide concentrated work 
with the laws of exponents. 

-
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.. 8.1 
Height and Weight 

Core Sequence: 1-6, 8- 14 

Suitable for Homework: 6-7, 10-15 

Useful for Assessment: 6, J 0-1 1, 14- 15 

What this Lesson is About: 

• Rate of change 

Data analy i 

• Preview of ri e and run 

• Preview of fitt ing a line 

T his lesson introd uces the chapter' 
theme, growth and change, in a context 
that i clo e to every teenager's exper
ience: phy ical growth . More pecifically, 
the le son introduces the concept of rate of 
change in preparation for the idea of lope 
and the slope-intercept fo rm for li near 
equati ons. 

W hat i spec ial about linear fu nction (a 
con tant rate of change) is best appreciated 
in contrast with a more general ituation 
wher the rate of change is not con tant, as 
in theca e of the phy ical growth of chi l
dren and teenager . 

HEIGHT AS A FUNCTION OF AGE 

ure tudent realize that the hori
zontal pacing between the age i not un i
form. onverting the age to a common 
un it (month i the mo t convenient) would 
make it ea ier to locate the point 
correctl y. 

LESSON 

~~H~e~ig~h~t ~an~d~W~e~ig~hnt~~~~~~ 

iiiili!,JIIMI····· ········ 

graph paper D 
···-----··-·-----············-········ 

Dr. Terwit, a pediatrician, kept records of her 
son Joshua's height and weight from birth to 
age fo ur years. We will use these numbers to 
learn about rare of change. 

Age Height (em) Weight (kg) 

birth 5 1 3.4 

3 mo 60 5.7 __,__ 
6 mo 66 7.6 

9 mo 9.1 
-+-

121110 10.1 

15mo 10.8 

181110 +-11.4 I ,,. f ::: 2.5 yr 

3 yr 14 .6 

4 yr 103 16.5 

HEIGHT AS A FUNCTION OF AGE 

I. Make a graph to represent height as a 
function of age. ( ole that the ages given 
are not evenl y spaced.) 
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2. What is the increase in height between: 

a. birth and three months? 

b. 15 months and 18 months? 

c. birth and one year? 

d. three years and four years? 

3. Did Joshua's height grow faster or more 
slowly as he grew older? Explai n your 
answer by referring to: 

a. the answers to problem 2; 

b. the shape of the graph. 

4. If Joshua had grown the same number of 
centimeters every month , what would hi s 
average rate of growth be, in celllimeters 
per month, between: 

a. birth and three months? 

b. 15 months and 18 months? 

c. birth and one year? 

d. three years and four years? 

5. What was Joshua's average rate of growth 
in centimeters per month during his first 
four years? Compare this average with the 
averages you found in problem 4. 

6. fii!,hrhlfl Write a short paragraph summa

ri zi ng the rel ationship between Joshua' 
age, his height, and the rate of his growth. 
In particular, explain the idea of average 
rate of growth and how it changed with 
his age. 

Chapter 8 Growth and Change 

8. 1 S 0 L U T I 0 N S 

1. E y-unit = 25 

~ 
E 
Ol 
'iii 
I .. . . . 

x-unit = 10 

Age (months) 

2. a. 9cm b. 3 em 
c. 24 em d. 7 em 

3. a. The previous problem shows the 
changes in height for two 3-month 
periods (a and b) and two 12-
month periods (c and d). In both 
cases the change in height de-
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4. 

5. 

creases for the periods occurring 
when the child is older. 

b. The right side of the graph shows 
a more gradual change in height 
between points than the left side 
of the graph. The points climb 
more steeply at the beginning then 
more gradually as age increases. 

a. 3 em per month 
b. 1 em per month 
c. 2 em per month 
d. 0.583 em per month 

Joshua's average rate of growth dur
ing his first four years was 1.083 em 
per month. This is less than his aver
age rate of growth between birth and 
three months and birth and one year. 
It is greater than the rates between 
15 months and 18 months and three 
and four years. 

6. As Joshua grew older, his height 
increased. The increase in height 
occurred at a slower rate as Josh 
grew older. For the table below, 
Joshua's average rate of growth in 
em per month is found by dividing the 
change in height by the number of 
months in each time period. 

One. yea r period 
Average Rate of 

Growth (ern/mo.) 

birth to 12 months 2 

I yr. to 2 yr. 1.083 

2 yr. to 3 yr. 213 

3 yr. to 4 yr. 0.583 



7. lliilWil Find out how many sizes there 
are for babies ' and chi ldren 's clothe in 
the age range stud ied here. Is what you 
find con istent with the information in 
the table? 

WE IGilT AS A FUNCTION OF AGE 

This is a graph of weight as a function of age. 
The straight l.ines form four steps connecting 
some data points. 

E1 20 
E 
~ 
~ 16 
.5 
.E 
"" - ~ 12 

8 

4 

0 

I 

10 20 30 40 50 
age in months 

8. Use the data to answer these questions 
about the graph. 

a. How high is each step? (Give your 
answer in ki lograms.) 

b. How wide is each step? (Give your 
answer in months.) 

c. Explain the meaning of your answers to 
(a) and (b) in terms of the yearly 
change in Joshua's weight. 

9. Find the average monthly weight gain 
between ages 

a. two and two-and-a-half; 

b. two-and-a-half and three; 

c. two and three. 

8.1 Height and \Veigh/ 

8.1 

10 . ..,_ Joshua's weight grew at a fairl y con
stant monthl y rate between ages one and 
four. Explain how this can be seen 

a. on the graph; 

b. numericall y. 

II . ..,_ However, hi s weight grew much 
more slowly between ages one and four 
than during hi s first year. Explain how thi s 
can be seen 

a. on the graph ; 

b. numerically. 

W EIC. IH AS A FUN( li ON O F llEI G ill 

This is a graph of weight as a function of 
height. 

~ 20 

~ 
"" 0 

~ 16 
.5 
.E 

"" ~ 12 

4 

. . 

0 20 40 60 80 100 120 
height in centimeters 

12. How much weight did Joshua gain for 
each centimeter he gained in height? 
Answer this question fo r the following 
periods: 

a. birth and three months; 

b. ages three and fo ur; 

c. on the average, over the four years. 
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A key idea behind problems 2-3 is that to 
discuss how fast growth is occurring you 
need to compare growth in equal tretche 
of ti me. 

R-oblem 4 introduces the idea of average 
rate of growth, and a unit for it (cm/mo). 

S tress that the answer to problem 5 i 
obtained in the same way as the an wer 
to problem 4, by di viding the increase in 
height by the nu mber of month , and not 
by fi nding the average of different rates of 
growth . 

R ·oblem 7 cou ld be researched by visiting 
or calling a ch ildren's cloth ing store, or by 
looki ng at a catalogue. Or, more simply, 
have students di scuss this with their par
ent or with the parents of young children. 
The re ults of this investigation should 
confirm what the graph shows: Growth 
duri ng the first year is much faster than in 
subsequent years. 

WEIGHT AS A FUNCTION OF AGE 

The tep preview the idea of rise and run, 
which will be discussed in greater depth in 
Lesson 3. 

R ·oblem LO previews the idea of constant 
rate of change. The graphic representation 
fo r uch a situation is a straight line, as can 
be seen in the part of the graph between 
ages I and 4. 

B. 1 S 0 L U T I 0 N S 

7. For children up to age 4, clothes 
come in three categories : infant, tod
dler, and child sizes. Infant has six 
sizes: newborn, 3 months, 6 months, 
12 months, 18 months, and 24 
months. Toddler clothes come in 
three sizes: 2T, 3T, and 4T. There is 
one chi ld size, 4, for a four year old. 

8. The first step has height of 6.7 kg 
and width of 12 months. This means 
Joshua gained 6.7 kg during the first 
year. The second step has height of 
2.5 kg and width of 12 months. This 
means Joshua gained 2.5 kg during 
his second year. The third step has 
height of 2 kg and width of 12 
months, which means Joshua gained 
2 kg during his third year. The fourth 
step has height of 1 .9 kg and width of 
12 months, wh ich means Joshua 
gained 1.9 kg du ring his fourth year. 

The height of each step shows the 
change in weight and the width 
shows the time period in which the 
weight changed. 

9. a. 0.17 kg per month 
b. 0.17 kg per month 
c. 0.17 kg per month 

10. a. On the graph , the steps between 
ages one and four appear to be 
the same size. 

b. 12-month Change in 
A \'C rage ra te 
of growth in 

period weight (kg) 
kg per month 

From I year 
2.5 0.2083 to 2 yrs. 

From 2 yr. to 
2 0.167 

3 yrs. 
From 3 yr. to 

1.9 0.1 583 4 yrs. 

The third column shows average 
rates of growth in kilograms per 

month wh ich are all approximately 
equal to 0.2 kg per month. 

11 . a. The height of the first step is 
greater than the heights of the fol
lowing three steps. 

b. The change in weight during the 
first year was 6.7 kg, so the aver
age rate of growth was 6.7 kg/12 
mo.= 0.5583 kg per month . This 
is much faster than 0.2 kg per 
month found in #1 Ob. 

12. a. 2.3 kg/9 em. = 0.2556 kg per em 
b. 1.9 kg/7 em. = 0.2714 kg per em 
c. 13.1 kg/52 em. = 0.2519 kg per em 
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WEIGHT AS A FUNCTION OF HEIGHT 

Showing time on the x-axis a in the above 
two secti ons makes it easier to develop a 
fee l fo r the idea of rate of change. In thi s 
ection , however, we will di scuss the 

rate of change of weight as a function 
of height. 

The key di fference between thi s graph and 
the preceding one, from the point of view 
of rate of change, is that thi s one is close to 
linear; the variati on in the rate of change is 
not very great. Thi is made clear by the 
calculati ons in problems 12 and 13. 

BOYS AND GIRLS 

Thi data is for average boys and gi rls. 
Obviously there i con iderable vari ation 
between indi viduals as to both height and 
rate of growth at di fferent ages. 

M ake sure students reali ze that they 
hould address question of rate of growth 

a well as compari sons of absolute heights 
between boys and girls. 

An interesting di cussion could be started 
by these questi ons: What percent of their 
adult height have 15-year-old boys and 
girl reached? Say an average 15-year-old 
girl dates an average boy of the same 
height; how old is he? If he i the same age 
as she is, how tall is he? If he is as mature 
as she is, how old and how tall is he? 
(As ume maturity coul d be measured by 
percent of adul t height, and that ad ul t 
height is reached by age 18.) 

8.1 

13. Study the preceding graph and table and 
make calcul ati ons to find the time in 
Joshua's fir t four year when he gained 

a. the least weight per centimeter; 

b. the most weight per centimeter. 

14 . .... Compare the two graphs of weight 
(as a function of age and as a function of 
height). How are they alike? How are they 
di fferent? Discuss the shape of the graphs, 
the units, and the rate of change. 

Because the rate of change of weight as a func
tion of height does not vary much, the data 
points fa ll close to a line. You could say th at 
thi s data is nearly linear. In cases like thi s, it is 
a common stati stica l technique to approx imate 
the data with a line. You will learn more about 
thi s in future lessons, but first you need to 
know more about lines and linear functions. 

BOYS AND GIRtS 

The following table shows the average height 
in inche of boys and girls, ages 9 through 18. 

Height (in. ) 

Age Girls Boys 

9 52.3 53.3 

10 54.6 55.2 

II 57.0 56.8 

12 59.8 58.9 

13 6 1.8 61.0 

14 62.8 64.0 

15 63.4 66. 1 

16 63 .9 67.8 

17 64 .0 68.4 

18 64 .0 68.7 

.A 2ss 

lS.iitlm Write a report comparing the 
height and the rate of growth of boy and 
girls. Include a graph showing the heights 
of both boys and girls as a function of age, 
on the same axes. (Since the graphs are 
close to each other, you may want to di s
tinguish them by using color.) Your report 
should include, bu t not be limited to, 
answers to these questions. 

• How many inches do boys and girls gai n 
per year, on the average? 

• At what ages do they grow fastest? 

• How many inches do they gai n per year 
during those growth spurts? 
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13. a. Joshua gained the least weight 
per centimeter for the period 
between 15 months and 2 years. 
For 15 months to 18 months, he 
had an average gain of 0.2 kg per 
em (0.6 kg/3cm = 0.2 kg/em). 

b. Joshua gained the most weight per 
centimeter for the period between 
3 months and 6 months, when he 
had an average gain of 0.3167 
kg/em, 1.9 kg/6cm = 0.3167 kg/em. 

14. Answers will vary. The graphs are 
alike in that the weight increases as 
both age and height increase. As you 
look at points from left to right, they 
increase in height above the horizon
tal axis. They are different in that the 
weight vs . age graph is continuous, 
and the weight vs. height graph is 
discrete. They both could be discrete, 
however. The weight vs. age graph 

increases less than a linear graph, 
whereas the weight vs. height graph 
increases in a more linear way. 

15. Over the 9-year period, the average 
rate of growth per year for girls is 1.3 
in. per yr., and for boys it is 1.7 in./yr. 
The data shows that the girls grow 
steadily from 9 years old to 13 years 
old , averaging about 2.375 in . per 
year. This data shows a growth spurt 
from 12 yrs . to 13 yrs. old. After age 
13 the rate of growth increases at a 
slower and slower rate until girls stop 
growing after they are 17 yrs . old. 
Boys grow steadily from ages 9 to 
11 , averaging about 1.75 in ./yr. The 
growth rate increases each year from 
12 yrs . to 15 yrs . with a big spurt 
between 13 yrs . and 14 yrs. After the 
age of 15 the growth rate slows down 
each year. Until the age of 13, girls 

grow at a faster rate than boys. At 
ages 11 and 13 girls are taller than 
boys. Girls reach their tallest height 
at age 17. Boys are still growing until 
they are 18 years old, assuming 
adult height is reached at 18. 

E y-unit = 2 em. 
~ beginning with 52 em. 

0 

~ 
0 

0 

0 ••• .. 
~ . 

0 

o boys 
• girls 

x-unit = 2 yr. 

Age (yr.) 
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fjliit§l. PARALLEL-LINE DIAGRAMS 

1. a. Draw a function diagram such that its 
in-out lines are parallel and going 
uphill (from left to right). 

b. Find the function corresponding to the 
diagram, using an in-out table if you 
need it. 

2. Repeat problem I with parallel in-out lines 
going 

a. downhill ; 

b. horizontally. 

3. .... For the functions you created in prob
lems I and 2, when x increases by I, by 
how much does y increase? Does it depend 
on the steepness of the lines? 
(To answer this, compare your functions 
with other students' functions.) Ex plain 
your answer. 

Problems 4 through 9 refer to the functi on dia
grams shown on the next page. 

THE FOCUS 

I Definition: Lf an in-out line is horizontal, its 
input is called a fixed point. 

For example, both x and y equal 12 in diagram 
(a), so 12 is a fixed point for that function. 

4. What are the fi xed points for functions 
(b-p)? 

8.2 Focus on Function Diagrams 

1. a. 
10 10 

0 0 

-10 -10 

b. Answers wi ll vary . y = x + b, b > 0. 

2. a. 10 10 

Y= x - 6 

0 0 
(or any 
Y= X+ b, 
b < 0) 

-10 -10 

I Definition : In-out lines can be extended to 
the left or right. If all of them meet in a sin
gle point, that point is called the focus. 

5. ltm'·*lf·lil Consider the function 
diagrams shown in fi gures (a-p). For each 
one, find the function. You may split the 
work with other students. Describe any 
patterns you notice. If you cannot fi nd all 
the functions or patterns, you will get 
another chance at the end of the lesson. 

MAGNIFICA liON 

6. Look at function di agram (h). By how 
much does y change when x increases by: 

a. I? b. 2? 

c. some amount A? 

In function diagrams that have a focus, 
changes in y can be found by multiplying the 
changes in x by a certain number, called the 
magnification. 

(change in x) · (magnification) = (change in y) 

7. a. What is the magnification for (h)? 

b. What other diagrams have the same 
magnifi cation? 

I Rule: If y decreases when x increases, the 
magnification is negati ve. 

8. For which di agrams is the magnification 
equal to -3? (If x increases by I , y 

decreases by 3.) 

9. Find the magnification for each function 
diagram. Note that the magni fication can 
be posit ive or negative, a whole number or 
a fraction. 
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b. 10 10 

0 0 

-10 -10 

Y=X 

3. When x increases by 1, y increases 
by 1. It does not depend on steep-
ness. Because in-out lines are para!-
lei , the changes in x andy are the 
same. If x changes by a certain 
amount, y changes by the same 
amount. 

4. b through f have a fixed point of 12. 
g through j have a fixed point of 0. 
m through p have a fixed point of -6. 

5. 

T 8.2 
Focus on Function Diagrams 

Core Sequence: 1-14, 16-22 

uitable for Homework: 1-3, 12-32 

• Review of function diagrams for the 
form y = x + b 

• Rate of change 

• Preview of lope- intercept form 

• Review of binomial multiplication 

This is a substantial les on which 
involve much work and effort. I t is worth 
it, becau e it lay the groundwork for a full 
understanding of slope and intercept of 
linear function . 

t;liif41• PA RALLEL-LINE DIAGRAM S 

This reviews function diagrams for func
tions of the form y = x + b. It i easy, and 
you can u e the opportunity to review the 
function diagram terminology that will be 
u eful throughout this le son: in-out lines, 
x- and y-number lines. 

THE FOCUS 

The Exploration i important not only to 
under tanding thi le on, but to under-
tanding linear function . M ake ure there 

i plenty of cia time to work on it, prefer
ably in groups. Follow up group work with 
whole-c lass di cussion. 

a. y= (3/2)x - 6 
b. y = 3x - 24 
c. Y= -3X+ 48 
d. Y= -(1/3)x+ 16 
e. y = (1/3)x+ 8 
f. y = (1 /2)x + 6 
g. y = (3/2)x 
h. y = 3x 
i. y = -3x 
j. y = -(1/3)x 
k. y=(1/3)x 
I. Y= (1/2)x 
m. y= (3/2)x+ 3 
n. y= 3x+ 12 
0. y= (1/3)x - 4 
p. Y= (1 /2)x - 3 

Patterns to look for: The constant is 
the y-value when x = 0. The focus 
lies outside the x- and y-number lines 
when m > 0. The focus lies between 
the x- and y-number lines when 



It students have no idea how to begin , you 
may sugge t they make in-out tables based 
on the diagrams, and try to fi gure out the 
patterns from that. You may also encour
age them to start with the di agrams (g, h, i, 
j , k, I) which are ubstantially easier than 
the other ones, and can prov ide a good 
starting place. 

An in-depth discussion of the Exploration 
will make the rest of the le son (and the 
next couple of lessons) much easier. How
ever do not expect fu ll mastery instan tl y. 

MAGNIFICATION 

One of the most u eful fea tures of the 
function di agrams of linear functions is the 
fact that they make the rate of change very 
clear visually. This section focuses on thi 
visual ev idence of "magnifi cation" of the 
change in x that leads to the change in y . 

8.2 
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6. 

7. 

8. 

9. 

m < 0. The focus lies to the left of 
the x-number line when m > 1. The 
focus lies to the right of the y-number 
line when 0 < m < 1 . 

a. When x increases by 1, y increases 
by 3. 

b. When x increases by 2, y increases 
by 6. 

c. When x increases by A, y increases 
by 3A. 

a. The magnification for h is 3. 
b. b and n have the same magnifica-

tion of 3. 

c and i have magnification of -3. 

a. 3/2 
b. 3 
c. -3 
d. -1/3 
e. 1/3 

f. 1/2 
g. 3/2 
h. 3 
i. -3 
j . -1/3 
k. 1/3 
I. 1/2 
m. 3/2 
n. 3 
0 . 1/3 
p. 1/2 



THE m PARAMETER 

You probably noticed that all the functi on 
diagram represent functions of the form 
y = mx + b. It turns out that this is always true 
of function diagrams with a focus. As you may 
remember, the leners m and b in the equati on 
are called parameters. 

10 . .... Look at the equati ons you fo und in 
the Ex ploration, problem 5. What is the 
relationship between the magni fication 
and them parameter in those equations? 
Explain . 

11. If you move the foc us of a function 
di agram up, how does it affect the value 
of m? How about if you move it down? 

12. Where wou ld the focus be if m was 

a. a negative number? 

b. a number between 0 and I? 

c. a number greater than I? 

13. What is a po ible value of m if the 
focu i 

a. half-way between the x- and y-number 
lines? 

b. between the x- and y-number lines, but 
closer to x? 

c. between the x- and y-number lines, but 
closer toy? 

14. What i a po sible value of m if the 
focus i 

a. far to the left of the x-number line? 

b. clo e to the left of the x-number bne? 

c. close to the right of the y-number line? 

d. far to the ri ght of they-number line? 

15. In some pan of mathematics, parallel 
line are said to meet at a point that is at 
injiniry. In that sense, paral lel-l ine 
diagram could be said to have a focus at 
in fini ty. Is this consistent with your answer 
to problem 14? Explain . 

8.2 Focus on Fu11ction Diagrams 

8.2 

RATE OF CHANGE 

Once again , look at the diagrams (a-p). 

16 . .,_ On each diagram, as x increases. fo l
low y with your finger. For what 
values of m does y 

a. go up? b. go down? 

c. move fast? d. move lowly? 

The magnifi cation is often called the rate 
of change. 

17. What is the rate of change if y increases 
by 3 when x increases by: 
a. I? b. 6? c. - I 0? 

THE I> PARAMETER 

5 5 

0 0 

-5 -5 

x ----+ y 

Two in-out Jines are shown in the diagram. 
Each one is labeled with a number pair. The 
fir t number in the pair is the input, and the 
second number is the output. 

otation: Any in-out line can be identified 
by a number pai r. From now on, we will 
refer to lines on function diagram this way. 
For example, the line connecting 0 on the 
x-number line to 0 on they-number line will 
be called the (0, 0) line. 
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The main point of thi s section is that the 
magnifica ti on can be een explicitl y in the 
equati on, if it is written in y = mx + b 
form. (Could thi s be the rea on the letter m 
is used, and not a?) 

W hile it i not important for tudents to 
memori ze the information about the rela
ti on hip between the po iti on of the focus 
and the magnifica tion, di scussion about it 
should help rei nfo rce the vi ual en e of 
what magnificatio n is about. 

Student hould be able to do problems 
10-13 by discu sing them in their groups 
and looki ng at the sixteen diagram in the 
figure. If they find thi s difficult, you may 
lead a c ia discu sion, perhaps based on 
some function diagram on the overhead 
projector. 

The answer to problem I 4 is ba ed on the 
fact that if the focu i far to the left, m is a 
little greater than one. If the focu i far to 
the right, m is a little le than one. If the 
focus i at infinity, m i exactly equal to 

one. So the idea of the focu at infinity i 
consistent wi th the fi nite ca e. 

RAT OF CHANGE 

Trus short ection serves only to introduce 
and justi fy the word rate of change a 
another name for magnifi cation . (The word 
slope that also refers to the same concept 
will be introduced in the next two lesson .) 

8.2 S 0 L U T I 0 N S 

1 0. The magnification is the same as the 
parameter m. 

11 . The value of m is not affected when 
the focus is moved up or down. See, 
for example, diagrams n, h, and b 
which have the same y-values and a 
focus that moves up. Each equation 
has magnification of 3. 

12. a. When m is negative the focus is 
between the x- and y-number 
lines. 

b. When m is between 0 and 1, the 
focus is outside and to the right of 
the x- and y-number lines. 

c. When m is greater than 1 the 
focus is outside and to the left of 
the x- and y- number lines. 

13. a. When m = -1, the focus falls half
way between the x- and y-number 
lines. 

b. Answers will vary. When m < -1 
the focus falls between the x- and 
y-number lines, but closer to x. 

c. Answers will vary. When -1 < m < 
0, the focus falls between the 
x- and y-number lines, but closer 
toy. 

14. Answers will vary . 
a. Any number slightly greater than 1 
b. The greater the number is above 

1 , the closer the focus is to the left 
of the x-axis. 

c. A value of m slightly greater than 
zero has a focus close to the right 
of the y-number line. 

d. A positive value of m slightly less 
than 1 has a focus far to the right 
of the y-axis. 

15. Yes, this is consistent. The closer m 
is to 1 , the farther away the focus is 

from the x- and y-number lines. If 
m = 1 , then as x increases by a num
ber A, y increases by A also. The in
out lines are parallel and there is no 
focus. One could say the focus is at 
infinity. 

16. a. As x increases, y goes up for posi
tive values of m. This occurs in all 
diagrams except c, d, i, and j . 

b. As x increases, y goes down for 
negative values of m, as inc, d, i, 
and j. 

c. As x increases, y moves fast for 
large positive values of m, or small 
negative values of m. Diagrams b, 
h, n, c, and i have foci close to the 
x-number line, and as x increases, 
y moves fast. 



THE b PARAMETER 

The relationship between the b parameter 
and the position of the foc us is far from 
obvious when b is not 0. The only way to 
really see it is to remember the meaning of 
the in-out lines, and what happens when 
multiplying by zero. 

r = mx + b 

Thi wraps up the lesson. If some of your 
students have not completely mastered the 
ideas, you can still move on. You will be 
able to refer back to this lesson while 
teaching the next two lessons and 
Thinking/Writing 8.A. Out of the com
pari son of the two approaches (function 
di agrams and Cartes ian graphs), your stu
dents should be able to develop a solid 
grasp of linear functions. 

The page of 16 function di agrams is pro
vided on page 573. 

d. As x increases, y moves slowly for 
-1 < m < 1. Diagrams d, e, f, j, k, 
o, and p all move slowly for y, as x 
increases. 

17. a. The rate of change is 3. 
b. The rate of change is 1/2 
c. The rate of change is -3/10 

18. When the focus is on the (0, 0) line, 
the b parameter is zero. 

19. a. (-6, -6) , (-5, -3) , (-4, 0) , (-3, 3), 
(-2, 6), (-1' 9) , (0, 12), (1' 15) 

b. A check for the first one is: 
-6 = 3(-6) + 12 = -18 + 12 = -6 

c. For example for y = 3x + 12, we 
have: y = 3(0) + 12 = 12. So we 
can see the mx term equals zero 
andy= 12 at X= 0. 

8.2 

18. What can you say about the b parameter if 
the focus is on the (0, 0) line? 

19. Look at diagram (n). Its equati on is 
y = 3x + 12. 

a. Name the in-out lines that are shown. 

b. Chec k that the pairs you listed actually 
satisfy the equati on by substituting the 
input values for x. 

c. Among the pairs you checked was 
(0, 12). Explain why using 0 as input 
gave the b parameter as output. 

20 . .... Ln most of the diagrams (a-p), there is 
an in-out line of the fom1 (0, _). How is 
the number in the blank related to the b 
parameter? Ex plain . 

f;lipmt BINOMIAL M ULTIPLICA TION 

Multiply and combine like tem1s. 

23. (3x + l )(x- 2) 

24. (2x - 3)(5 - x) 

25. (5 + x)(3x - 3) 

26. (2y - 2)(6 - y) 
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20. The number in the blank is equal to 
the b parameter when xis 0. The 
mx term is zero in y = mx + b: 
y = m{O) + b = 0 + b = b. So when x 
is 0, its y-value is the b parameter. 

22. Refer to the answers to problems 1 0, 
13-16, and 20. 

23. 3x2 - 5x - 2 

24. -2x2 + 13x - 15 

25. 3x2 + 12x - 15 

26. -2y2 +14y - 12 

27. 3x2 + 5x - 2 

28. 3x2 + 7x+ 2 

29. 2y2 + 16y+ 24 

30. 2y2 - 6y - 8 

y m" • h 

21. If you did not find al l the equations for the 
functi on diagrams (a-p), when working on 
problem 4, do it now. Hint : You may use 
what you learned abou t magnification and 
about the (0 , _ ) in-out line . 

22.f)i!,i,61ij Write what you learned about 
function diagrams, the fixed point, the 
foc us, magnification, and the parameters 
m and b. Also mention paralle l-line 
di agrams. 

27. (3x - 1)(2 + x) 

28. (3x + 1)(2 + x) 

29. (6 + y)(2y + 4) 

30. (y- 4)(2y + 2) 

31. (y - 3)(y - 5) 

32. (6 - x)(2x - 3) 

Chapter 8 Growth and Change 

31 . y 2 - By+ 15 

32. -2x2 + 15x - 18 
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Steep roads sometimes have a sign indicating 
how steep they are. For example, the sign may 
say 5% Grade. This means that you gain 5 
units of altitude (the rise) for every 100 units 
you move in the horizontal direction (the run). 

1. On a 5% grade, how many units of altitude 
do you gain for every 

a. 200 units you move in the horizontal 
direction? 

b. 25 units you move in the horizontal 
direction? 

c. I unit you move in the horizontal 
direction? 

5% grade (figure is not to scale) 

--==-=-======== 100 meters 

In math a 5% grade is called a slope of 0.05. 

2. If the slope is 0.05, how many units 
do you move in the horizontal direction 
for every 
a. 30 units you gain in altitude? 
b. 0.05 units you gain in altitude? 
c . 0.5 units you gain in altitude? 

3. The figure above is not to scale. 

a. What is the actual slope illustrated? 
(Use a ruler to measure the rise and 
the run.) 

b. Is it more or less steep than a 0.05 
slope? 

8.3 Slop! 

4. .... A sign in the mountains says 6% 
Grade. Trucks Use Low Gear. Explain 
what a 6% grade is. Use the words slope. 
rise, and run in your answer. 

5. In a nonmountainous area. the steepest 
grade allowed on a freeway is 4%. With 
this grade, how many meters of altitude 
do you gain per 
a. kilometer traveled in the horizontal 

direction? ( A kilometer is 1000 
meters.) 

b. meter traveled in the horizontal 
direction? 

6. If you are climbing a mountain road with 
grade 5.5%, and you gain 1000 ft in alti
tude, how many miles have you traveled? 
(There are 5280 feet in a mile.) 

I Definition: Slope is defined as the ratio of 
rise to run. slope = ~ 

run 

7. a. How many units of altitude do you gain 
for every 100 units traveled on a hori
zontal road? 

b. What is the grade of a horizontal road? 

c. What is the slope of a horizontal line? 

A horizontal road has grade 0. This is because 
no matter how much you move in the horizon
tal direction, you do not gain any altitude. The 
rise is 0 for any run . For example, for a run of 
I. the slope is 0/1 which equals 0. 

C.fORO.\WIJ \1 OPI 

The figure shows three geoboard right 
triangles. The side opposite the right angle in a 
right triangle is called the hypotenuse. 
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.. 8.3 
Slope 

Core Sequence: 1-21 

Suitable for Homework: 1-10, 17-32 

Useful for Assessment: 4, 20-21 

What this Lesson is About: 

• Rise and run 

• Slope (positive only) 

• Number theory 

This lesson tries to develop the geometric 
intuition for slope, so there is no mention 
of negative slopes, which will be intro
duced in the next lesson. 

GRADE AND SLOPE 

In problem 6, the horizontal distance trav
eled can be calculated from the informa
tion given. If you are concerned that this 
answer does not exactly reflect the distance 
traveled by the car along the hypotenuse, 
you are right. A little trigonometry shows 
that the distance traveled along the hypo
tenuse is actually greater, but the two 
answers differ by about one-hundredth of a 
mile, out of approximately 3.44 miles. This 
amounts to 0.2%, which in this context is 
negligible. 

8 .3 S 0 L U T I 0 N S 

1. a. 10 units 
b. 1 .25 units 
c. 0.05 units 

2. a. 600 units 
b. 1 unit 
c. 10 units 

3. a. Answers will vary slightly due to 
the error of measuring. Sample: 
1/(7.7) ""' 0.13. 

b. It is more steep than a 0.05 slope. 

4. A 6% grade means that you gain 6 
units of altitude (the rise) for every 
1 00 units you move in the horizontal 
direction (the run) . A 6% grade has a 
slope of 0.06. 

5. a. 40 meters 
b. 0.04 meters 

6. 

7. 

3.4 miles is the run. Computation is 
as follows: 
0.055 = (1 000 feet)/run . Run = 
18181 .81 feet ""' 3.4 miles. This 
approximates the distance on the 
diagonal. See Teacher's Notes. 

a. 0 units 
b. 0% 
c. 0 

-
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GEOBOARD SLOPE 

The purpose of thi section i to give the 
tudents a concentrated experience with 

slope a ratio, and help develop their feel 
for it. Calculator are e entia! if you want 
an wer a decimal . 

SLOPES FROM COORDINATES 

At the beginning of this section, tudents 
can count to find the ri se and the run , but 
by the end they have to use subtracti on. 
Thi i an important tep and tudents may 
need help with it. Group work or class di -
cu ion may be nece sary. 

ROLLER COASTERS 

Thi section is a fina l appli cation of the 
ideas introduced in this lesson. Assume 
that the photo described is taken head-on, 
so that there i no fores hortening of any 
dimensions. 

8.3 

~ 
.. . . . 

a 

b . . . . . 

c . . . . . . . . 
8. Find the slope of each hypotenuse in this 

fi gure. 

9. How would you use the slope to find 
which hypotenuse is steeper? Which 
hypotenuses have the same steepness? 

10. Two of the hypotenuses in the fi gure have 
the same slope. Explain why someone 
might make a mistake and believe all three 
have the same slope. 

Do not use horizontal or vertical lines in 
problems 11 -16. Stan your lines at the orig in . 

11. a. What is the smallest slope you can fi nd 
on a geoboard? Ex pre. s it as a dec imal. 

b. Sketch a ri ght tri angle. like the ones 
above. to illustrate it. 

12. Repeat problem II for the greatest poss i
ble geoboard slope. 

13. Find a line having slope I, and sketch sev
eral ri ght tri angles for it. 

14. Find every pos i ble geoboard lope that is 
a whole number. 

I 5. Find every poss ible geoboard slope that is 
greater than I and less than 2. Express 
your answers as deci mats. 
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16. Find every possible geoboard slope that is 
greater th an 0.5 and less than I. Ex pres 
your answers as decimals. 

SlOPES FROM COORDINATES 

You may make a ri ght triangle on your 
geoboard to help you answer the following 
questi ons. 

17. What is the slope of the line joining 

a. (0. 0) and (4, 5)? 

b. ( I, I) and (5, 6)? 

c. (0, I) and (4, 5)? 

d. ( I, O)and (5,6)? 

18. What is the slope of the li ne joining 

a. (0, 0) and (8 . I 0)? 

b. (0. 2) and (8. I 0)? 

c. (2. 3) and (3 , 5)? 

d. (4. 6) and (6, I 0)? 

For problem 19. you cannot use the geoboard . 

19. What is the slope of the line joining 

a. (23. 34) and (65 , 54)? 

b. ( 1.2. 3.4) and (5.6. 7. 9)? 

2o. '34"§biiWk.fij Explai n how to find the 
slope of the line joining (a, b) and (c, d). 

ROLLER COASHRS 

Abe and Bea di sagree about which roller 
coaster is steeper. the Plunge of Peril or the 
Drop of Death . 

''The Plunge of Peril ," accord ing to the ad fo r 
the Great American Super-Park , "drops you 
Ill feet in seconds, with a mere 20 feet of hor
izontal di placement." 

Abe and Bea have a photograph of themselves 
standing in front of the Drop of Death . They 
measured the ro ll er coaster on the photograph, 
and got a drop of I 0 .1 em for a run of 1.8 em. 

Chapter 8 Growth and Cltauge 

8.3 S 0 L U T I 0 N S 

8. a. 2/3 
b. 3/2 
c. 2/3 

9. The larger the number, the steeper 
the line. Hypotenuses having the 
same slope have the same 
steepness. 

10. a and c have the same slope of 2/3. 
If one were not careful to put rise 
over run , the slope could be mis
taken as run over rise for b, which 
would result in a slope of 2/3. 

11 . a. The answer depends on the size 
of the geoboard used. On a 
1 0-by-1 0 geoboard the smallest 
slope is 0.1 . 

-~b~·===========J 1 unit 
10 units 

12. a. The largest slope is 10. 

b. 

13. 

L]1 
1 2 

10 units 

3 4 

14. The whole-number geoboard slopes 
are 1 through 1 0 inclusive. 

15. The geoboard slopes between 1 and 
2 are: 1.1 , 1.125, 1.142857, 1.16, 
1.2, 1.25, 1.285714, 1.3, 1.4, 
1.428571 ' 1.5, 1.6, 1.6 , 1.75, 1.8. 

16. The geoboard slopes between 0.5 
and 1 are: 0.5, 0.571428, 0.6, 0.625, 
0.6, 0.7, 0.714285, 0.75, 0.7 , 0.8, 
0.83, 0.857142, 0.875, 0.8 , 0.9 

17. a. 5/4 
c. 1 

18. a. 5/4 
c. 2 

19. a. 20/42 = 10/21 

b. 5/4 
d. 3/2 

b. 1 
d. 2 

b. (4.49)/(4.4) = 1.02045 

20. To find the slope of the line joining 
(a, b) and (c, d), where c * a, divide 
(d - b)by(c - a). 



21. Use what you know about slope to help 
them decide which roller coaster is steeper. 
Ex plain your method. 

f•Jlfi•1fi;Ji SLUMBER THEORY 

Nu mber theory is the branch of mathematics 
that studies whole number and their proper
Lies. It ha been the source of many challeng
ing problems over the centuries. Slumber 
theory i a illy offshoot of number theory. 

The key concept of lumber theory is that any 
whole number can be sliced into a sequence 
of whole numbers. 

I Example: 365 can be sliced in four different 
ways: 

3 16 I 5; 36 I 5; 3 165; or 365. 

ote that the slice are indicated by a vertical 
sla h. ote al o that in slumber theory, not 
slicing is considered a form of slicing.) 

23. How many way are there to slice a four
digit number? 

A number i slime if it can be sliced into a 
equence of primes. 

I Examples: 5 is slime, sin e it i already 
prime. 2027 is slime (2 I 02 17) 

4, I 55.243,3 I I is slime 
(41 15 15 12143 I 3 I II) 

24. Which one of the following numbers is 
lime? 

a. 12 b. 345 c. 6789 

25. 2 is the only even prime. Find the first 
three even slimes. 

8.3 Slope 

8.3 

22.ililt;1lll The Plunge of Peril and the 
Drop of Death were invented for this les
son. Find the slopes of some real roller 
coasters . 

26. There are no prime squares . Find the first 
two slime square . 

27. There are no prime cubes. Fi nd the first 
two slime cubes. 

28. 2 and 3 are the only consecutive numbers 
that are both prime. Find the first three 
pair of con ecutive number that are 
both slime. 

29. There is no triple of consecutive numbers 
that are all prime. Find the first two triple 
of consecutive numbers that are all slime. 

30. Find the smallest number that is slime in 
more than one way. (In other words, it 
can be sliced into two different sequences 
of primes.) 

31. Find the smallest number that is slime in 
more than two ways. 

A number is a super-slime if you get a sequence 
of primes no matter how you slice it. 

I Example: 53 is a super-sli me since 53 and 
5 I 3 are both sequence of primes. 

32. f Find all the super-s limes. 

295 ... 

w,Jtfi.Jfi;J• SLUMBER THEORY 

This is a recreatjonal , prob lem- olv ing 
detour, with no applications to real life 
whatever. Problem 32 i a atisfying end
ing, whjch requires tudent to u e logic 
and an understanding of divi ibi lity rule 
to prove they have found all the an wer . 

8.3 S 0 L U T I 0 N S 

21. The slope of the Plunge of Peril is 
111 /20 = 5.55. The slope of the Drop 
of Death is (1 0.1 )/(1 .8) = 5.61. 
Because 5.61 is greater than 5.55, 
the Drop of Death is steeper. 

22. Student research will discover many 
different slopes of roller coasters. 

23. 8 

24. c 

25.2, 22, 32 

26. 25, 225 

27.27, 343 

28. 2 and 3 
22 and 23 
31 and 32 

29. 31 , 32, 33 
71 , 72, 73 

30. 23 and 2 I 3 

31 . 223, 2 I 23, 2 I 2 I 3 

32. 2, 3, 5, 7, 23, 37, 53, 73, 373 

-
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T 8.4 
Linear Functions 

Core Sequence: l-30 

Suitable for Homework: 6-14, 23-30 

Useful for Assessment: 3, 7, 26-28 

o Slope-intercept f01m 

o Finding the equation of a line from two 
points or point- lope in specia l cases 

o Preview of finding the equation from 
two points or point-slope in the 
general ca e 

If you have access to graphing calculator , 
you can carry out a more ambitiou version 
of problem I using more designs of 
greater complexity. 

THE SlOPE OF A liNE 

/ n previous le on , tudents have been 
exposed to the geometric idea of slope and 
have thought about them parameter. Thi 
ection put the e two concepts together. 

T hi may be a good time to have a cia s 
discuss ion to make the connection between 
lope and magnification, comparing func

tion diagrams and Cartesian graph of vari
ous linear functions. 
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1. a. y = 2x+ 3 b. Y= 2x 
Y= 2X+ 1 Y= 0.5x 
y= 2x- 1 y= -0.5x 
Y= 2x- 3 y= -2x 

2. In finding the slope, it doesn't matter 
if you move in the direction of the 
arrows or in the opposite direction. 
In both ways, you get the same 
number. 
a. 0.5 
c. -2 

b. -0.5 
d. 2 

3. a. The slope is a positive number. 
b. The slope is a negative number. 
c. The slope is zero. 

4. 

LESSON 

~~L~in~e~a~r~F~u~nNcMt~io~n~s~~~~~~~~ 

a. 

I. tt!i1Mfi® For problems (a-b), find the 
equations of lines that will create the given 
design. 

a 
5 I I 17 1 '-

I V II I 
'---- -

I 141 I II II 
/ L I I 

5 I II if I 5 

I I I I 
I I II II -lf I =~ 1 v~ 

b 

\ 5 II 
\ I 

......... \ I ./ ........_ 
i'-- 1\ I ./ 

v 
........... ~ ~ ./ 

5 
/ VJ 1\' ......... 

./ 
v I \ 

........_ 
i'--

/ I \ 
........... 

I \ 
I - 'i \ 
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(2, 6} 

slope= % 

THE SLOPE OF A LINE 

Definitions: The rate of change of a func
tion is defined as a ratio between the change 
in y and the change in x. 

change in y 
rate of change = change in x 

In the Cartesian plane, a change in y-coordi 
nates is called a rise. A change in x-coordi
nates is called a run. 

The slope of a line is the ratio obtained 
when you di vide the rise by the run. If 
you move from left to right, the run i posi
ti ve. From ri ght to left, it is negati ve. Lf you 
move up, the ri se is posit.i ve. Moving down, 
it is negati ve. 

The fi gure shows right tri angles fo r slopes 0.5, 
- 0.5, 2, and -2. 

0 0 0 

b 

. . . . . 
c . . . . . . 

2. Match the slope to the triangle by finding 
the rise and the run as you move from one 
end of the hypotenuse to the other 

b. 

a. in the direction of the arrows; 

b. in the opposite d.irection. 

c. Do you get the arne an wer 
both ways? 

Clwpter 8 Growtll and Clumge 

slope= -% 



3. .,_ What can you say about the slope of 
a line if, when you follow the line f rom lef t 
to right, 

a. it goes up? 

b. it goes down? 

c. it goes neither up nor down? 

4. Find two (x, y) pairs that satisfy each equa
tion. Use them to graph the line. Label the 
two points, and use them to find the slope. 

a. y = I. Sx + 3 b. y = - I. Sx + 3 
c. y = 2x + 3 d. y = - 3x + 3 

5. Think of the line with eq uation 
y = 3x + 3. 
a. Predict its slope. 

b. Check your prediction by graphing. 

c . For this function, when x increases by 
I , by what does y increase? 

6. Repeat problem 5 for y = -2x + 3. 

7. .,_ How is the coefficient of x related 
to the slope? 

THE •-INTERCEPT OF A LINE 

8. For each of these equations, find the 
y-intercept. 

a. y = O.Sx + 3 
b. y = O.Sx- 3 

c. y = 0.5x 

d. y = 0.5x + 1.5 

One way to find the y-intercept of a function is 
to graph it, and see where the graph meets the 
y-axis. Another way is to remember that on the 
y-axis, the x-coordinate is 0. In other words, 
al l points on the y-axis are of the fonn (0, __J. 
So to find the y-intercept of a function, it is 
enough to substitute 0 for x, and fi nd the value 
of y. 

8.4 Linear Functions 

8.4 

For each of these linear functions, answer the 
following questions. Graph the functions if 
you need to check your answers. 

a. When x = 0, what is y? 

b. When x increases by I, by how much 
does y increase? (If y decreases, think 
of it as a negative increase.) 

c. What are the s lope and y-intercept? 

9, )' = X + 2 

11. y = -x 
6x - 7 

13. y =-g-

10. y = -4 - 3x 

12. y = 9 

14. y = -2(x - 3) 

StOPE AND t· INTERCEPT 

I Definition: y = mx + b is called the slope
intercept f orm for the equation of a line. 

For each equation below, te ll whether it is in 
slope-intercept form. 

a. If it is, name m and b. 

b. If not, put it in slope-intercept form, 
then name m and b. 

15. y = 5x- 6 

17_ y=5x ; 6 

19. y = 3(5x - 6) 

21. y + 4 =X 

16. y = -4(x - 7) 

18. )' = X ~ 7 

20. y = -4x- 7 

22. )'+X = 4 

23. Without graphing each pair of lines, te ll 
whether or not the ir graphs would 
intersect. Explain. 

a.y= 2x + 8 

b. y = -2x + 8 
c. y = -2 

d. y = x/4 

e. y = 2(5x - 3) 

y = 2x + 10 
y = 2x + 10 
y = 10 

y = 0.25x + 10 
y = lOx 
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THE y-INTERCEPT OF A LINE 

In addition to a method to find the y-inter
cept, thi ecti on serves a a general ino·o
duction to lope-intercept fo rm . It i 
important for student to look at linear 
function that are not in that form, a in 
problem 13- 14, otherwise they over
generalize, and are unable to recogni ze 
m and b. 

SLOPE AND y-INTERCEPT 

T hi ection wraps up much of the work in 
thi chapter so far. Pay clo e attent ion to 
how well tudents under tand thi material, 
a they will need to have a rea onably olid 
gra p of it to be able to do the work in 
Thinking/Writing 8.A. 

B ecause of the importance of problems 
15-22, you may want to make ure they are 
done in cia . 

8.4 S 0 L U T I 0 N S 

c. d. 

slope = 2 slope = -3 

5. a. slope = 3 

b. 

c. When x increases by 1, y 
increases by 3. 

-
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tP;iiilii• WHAT'S THE FUNCTION? 

Do not teach an equation-solving 
approach to finding the function yet, as 
this will be done fully in Chapter 10. The 
purpose of these problems is to help 
cement the student's understanding of 
slope, intercept, and the slope-intercept 
form. A graphical solution is all you 
should expect at this point. 

Ts.4 
24. For (a-c), give the equation of a line that 

satisfies the following conditions. 
a. It passes through the point (0, -2), and 

goes uphill fro m left to right. 

b. It passes through the origin and (4, -6). 

c. It does not contain any point in the third 
quadrant, and has slope - 1.5. 

Compare your answers with your 
classmates' answers. 

25. Write three equations of the form 
y = 11u: + b. For each one, tell how much 
x changes when y changes by: 

a. I; b. 5; c. K. 

26 . ._ Did your answers to problem 25 
depend on the parameter m, the parameter 
b, or both? 

27 . ._ What can you say about the signs of 
the slope and y-intercept of a line that does 
not contain any points in: 

fQjlii/4ji WHAT'S THE FUNCT/ON7 

29. Think of the line that has slope -2 and 
passes through ( I, 4 ). 

a. By graphing, find any other point on 
the line. 

b. Look at the graph to find the 
y-intercept. 

c. What is the equation of the line? 

A 29s 

a. the first quadrant? 

b. the second quadrant? 
c. the third quadrant? 

d. the fourth quadrant? 

28. illilllm Explain how to use the slope
intercept form to predict the slope and 
y-intercept of a line. Make sure you give 
examples as you answer the following 
questions. 
• What is the value of y when x = 0? 

• When x increases by I, by how much 
does y increase? 

• How about when x increases by d? 
• If two lines are parallel, what do their 

equations have in common? 

• If two lines meet on they-axis, what do 
their equations have in common? 

• How is the slope-intercept form useful 
for graphing lines quickly? 

30. Graph the line y = 2x - 5. Then graph 
each line, (a-c), and find its slope, 
y-intercept, and equation. 

a. any line parallel to y = 2x - 5 

b. the line parallel to it that passes through 
the origin 

c. the line parallel to it that passes through , 
the point (1, 4) 

Chapter 8 Growth and Change 

8.4 S 0 L U T I 0 N S 
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6. a. slope = -2 

b. 

c. When x increases by 1 , y increases 
by -2 (or y decreases by 2). 

7. The m parameter is the same as the 
slope. 

8. a. 3 
c. 0 

9. Y=X+2 

b. -3 
d. 1.5 

a. When X= 0, yis 2. 
b. When x increases by 1, y 

increases by 1. 
c. The slope is 1 and the y-intercept 

is 2. 

10. y=-4 - 3x 
a. When X= 0, y= -4. 
b. When x increases by 1, y increases 

by -3. 
c. The slope is -3 and the y-intercept 

is -4. 

11. y= -x 
a. When X= 0, y= 0. 
b. When x increases by 1 , 

y increases by -1. 
c. The slope is -1 and they-intercept 

is 0. 

12. y = 9 
a. When x= 0, Y= 9. 
b. When x increases by 1, 

y increases by 0. 
c. The slope equals zero and the 

y-intercept is 9. 

13. y = (6x - 7)/8 
a. When x = 0, y= -7/8 
b. When x increases by 1, 

y increases by 6/8. 
c. The slope is 6/8, the y-intercept 

is -7/8. 

14. y= -2(x - 3) 
a. When x= 0, y= 6. 
b. When x increases by 1, 

y increases by -2 
c. The slope is -2, the y-intercept 

is6. 

(Solutions continued on page 523) 

--



~iii@$@~ 8.A Slope-Intercept Form 
_WRITIN~ 

HORIZON TAL M ID VERTICAL LI NES 

1. 4jlij/ili What is the equation of: 
a. a horizontal line through (2, 3)? 
b. a vertical line through (2, 3)? 

c. the x-axis? 
d. they-axis? 

2. What is the slope of a horizontal line? 

To find the slope of a vertical line, notice that 
the run is 0 for any rise. For example, for a run 
of I, the slope should be 1/0, which is not 
defined. For this reason, vertical lines do not 
have a slope. 

3. a. Explain why vertical lines do not have a 
y-intercept. 

b. Explain why the equations of vertical 
lines cannot be written in slope-inter
cept form. 

c. How does one write the equation of a 
vertical line? 

FINDING m AND b 

4. What are the equations of these lines, 
(a-d)? 

~ 
) 

/ 

I""' / 

""' 
1/ 

/ """ 
~ / 

""" 
/ 

-5 v """ / 
""" "-.._ v 

/ 
""" / ""-._ 

/ -s """ 

8.A Slope-Intercept Form 

a 

b 

c 

d 

5. a. What are the equations of the two lines 
in the graph below? 

b. What can you say about the equations 
of lines that pass through the origin and 
each of the regions A-H? (Your answers 
should be in the form: For lines in 
regions A and E, b = _and m is 
between_ and_.) 

1"'- - ·l-171 
1"'- ' H A 1/ (l 

""' 
v 

G 1"'- 1/ B 

I"' 1/ v I"' ' 

F / 
""' 

c 

/ 1"'-

1/ 1/ 
E D 

""' l_~b 
6. What can you say aboutm if the graph is a 

very steep li ne, nearly vertical? 

7. This table lists three points that all lie on 
one line. Find m and b wi thout graphing. 

X y 

-3 7 

0 6 

3 5 
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rd@ISI~t~ 8.A 
WRITJN; Slope-Intercept Form 

Core Sequence: 1- 10 

Suitable for Homework: 1- l 0 

Useful for Assessment: 10 

What this Assignment is About: 

• Hori zontal and vertical lines 

• Slope and intercept 

Use problem 1-9 as a source of review 
and in-class di cussion about the previous 
four lessons before assigning the Report. 

The onl y prob lem that may be somewhat 
unfamil iar are 7 and 8. If you are con
cerned about the abili ty of your tudent to 
handle these, you may want to prev iew 
them in clas with problem of the arne 
type. ote that whi le m ha to be 
calcul ated, b is es entiall y given in prob
lem 7, and easy to guess in problem 8, 
since points at x = - 1 and x = J are given. 

B.A S 0 L U T I 0 N S 

1. a. y=3 
b. X= 2 
c. Y= 0 
d. X= 0 

2. The slope of a horizontal line is zero. 

3. a. The y-intercept is one point 
shared by a line and the y-axis. 
If the vertical line in question is 
the y-axis itself then all of its points 
are on the y-axis, so there is not 
one point designated as its y-inter
cept. All other vertical lines do not 
share a point with the y-axis, so 
they have no y-intercept. 

b. Slope-intercept form is y = mx + b 
where m is the slope and b is the 
y-intercept. Vertical lines have no 
slope so there is no value for the 

m parameter. They also have no 
y-intercept so there is no value for 
the b parameter. 

c. The equation of a vertical line is 
x = k, where k is a constant. 

4. a. Y= (2/3)x+ 2 
b. y = (2/3)x- 2 
c. y = (-2/3)x + 2 
d. y = (-2/3)x - 2 

5. a. y=x&y= -x 
b. For lines in regions A and E, b = 0 

and m is between 1 and oo. For 
lines in regions B and F, b = 0 and 
m is between 0 and 1. For lines in 
regions C and G, b = 0 and m is 
between -1 and 0. For lines in 
regions D and H, b = 0 and m is 
between -1 and -oo. 

6. If the graph is very steep, then m is 
either very large (such as 1,000,000) 
or very small (such as -1,000,000). 
Or, the slope approaches ±oo. 

7. m = -1/3andb = 6. 

L ........ -
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The long word li st in problem I 0 is to 
encourage tudent to write a very compre
hen ive report, including function dia
grams. A cia di cuss ion of the relati on-
hip between fun cti on diagram , Carte ian 

graphs, and the equation in lope-intercept 
form i another good way to help prepare 
student fo r this ass ignment. 

300 

8. a. The second table lists three points 
which do not all lie on the same 
line because there are different 
slopes between pairs of points in 
the table . 

b. m = 4 and b = -3 for the first table. 
m = -4 and b = 4 for the second 
table. 

9. a. m = 0 and b = -2 
b. m = 9 and b = 0 
c. m = -3 and b = 2 
d. m = 20 and b = -24 
e. m= 719 and b= 8/9 

10. Answers will vary. See solutions to 
numbers 1 through 3, 6, and 9. 

Ts.A 
8. a. One of these tables lists three points 

which do not all lie on the same li ne. 
Which table is it? Explain how you 
can tell wi thout graphing, by thinking 
about slope. 

b. Find m and b for the other two tables. 

X y X y X y 

- t -7 - I 2 - I 8 

I I I 4 I 0 

3 9 3 5 3 -8 

.A3oo 

9. For equations (a-e), fi nd m and b without 
graphing. (You may use graphing to check 
your answers .) 

a. y = -2 

c. y = 2- 3x 
?x + 8 

e. y= -9-

b. y = 9x 
d. y = 4(5x - 6) 

lO.iiil!im Summarize what you know about 
slope-intercept form for linear functions. 
Illustrate your report with graphs and 
function diagrams. Use the words: equa
tion, fixed point, focus, function, grade, 
graph, horizontal , linear, magnification, 
negative, parallel, parameters, positive, 
rate of change, ratio, slope, table, vertical, 
y-intercept. 

Chapter 8 Growth and Change 
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LESSON 

• 
Ideal Population Growth 

.\\;\HilMI\ Tl< Ill \IOU H., 

Exponents are useful for making mathematical 
descriptions of many kinds of growth, includ
ing population growth and spread of infectious 
disease. A mathemati cal description, or maThe
matical model, usuall y in volves s impli fy ing 
the real-world situation. Even though some of 
the idealized s ituations you study in this course 
may seem unrealistic, they will he lp you learn 
techniques that can be applied to more compli 
cated real-world data. 

Bacteria l growth is one such situati on. In 
research laboratories, bacteria used for biologi
cal studies are grown under controlled condi
tions. Although no real populations would 
grow as predictabl y as the ones described in 
this chapter, bacteri al populations over short 
periods of time do approx imate this kind of 
growth . 

1\ I>OUUIINC, t'OI'U l ,\110N 

1. A colony of bacteria is be ing grown in a 
laboratory. It conta ins a single bacterium 
at 12:00 noon (time 0), and the population 
is doubling every hour. How long do you 
think it would take for the population to 
exceed I million? 2 million? Write down 
your guesses and compare them with other 
students ' guesses. 

2. Make a table of values showing how the 
population in problem I changes as a func
tion of ti me. Find the population one hour 
from now, two hours from now, etc. 
Extend your table until you can answer the 
questions asked in problem I. How close 
were your guesses? 

3. Add a third column to your table, writing 
the population each time as a power o f 2. 

4. What would the population be after x 
hours? (Write this as a power of 2.) 

8.5 Ideal Population Growth 

~101\ MU< II MOH( TitAN! 
UO\\ \\1\Nl TI\U~ A.., \\Ul H ! 

To determine the rate at which the population 
is increasing, we compare the populations at 
di fferent times. 

5. Compare the population after 8 hours with 
the population after 5 hours. 

a. How much more is the population after 
8 hours? (Compare by subtracting.) 

b. How many times as much is it ? 
(Compare by di viding.) 

c . Which o f your answers in (a) and (b) 
can be written as a power of 2? What 
power of 2 is it? 

6. Repeat problem 5, comparing the popula
tion a ft er 7 hours with the population after 
3 hours. 

7. 4o- One of the questions, How much 
more than ? or, How many times as much ? 
can be answered eas ily with the help of 
powers of 2. Which question? Explain . 

8. Make the compari sons be low, answering 
the question: How many times as much? 
Write your answers as powers of 2. 

a. Compare the population after 12 hours 
with the population aft er I 0 hours. 

b. Compare the popu lati on after 9 hours 
with the population afte r 4 hours. 

c. Compare the popu lation after 4 hours 
with the populati on aft er 12 hours. 

9. Compare each pair of numbers. The larger 
number is how many times as much as the 
sma ller number? Write your answer as a 
power. In (d), assume x is positi ve. 

a. 26 and 29 b. 29 and 2 14 

301 4 

T 8.5 
Ideal Population Growth 

Core Sequence: 1-19 

Suitable for Homework: 10-19 

Useful for Assessment: 7, 18-19 

What this Lesson is About: 

• Exponential growth 

• Preview of the product of powers law 

• Preview of the quotient of powers law 

This lesson previews the basic laws of 
exponents. The laws are motivated by an 
application and by the definition of expo
nentiation as repeated multiplication. Even 
though the laws have been previewed in 
the context of scientific notation, do not 
expect mastery by all students until later in 
the chapter. (We will continue working 
with these laws for the rest of the chapter.) 

A DOUBLING POPULATION 

Exponential growth was previewed in pre
vious chapters, most recently in Chapter 7, 
Lesson 11. 

Note that while it is possible to think of 
the sequence in the table as a geometric 
sequence, what concerns us in this chapter 
is the exponential function and the laws of 
exponents. For these purposes, it would not 
be useful to approach these as geometric 
sequences. Geometric sequences will be 
studied in Chapter 11 . 

8.5 S 0 L U T I 0 N S 

1. Guesses will vary. It takes about 
20 hours for the population to reach 
1 million and 21 hours to reach 
2 million. 

2&3. 

Time (brs. 
[rom 12 Population Powers of2 
noon) 

0 I 20 

I 2 21 

2 4 2' 

3 8 2' 

4 16 24 

5 32 2' 

6 64 26 

7 128 2' 

8 256 2' 

9 5 12 29 

10 1024 210 

II 2048 211 

12 4096 212 

13 8192 213 

14 16384 214 

15 32768 2" 

16 65536 216 

17 13 1072 2'' 
18 262 144 2'' 
19 524288 219 

20 1048576 2'0 

21 2097 152 2' 1 

4 . After x hours, the population would 
be 2x. 

5. a. The population after 8 hours is 
224 more than the population after 
5 hours. 

b. The population after 8 hours is 8 
times greater than the population 
after 5 hours. 

c. The answer to {b) can be written 
as 23 . 

6. a. The population after 7 hours is 
120 more than the population after 
3 hours. 

b. The population after 7 hours is 16 
times greater than the population 
after 3 hours. 

c. The answer to (b) can be written 
as 24 . 

7. The question "How many times as 
much?" can be written as a power of 
2. In both #5 and #6, part (b) could 
be written as a power of 2. 

8. a. The population after 12 hours is 22 

times more than the population 
after 10 hours. 

b. The population after 9 hours is 25 

times more than the population 
after 4 hours. 
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N everthele s, emphasize the constant 
ratio of growth, from one hour to the next. 

HOW MUCH MORE THAN? 

HOW MANY TIMES AS MUCH? 

A class discussion based on the tables of 
values constructed in the previous section 
may help students understand the pattern. 

A TRIPliNG POPUlATION 

Thi s section gives the students an opportu
ni ty to test their under tanding in a sl ightl y 
different problem. 

U se problem l 2d a a reminder of the 
meaning of the exponent zero. I f neces
sary, u e the table from problem 3 to 
explain why 2° = I . 

MUlTIPlYING AND DIVIDING POWERS 

This section explain the same pattern 
from a different perspective, repeated 
multiplication. Of course, the same re ults 
hold. However, the exponent zero is harder 
to interpret f rom this per pecti ve. ever
theless, you should use problems 13d and 
14d to hi ghlight the fact that 3° = 1 is per
fectly consistent with the pattern di scov
ered in th i le on. 

It your tudents are comfortable wi th the 
materi al in this lesson, you may want to 
generaJ ize problem 15- 16 to the case 
where the denominator is greater than the 
numerator. Thi could tart a good di cus
sion of negati ve exponents, as a preview of 
the work in L esson I I . 

8.5 

!\TRIPLI NG POPULMIUN 

A colony of bacteria being grown in a labora
tory contains a single bacterium at 12:00 noon 
(time 0). Thi s population is tripling every hour. 

10. Make the comparisons below, answering 
the question: How many times as much? 
Write your answers as powers of 3. (Hint 
It may help to start by making a table 
showing how the population changes as a 
function of time.) 

a. Compare the population after 12 hours 
with the population after I 0 hours. 

b. Compare the population after 9 hours 
with the population after 4 hours. 

c. Compare the population after 4 hours 
with the population after 12 hours. 

11. Compare each pair of numbers. How many 
times as much as the smaller number is the 
larger? Wri te your answer as a power. In 
(d), assume x is positive. 

a. 36 and 39 b. 39 and 314 

d. 3' and 3"+5 

12. By what number would you have to multi
ply the fi rst power to get the second 
power? Write your answer as a power. 

a. 35 • = 315 b. 38 • = 315 

c. 3 11 • = 315 d. 3° . = 315 

M ULTIPLYI NG AN D D IVIDING POWERS 

In a power, the exponent te ll s how many times 
the base has been used as a factor. For exam
ple, 42 means 4 • 4, and 43 means 
4 · 4 · 4 , therefore: 

42 • 43 = (4 • 4) • (4 . 4. 4) = 45 

Use this idea to multiply powers. 

13. Write the product as a power of 3. 

a. 3 7 • 33 = b. 35 • 35 = 
c. 38 • 32 = d. 38 • 3° = 

14. Write the product as a power of 5. 
a. s• · 53 = b. 54 • 56 = 
c. s• · 59 = d. 5° · 5° = 

.A 3o2 

When you divide, the quotient tells you how 
many times as much the numerator is than the 
denominator. For example, 45/42 means what 
times 42 equals 45? Since 42 • 43 = 45, you 
have 45/42 = 4J Use this idea to di vide 
powers. 

15. Write the quotient as a power of 2. 

a. 2" b. ~ 
2' 2' 

d. 2 11 
20 

16. Wri te the quotient as a power of 3. 

a. 3' b. 3' 
3' 3' 

c. 
J t+2 

d. 3" 
y JO 

17. Use what you have learned in this lesson 
to find x. 
a. 5' ·53 = 59 

b. 23 • x4 = 27 

c . ~= g 54 
8' 

d (') IO·t+J - I 0" + I · v w-

ts.f'''''''&''i 
a. Describe the panems you found in mul

tiplying and di viding powers. 

b. Give examples to show how patterns 
can make it easier to multiply and 
divide powers. 

c. In each multi plication and division 
problem, 15- 17, the bases of the powers 
are the same. Does the panem you 
described in (a) work if the bases are 
not the same? Explain, using examples. 

19 i§§.!§fi@iM Use the patterns you found 
in this lesson to rewrite each expression as 
a single power. 

a. S" · Y 
3' 

c. 3-' 

e. 6' · 6' 

b. a' · a" 
d . 6'+l 

6' 

f. 6° . 6' 
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c. The population after 12 hours is 28 

times more than the population 
after 4 hours. 

9. a. 23 

c. 28 

10. Time (hours 
after 12 noon) 

0 

I 

2 

3 

4 

5 

6 

7 

8 

9 

10 

II 

Population Powers of3 

I 30 

3 3' 

9 32 

27 3' 

8 1 34 

243 3' 

729 3' 

2187 3' 

656 1 38 

19683 39 

59049 3'0 

177 147 3" 

12 53 144 1 3'2 

13 1594323 3" 

14 4782969 314 

a. The population after 12 hours is 
32 times greater than the popula
tion after 10 hours. 

b. The population after 9 hours is 35 

times greater than the population 
after 4 hours. 

c. The population after 4 hours is 
1 /(38) of the population after 12 
hours, or the population after 12 
hours is 38 times greater than the 
population after 4 hours. 

11 . a. 33 b. 35 

c. 38 d. 35 

13. a. 310 
c. 310 

14. a. 57 

c. 513 

15. a. 25 

c. 28 

16. a. 32 

c. 32 

17. a. x = 6 
b. X=2 

C. X= 12 
d. x= a + 2 

b. 310 
d. 38 

b. 510 

d. 5° 

b. 23 
d. 211 

b. 32 

d. 311 

(x+ 3 - 4 = a + 1 
x-1 =a+1 
X= a+ 2) 

(Solutions continued on page 524) 



lESSON 

• 
Comparing Populations 

EXPONENTIAl G ROWT H 

Three popuiations of bacteria are being grown 
in a laboratory. At time 0: Population A had 10 
bacteria; Population B had I 00 bacteria; and 
Population C had 300 bacteria. All three 
double every hour. 

I. Complete the table below to show how the 
three populations increase as a function of 
time for the fi rst six hours of growth after 
timeO. 

Population 

Time A B c 

0 10 100 300 

i 

The populations are doubling, which means 
they are being repeatedly multiplied by 2. 
Powers of 2 provide a good shorthand for 
writing the populations. 

2. Make another table of the populations of 
A, B, and C for the first six hours of 
growth after time 0. This time, use multi
plication and a power of 2 to write each 
population. (Example: For A, the popula
tion after four hours is 10 · 24 .) 

3. Write the expressions for the populations 
of A, B, and C after: 

a. x hours; 

b. x + 3 hours. 

8.6 Comparing Populalions 

Definitions: This kind of growth is call ed 
exponemial grow1h. Exponenti al growth 
involves repeated multiplication by a num
ber. To describe exponential growth , we 
specify the starting population and the rate 
of growth. 

For example, if the starting population is 4 and 
the population triple every hour, this table 
shows how the population changes as a func
tion of time. 

Time 

0 

X 

Population 

4 

Exponential 
Expression 

4. 3° 

4 · 3 = 12 4 · 3 1 

4 . 3 . 3 = 36 4 . 31 

4. 3. 3 . 3 = 108 4. 33 

4. 3 . ... =? 4. 3' 

lij§H§b@M 
4. .... Write an expression for the popula

tion after six hours of growth 

a. if the starting population is 100 and the 
population is tripling every hour; 

b. if the starting population is I 00 and the 
popul ation is being multiplied by r 
every hour; 

c. if the starting population is p and the 
population is being multiplied by r 
every hour. 
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• 8.6 
Comparing Populations 

Core Sequence: 1-23 

Useful for Assessment: 5 

Suitable for Homework: 8-17, 24-26 

What this Lesson is About: 

• Exponential growth 

• Preview of geometric equence 

• Review of cientific notation 

• Simpli fy ing fraction 

• Review of factoring 

/n thi le on, tudents continue to practice 
the ki ll introduced in the previou one. 
Again, bacteri al growth serve as the moti 
vation . Ex pre ions of the form abx are 
di vided by each other. 

EXPONENTIAL GROWTH 

T his section goes beyond the material in 
the prev ious lesson in that student work 
with different tarting population . Thi is 
very much like the work that wa done in 
Chapter 7, Le on 11. 

8.6 S 0 L U T I 0 N S 

1. Popula tion 

T ime A B 

0 10 100 

I 20 200 

2 40 400 

3 80 800 

4 160 1600 

5 320 3200 

6 640 6400 

2 . Popula tion 

Time A B 

0 10. 2° 100 . 2° 

I 10.2 1 100 . 21 

2 10. 22 100 . 22 

3 10 . 21 100 . 23 

4 10. 24 100 . 24 

5 10 . 25 100 . 25 

6 10 . 26 100 . 26 

3. a., b. 

c Population 

300 Time A 8 

600 X 10. 2' 100. 2'' 

1200 x +3 10 . 2X+ 3 100 . :zx+ l 

2400 
4. a. 100 · 36 

4800 b. 100 · R6 

9600 c. P· R6 

19200 

c 
300.2° 

300 . 21 

300 . 22 

300 . 23 

300 . 24 

300 . 25 

300 . 26 

c 
300 . 2·' 

300. 2s+ J 

5. a. 100 · 3x 
b. 100 • Rx 
C. P· Rx 

6. a. The population of B at 8 hours is 
100 · 28 , at 11 hours is 100 · 211 , 

and at 14 hours is 100 · 214 . Over 
each 3-hour period the population 
is being multiplied by 23 . 

b. 100 · 2'• 3 = 23 because 
100 . 2' 

100 • 2x • 23 = 100 • 2X+3 

7. a. 1o · 2•• s = 25 because 
10. 2' 

10 • 2x • 245 = 10 • 2X+5 

b. The population of A at 6 hours is 
10 · 26, at 11 hours is 10 · 211 , and 
at 16 hours is 10 · 216 . Over each 
5-hour period the population is 
being multiplied by 25. 



SAME POPULATION, DIFFERENT TIME 

S tudents have to apply what they learned 
about di viding powers of the same base. 
You may also need to remind them of how 
to simplify fractions when a common fac
tor appears in numerator ru1d denominator. 

R oblems 6-7 may be made clearer by 
writing 2x+3 like this: (2 · 2 • .. . · 2) 
(2 . 2 . 2). 

DIFFERENT POPULATIONS, SAME TIME 

DIFFERENT POPULATIONS, 
DIFFERENT TIMES 

The e problems may be difficul t for you r 
tudents. Gi ve them plenty of time to 

work on the problems and do not expect 
mastery. 

8.6 

5. .... Write an express ion for the popula
ti on aft er x hours of growth for each situa
tion in problem 4. 

SAME POPUli\ TION , DIFFERENT TIME 

6. The population of B after fi ve hours is 
100. 25. 

a. Find the populati on of B at 8 hours, II 
hours, and 14 hours. By how much is 
the population being multiplied over 
each three-hour peri od? 

b. Compare the population of B after x 
hours with its population aft er x + 3 
hours by simplifying thi s rati o. 

10 . 2-'" -d 

10 . 2' 

7. The population of A at six hours is 10 · 26 

a. Compare the population of A after x 
hours with its population aft er x + 5 
hours by simplifying thi s rati o. 

10. 2,., 
10 . 2' 

b. Check your answer to part (a) by com
paring the populati on of A at 6 hours, 
II hours, and 16 hours. 

8. Simpli fy these ratios. 
400.27 a. __ 
400.23 

b. tOO. 2" 
tOO . 28 

9. Simplify these rati os. It may help 10 

substitute values for x and look for 
a pattern . 

400 . 2'+7 
a.---

400 . 2' 
b. 100. 2" 

tOO. 2' 

10. Solve for x. 35 · 2'•• = 2' 
35 . 2' 

.A. Jo4 

Dlf FERENT PO PULA liONS, SAME liM I 

11 . a. Use Lhe tables you made in problems I 
and 2 to compare the size of A with the 
size of B at several times. In each case, 
B is how many times as large? Does 
this ratio increa e, decrease, or remain 
the same as time goes on? 

b. Repeat part (a), comparing C with B. 

12. Simplify these ratios. 
a. 400 · 2·' 

200. 2' 
b. tO". 2'+4 

500 · 2:rH 

13. Solve for x. 300 · 2" = 30 
.\'. 2(J 

DiffERENT I'OPULA liONS, DIFFERENT TIMES 

14. Compare these populations using ratio . 
a. B at I 0 hours and A at 3 hours 
b. C at 3 hours and A at 6 hours 

c. A at 12 hours and B at 7 hours 
d. f C at 1/2 hour and A at I hour 

15. Compare these populations using ratio . 
a. B at x hours and A at x + 2 hours 

b. C at h hours and A at 2h hours 
c. A at h hours and B at h - 5 hours 

16. Simplify these rati os. 
a. 400 · 2 ... + ~ 

25 . 2' 

17. Solve for x. 
3. )Q • 2aH = 60 

X ' 2° 

b. 300 . z o+ l = 24 
X ' 2a 

b. 10 . 2" 
150. 2' 
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8. a. 24 

b. 27 

9 . a. 27 

b. 2 2x 

10. X= 6. (X + 6 - X= XS06 =X) 

11. a. B is 10 times larger than A. The 
ratio stays the same as time 
goes on . 

b. C is 3 times larger than B. The 
ratio stays the same as time 
goes on. 

12. a. 2 
b. 1/500 

13. X= 10 

14. a. Population B at 10 hours is 1280 
times greater than population A at 
3 hours: {100 · 210)/(10 · 23) = 
10 . 27 = 1280 

b. Population C at 3 hours is 3.75 
times greater than population A at 
6 hours: 
(300 . 23)/{1 0 . 26) = 30/(23) = 3. 75 

c. Population A at 12 hours is 3.2 
times greater than population B at 
7 hours: 
{1 0 . 212)/(1 00 . 27) = 25/10 = 3.2 

d. Population C at 0.5 hours is 
approximately 21.2 times greater 
than population A at 1 hour: 
(300. 25 )/{10. 21) = 30/(2 5)- 21.21 

15. a. Population B at x hours is 2.5 
times greater than population A at 
x + 2 hours. 
{1 00 · 2x)/{1 0 • 2X+2) = 1 0/{22) = 2.5 

b. Population C at h hours is 30/(2h) 
times greater than population A at 
2 hours. 
(300 . 2h)/(1 0 . 22h) = 30/2h 

c. Population A at h hours is 3.2 
times greater than population B at 
h - 5 hours. 
(1 0 . 2h)/{1 00 . 2h- 5) = 25/1 0 = 3.2 

16. a. 256 
b. 23x/15 

17. a. x = 8 
b. X= 100 

-
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In 1975 the population of the world was about 
4.0 I billion and was growing at a rate of about 
2% per year. People used these facts to project 
what the population would be in the future. 

18. Copy and complete the table. giving pro
jections of the world's population from 
1976 to 1980. assuming that the growth 
rate remained at 2% per year. 

Year Cakulatlon 
Projedlon 
(bUHons) 

1976 4.01 + (0.02)4.01 4.09 

19. Find the ratio of the projected population 
from year to year. Does the ratio increase, 
decrease, or stay the same? 

flli!iili FACTORING COMPLETELY 

I Example: 16 - 4r is a difference of two 
squares, so it can be factored: 

(4 - 2x)(4 + 2x). 

However, each of the binomials can be 
factored further, like this: 

2(2 - x) • 2(2 + x) = 4(2 - x)(2 + x) 

Here is another way to factor the same 
expression: 

4(4 - r) = 4(2 - x)(2 + x). 

8.6 Co,..,.mg PopulaJWm 

8.6. 

lO. There is a number that can be used to mul
tiply one year's projection to calculate the 
next. What is that number? 

21. Use repeated multiplication to project the 
world's population in 1990 from the 1975 
number, assuming the same growth rate. 

22. Compare your answer to problem 21 with 
the actual estimate of the population made 
in 1990, which was about 5.33 billion. 
a. Did your projection over-estimate or 

under-estimate the 1990 population? 
b. Was the population growth rate 

between 1975 and 1990 more or 
less than 2%? Explain. 

23. Q At a growth rate of 2% a year, how long 
does it take for the world's population to 
double? 

The final expression is the same one we got 
using the first method. It cannot be factored 
any further, so we say we have factored 
completely. 

Factor each expression completely. 

24. 3r- 21; 

25. sr- 180 

26. xly- xY 
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POPULATION PROJECTIONS 

This section previews the next lesson. It 
features a decimal ratio and will probably 
require some class discussion. Note that 
the calculation indicated in the table is 
somewhat cumbersome. The point is to 
have the students discover for themselves 
the fact that a constant percent increase 
leads to a constant ratio between consecu
tive terms in the sequence. 

Once they see that fact in problem 20 they 
can use it to solve problem 21. 

Roblem 22b can be answered qualitatively 
(the growth rate has decreased). But you 
may encourage some students to use their 
calculators and trial and error to find the 
actual population growth rate in that 
period. They may be surprised to find that 
it is only a very little bit lower than 2%. 

t;liflJI• FAO'ORING COMPLETELY 

This section reminds students to look for 
the common factor. This is the most useful 
and most important factoring technique. 

(Hint: Experiment and look for patterns, 
starting with rectangles whose length and 
width have no common factors except 1.) 

86 S 0 L U T I 0 N S 

18. 21. 
Calculatloa 

Projection 
Year (blllloas) 

1976 4.0 I + (0.02)4.0 I 4.09 

1977 4.09 + (0.02)4.09 4.17 

1978 4.17 + (0.02)4.17 4.25 

1979 4.25 + (0.02)4.25 4.34 

1980 4.34 + (0.02)4.34 4.43 

19. The ratio of the projected population 
from year to year stays the same: 
(4.17)/(4.09) = 1.02, (4.25)/(4.17) = 
1.02, etc. 

20. 1.02 is the number that can be used 
to multiply one year's projection to 
calculate the next. 

Year 

1975 

1976 

1977 

1978 

1979 

1980 

1981 

1982 

1983 

1984 

1985 

1986 

1987 

1988 

1989 

1990 

Projection 
(blllloas) 

4.01 

4.09 

4.17 

4.25 

4.34 

4.43 

4.52 

4.61 

4.7 

4.79 

4.89 

4.99 

5.09 

5.19 

5.29 

5.4 

22. a. The projection on the table in 
#21 overestimated the 1990 
population. 

b. The population growth rate 
between 1975 and 1990 was less 
than 2%. The projected 1990 pop
ulation would have been 5.4 billion 
at 2% growth rate. 5.33 billion is 
less than 5.4 billion, so the growth 
rate must have been smaller. 

23. About 35 years 

24. 3(t+ 3s)(t- 3s) 

25. 5(x + 6)(x - 6) 

26. xy(x + y)(x - y) 

-- . 
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T 8.7 
Percent Increase 

Core Sequence: 1-9, 11-20 

Suitable for Homework: 10-31 

Useful for Assessment: 8-9, 11 

What this Lesson is About: 

• Exponential vs. linear growth 

• Review of percent problems 

• Review of solving linear equations 

• Con umer applications 

In Le ons 7 and 8, we cover both the idea 
of percent increase/decrease and the idea 
of exponential growth/decay. This is delib
erate, since without discuss ion of percent, 
increase/decrease expressions li ke 
LOO( l. OS r make no ense. (In prev ious 
les on , we usuall y limited ourselves to 
whole number bases.) 

AN ALGEBRA TUTOR'S SALARY 

T hi section allows srudents to compare 
linear and exponential growth both numer
ically and graphicall y. 

R oblem 8b is key, but may be hard for 
some tudents. Even though the idea was 
prev iewed at the end of the previous les
son, don' t try to force the algebraic deri va
tion ri ghL away. (Thi concept is difficult 
even for many Algebra 2 tudents.) 

L£550'1 

~~P~e~r~ce~n~t~l~n~c~re~a~s~e~~~~~~~~ 

l'illli@IIMI ···· · 

graph paper .... D 
AN ALGEBRA TUTOR'S SALARY 

Bea did so well in algebra that she got a job as 
an algebra tutor. Her starting salary, as she had 
no experience, was $ 10 per week. 

1. As Bea got more experience. her salary 
increased. She got a raise of $ 1 per week. 
Copy and complete the table for the first 
ten weeks that Bea worked. 

Amount Percent 
increase 

Weeks Salary 

0 StO 
+ 

Stt St tO 

$t2 $t 9 

$ t3 St 8.33 

2. a. Explain how to calculate the number in 
the last column . 

b. Explain why the number in the last col
umn decreases each week. 

3. Compare Bea's orig inal salary with her 
sa lary for the tenth week. 

a. What was the total amount of increase 
in her salary? 

b. What percent of her original salary is 
this total increase? (This is the total 
percent increase.) 

c. What percent of her original salary is 
her sa lary in the tenth week? (Your 
answer should be a number greater than 
100. Wh y?) 

A, 306 

Abe also got a job as an algebra tutor. He 
heard that Bea was getting a weekly raise of 
$ 1. Since $ 1 is I 0% of $ 10, Abe asked for a 
weekly raise of I 0%. The ftrst week Bea and 
Abe both got the same raise. 

4. Copy and complete the table for the first 
ten weeks that Abe worked. 

Weeks Salary 

0 $ 10 

Stt 

2 St2.t0 

$ 13.3t 

Amount Percent 
i_ncrease increase 

St 10 

$1.10 to 

$ 1.2t 10 

5. a. Explain how to calculate the numbers 
in the third column of the table above. 

b. Explain why the numbers in the third 
column increase each week. 

6. Repeat problem 3 for Abe's salary. 

7. On the same pair of axes, make graphs of 
Abe's and Bea's weekly salaries as a func
tion of week of experience. 

8 . .... 
a. Each week's salary for Bea can 

be obtained from the previous week 's 
salary by adding a number. Find this 
number and use it to write an equation 
that gives Bea's salary (S) as a function 
of weeks of ex perience (W). 

b. Each week's salary for Abe can be 
obtained from the previous week's 
salary by multiplying by a number. 
Find thi s number, experimenting with 
your calcul ator if necessary, and use it 
to write an equati on that gives Abe's 
salary as a func tion of weeks of 
experi ence. 
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1. 
Weeks I Sala r y 

A mount Percent 
increase increase 

0 $ 10 

I $11 $ t tO 

2 $ 12 $ 1 9.09 

3 $ 13 $ 1 8.33 

4 $ 14 $ 1 7.7 

5 $ 15 $ 1 7. 1 

6 $ 16 $1 6 .67 

7 $ 17 $ 1 6.25 

8 $ 18 $1 5.88 

9 $ 19 $1 5.56 

10 $20 $1 5.26 

2. a. Divide 1 by the previous week's 
salary to calculate the number in 
the last column. For example, 
1/12 = 8.33. 

b. The number in the last column 
decreases each week because 

the $1 increase remains the same 
while the salary grows. Each sub
sequent percent increase is found 
by dividing 1 by a larger number 
than before, so the percent 
increase grows smaller each 
week. 

3. a. Sea's salary increased by $10. 
b. Sea's salary of $20 is a 100% 

increase in her original salary of 
$10.00. 

c. $20 is 200% of $10. An answer of 
100% would mean Sea's salary is 
100% of the original amount. This 
means Sea would have a salary of 
$10 in the tenth week. 

4. Answers may vary a little due to 
rounding . 

Weeks Salary 
Amount Percent 
increase increase 

0 $10 

I $It $ 1 10 

2 $ 12.10 $1.10 10 

3 $ 13.31 $1.2 t tO 

4 $ 14.64 $1.33 10 

5 $ 16.10 $1.46 10 

6 $ 17.7 1 $ 1.61 10 

7 $19.48 $1.77 10 

8 $21.42 $1.94 10 

9 $23.56 $2.14 10 

10 $25 .91 $2.35 10 

5. a. The amount of increase is found 
by multiplying the previous week's 
salary by 0.1 0. 

b. The amount of increase grows 
each week because the salary 
increases each week. One is 

-



9 . ... 
a. Write each equation you wrote on the 

graphs it belongs to. 
b. Compare the graphs. Which is straight? 

Which is curved? 
c. Which function describes linear 

growth? Which describes exponential 
growth? 

10. Repeat the analysis you did for Abe' and 
Bea's salaries if Bea's rai se were $2 and 
Abe' rai se were 20%. 

I QUi\ l iONS WIHI r1 R( f NT~ 

A state has 5% sales tax. lf you paid $12.60 
for something, including tax, what was the 
price without tax? lf the price without tax is x, 
and the increase due to tax is 0.05 of x, then 

x + 0.05x = $12.60. 

11 • ._ Remember that x can be written lx . 

a. Combine like terms on the left side of 
the equation. (Or factor out the x.) 

b. Then solve for x. 

12. Solve for x. 

a. 1.2x = 240 

b. x + 0.4x = 18.2 

C. X + 0.06x = 23.85 
d. 1.7x = 78.2 

13. Solve for x. 
a. ( I.IO)(l.IO)x = 67.76 
b. ( I.IO)(I.IO)( I.IO)x = 13.31 

The Skolar family eat out once a month. 
Usually they take turns figuring out the tip, 
also called the gratuity. 

8. 7 Percent Increase 

8.7 

14. At one restaurant, they ordered food total
ing $35.95 and received a bill for the total 
amount they owed. The total was $43.86, 
and the bill said "tax and gratuity 
included." Sue wrote this equation. 

35.95 + p(35 .95) = 43.86 

a. Explain the equation. What does p 
represent? 

b. Solve for p. Is your answer reasonable? 
Discuss. 

IS. Another night the Skolar family had 
$23.00 to buy dinner. Assuming they 'd 
need 25% of the cost of the dinner to 
cover the tax and tip, Michael wrote this 
equation. 

d + 0.25d = 23.00 
a. Explain the equation. What does d 

represent? 

b. Solve for d. 

16. Now assume the Skolars had $23.00 for 
their meal and needed only 20% of the 
cost of the dinner to cover the tax and tip. 
How much can their actual food order be? 
Write and solve the equation. 

H}lli\ liON~ .\N il TIU r RI( I Of WllJ(,fTS 

17. A certain retail store sells widgets at the 
wholesale price, plus a 35% markup. If the 
wholesale price is W, what is the retail 
price of the widget? Express your answer 
as a function of Win two ways: as an addi
tion and as a multiplication. 

Jo7 .A 

Instead, encourage tudent to use tri al and 
error to find the number, then discuss why 
the number makes sense. We return to thi s 
idea in problem ll and in the nex t les on. 

EQUATIONS WITH PERCENTS 

EQUATIONS AND THE PRICE OF WIDGETS 

The main point of the e ections is to rein
force the idea that percent growth can be 
expressed multiplicati vely. For a few stu
dents, this may be fa miliar from previou 
experience with percent problems, but for 
most this deserve pecial attention . It i 
necessary in order to understand exponen
ti al growth in all it generali ty. 

8 . 7 S 0 L U T I 0 N S 

taking 10% of a larger and larger 
salary each week. 

6. a. $15.91 is the total amount of 
increase in salary 

b. $15.91 is159%ofhisoriginal 
salary. 

c. $25.91 is 259% of his original 
salary. This answer is greater 
than 100% because 100% of her 
original salary is $10. 

7. ~ y-unit = 5 
co 
(/) 

0 

0 

0 

0 •• 

i • 
g g o S= 10(1 .1)w 

. o •S =w+10 

x-unit = 1 

weeks of experience 

8. a. S = W+10 b. S=10(1 .1)W 

9. a. See equations written on the 
graph in problem #7. 

b. Sea's graph , S = W + 10 is 
straight. 
Abe's graph, S = 1 0(1 .1) W is 
curved . 

c. Sea's function describes linear 
growth. Abe's function describes 
exponential growth. 

10. Salaries may vary due to rounding . 

Weeks 
Rea's Amount Percent 

Sala ry increase increase 

0 $ 10 

I $ 12 $2 20 

2 $ 14 $2 16.7 

3 $ 16 $2 14.3 

4 $ 18 $2 12.5 

5 $20 $2 II. I 

6 $22 $2 10 

7 $24 $2 9 

8 $26 $2 8.3 

9 $28 $2 7.7 

10 $30 $2 7. 1 

w 2W+ 10 $2 

Weeks 
Abe's Amount Percent 
Salary Increase Increase 

0 $ 10 

I $ 12 $2 20 

2 $ 14.40 $2.40 20 

3 $17.28 $2.88 20 

4 $20.73 $3 .45 20 

5 $24.87 $4.1 4 20 

6 $29.84 $4.97 20 

7 $35.80 $5.96 20 

8 $42.96 $7.16 20 

9 $51.55 $8.59 20 

10 $61.86 $10.3 1 20 

w 10(1.2)w 

- . 
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t;liilii• SOL VINC EQUATIONS 

Thi ection rev iews the previous le son. 
Law of exponent are formall y introduced 
later in the chapter, in Lessons 9 and 10. 

t441'41• EQUATIONS AND INEQUALITIES 

These are suitable for homework, unless 
your student want to use the Lab Gear. 
Problem 31 i not easily olved u ing any 
of the method discussed, but it can be 
done by trial and error. 

8.7 

18. The wholesale cost of widgets went up by 
8.5%. If the old wholesale price was W, 
ex press as a function of W, 

a. the new whole ale price; 

b. the new retail pri ce; 

c. the retail price includ ing a 5% sales tax. 

f;/ipf4$i SOL V/NG EQUA T/ONS 

20. Solve for x. 

a. ~ = 35 
3' 
102x-S 

b.IQ2 = 105 

f;/iQIUi EQUA TIONS A ND INEQUA LITIES 

U e the technique you have learned to solve 
the e equations and inequaliti es. You can use 
trial and error, the cover-up method, tables, 
graphs, or the Lab Gear. Show your work. 

.A 3oa 

19. f After the price increase in the whole
sa le cost a certain customer purchased a 
widget at the retail store for $ 15.7 1, 
including tax. 

a. What was the wholesale price on 
that widget? 

b. How much would the customer have 
saved by buying a widget before the 
wholesale price increase? 

21. 5y > 2y + 57 

22. 3s + 7 = 4 + 3s 

23. 3(m + 4) + 3(m - 4) = 54 

24. 7 + y = 7y 

25. 10xt4 + 7 = -4 

4x 
26. S = 2- X 

3 7 
27· 3x = 4x- 2 

28. (2p + 3i = (4p - 2)(p- 8) 

29. (2p - 1)(3p + 2) = (6p- J)(p + I) 

30. X~ I = 2 

31. ' ~ + ~ = 2 

Chapter 8 Growth ami Change 
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Sea's total increase in salary is $20, 
and Abe's is $51 .86. Sea's total 
increase is 200% of her original 
salary, and Abe's is 518.6% of his 
original salary . Sea's final salary is 
300% of her original salary , and 
Abe's is 618.6% of his original salary. 
Sea's equation is S = 2 W + 1 0 which 
is a linear function, and Abe's is S = 
1 0(1.2) w which is an exponential 
function . 

11 . a. x + 0.05x = $12.60 
1.05x= 12.60 

b. X = $12.00 

12. a. 200 b. 13 
c. 22.5 d. 46 

13. a. 56 b. 10 

14. a. p represents the percentage of the 
cost of the food which is being 

charged for tax and gratuity. The 
equation adds the total price of the 
food , $35.90, to a percentage of 
the total price of the food , p(35.95), 
to get the total of the bill , $43.86. 

b. 35.95 + p(35.95) = 43.86 
p(35.95) = 7.91 
p = 0.22 
This means the tax and gratuity 
are 22% of the cost of the food . In 
states where tax is about 7%, this 
would represent a reasonable tip 
of 15%. 

15. a. d represents the cost of the food 
ordered before tax and tip . The 
equation adds the total bill for 
food , plus 25% of the total bill for 
food , to get a final bill of $23.00, 
including food , tax, and tip. 

b. d + 0.25d = 23 
1.25d = 23 
d = 18.4 
This means the Skolar family can 
order $18.40 worth of food to have 
a total bill of $23.00. This seems 
reasonable . 

16. d + 0.20d = 23 
1.20d = 23 
d = 19.16 
The Skolars can order $19.16 worth 
of food to have a final bill of $23.00. 

17. Retail = W + 0.35W(W= wholesale 
price) 
Retail = 1 .35 W 

18. Let N = new wholesale price, W = old 
wholesale price , & R = new retail 
price. 

-



A CA~HII R'~ QliANIJAH' 

Sherman's Department Store ran the following 
ad in the newspaper. 

3-HOUR EARLY-BIRD SPECIAL! 
-----· * * * * -----
This week, all merchandise has 
been discounted 30% for our year
end clearance sale. 

For three hours only, from 9AM to 
12 noon on Saturday, get amazing 
additional savings! We will take an 
additiona/ 20% off the sale price 
at the cash register. 

G.D. and Cal were working during the three
hour sale. At the end of the sale. they 
compared receipts and discovered that they 
had sold some of the same items. but they had 
charged customer different price for them. 
They made the following table. 

Original Cal G.D. 
price charged charged 

139.99 $78.39 570.00 
-

$~9.95 $27.97 24.9~ 

-
$18.89 $10.57 $9.44 

$5.29 $2.96 $2.65 

$179.00 $ 100.24 $89.50 

8.8 Percent Decrease 

1. M@fti#l How was Cal calculating the 
sa le price? How was G.D. calculating 
the sale price? Explain. showing sample 
calcu lations. Who do you think was right. 
and why? 

tAili'AVFH I'OIKIIS 

Mr. Peters. an a lgebra teacher. has a !Oo/c oJI 
late paper policy. This means that for each day 
that a paper is late, the student receive; 90% of 
the credit that he or she would have received 
the day before. For example, if you turned in a 
perfect paper (assume a score out of I 00) one 
day late. you wou ld receive (0.90)( 100) = 90 
as your score. If you turned the paper in two 
days late. you would receive (0.90)(90) = 8 I 
as your score. 

2. Copy and extend Mr. Peters's table to 
show the score you would receive on a 
perfect paper that is up to ten days late. 

I r. Peters's Late Policy 

Days laic ! Score 

0 100 

I 90 

2 81 

3. a. Explain how you figured out the score; 
in the table. Show some sample 
calcu lati ons. 

b. After how many days wou ld your score 
for a late paper drop below 50? 

c. Would your score ever reach Q? 

Explain. 

Jo9.A 

8.8 
Percent Decrease 

Core equence: 1-16 

Suitable for Homework: 4-17 

Useful for Assessment: 7-8, I 0, 14 

What this Lesson is About: 

• Exponentia l vs. linear decay 

• Review of percent problem 

• Review of olv ing linear equati n 

• Con umer applications 

A CASHIER'S QUANDARY 

Thi Exploration focuse on the freq uent 
misunderstanding of percent change a 
being an additive and not mult iplicative 
phenomenon . The question i wrapped up 
at the end of the les on. 

A comparison of linear versu exponential 
decay , using tables and graphs. lt is inter
esting that wh il e linear growth i low 
compared to exponential growth , that i 
reversed in the case of decay. 

Roblem 9 should provoke a lively di cu -
sian. You may ask student to create their 
own late paper policie . 

8.8 S 0 L U T I 0 N S 

{8.7 Solutions continued} 
a. N = 1.085W 
b. R = 1.35N or 1.35{1.085 W) = 

1.46475W 
c. Total = 1.35N + 0.05(1.35N) 

= 1.05(1 .35N) 
= 1.4175N 
or Total = 1.4175(1 .085 W) 
= 1.5379W 
= 1.538W 

19. Answers may vary slightly depending 
on when and/or how one rounds off 
or truncates. 
a. Total= 1.4175N 

15.71 = 1.4175N 
N = 11.08 
Hence, the new wholesale price 
on the widget was $11 .08. 

b. Total New= (Total Old) {1.085) 
15.71 = (Total otd) (1.085) 

Total Old= 14.48 
Hence, the old price was $14.48. 
The savings is 15.71 - 14.48 = 
$1 .23. 

20.a. X=7 b. X=6 C. X=11 

21 . y > 19 

22. No solution 

23. m= 9 

24. Y= 716 

25. X= -7 

26. X= 10/9 

27. X= -2/3 

28. p = 7/46 

29. p = -1/4 

30. X= -2 

31 . X= 5 

1. Cal calculated the sale price by find
ing 70% of $139.99 or $97.99 minus 
20% of $97.99 or $19.60. So $97.99 
minus $19.60 is $78.39. G.D. did not 
calculate 20% of $97.99, but found 
20% of the original price of $139.99 
0.70(139.99) - 0.20(139.99) = 97.99 
- 27.99 = 70.00. 
Cal was correct because he took 
20% off the sale price, and G. D. took 
20% off the original price. G.D. 
reduced the cost too much. 

2. Mr. Peters's Late Policy 

Days late Score 

0 100 

I 90 

2 8 1 

3 73 

4 66 

5 59 
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DISCOUNTER INTRODUCES REDUCTIONS! 

This section includes practice on setti ng 
up and solving equation for these kinds of 
percent problem . 

The Report may be hard for some 
students. If so, you may want to spend 
some class time looking for the algebraic 
expression . 

(Nonmathematical note: The title for thi s 
section is an unu ual sentence in that each 
of the three words con ists of the same ten 
letters.) 

... 8.8 

Mr. Riley, another algebra teacher, has a I 0 
poims off policy. This means that you lose ten 
points for each day that your paper is late. 

4. Copy and extend Mr. Riley's table to show 
the score you would receive on a perfect 
paper that is up to ten days late. 

M r. Riley's Late Policy 

Days tate Score 

0 100 

I 90 

2 80 

5. a After how many days wou ld your score 
for a late paper drop below 50? 

b. Would your score ever reach 0? 
Ex plain . 

6. Graph the data in the two tables showing 
how the score decreases as a functi on of 
the number of days late. Use the same 
axes for both graphs so that you can 
compare them. 

7. ._ Write an equation that gives your 
score (S) on a perfect paper a a function 
of the number of days late (D ) 

a. in Mr. Peters 's class; 

b. in Mr. Riley's class. 

8 . ... 
a. One of the equations you wrote in prob

lem 7 should have an exponen t. (If it 
doesn' t, check your work.) Which 
equation has an ex ponent , the percent 
off policy, or the points off policy? 

b. Write each equation you wrote in prob
lem 7 on the correspond ing graph. Does 
the equation containing an exponent 
corre pond to the traight graph or to 
the curved graph? 

A Jlo 

9. Compare Mr. Riley' policy with Mr. 
Peters's po licy. Which one do you 
prefer, and why? Gi ve reasons why some 
students might prefer one policy and 
some students another. 

DISCOUNTER tNTI!ODUCES REDUCTIONS~ 

A store offers a 5% di scount to students. If 
something costs $ 15.00 after the discount is 
taken, how much does it cost without the djs
count? You can use percent decrease and alge
bra to solve this problem. If the price before 
the di scount i x, and the decrease due to the 
d iscount is 0.05x, then 

x- 0.05x = $ 15.00. 

10 . ._ Remember that x can be written lx. 

a. Combine li ke terms on the left side of 
the equation. (Or fac tor the x.) 

b. Then solve fo r x. 

11. Solve for x. 

a. 0.2x = 240 

b. x - 0.8x = 18.2 

c. x - 0.06x = 23.50 

d. x- 0.75x = 22.5 

12. Solve for x. 

a. (0. 75)(0. 75)x = I 1.25 

b. (0.65)3x = 4.12 

Chapter 8 Growth and Change 
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6 53 

7 48 

8 43 

9 39 

tO 35 

3. a. To find the score, take 0.90 of the 
previous score. For example 
0.90(66) = 59.4 or 59. 

b. A paper's score drops below 50 
when it is 7 days late. 

c. No, your score would never reach 
zero, although it would be close to 
zero. Each score is found by tak
ing 0.90 of the previous day's 
score which is greater than zero. 
90% of any nonzero number is not 
equal to zero. 

4. M r. Riley' s Late Policy 

Days late Score 

0 100 

I 90 

2 80 

3 70 

4 60 

5 50 

6 40 

7 30 

8 20 

9 10 

10 0 

5. a. A paper's score drops below 50 
when it is 6 days late. 

b. Yes, the score reaches zero when 
it is 1 o days late. 

6. <1) 

0 
u 
(f) 

y-unit = 10 

• s = 0.9°(1 00) 
0 o S = 100 - 100 

0 . 
0 • 

0 

0 

0 

0 

o x-unit = 1 

Days late 

7. a. 8=0.9°(1 00) 
b. S= 100 - 100 

8. a. The percent off pol icy has an 
exponent. 

b. The equation containing an expo
nent corresponds to the curved 
graph. 

-



Look back at the ad for Sherman's Store. 

13. a. If the clearance sale price is $ 13.50, 
what was the ori ginal price, before the 
30% discount? 

b. If the original price was $20.95, what is 
the 30% discount price? 

fjlip!ili RA Tf Of CHANCE 

15. Find a function y = mx + b for which 

a. y increases when x increase ; 
b. y increases when x decreases; 

c. y never increases. 

16. Find a function y = mx + b, with m posi
ti ve, for which y changes 

a. faster than x; 

b. more slowly than x ; 

c. at the same rate as x. 

8.8 Percent Decrease 

8.8. 

14.iil!lm Let x be the original price of an 
item. Write two algebraic expressions for 
the early-bird price, one that will give the 
amount Cal would charge, and one for the 
amount G.D. would charge. Explain how 
you fi gured out these two expressions. 
Show that they work, by substituting the 
prices fro m the table into the expression. 

17. y = x1 and y= 2·' are having a race. 
When x = I, x1 = I and 2x = 2, soy = 2x 
is ahead. When x = 3, x1 = 2 187 and 
2x = 8, so y = x1 is ahead. As x gets 
larger and larger, who will win the race? 
Use your calcul ator and make a table to 
find out. 

311 ... 

tdfW• RATE OF CHANGE 

R oblems 15-16 again review the concept 
of lope/rate of change/magnification. If 
students have que tions about it, a cia 
di cussion of the e two problem , with the 
help of function diagrams and/or Carte ian 
graph may be in order. 

R oblem 17 forces tudents to u e scien
tific notation, a y = 2x "catche up" even
tually, but only for very large values of y. 

8.8 5 0 L U T I 0 N 5 

9. The two policies are the same for 
papers that are on time or one day 
late. Mr. Peters's late policy has 
higher scores than Mr. Riley's policy 
for papers two or more days late. 
Some students may prefer Mr. 
Peters's policy because they get 
higher scores. Some may prefer Mr. 
Riley's because it might motivate 
them more to get papers in on time. 

10. X - 0.05X = $15.00 
a. 0.95x= 15 
b. X= 15.79 

11 . a. x = 1200 
b. x - 0.8x= 18.2 

0.2X= 18.2 
X= 91 

c. x - 0.06x = 23.50 
0.94x = 23.50 
X= 25 

d. x - 0.75x = 22.5 
0.25x = 22.5 
X= 90 

12. a. x = 20 b. X= 15 

13. a. x = original price 
0.7x - 0.2(0.7x) = 13.5 
X= $24.11 

b. x = 30% discount price 
X= 0. 70(20.95) 
X= $14.67 

14. Cal 's price = 0.70x - 0.20(0.70x) 
= 0.56x 

G.D.'s price= 0.70x - 0.20x = 0.50x 

15. a. Any y = mx+ b with m > 0 
b. Any y = mx + b with m < 0 
c. Any y = k where k is a constant 

16. a. Any y= mx+ b in which m > 1 

b. Any y = mx + b in which m < 1 
c. Any y = mx + b with m = 1 

17. For x ~ 37, 2x is larger than x7 , so 2x 
will win the race. 
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ri#ii~ISI~t~ B.B Simple and 
WRITING Compound Interest 

Core Sequence: 1-3 

Suitable for Homework: l-5 

Useful for Assessment: 3 

What this Assignment is About: 

• Exponential vs. linear growth 

• Preview of fractional exponents 

T hi writing assignment wraps up the Ia t 
four lessons. 

R oblems 4-5 are di fficul t, and should be 
as igned only to tudents who have a olid 
grasp of the basic concepts covered in 
problem 1-3. 

~UII§Hi!§r~ 8 B . I d d W RITINj • S•mp e an Compoun Interest 

Money in a savi ng~ account usually earns 
eit her simple or compound interest. For exam
ple, suppose you invest $ 100 and earn 5% 
interel>t per year. If you earn simple interest, 
you wi II earn S5 for every year that the money 
is inve~ted, since 5 is 5% of I 00. If you earn 
compound interest, you will earn $5 for the 
first year the money is invested. In the next 
year, if you keep the entire $105 in the bank, 
you wi ll earn 5% interest on $105. In other 
words, compound interest pays you interest 
on the interest as well as on the original 
investment. 

The table shows what would happen to your 
investment in both cases for the first few years. 

Total account b:llance, with : 

Year Simple interest 
Compound 

in terest 

0 tOO 100 
1---

I 105 105 

2 110 110.25 

3 115 115.76 

I. a. With simple interest, your account bal
ance for each year can be obtained by 
adding a ceria in amount to the amount 
from the previous year. Find thi s 
amount. 

b. With compound interest. your account 
balance for each year can be obtained 
by multiplying by a certain amount each 
year. Find this amount. 

2. Write two equations (one for simple inter
est and one for compound intere t) giving 
the account balance as the function of the 
year for: 

a. 5% interest on the amount $ 1 00; 

b. 12% interest on the amount $ 1 00; 

c. 12% interest on the amount $500. 

3. iiQlW Write a report comparing simple 
and compound interest. Your report 
should include, but not be limited to. 
the following: 

Equations for simple and compound 
interest that give the account balance as 
a function of time invested. Show how 
to change the equations if you change 
the amount of money invested or the 
interest rate. Explain how you figured 
out the equations . 

• A comparison of how the amount in the 
account grows in each case. Which 
grow linearly and which grows expo
nentially? Explain how you know. 

• An analysis of an example: Choose an 
amount to invest and an interest rate, 
and make a table or graph comparing the 
amount you would have in the account 
with simple and with compound intere t. 
As ume you leave the money and the 
interest in the account for 25 years. Use 
a graph to illustrate. 

4. Find a formula for the difference in the 
account balance after 11 years for two 
accounts that start with an original invest
ment of s dollars at p percent intere t, if 
one account earn simple interest and the 
other earns compound interest. 

5. Say you have some money in ve ted at 
7% compound interest. How many 1110111hs 

doe it take for your investment to doub le? 
(Find a formula, then u e decimal expo
nents on your calculator t find out what 
fraction of a year past a whole number of 
years it will take.) 

12~------------------------------------------~a~,a~p~te~r ~S ~G~ro~w~tl~l ~al~ld~C~h~a~ng~e 

8.8 S 0 L U T I 0 N S 

1. a. Each year the balance is obtained 
by adding $5. 

b. Each year the balance is obtained 
by multiplying by 1 .05. 

2. a. Simple interest: y = 100 + 5x 
Compound interest: y = 1 00{1 .05)x 

b. Simple interest: y = 100 + 12x 
Compound interest: y = 1 00( 1 .12)x 

c. Simple interest: y = 500 + 60x 
Compound interest: y = 500(1.12)x 

3. Reports will vary. Simple interest 
equations have the form y = mx + b, 
where b is the amount of money ini
tially invested, m is the product of the 
interest rate and the in itial amount 
invested, xis the number of years 
the money is invested, and y is the 
account balance. Compound interest 
equations have the form y = ABx, 

where A is the amount of money ini
tially invested , 8 is the sum of 1 and 
the interest rate in decimal form , xis 
the number of years , and y is the 
account balance. Simple interest 
grows linearly, while compound inter
est grows exponentially. 

4. Simple interest: y = 160 sn + s 

Compound interest: y = s{1 + 160 )n 

Difference: s{1 + 160 t-
p 

1oo sn + s 

5. 2s = s(1 .07)n. n = 10.24 years 



LESSON 

• 
Equal Powers 

ln this lesson, use only whole number 
exponents. 

1. @@M The number 64 can be written 
as a power in at least three different ways, 
as 26, 82, or 43. 

a. Find orne numbers that can be written 
as powers in two di fferent ways. 

b. Find another number that can be written 
as a power in three di ffere nt ways. 

2. Using your calculator if necessary, try to 
find a power of 3 that is equal to each 
power of 9 below. Lf any are impossible, 
say so. Fill in the exponent. 

a. 92 = 8 1 = 37 

b. 95 = 59049 = 37 

c. 910 = 37 

d. 9° = 37 

3. Using your calculator if necessary, try to 
find a power of 9 that is equal to each 
power of 3 below. If any are impossible, 
say so. Fill in the exponent. 

a. 38 =656 1 =97 

b. 35 = 243 = 91 

c. 3 14 = 91 
d. 3° = 91 

4 . .,_ 

a. Can every power of 9 be wri tten as a 
power of 3? If so, explai n why. If not, 
show some that can and some that 
can' t, and explain the difference. 

b. Can every power of 3 be wri tten as a 
power of 9? If so, explain why. If not, 
show orne that can and some that 
can ' t, and explain the di fference. 

8.9 Equal Powers 

POI\ER~ OF l . ~ . b . A'-D 8 

S. Find two powers of 2 (other than 64) that 
can be written as powers of 8. 

6. If the same number is written as both a 
power of 2 and a power of 8, how do the 
exponents compare? Ex plain and give 
examples. 

7. Find at least three powers of 2 that can be 
written as powers of 4. Compare the expo
nents and describe what you notice. 

8. Find at least two powers of 2 that can be 
written as powers of 16. Compare the 
ex ponents and describe what you notice. 

9 . .,_ 

a. Which powers of 2 can be writ-
ten as powers of 8? Ex plain , giving 
examples. 

b. Which powers of 8 can be written as 
powers of 2? Explain, giving examples. 

c. Find the smallest number (besides I) 
that can be written as a power of 2, a 
power of 4, and a power of 8. Write it 
in all three ways. How do you know 
that it is the smallest? 

10 . .,_ Can you find a number that can be 
written as a power of 2, a power of 4, and 
a power of 6? If so, find it. If not, explain 
why it is impossible. 

1\RITl'-G POI\ERS lSI'-G DIFFERE'-T BASES 

ll. Write each number as a power using a 
smaller base. 

a. 82 b. 273 c. 253 

d. 164 e. 492 f. 2° 
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T 8.9 
Equal Powers 

Core Sequence: 1-22 

Suitable for Homewor k: 5-22 

Useful for A e ment: 4, 9-10, 15- 16, 
19-22 

What this Lesson is About: 

• Power of a power 

• Percent-problem equation 

R ·oblem 1 get the students thinki ng about 
the essential idea behind thi s le son: writ
ing the ame number a a power in more 
than one way. 

POWERS OF 3 AND 9 

POWERS OF 2, 4 6, AND 8 

WRITING POWERS USING 
DIFFERENT BASES 

You may di scu s wi th your tudents 
whether i t is more illuminating to u e the 
power key or repeated multip l ication on 
the calculator when working on problems 
2-3 . Students may come up with the idea 
of u ing exponent that are not whole num
bers. T his le son require that they l imit 
them el ves to whole numbers, but assure 
them that they w ill study other kind of 
exponent oon . 

A fter working out specific example 
in problem 2-3, the students are a ked 
to look for the underly ing pattern in 
prob lem 4. 

8.9 S 0 L U T I 0 N S 

1. Answers wi ll vary. Samples: 
a. 16 = 24 and 42 

81 = 34 and 92 

b. 256 is 28, 44, and 162 

2. a. 4 b. 10 
c. 20 d. 0 

3. a. 4 
c. 7 

b. impossible 
d. O 

4 . a. Every power of 9 can be written as 
a power of 3 because if the power 
of 9 were written as a product of 
nines, each 9 could be replaced 
by the product of two threes. So 9 
to any exponent is the same as 3 
to twice that exponent. 

b. Only even powers of 3 can be 
written as a power of 9 because if 
an even power of 3 were written 
as a product of threes, each pair 
of threes could be replaced by one 

9. So 3 to an even exponent 
equals 9 to half that exponent. 
However, an odd power of 3 can
not be expressed as a power of 9 . 

5 . Answers vary. Samples: 
512 = 29 = 83 

4096 = 212 = 84 

6. The exponent of 2 is three times the 
exponent of 8 since 81 = 23• If the 
power of 8 were written as a product, 
such as 83 = 8 • 8 • 8, each 8 cou ld 
be replaced by 23 or 2 · 2 · 2, such 
as 83 = (2 · 2 · 2)(2 · 2 · 2)(2 · 2 · 2) 
= 29. 

7. Answers vary. Samples: 16 = 24 = 
42, 64 = 26 = 43, 256 = 28 = 44 . The 
exponent of 2 is twice the exponent 
of 4. 

8. Answers vary. Sample: 256 = 28 = 
162, 4096 = 212 = 163. The exponent 

of 2 is four times the exponent of 16. 

9. a. The powers of 2 whose exponents 
are multiples of th ree can be writ
ten as powers of 8. For example, 
23 = 81' 26 = 82, 29 = 83 

b. Any power of 8 can be written as a 
power of 2. The exponent of 2 is 
three times the exponent of 8. For 
example, 81 = 23, 84 = 212. 

c. 64 can be written as 82, 43 , and 26 . 

It is the smallest power of 8 that is 
also a power of 4. 

10. This is impossible. 6 can be factored 
into 2 · 3. All powers of 6 are prod
ucts of a certain number of twos and 
threes, for example 62 = 6 · 6 = 2 · 3 
· 2 · 3. So, no power of 6 can be 
expressed as a power of 2 having a 
whole number exponent because of 
the presence of the threes in the 
product. 
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The next two sections are very much a 
replay of the arne material with different 
number , and so they lend them elve to 
being done as homework. 

A POWER OF A POWER 

All of problem 1-15 preview, in a prob
lem-solving context, the idea in this sec
tion . A a re ult, your tudent hould be 
ripe for understanding the power of a 
power law. Nevertheless, you may want to 
di cus with the whole cia s the tep-by-
tep deri vation of the law, a de cribed 

between problem 17 and 18. 

314 

11. a. 82 = 26 

c. 253 =56 

e. 492 = 74 

12. a. 32=91 

c. 48 = 164 

e. 66 = 363 

b. 273 = 39 

d. 164 = 48 

f. 2° = 1° 

b. 94 = 81 2 

d. 58 = 254 = 6252 

f. Answers may vary. Sample: 
95° = 96° Any base larger than 
95 is correct. 

13. a. 34 = 92 

b. 33 = 271 (It is impossible to write 
33 as a power of 9 because the 
exponent of three must be even.) 

c. 45 = 2 10 

d. 35 = 2431 (It is impossible to 
express 35 as a power of 9 
because the exponent of three is 
not an even number.) 

14. a. 54 = 252 

8.9 

12. Write each number as a power using a 
larger base. 

a. 32 

d. 58 

b. 94 

13. If possible, write each number as a power 
using a different base. (Do not u e the 
ex ponent 1.) If it is not pos ible, ex plain 
why not. 

a. 34 

14. Repeat problem 13 for these numbers. 

a. 54 b. 53 

c. 252 d. 264 

ts.f)ih.!,fi!ii If you exclude the exponent I , 
when it is possible to write a number in 
two or more ways as a power? Does it 
depend on the base, the ex ponent, or both? 
Explain. (Give examples of some equiva
lent powers and of numbers that can be 
written as powers in only one way.) 

16.1§§.!§fitf¥1N Fi ll in Lhe exponents. 
a. 9"' = 31 b. 4' = 21 

c. 8' = 27 d. 16' = 

e. 25' = 

1\ 1'01\ FR 01 1\ PO\V£R 

Since 9 = 32, the power 93 can be written as 
(32l The expression (32) 3 is a power of a 
power of3 . 

.A, 314 

b. 53 = 1251 (It is impossible to 
express 53 as a power of 25 
because the exponent of 5 is not 
an even number.) 

c . 252 =54 

d. 264 = 6762 

15. Answers will vary. If the base is a 
power of a smaller number, such as 
4, 8, 9, 16, 25, or 27, then the power 
can be written with a smaller base 
and higher exponent. For example, 
43 = 26, 85 = 21 5, 274 = 312. 

If the exponent is even , the power 
can be written with a larger base, 
which is the square of the original 
base, and a smaller exponent, which 
is half the original exponent. For 
example 22 = 41, 34 = 92, 36 = 93 . 

17. a. Write 253 as a power of a power of 5. 

b. Write 85 as a power of a power of 2. 

c. Write 94 as a power of a power of 3. 

There is often a simpler way to write a power 
of a power. For example: 

(35)2 = (35)(35) 

= (3 • 3 . 3 . 3 . 3)(3 . 3 . 3 . 3 . 3) 
= 31 0 

18. a. Show how (25)3 can be written with one 
exponent as a power of 2. 

b. Write (34) 2 a a power of 3. 

19 . .,_ Is (45) 3 equal to 48, to 4 15 , or to 
neither? Explai n. 

1§§.!Jfl®M 
20. Fi ll in the exponents. 

a . (..Z)3 = x1 b. /= (/ )7 

c. Y10 = <ll7 d. l = <i )1 

e. (x4)3 = x1 

21. Fill in the exponen ts . 

a. (/ )' = / b. <il' = / 
c. (x4)' = x1 d. y""' = (y') 1 

The general ization you made in problem 21 is 
one of the laws of exponems. It is sometimes 
called the power of a power law: 

(X' )b = X'b, as long a x is not 0. 

22 . .,_ Explain how the idea you discussed 
in problem 15 are related to the power of a 
power Jaw . 

Chapter 8 Growth and Cha11ge 

If a base, other than 2, cannot be 
expressed as a power of a smaller 
number, such as 3, 5, 6, 7, 10, 11 , 
12, 13, 14, or 15, and if this base is 
raised to the 3rd, 5th, or 7th power, 
then it cannot be written differently as 
a power. For example, 33 or 73 can
not be written differently as a power. 

If the exponent is a multiple of n, 
then the power can be written with a 
new exponent (1 /n) times as large. 
For example: 515 = (53)5 = 1255. 

16. a. 2x b. 2x 
c. 3x d. 42x or 24x 

e. 5 2x 

17. a. 253 = (52)3 

c. 94 = (32)4 

18. a. (25)3 = 215 

(Solutions continued on page 524) 
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LESSON 

• 
Working With Monomials 

The product of the monomials 3~ and 9x4 is 
also a monomial. This can be shown by using 
the definition of exponentiation as repeated 
multiplication. 

3~ = 3 • X • X and 9x4 = 9 • X • X ' X ' X 

so 
3~ • 9x4 = 3 • X • X' 9 • X • X • X' X = 27x6 

I. Find another pair of monomials whose 
product is 27 x6• 

2. @Mfl® lf possible, find at least two 
answers to each of these problems. Write 
27x6 as: 
a. the product of three monomials 

b. the sum of three monomials 
c. a monomial raised to a power 

d. the quotient of two monomials 

e. the difference of two monomials 

I' ROIJl •( T Of 1'01\EKS 

The monomial 48x9 can be written as a product 
in many different ways. For example, 1 6.i · 3~ 
and IlK · 4~ · x are both equal to 48.l. 

3. Write 48.l in three more ways as a product 
of two or more monomials. 

4. Write 35x4 as a product in which one of 
the factors is 
a. a third-degree monomial ; 

b. a monomial with a coefficient of 7; 

c. 5x0; 

d. 35~. 

5. Write 7.2 • 108 in three ways as the prod
uct of two numbers in scientific notation. 

6. Write r in three ways as a product of two 
or more monomials. 

8.10 Working With Monomials 

7. i§§U§fi@R.fi Study your answers to prob
lem 6. Then fi ll in the exponent. 

X' • J' = X? 

Explain. 

8. If possible, write each expression more 
simply. If it is not possible, explain 
why not. 
a. 3r . 6.x4 b. r . / 
c. / · l d. 4a4 • 9a3 

The general ization you made is one of the 
laws of exponents. It is sometimes called the 
product of powers law. It says that 

X' • ./' = X' +b, as long as x is not 0. 

However, notice that it works only when the 
bases are the same. 

PO\\fR OF \ PRODL'( T 

The expression x4 • / • z4 is the product of 
three powers. Since the bases are not the same, 
we cannot use the product of powers law. 
However, notice that since the exponents are 
the same, it is possible to write a product of 
powers as a single power 
x4/z4 = X • X ' X ' X ' y ' y ' y ' y ' Z ' Z ' Z ' Z 

= xyz · xyz • xyz · xyz 
= (xyz)• 

9. Write 16a2b2 as the square of a monomial. 
(Hint: First rewrite 16 as a power.) 

10. Write p3q3 as the cube of a monomial. 

11. lf possible, write each expression as a sin
gle power. If it is not possible, explain 
why not. 

a. 32n5m5 b. ~/ 
c. (2n)7 • (3m)7 d. (ab)4 • (bc)4 

31s .A 

8. 10 S 0 L U T I 0 N S 

1. Answers will vary: Sample: 
27x • x5 = 27x6 

2. Answers will vary. Samples: 
a. 3x-2 • 3x-2 • 3x-2 = 3x • 9x2 · x3 = 

27x6 

b. 20x6 + 3x6 + 4x6 = 27x6 

5x6 + 16x6 + 6x6 = 27x6 

c. (3x-2)3 = 27x6 

d. (54x8)/(2x2) = (81 x 12)/(3x6) = 27 x6 

e. 50x6 - 23x6 = 30x6 - 3x6 = 27x6 

3. Answers may vary. Samples: 2x-2 · 
24x7 = 6x4 • 2~ • 4x2 = 4x • 12x8 = 
48x9 

4. a. Answers may vary. Sample: 
35x4 = 7x • 5x3 

b. Answers may vary. Sample: 
35x4 = 7x2 · sx-2 

c. 35x4 = 5x0 • 7x4 

d. 35x4 = 35x3 • x 

5. Answers may vary. Sample: 
(3.6 . 1 ~)(2.0 • 106) = (2.4 . 1 03) 

(3.0. 105) = (1.8 . 104)(4.0. 104) = 
7.2 . 108 

6. (x • x2 . x2) = (xa • x2) = (x4 . x) = xs 

7. x 8 • xb = x 8 +b. If ax-monomials are 
multiplied by b x-monomials, there 
are a + b x-monomials being multi
plied. This is written X 8 +b. 

8. a. 18x9 

b. x5 • y7 cannot be simplified be
cause the powers have different 
bases. 

c. y10 

d. 36a7 

9. (4ab)2 

10. (pq)3 

.. 8.10 
Working With Monomials 

Core Sequence: 1-29 

Suitable for Homework: 3-29 

Useful for Assessment: 7, 23, 27-28 

What this Lesson is About: 

• Product of powers 

• Power of a product 

• Power of a ratio 

• Preview of ratio of powers 

• Simplifying algebraic fractions 

/n this lesson three laws of exponents are 
stated. Because they have had a number of 
opportunities to preview these, some stu
dents should already have an understand
ing of these laws. 

Use problems 1-2 to help those students 
who are still shaky on their understanding 
of this material. One way to organize work 
on open questions like these is to have stu
dents verify the correctness of each other' s 
solutions within their groups and di scuss 
disagreements or questions. Whole-class 
discussion of controversial answers can 
help too. 

PRODUCT OF POWERS 

This law, also called the Basic Law of 
Exponents, is the one upon which all the 
other ones rest. It is a direct consequence 
of the definition of exponentiation as 
repeated multiplication, but as students 
wiU learn later in their mathematical 
careers, it also applies to negative and 
fractional exponents. 

When students make mistakes multiplying 
powers of the same base, it is best to 
remind them to write out the problem as in 
the example that opened thi s lesson. This 
format makes it easy to remember the 
product of powers law. 

POWER OF A PRODUCT 

A gain, the best way to address mistakes is 
to go back to the process demonstrated in 
the example just before problem 9, and the 
one after problem 14. 



POWER OF A RATIO 

Thi law is often called power of a quo
tient. However, student have often seen 
the word quotient defined a part of the 
an wer to a division, with the other part 
being the remai nder. A a re ult they may 
find this terminology confu ing. We 
bel ieve power of a ra1io is mathematically 
correct and carries le ri k of confusion. 

RATIOS OF MONOMIALS 

H re, the main obstac le to student under
standing is an in ufficiently clear gra p of 
equi valent fraction . Remind student that 
equ ivalent fraction are obtained by multi
ply ing or dividing " top and bottom" by the 
same quanti ty. Or, equiva lently, by " mu lti
ply ing by I " in a form such as x/x. 

If this section i done as homework, be 
ure to plan enough time for class di cu -

sion of it the nex t day. Thi work previews 
the final law of exponent , the ratio of 
powers, which wi ll be stated in the next 
le on. 

Y ou may use problem 22-24 as a pring
board for the discus ion of negati ve expo
nent . In problem 24, i f p < q, then the 
ex pres ion x p-q could till be used, if nega
ti ve exponent are defi ned correctly. (This 
is the subject of the next lesson.) 

SOLVING EQUATIONS 

The e equation give stud nt a chance to 
u e the law of exponents for equation 
solving. 

11 . a. (2nm)5 

b. x2 and y3 have different bases. 
c. (6nm)7 

d. (ab2c)4 

12. a. 36y2 

c. 125x3y3z 3 

e. 8x3y3 

13. (4xy2z3)3 

14. (7/5)2 

15. a. (2x/y2)3 

b. 81x4y4 

d. 8x3 

f. 8x3y 3z3 

16. a. (1,953,125x9)/(40,353,607z9) 

b. (4x2)/(z2) 

17. In the numerator 6x5 is written as 
3 · 2x5. In the denominator 4x7 is 
written as 2x2 · 2x5 . (6x5)/(4x7) is 
written as the product of two ratios 
3/(2x2) and 2x5/(2x5). Any fraction 
with the same nonzero numerator 

Ts.1o 

The generalization you used above is another 
of the laws of exponents. It is sometimes 
called the power of a product law. It says that 

X'y" = (xy)", as long as x and y are not 0. 

However, notice that it works onl y when the 
exponents are the same. 

12. Write without parentheses. 

a. (6y)2 b. (3xy)4 

c. (5xyd d. (2.r)3 

e. (2..ry)3 f. <2x.Yd 
13. Write 64~lz9 as the cube of a monomial. 

POWER OF A RATIO 

14. Write 49/25 as the square of a ratio. 

Study thi s example. 

(~)' = ~ . ~ . ~ =;:;:; = ~ 
This law of exponents is call ed the power of a 
ratio law. It says that 

t:. = f~)· as long as x and y are not 0. 
>' ~)' • 
However, notice that it works onl y when the 
exponents are the same. 

IS. Write as a power of a ratio. 

a . 82tl b. 16x4/x 10 

16. Write as a ratio of monomials. 

a. (5x17d b. (2xylyd 

RATIOS OF MONOMIALS 

Consider the ratio &?!4x7. By multiplying 
numerator and denominator by x, you can get 
the equi valent ratio 6x6/4x7 Or you can get 
an equi valent ratio in lowest terms by 
noticing that 

6.,> 3 2x' 3 
4X" = 2Xi . 2x' = 2Xi . 

17. Explain the example above. 

18. Write in lowest terms. 
a. 8x8/6x9 b. 7x715x4 
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and denominator equals 1, so 
(2x5)/(2x5) = 1 . Hence 3/(2x2) · 
(2x5)/(2x5) = 3/(2x2) · 1 = 3/(2x2). 

18. a. 4/(3x) b. 7 x3/5 

19. 50 goes into 150 three times and 
x6/x4 = x6- 4 = x2, so 150x6/(50x4) = 
3x2• 

20. a. (12y4)/y 
c. 12y3/y0 

b. (60y4)/(5y) 

21. Answers may vary. Sample: (2.4 · 
106)/(2.0. 1~) = (3.6. 1012)/(3.0. 
108) = (5.64. 109)/(4.7. 105) = 
1.2. 104 

22. Answers may vary. Samples: 
a. x 1ofxs = x 12Jx7 = xs/x 
b. xlx6 = 3/(3x5) = (10x8)/(10x13) = 

1/x5 

In some cases, a ratio can be simplified to a 
monomial. For example, 

150x6 = 3 2 
50X' ;r. 

19. a. Explain thi s example. 
b. Write 3~ as a ratio of monomials in 

three other ways. 

20. Write I2i as a quotient of two monomials 
in which 

a. one is a fourth-degree monomial; 

b. one has a coefficient of 5; 
c. one is a monomial of degree 0. 

21. Write 1.2 · I 04 in three ways as the quo
tient of two numbers in scientific notation. 

22. a. Write ..S as a ratio in three ways. 

b. Find three ratios equivalent to IlK. 

23.1§§,\§fi@i¢.#1 Study your answers to 
problem 22. Compare the situations in (a) 
and (b). Explain how to simplify a ratio 
whose numerator and denominator are 
powers of x. 

24. Fill in the exponent, assuming p > q. 

x" ? 
-;;; = x · 

25. Write these ratios in lowest terms. 

a. 3..St6x' b . ..St/ 
c. i t/ d. 45a4/9a3 

1"1 6' _, 
26. v Write as a power of 6. 6'-' 

SOLVIN<, EQUATIONS 

Solve for x. 
5" 7 

27. a. y = 5 

(3 • 5)' I 
28. a . 108 · Y = 20 ~=(l)' b . 3. 4" 4 

29. Q 
3 · 4"' I 15/r' 5 

a. 9 · 4' = 3 · 4'• b. 1 2/f = 4h' 

Clwpter 8 Growth afld Change 

23. To simplify a ratio whose numerator 
and denominator are powers of x, 
write the answer as x to the numera
tor's exponent minus the denomina
tor's exponent. 

24. x P- q 

25. a. x/2 
c. 1/y4 

26. 62x - 10 

27. a. x= 7 

28. a. x= 4 

29. a. X= 10p 

b. X = 5 

b. X = 9 

b. x=a - 6 



LESSON 

• 
Negative Bases, Negative Exponents 

RH I PRO( AtS 

ln previous lessons, we have considered only 
whole number ex ponent . Does a negati ve 
exponent have any meaning? To answer this, 
consider these patterns. 

34 = 8 1 (1/3)4 = 1/8 1 

33 = 27 ( 113)3 = 1/27 
32 = 9 ( 1/3)2 = 1/9 

31 = 3 ( 1/3)1 = 1/3 

3° = I ( 1/3)0 = I 

3-l = ? ( lt3r1 = ? 

l. a. Look at the powers of 3. How is each 
number re lated 10 the number above it? 
Following thi s pattern , what should the 
value of 3-1 be? 

b. Now look for a pattern in the powers of 
1/3. As the expo nent increa es, does the 
value o f the po wer increase or 
decrease? Following this pattern, what 
should the value o f ( lt3r ' be? 

c. Compare thevaluesof T 1, 31, ( 1/3) 1 

and ( lt3r1• How are they re lated? 

d . Use the pattern you found to extend the 
table down to 3" and ( 1/3)"1. 

Another way to fi gure out the meaning of neg
ati ve exponents is to use the product of powers 
law. For example, to fi gure out the meaning of 
3-1, note that: 

3-1 • 32 = 31 

3-1 . 9 = 3 

But Lhe only number that can be multiplied by 
9 to get 3 is 1/3, so 3-1 must equal 1/3. 

2. Find the value o f 3-1 by applying the prod
uct of powers law 10 31 • 3-1. 

8.1 I Negali~e Bases, Neglllit~e Exponetlls 

3. Use the same logic to find the value o f: 

a. 3-2; b. T' . 

4. Are the answers you found in problem 3 
consistent with the pattern you found in 
problem I? Explain. 

5. fllhrl,flej People who have not studied 
algebra (and, unfortunate ly. many who 
have) think that 5_2 equals a negati ve 
number, such as -25. 

a. Write a convincing argument using the 
product o f powers law to ex plain why 
this is not true. 

b. Show how to find the value of s-2 using 
a pattern like the one in problem I. 

6. a. Show Lhat s,,J and Sx-2 are not recipro
cals, by showing that the ir product is 
not I. 

b. Find the rec iprocal of s2 . 

\lORE ON lXPONENIIAt (,ROWlH 

A bacterial culture doubles every hour. At this 
mo ment it weighs 10 grams. 

7. What did it weigh 

a. I hour ago? 

b. 2 hours ago? 

c. x hours ago? 

8 . .... 
a. Explain why Lhe weight o f the bacteria 

culture x hours from now is given by 

W = 10· 2' . 
b. Explain the meaning of substituting a 

negative value for x. 
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T 8.11 Negative Bases, 
Negative Exponents 

Core Sequence: 1-20, 23-30 

Suitable for Homework: 5- 18,21-31 

Useful for Assessment: 5, 8, I 0, 19-20 

What this Lesson is About: 

• Negati ve exponent 

• Review of reciprocals 

• Review of order of operations 

• Review of the product of powers law 

• Review of exponential growth 

• Ratio of power 

• Review of scientific notation 

Preview of rati onal ex pres ions 

• Slope-intercept rev iew 

Thi lesson review many concepts while 
introducing negative exponents. 

RECIPROCALS 

Thi s ection introduces negati ve expo
nents in two ways: from a pattern in a table 
in problem 1, and a a consequence of the 
product of powers law in problem 2. The 
ummary requires tudent to present both 

ex planati ons. 

The secti on also serves to rev iew the con
cept of reciprocal and the product of p w
er law. 

8 . 11 S 0 L U T I 0 N S 

1. a. Each number is 1/3 the number 
above it. Following this pattern, 3-1 

should be 1/3. 
b. As the exponent of 1/3 increases, 

the value of the power decreases. 
Following this pattern the value of 
(1 /3) 1 should be 3. 

c. 3 1 = 1/3, 31 = 3, (1 /3)1 = 1/3, 
(1/3) 1 = 3. 3-1 and 31 are recipro
cals because (1/3)(3) = 1 or 
because 3 1 • 31 = 3 1+1 = 3° = 1. 

d. 34 = 81 (1/3)4 = 1/81 
33 = 27 (1/3)3 = 1/27 
32 = 9 (1/3)2 = 1/9 
31 = 3 (1 /3) 1 = 1/3 
3° = 1 (1/3)0 = 1 
3-1 = 1/3 (1/3f 1 = 3 
3-2 = 1/9 (1/3) 2 = 9 
3-3 = 1/27 (1/3f 3 = 27 
3-4 = 1/81 (1/3f 4 = 81 

2. 31 • 3 1 = 1 
3. 3-1 = 1 
3-1 = 1/3 

3. a. 3-2 = 1/9 
b. 3-x = 1/(3") 

4. Yes. 3-2 is 1/3 of 3-1 which would be 
the number above in the table. In 
general we can see from the table 
that 3 x = 1/3x. 

5. a. 52 = 25 
51 = 5 
5° = 1 
s-1 = 1/5 
s-2 = 112s 
Each number in the table is 1/5 of 
the number above it. Following 
this pattern , one gets s-2 = 1/25 
which is a positive number. 

b. 52 • s-2 = 5° 
s2 • s-2 = 1 
s-2 = 1/(52) 

6. a. 5x2 • sx-2 = 25x0 = 25 so 5x2 and 
5x-2 are not reciprocals . 

b. The reciprocal of 5x2 is 1/(5x2) 

because 5x2 • reciprocal = 1, so 
reciprocal = 1/(5x2) . 

7. a. One hour ago the bacterial culture 
weighed 5 grams. 

b. Two hours ago the bacterial cul
ture weighed 2.5 grams. 

c. x hours ago the bacterial culture 
weighed 10(1/2t. 

-
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MORE ON EXPONENTIAL GROWTH 

Thi ection applies negati ve exponents to 
exponential growth , for a "doubling" and a 
"percent increase" problem, both of which 
were seen in Lessons 5 and 6. 

RATIO OF POWERS 

This law has essentiall y been introduced 
in Lesson 10, but it could not be tated in 
all it generality then because negative 
exponents had not been introduced. 

OPPOSITES 

T hi reviews order of operati ons and pro
vides practice with exponents. 

EARLY PAPERS 

A cia di scuss ion of student plans would 
be interesting. Students may propose linear 
and exponential schemes or other schemes. 
If no one propose an exponenti al scheme, 
encourage students to discuss in their 
group how the idea of More on 
Exponentia l G rowth can be incorporated 
into an ear ly paper policy. 

"Y8.11 

9. Show your calculations, using the equation 
in problem 8, to fi nd out: 

a. how much it wi ll weigh in three hours; 

b. how much it weighed three hours ago. 

In 1975 the world population was about 4.0 1 
billion and growing at the rate of 2% per year. 

10 . ... If it continued to grow at that rate, 
write a formula for the world population 
aft er x years. 

If it had been growing at the same rate before 
1975, we could esti mate the population in 
previous years by using negative values of x 
in the form ula. 

11. Use your calculator to find the value of 
( 1.02)4 and its reciprocal, ( 1.02}"'1. 

12. Show your calculations using the equation 
in problem I 0 to estimate the population in: 

a. 197 I ; b. 1979. 

13. Assume the world population had been 
growing at this rate since 1925. 

a. Estimate the world population in 1925. 

b. Compare this number with the actual 
world population in 1925, which was 
about 2 billion. Was the population 
growth rate between 1925 and 1975 
more or less than 2%? Explain . 

RATIO OF POWERS 

Negative exponents often arise when simplify
ing ratios of monomials. 

This law of exponents is sometimes called the 
ratio of powers law: 

$ = X' - b , as long as x is not 0. 

However, notice that it works only when the 
bases are the same . 

.A. Jts 

~ = x6- 1 = x- • or .!. I Examples: 

x x' 

x"' 3n- 5a - 2o I x;;; = r = x or X'D 

14. Simplify. 

a. 4x615x1 

c. / 1/ 

b. 2x8/ 12xy 
d. 45a/9a5 

IS. Simpli fy these ratios. 

a. 400a' 
25a2 

C. 3m6 
9m3 

16. 0 

b. 400x' 
200x" 

d. 9R" 
3R" 

a. Write as a power of 4, 4J+x143-x. 

b. Wri te as a power of 7, 75x- sn sx- 6. 

17. Solve for x. 
7' a. 7x+ 2 = 73 

b. 3 .y+' I 
12·5' =20 

18. Divide without using your calculator. 
Then, if your answer is not already in sci
entific notation, convert it to scientific 
notation. 

a. 4.2 · 105 b. 3.0. 10' 
3.0 · 102 1.5. 10" 

c. 1.5. 10' d. 9. 10" 
3.0. 10" 3. 10" 

OPPOSITES 

The expression (-5)3 has a negative base. This 
expression means raise -5 to the third power. 
The expression -53 has a positive base. This 
expression means raise 5 to the third power 
and take the opposite of the result. 

Chapter 8 Growth and Change 
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8. a. x hours 10 • 2x 

3 80 

2 40 

I 20 

0 10 

- I 5 

----=2 2.5 

The table shows that w = 1 0 · 2x 
results in a population that dou
bles every hour. Changing the 
value of x in the expression 10 · 2x 
changes the number of times the 
population doubles. 

b. A negative value for x represents 
the number of hours before the 
moment called the zero hour. For 
example, x might be considered 
zero at 12:00 noon so at 11 :00 
A.M. X= -1 and at 8:00 A.M., X= -4. 
If x = 0 represents now, a negative 

x represents a number of hours in 
the past. 

9. a. W = 10 · 2x = 10·23 = 80. The 
population weighs 80 grams in 
three hours. 

b. W = 10·Z3 = 10 · 1/8 = 5/4.So 
the population weighed 5/4 grams 
three hours ago. 

1 o. P = 4.01 (1 .o2r where P = the world 
population and x the number of years 
after 1975. 

11. (1 .02)4 = 1.082432160 
(1 .02)-4 = 0.92384526 

12. a. In 1971 , x = -4. 
w = 4.01 (1.o2r4 = 3.704620158. 
In 1971 the estimated population 
was 3.7 bill ion. 

b. In 1979, x = 4. W = 4.01 (1.02)4 = 
4.340,552,962. In 1979 the esti
mated population was 4.34 billion. 

13. a. In 1925, x = -50 because 1925-
1975 = -50. 
So W = 4.01 (1 .02)-so 
= 4.01 (0.3715) = 1.4982. 
In 1925 the estimated population 
was 1.49 billion . 

b. In 1925 the actual world popula
tion was about 2 billion. At a rate 
of 2% for 50 years beginning with 
a population of 2 billion the 1975 
population would have been P = 
2(1 .02)50 = 5.38. Because 4.01 
bi ll ion is less than 5.38 billion the 
rate of growth was less than 2%. 

14. a. 4/(5x) b. x7 y 2 

c. 1/y 4 d. 5/a4 

15. a. 16a3 

c. m 3/3 

16.a. 42x 

17. a. x= -1 

b. 2/x 5 

d. 3 

b. 7 

b. X= -1 



19. ,._ Which of the e expressions represent 
negative numbers? Show the calcul ations 
or explain the reasoning leading to your 
conclusions. 
-53 (-5)3 -52 (-7)15 (-7)14 
_5-3 (-5>3 _5 2 (-7)·15 (-7>14 

20 . ._ 

a. Is (-5)" always, sometimes, or never the 
opposite of 5"? Explain, using 
examples. 

b. Is -5" always, sometimes, or never 
the opposite of 5"? Explai n, u ing 
examples. 

i;/IJjl§ij W HICH IS GREATER? 

Or are they equal? 

23. a. x- 0.30x b. 0.70x 

24. a. (0.70)(0.70)x b. x- 0.50x 

25. a. (0.90)(0.90)(0.90)x 

b. x- O. IOx - O.IOx- O. IOx 

f;/ifiUi EQUATION SOLVING 

Solve for x. 

26. a. (0.85)(0.85)(0.85)(0.85)x = 18.79 

b. X- 0.2x = 160 

c. 0.80x = 500 

27. SOb' = 2b2 
xb 

28. 20a"'•' = 2a' 
l OaM 

8. 11 Negative Bases, Negative Exponents 

8.11 ... 

E;\Rt \ PAPERS 

Ms. Kem has a policy that penalizes students 
for turning in papers late. Her students are try
ing to convince her to give them extra poi nts 
for turn ing in their papers early. Some 
tudents propo e a policy based on addi ng 

point . Other propose one ba ed on increasing 
by a percentage. 

21. If you were her tudent, what ki nd of earl y 
paper policy wou ld you propose? 

22. Using your policy, what wou ld your score 
be, if your paper were x days early? 

29. Find the slope of the line that goes through 
each pair of poi nts. Then find the equation 
for the line. (Hint : A sketch may help .) 

a. (0, I) and (2. 3) 

b. (0, 4) and (0.5 , -6) 

c. (0, 7) and (-0.8. 0.9) 

30. In problem 29 

a. how did you find they-intercept? 

b. how did you find the slope? 

31. f Find the equation for the line 

a. having lope 0.9, pa ing through 
(2, - I ); 

b. having lope 3.4. passing th rough 
(6.7, 9); 

c. passing through (8, 2) and ( 1.3, -5.4). 
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18. a. 1 .4 · 1 03 
c. 0.5 . 10"3 

19. -53 = -125. 

b. 2 .0 . 10 2 

d. 3 . 108 - b 

(-5)3 = (-5)(-5)(-5) = -125. 
-52 = -25 
(-7) 15 is negative. The product of 15 
negative numbers is negative. 
(-7) 14 is positive. The product of 14 
negative numbers is positive. 
-5-3 = -1/53 = -1/125 
(-5r 3 = 1/(-5)3 = 1/-125 = -1/125 
-5"2 = -1/52 = -1/25 
(-7r 15 = 1/(-7)15 and (-7)15 is nega
tive . So 1/(-7)15 is negative also. 
(-7r 14 = 1/(-7)14 and (-17)14 is 
positive. 
Conclusion: The following expres
sions represent negative numbers: 
_53. (-5)3. _52. (- 7) 15. -s-3. (-5r 3. _5-2. 

and (-7r 15. 

20. a. n (-5)n 5n opposite? 
4 625 625 no 
3 -125 125 yes 
0 1 1 no 
-1 1/-5 1/5 yes 
-2 1/25 1/25 no 

Conclusion: When n is odd , (-st and 
5n are opposites. When n is even, 
( 5}n and 5n are equal. So (-5t is 
sometimes the opposite of 5n 
b. n -5n s n opposite? 

4 -625 625 yes 
3 -125 125 yes 
0 -1 1 yes 
-1 -1/5 1/5 yes 
-2 -1/25 1/25 yes 

Conclusion: -5n is always negative 
and 5n is always positive, so -5n and 
s n are always opposites. 

(Solutions continued on page 524) 

f;iiflii• WHICH IS GREATER? 

tdilii• EQUATION SOLVING 

T he e section review materi al that i 
ful when sol ving percent increa e and 
decrea e problem . 

use-

R oblems 23-25 may generate orne inter
esti ng discussion. I f you a ign them a 
homework, make sure students have a 
chance to go over them in cia . 

041141• WHAT'S THE FUNCTION? 

For problem 29, do not teach an equation
based technique for f inding the equation. 
That will be done in Chapter 10. Since the 
y-intercept are given, all the tudent have 
to do to find the equation i fi nd the lope. 
The fact that (b) and (c) invol ve decimal 
will force the students to use subtraction to 
fi nd the ri se and run. 

R oblem 31 i computationally and con
ceptually challenging, and can be u ed a a 
bonu or extra-credi t problem. In an aver
age algebra class, you cannot expect mas
tery of i t by every tudent at thi tage in 
the cour e. (Y ou will in Chapter 10.) The 
fo llowing comments should help you guide 
tudent to a solution, should you want to 

as ign it. 

To find a linear equation you need two 
pieces of information: the slope and the 
y-intercept. If given the coordinate of two 
point on the l ine, your tudent hould 
already know how to find the slope. For 
a method that lead to an exact answer 
f r they-i ntercept wi thout the u e of 
equation-solving, tudy the foil wi ng 
example. Even i f your tudent are able to 
olve problem 31 with equation solving, 

the approach outlined here can give them a 
better under tanding of lope. 

f<.xample· Find the equation~ r the l ine 
that ha lope 0.6 and passes through 
(35, 67). 

W e know that when .x increa cs by I y 
increase by 0.6. Between 0 and 35, .x 
increa e by 35. Therefore y increa e by 
35 · 0.6, or 2 1. That means that they- inter
cept mu t be 67 - 21 , or 46. Therefore the 
equation is 

y = 0.6.x + 46. 

Check: Substitute the .x-coordinate of the 
ori ginal point into the equation: 0.6 
(35) + 46. lf that is equal to 67, the equa
tion must be correct. 



T 8.12 
Small and Large Numbers 

Core Sequence: 1-16 

Suitable for Homework: 8- 16 

Useful for Assessment: 5, 7 

What this Lesson is About: 

• Review of reciprocals 

• Review of scientific notation 

• Review of negative exponents 

• Review of the power of a product rule 

This lesson does not introduce any really 
new ideas. It serves to review negative 
exponents by applying them to scientific 
notation. 

SMAll NUMBERS IN SCIENTIFIC NOTATION 

J n thi s secti on, the concept of scientific 
notation is expanded to include numbers 
smaller than 1, for which negati ve expo
nents of 10 are necessary. Remi nd students 
of the definition of scientific notation, 
which requires multiplying a number 
greater than or equal to 1 and less than 10 
by a power of 10. 

RECIPROCALS 

One approach to this is to apply the power 
of a product rule with the exponent - 1. 

Small and large Numbers 
LESSON 

• 1. Using a power of ten, write the reciprocal 
of each number. 

a. 102 b. 104 c. 0.001 

SMf\Ll NUMBERS IN SCIENTIFIC NOTATION 

Any decimal number can be written in many 
ways as a product of a decimal number and a 
power of I 0. For example, 43,000 can be 
written: 

0.43 . 105 

4.3 · to• 
43 . 103 

430 . 102 

4300 · 10 1 

2. Write 43,000 as a product of a decimal 
number and 
a. 10°; b. 10.1; c. 10·2• 

3. a. Write 0.065 in three ways as a product 
of a decimal number and a power of I 0. 
At least one way should use a negative 
exponent. 

b. Write 0.065 in scientific notation. 
(Remember that scientific notation 
requires multiplying a number greater 
than or equa l to I and less than I 0 by a 
power of I 0.) 

4. Which of these numbers wou ld require a 
negative exponent when written in scien
tific notation? Explain why. 

0.0123 0. 123 12.3 1230 

5. .,_ How can you tell by looking at a dec
imal number whether or not it will require 
a negative exponent when it is written in 
scientific notation? 

.&. 320 

RECIPROCALS 

AI and Abe, having nothing else to do, were 
arguing about reciprocals. Abe said, " If tO"" is 
the reciprocal of 104 , then 2.5 · tO"" is the reci
procal of 2.5 · I 04 ." AI said , " I can prove that 
you ' re wrong by finding their product." 

6. If 2.5 · I O"" is the reciprocal of 2.5 · I 04, 

what should their product be? 

7. .,_ Settle the argument between AI and 
Abe. If Abe has not found the correct 
reciprocal of 2.5 · I 04, find it for him. 
Explain. 

8. Find an approximation for the reciprocal 
of 4.6 · I 0.,;. Give your answer in 
scientific notation. 

UNITS AND RECIPROCAlS 

9. Dick walks at the rate of about five miles 
in one hour. What fraction of an hour does 
it take him to walk one mile? 

10. Stanley can run about ten miles in one 
hour. What fraction of an hour does it take 
him to run one mile? 

11 . A snail travels at the rate of0.005 miles 
per hour. How many hours does it take the 
snai l to slither one mile? 

Notice that your answers to problems 9-11 are 
the reciprocals of the rates given. This is not a 
coi ncidence. In each case, the rate is given 
in miles/hour and you are asked to find 
hours/mile. Since the units are reciprocals, 
the rates will a lso be reciprocals . 

12. Sound travels through air at the rate of 
1.088 · I 03 feet per second at sea level. 
How long does it take sound to travel 
one foot? 

Chapter 8 Growth and Change 
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1. a. 10-2 5. If the number to the left of the deci- 11 . It takes the slow snail about 200 

b. 10-4 mal point is zero, then it will require a hours to slither one mile since 

c. 0.001 = 1 o-3 , so its reciprocal negative exponent when written in 1/0.005 = 200. 

is 103 scientific notation. 12. 1/(1 .088. 103) = 0.919. 10-3 = 9.19. 

2. a. 43,000 · 1 o0 6. Their product should be 1. 1 o-4 seconds per foot. Hence it takes 

b. 43o,ooo . 1 o-1 7. AI finds that (2.5 · 1 0-4)(2.5 . 1 04) = sound 9.19 · 1 o-4 seconds to travel 

c. 4,3oo,ooo . 1 o-2 6.25 . 10° = 6.25. Since the product one foot through air. 

3. a. Answers will vary. Sample: does not equal 1, 2.5 · 1 o-4 and 2.5 · 

0.065 = 0.065 . 10° 1 04 are not reciprocals. The recipro-

0.065 = 0.0065. 101 cal of 2.5 · 1 0-4 is 1 /(2 .5 · 10-4) = 
o.065 = o.65 · 1 o-1 0.4. 104 = 4.0. 103. 

b. o.o65 = 6.5 . 1 o-2 8. Reciprocal (R) = 1/(4.6 · 106) = 

4. 0.0123 and 0.123 are between -1 2.17. 10-7 

and 1, so they would require a nega- 9. It takes Dick about 1/5 of an hour to 
tive exponent when written in scien- walk one mile. 
tific notation . 10. It takes Stanley about 1/1 0 of an 

hour to run one mile. 

- -
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13. Sound travels much faster through 
granite than through air. Its speed is about 
1.2906 · I 04 fee t per second. How long 
does it take sound to travel one foot 
through granite? 

li:-.tJ<; 1:-J THE MITRI< S \ ~TfM 

The metric system of measurement is based on 
powers of ten. Prefixes indicating powers of 
ten are used for all measurements within the 
metric system. Conversion between units is 
easy, since it involves multiplying by powers 
often. I Example: The prefix kilo means to multiply 

the basic unit of measure by I 03, or 1000. A 
kilogram is 1000 grams, a ki lometer is 1000 
meters, and so on. Th is table lists some of 
these prefixes. 

To Multiply by Prefix 

tO" 1era-

to• giga-

to• mega-

103 ki lo-

102 heclo-

to' deka-

to• -
tO' ' deci-

10'2 centi -

tO'' milli -

10 .. micro-

10 .. nano 

to·" pico-

8.12 Small and lArge Numbers 

8.12. 

14. Express the size of each object in terms of 
a more appropriate unit of measurement. 

a. A redwood tree is 80,023 mill imeters 
high. 

b. A protozoan is 0.0000002 ki lometers 
in diameter. 

c. A football player weighs 95,130 grams. 

IS. At the San Andreas fault in Northern 
Californi a, the ground is moving about 
5 · 10'5 kilometers per year. How long will 
it take to move one ki lometer? 

16. <) If hair grows at the rate of about 10·8 

miles per hour, how long would it take 
your hair to reach ankle length? (Why 
is this problem harder than the 
previous ones?) 
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UNITS AND RECIPROCALS 

UNITS IN THE METRIC SYSTEM 

These are word problem which req uire 
tudents to think of the meaning of reci pro

cal and power of ten. 

R oblem 16 i more difficult, because the 
unit are not in the metric y tern. 

8.12 S 0 L U T I 0 N S 

13. 1/( 1.29a6 . 1 a4) = a.aaaa775 = 
7.75 · 1 a·5. Hence it takes sound 
7.75 · 1a-s seconds to travel through 
one foot of granite. 

14. a. 8a,a23mm = 8a,a23 · 1 a·3 meters 
= 8a.a23 meters. A redwood tree 
is 8a.a23 meters tall. 

b. a.aaaaaa2 km = a.aaaaaaa2 · 1 a3 

meters = a.aaa2 meters = a.aaa2 
· 1 a3 millimeters = a.2 millimeters. 
Therefore a protozoan is a.2 mil
limeters in diameter. 

c. 95,13ag = 95,13a . 10'3 kg= 
95.13a kg. Hence a football player 
weighs 95.12 kg. 

15. 1/(5 . 1a-s) = a.2. 105 = 2.a. 1a4 . 

Therefore it will take about 2a,aaa 
years to move 1 kilometer. 

16. This is harder because one is not 
simply converting a rate in miles per 
hour to hours per mile. One needs to 
convert to days per inch. Answers 
will vary due to different heights. 
Sample: Suppose your height is 5'8". 
Let's say the hair grows from the 
middle of the back of your head to 
your ankle. This is about 5'2" or 62". 
It takes hair 1 as hours to grow one 
mile. 
(1 as hr/mi) · (1 mi/5280ft) · (1 ft/12 in.) = 
= 1578.28 hrs/in. 
(1578.28 hr/in.) · (1 day/24 hr) = 
65.76 days/in. 
(65.76 days/in.) · height= 65.76 
days/in. · 62 in. = 4a77.12 days. 
4a77.12 days· (1 yr/365 days) = 
11 .17 yrs. 

Approximately 11 .17 years are 
needed for hair to grow ankle length. 
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~d@@~t~ 8.C Applying the 
w R 1 r 1 N G Laws of Exponents 

Core Sequence: 1-3 

Suitable for Homework: 1-3 

Useful for As e ment: l-2 

What thjs Assignment is About: 

• The law of exponents 

This skill s-oriented assignment wraps up 
the work on the laws of exponents. 

1. Power of a power: (x 8 )b = xab 
Product of powers: x 8 • xb = x 8b 
Power of a product: x 8 • ya = (xy) 8 

Power of a ratio: (x/y) 8 = (x8 )/(y8 ) 

Quotient of powers: (xl)l(x'?) = xP- q 

2. a. 24 • 34 = 64 . Power of a product 
b. 315 + 615 cannot be simplified. 
c. 3x2 • 2x3 = 6x5. Product of powers 
d. (x7)/(x3) = x4 Quotient of powers 
e. 1 Ox5 • 8x9 =BOx 14. Product of 

powers 
f. (2x)7 = 128x7. Power of product 
g. 12x3 · 4y7 = 48x3y7 

h. (37/35)3 = (32)3 = 36. Quotient of 
powers and Power of a power 

i. (3x2)3 = 27x6 • Power of a product 
and Power of a power 

j . x 3 + x 2 cannot be simplified . 

3 . a . (4x2y3z)3 = 43x6/ r = 64x6y 9z 3 

~l1!1f~1~[~ 8.C Applying the Laws of Exponents 

Tina overs lept and had to sk ip breakfast, 
o she didn't do very well on her math test. 

Besides, she had forgonen to study the laws 
of exponents. In fact , she missed a// the 
problems. 

Test Name: Tina A. 

Exponents 

Instructions: Simplify. Your answer 
should have only one exponent. 
Not all are possible. 

a. 24 • 34 = 54 

b. 3 15 + 6 '5 = 9 '5 

c. 3? · 2>? = 5x5 

d. f, = (~t 
e. 10K · 8~ = 80x45 

I. (2x)1 = 2x7 

g. 12>?· 4y = 48(xy)10 

h. (~)3 = , . 

(3?)3 = 3x5 

j. jl +? = x5 

I. Summarize the five laws of exponent 
given in Lessons 9, 10, and II. 

2. Correct Tina's test. For each problem, 
write the correct answer. If one or more of 
the laws of exponents was used, te ll whi ch 
law (or laws) was used. If the expression 
cannot be simpli fied, say so. 
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b. 5 11 - 59 = 46,875,000 which is not 
a power of 5. 

C. (5X+ 3)/(5") =53 

d. 55 . 510 = 515 

e. 57 + 53 = 78250 which is not a 
power of 5. 

f. 3 · 43 = 192 which cannot be writ
ten as a power of 12. 

g. (3 . 4)5 = 125 

h. 2 · 68 = 3,359,232 which is not a 
power of 12. 

i. 28 . 68 = (12)8 
j. 28 . 65 = 23 . 25 . 65 = 23(125) 

which cannot be written as a 
power of 12. 

k. 675 is not equal to 3100 or 950. 
I. y4 • y2 = y6 which is not equal to 

the other two terms whose expres
sions equal y8 . 

3. Take Tina's make-up test for her. Be 
carefu l! (Remember, make-up tests are 
always harder.) 

Make-up Test Name: Tina A. 

Laws of Exponents 

Instructions: Show all work leading 
to your answer. 
a. Write without parentheses: 

(4x2lz)3 

Perform each operation , and if 
possible write the result as a 
power of 5. 
b. 511 - 59 

c. 5"+3/5" 

d. 55 • = 515 

e. 57 + 53 

If possible, write as a power of 12. 
f. 3. 43 

g. (3. 4)5 

h. 2 . 68 

i. 28 . 68 

j. 28 . 65 

Which expression is not equal to 
the other two? 
k. 3100 61s g SO 

I. (y)4 (y')2 YV 
m. a7 a3 + a4 a3 • a4 

Write the opposite of the reciprocal 
of (1 /2)5 

n. using a negative exponent; 
o. using a positive exponent. 

Chapter 8 Growth and Change 

m. a3 + a4 * a 7 while the other two 
expressions equal a7 . 

n. -(1/2)-s 
o. The opposite of the reciprocal of 

1/(25) is -25. 



~ Essential Ideas 

POPLl~TIO '\ Of ' ORTH -\ \URIC~ 

The table shows the estimated population of 
North America from 1650 to 1950. 

Year Population 
(thousands) 

1650 5000 

1750 5000 

1850 39,000 

1900 106,000 

1950 219,000 

1. What is the population increase in each 
I 00-year period? 

2. Graph the data. 
a. What is the meaning of slope for 

this data? 

b. Is the slope constant or does it increase 
or decrease? Explain. 

3. Estimate the population of North America 
in the year 
a. 1800; b. 2000. 
Explain how you arrive at your estimates. 

20 

10 

0 

x ---~ y x---~ y 

• EsstrllialldttJS 

4. Make an in-out table for the function dia
gram on the left. What is the function 
illustrated? 

5. The function diagram on the right is the 
same, except that the number lines are not 
labeled. Copy the diagram, and put labels 
on it, using the same scale on both the 
x- and y-number lines. Make an in-out 
table, and find the function . 

6. Repeat problem 5 two times. For each 
diagram, make an in-out table and find 
the function . 

?. fii!.U,fi'i 

a. For the functions you found in 
problems 4-6, when x increases by I , 
what does y increase by? Does it 
depend on the scale you used? 

b. Compare the functions you found in 
problems 4-6. How are they the same? 
How are they different? Explain. 

The following questions are about the graph of 
y = mx +b. 

8. Describe the line if b = 0 and 

a. m > I b. 0 < m < I 
c. m = 0 d. - I < m < 0 
e. m < - 1 

9. In which quadrants does the line lie if 

a. b > 0, m > 0? b. b < 0, m > 0? 
c. b > 0, m < 0? d. b < 0, m < 0? 

10. How would lines be the same or 
different if 
a. they have the same value forb and 

different values form ? 

b. they have the same value form and 
different values forb? 
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1. 1 00-yr. period 
1650-1750 
1750-1850 
1850-1950 

Population growth 
0 
34,000 
180,000 

2. § y-unit = 20,000 

~ s 
a. 
0 

0.... • 

x-unit = 100 
•first unit= 1,650 

date 

a. Slope for this data shows change 
in population over a certain num
ber of years. 

b. The slope increases. Change in 
population grows for each succes
sive 1 00-year period. (See table 
in #1.) 

3. a. Answers will vary. The population 
in 1800 would be between 10,000 
and 20,000. A straight line 
between point (1750, 5000) and 
(1850, 39,000) shows that the 
population would be 20,000 in 
1800 if the population growth were 
linear. But this is more like a 
curved exponential graph. 
Sketching in a curve shows an 
estimated population of about 
10,000 in 1800. The population is 
most likely closer to 10,000. 

b. Answers will vary. For the 50-year 
period of 1900 to 1950, 
219000/106000 = 2.066. So the 

rate of increase was 206.6%. One 
way to estimate the population in 
200 would be to calculate a popu
lation increase of 206.6% from the 
year 1950 when the population 
was 219,000. 219,000 • 2.066 = 
452,454. So one estimate for pop
ulation in the year 2000 would be 
452,454 . 

4. X y 
11 18 
8 12 
5 6 
2 0 

The function is y = 2x - 4 



• 
LINEAR AND fXI'ONlNTII\l GROWTH 

11 . Two popu lations are growing ex ponen
tially. At time 0, both have populations 
of I 00. If one is growing twice as fas t 
as the other, how do their populations 
compare after: 

a. 2 hours? b. 3 hours? 

c. x hours? 

12. iil!im A recent co llege graduate was 
offered a job with a salary of $20,000 per 
year and a guarantee of a 5% raise every 
year. She was about to accept the job when 
she received another offer fo r an identical 
job with a salary of $22,000 per year and a 
guarantee of a $ 1200 raise each year. 
Ex plain how you would help her decide 
which job to accept. 

ti\\VS Of EXI'ONENTS 

13. If poss ible, write as a power of 4. 

a. 2 · 26 b. (2 · 2)6 

c. 2 . 25 d. 2 7 • 25 

e. 25 • 25 

14. If poss ible, write as a power of 6. 

a. 2 · 35 b. (2 · 3)5 

c. 367 d. 36° 

15. If possi ble, write as a power of 3. 

a. 9 · 35 • 32 • 3° 
b. 9 . 35 • 32 • 2° 

c. 9 . 35 • 22 • 2° 

d. 8 1 . (35) 4 • 6° 

16. If possible, write as a si ngle monomial. 
a. 8a 12 - 2(3a3)4 

b(~ )2 -r 
17. Find values of a, b, and c so that 

a. (a · bt > a · be; 

b. (a · bt = a · be; 

c. (a · bt < a · be . 
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18. Find the number or expression that makes 
each equation true. Write your answer as 
a power. 
a. (3x)4 = __ · x4 

b. (51)3 = -- . 13 

c. ( 12ry)3 = _ · (3xy)3 

19. Simpli fy each ratio. 

a. CY)Ir b. (2x)5!r 
c. Explain why your answers to (a) and 

(b) are different. 

20. Find the number that makes each equation 
true. Write your answer as a power. 

a. 100· (2R)5 = __ · 1 00 · ~ 
b. 20 · (2x)7 = ___ · 20 · x7 

c. (2xyz) 10 = ___ · (xyz) 10 

21. Find the nu mber that makes each equation 
true. Write your answer as a power. 

a. 100 · (3R)5 = __ · 100 · R5 

b. 20 · (3x)7 = ___ · 20 · x7 

c. (3~yz) 10 = ___ · (~yz) 10 

22. f Fi nd the reciprocal. Check by showing 
that the product is I . 

a. 1 4~i b. -3a5 

c. __!__ 
3b2 

Because of vari ables in the exponents, these 
prob lems are more challenging. 

23. Si mpli fy. 

a. 9 · toa+> b. 3 . t!J"+l 
3-10' ~ 

c. 9 • J?U +S d. 12. yb+l 
~ tO. Y' 

24. Write as a power of 5. 

a. sa-2 b . ~ 
y -s 5 2x-2 

25. Wri te as a power of 4. (::::)3 
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5. The numbers will vary on students ' X y 7. a. When x increases by 1, y 
function diagrams. Sample: in out increases by 2. This does not 

10 10 X y 20 20 7 5 depend on the scale used. 

in out b. Each function has the same value 
10 11 of 2 form but different values for 

8 
13 17 b in y= mx + b. 

10 10 0 0 -2 2 
16 23 8. a. The line goes through quadrants 

-5 -4 Ill and I. It makes an angle with 

-8 -10 
y = 2x - 9 the x-axis whose measure is 

-10 -10 
0 0 X y between 45 degrees and 90 

Y= 2X + 6 
in out degrees. 

6. X y -9 -2 
b. The line goes through quadrants 

30 30 Ill and I. It makes an angle with 
in out 

-10 -10 -12 -8 the x-axis whose measure is 
12 10 

-14 between 0 and 45 degrees. -15 
c. The line is the x-axis . 20 20 15 16 

-18 -20 d. The line goes through quadrants II 
18 22 -20 -20 and IV. It makes an angle with the 
21 28 

Y = 2X+ 16 
x-axis whose measure is between 

10 10 
y = 2x - 14 45 and 90 degrees. 



\'ERV SMALl NUMHERS 

A proton weighs 1.674 · I 0 24 grams. an e lec
tron weighs 9 . II 0 · I 0 28 grams, and Ann 
weighs 48 kilograms. 

26. Which is heavier, a proton or an electron? 
How many limes as heavy? 

27. Ann weighs the same as how many 

a. e lectrons? 

b. protons? 

+ Essential Ideas 

• 
28. The mean distance between the Eanh and 

the sun i; 1.50 · 10 11 meter . This length is 
ca lled one astronomical un it (AU) and is a 
convenient unit for measuring distances in 
the solar system. The di stance I 0 10 meters 
is ca lled one angstrom (after the Swedish 
physicist Anders Angstrom). II is a conve
niem unit for measuring atoms. How many 
angstroms are in one AU? 
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e. The line goes through quadrants 12. Year % raise salary 5% raise 1200 raise salary raise % raise 
II and IV making an angle with the 0 20000 1000 22000 1200 0 
x-axis whose measure is between 1 21000 1050 23200 1200 5.5 
45 and 90 degrees. 2 22050 1053 24400 1200 5.2 

9. a. Quadrants I, II , and Ill 3 23153 1103 25600 1200 4.9 

b. Quadrants I, Ill , and IV 4 24310 1158 26800 1200 4.7 

c. Quadrants I, II , and IV 5 25526 1216 28000 1200 4.5 

d. Quadrants II , Ill , and IV 6 26802 1276 29200 1200 4.3 
7 28142 1340 30400 1200 4.1 

1 0. a. The lines would intersect at the 8 29549 1407 31600 1200 3.9 
same y-intercept but would have 9 31027 1478 32800 1200 3.8 
different slopes (steepness). 10 32578 1551 34000 1200 3.7 

b. The lines would be parallel. They 11 34206 1711 35200 1200 3.5 
would have different y-intercepts. 12 35917 1796 36400 1200 3.4 

11 . a. The larger population is 4 times n 20000·(1.05)n (0.05)· 22000 + 1200n 1200 1200/22000 
larger than the smaller. (20000)(1 .05)(}-1 +1200(n - 1) 

b. The larger population is 8 times Answers will vary in form but should looking for long-term employment, 
larger than the smaller show some calculations of salaries the percentage raise leads to higher 

c. The larger population is 2x times as shown in the table above. If one is salaries after the 121h year. For short 
larger than the smaller. 

(Solutions continued on page 525) 



Chapter 9 
MEASUREMENT AND 

~~~~-~-~~!~ ...................... . 
Overview of the Chapter 

The theme of measurement ties together 
the concept of square roots with the work 
on similar figures that ends the chapter. 

Much of the geoboard work that preceded 
this chapter was intended to lay the geo
metric foundation on which to build an 
understanding of square roots. This is 
developed in the first four lessons. 
Graphing and function diagrams add a 
functions perspective, and the calculator 
adds a numerical perspective. Finally, 
seeing square roots in the context of 
exponential growth allows for a review 
of that essential idea, as well as a preview 
of fractional exponents and yet another 
perspective on square roots. 

This multi-dimensional approach should 
yield a more profound and well-rounded 
understanding of square roots than the 
repeated manipulation of radicals that con
stitutes the lion 's share of the traditional 
approach. 

The Pythagorean theorem is introduced 
in the geoboard context. This is a far more 
meaningful introduction than merely ask
ing students to memorize a2 + b2 = c2, 

but of course it does not fully exhaust the 
beauty and power of the theorem, which is 
perhaps the most significant mathematical 
idea students encounter in secondary math
ematics. A full geometric treatment of the 
theorem, its proofs and applications, can be 
attended to in the following years. Having 
viewed the theorem with understanding in 
this course, and having a better conceptual 
grasp of square roots, should only enhance 
that experience for students later. 

Lessons I 0-12 and the first part of 
Thinking/Writing 9.C concern similar 
figures and the ratios of perimeters, areas, 
and volumes. If you are pressed for time, 
you may skip this. If you skip it, you 
may still make use of the second half of 
Thinking/Writing 9.C, Midpoints, which 
concentrates on the material from the 
beginning of the chapter. 

CHAPTER 

The scroll -l ike spirals in the capital of a Greek column 

Coming in this chapter: 
®!!tllfltlttl There are four geoboard segments that start at the 
origin and have length 5. Find their endpoints. Use this to help 
you solve the following problem: lf you know that two sides of a 
geoboard triangle are of length 5, what are the possible lengths 
for the third side? 
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MEASUREMENT AND 
SQUARE ROOTS 

Distance 

The Pythagorean Theorem 

Radicals 

Radical Operations 
THINKING/WRITING: 
Geoboard Distances 

The Square Root Function 

Midpoints 

Halfway Measures 

The Exponent 1/2 
THINKING/WRITING: 
Skidding Distance 

Radical Expressions 

Blowups 

Let's Eat! 

Similar Figures 
THINKING/WRITING: 
SuperTangrams, Midpoints 

Essential Ideas 

1. Introduction of New Tools: 

• Radical Gear . Scientific calculators to explore 
square roots 

2. Algebra Concepts Emphasized: 

. Using the Pythagorean theorem to 
find di stance 

• Operations with radicals . Equivalent radical expressions . Simple radical form . Square roots of numbers less than I . Domain and range 
• The square root function 
• Relationship between the square and 

square root functions . Midpoint of a segment 
• The exponent l/2 

3. Algebra Concepts Reviewed: 

• Distance 
• Slope . Average 
• Linear and exponential growth 
• Equation solving . Proportions 

4. Algebra Concepts Previewed: 

• Absolute value 
• Fractional exponents . Rationalizing the denominator 

5. Problem-Solving Techniques: 

• Trial and error 
• Organized searches 
• Looking for patterns 
• Using diagrams and geometric 

models 
• Solving equations 
• Symbol manipulation 

6. Connections and Context: 

• Tax icab distance 
• Surface area 
• Right, acute, and obtuse tri angles 
• The Pythagorean theorem 
• Perimeter, area, and volume of 

similar fig ures 
• Ratio of simi larity 
• Appl ication of the square root 

function to police work 
• Area of a circle 
• Pentomino and SuperTangram 

puzzles 
• Application of similarity to scale 

models 
• Midpoint theorems 



T 9.1 
Distance 

Core Sequence: 1-7, 11-19, 21-26 

Suitable for Homework: 8-20, 27-28 

Useful for Assessment: 6-7, 17-19 

What this Lesson is About: 

• Review of di tance 

• Preview of absolute value 

• Surface area 

E ven though tax icab distance is not a tra
ditional algebra topic, it provides an excel
lent opening to the chapter. Thinking about 
the difference between tax icab distance 
and ordinary Euclidean distance, students 
can avoid some misconceptions. This also 
lays some important groundwork for 
under tanding distance in the Cartesian 
plane. 

TAXICAB DISTANCE 

The reason tax icab distance is included 
here is that the idea is already in many stu
dents' minds. Naming it and contrasting it 
with Eucl idean di tance aids in the clearer 
presentation of the latter, wh ich is the more 
important concept. 

J n problem l , stres that your x- and 
y-coordinate mu t keep increasing. 
Otherw i e there is an infinite number of 
way to get from the origin to (3, 4), and 
an infini te number of travel distances. 
With the given rule, on the other hand, the 
travel distance is the same no matter what 
path you fo llow. 

You may show intere ting paths on the 
overhead projector, parti cularly ones that 
do not go in whole-number increments. 

The problem of counting how many legal 
paths there are for problem I is interesting, 
but would take us too far from the main 
purpo e of th i le son. We will return to it 
in a fu ture les on. 

R oblem 2e is challenging. If students have 
trouble understanding how to do it, you 
may lead a cia di cu sion about it. 
Essentially, tudent must resort to subtrac
tion to solve a problem like this. (Sticking 
to whole number allows students j ust to 
count, which does not have the generality 
of subtraction, and does not easily translate 
into al gebraic notation with variables.) 

1. 

2. 

3. 

llSSON 

~~D•i-s~ta·n~cae._~ .. ._~~--~~~~~ 

TAXICAB DISTANCE 

I. Assume you can travel only hori zontall y 
and vertically on the Cartesian plane, 
never Jelling your x- or y-coordinates 
decrease. 

a. Find at least three ways to gel from the 
ori gin to (3, 4). 

b. Does the travel d istance depend on the 
path you found in part (a) or is it the 
same for all of them? Explain. 

Definition: The taxicab distance between 
two points in the Cartesian plane is the 
length of the shortest path between them 
that consists of only horizontal and vertical 
segments. Tax icab di stance gets its name 
because it models di stance in a city with a 
network of perpendicul ar streets. 

I Example: The tax icab di stance from ( I 0. 8) 
to (5, 4) is 9. 

. . . . 
:::: 0 ~08) 

(5, 4) 

.Ana 

a. Answers will vary. 
b. All are the same (7 units) . 

a. 10 b. 5 
c. 10 d. 12 
e. 9.97 

a. 

. .(5, 10.) . 
y . . . . 

2. What is the tax icab distance between: 

a. ( I , 2) and (6, 7)? 

b. ( I , 2) and ( I. 7)? 

c. ( 1, 7) and (6, 2)? 

d. (- 1, -7) and (6, -2)? 

e. ( 1.2, 3.4) and (5.67, 8.9)? 

3. a. Find a ll the points that are at taxicab 
di stance 5 from (5, 5). Sketch them. 

b. Describe the shape you found in part 
(a). Some math teachers ca ll this shape 
a taxicab circle. Explain why. 

c. What else might thi s shape be called? 

4. Describe the set of points who e tax icab 
distance from (5, 5) is 

a. greater than 5; 

b. Jess than 5. 

TAXICAB"· EUCLIDEAN DISTANCE 

Euclidean distance (named after the ancient 
Greek mathematician Euclid) is the straight
line di stance ("as the crow fli es") we studied 
in a prev ious lesson. 

5. A crow and a tax icab go from the origin to 
(5, 5). How far does each have to travel? 

6. .,_ Gi ve example , if possible, and 
ex plain. 

a. When are Euclidean and tax icab 
di stances between two points equal? 

b. When is Euclidean di stance greater than 
tax icab di stance? 

c. When is tax icab di stance greater? 

7. .,_ A straight line is the shortest path 
between two poims. Explain how thi s 
statement is relevant to problem 6. 

Chapter 9 .Measurement a11d Square Roots 

b. The shape is a square. It is the set 
of all points equidistant from a 
given point, when we measure by 
taxicab distance. The set of all 
points equidistant from a given 
point measuring distance "as the 
crow fl ies" is a circle. (Perhaps the 
math teachers saw a black taxicab 
and mistook it for a crow.) 

c. a diamond 

4. a. outside the square 
b. inside the square 

5. crow: 5-/2 units taxicab: 1 0 units 

6. a. when traveling only horizontally or 
vertically 

b. never 
c. always, except when they are 

equal 

7. The taxicab distance is never less 
than the Euclidean distance. 



8. Sketch all the points that are at the same 
taxicab distance from both (4, 3) and (6, 7). 

9. Sketch al l the poi nts that are at the same 
Eucl idean di tance from both (4, 3) and 
(6. 7). 

10. Find all points P such that: 

the taxicab distance from P to (4, 3) is 
greater than the tax icab di stance from P 
to (6, 7), but 

the Eucl idean di tance from P to (6, 7) 
i greater than the Euclidean distance 
from P to (4, 3). 

Explain, using sketches and calculations. 

AII\OlUH \ ALUE 

11. Find the Euclidean di stance between: 

a . ( I, 2) and (6, 2); 

b. (6, 2) and ( I , 2); 

c. (6.7, 3.45) and (8.9, 3.45). 

12 • ._ Explain in words how to find the 
distance between (Xi. y) and (x2, y) if: 

lf the y-coordinates of two points are the same, 
the distance between the two can be found by 
subtracting the x-coordinates. If the result of 
the subtraction is negati ve, use its opposite, 
since distance is always positi ve. This is call ed 
the absolute value of the di fference. 

13. Find the absolute value of the di fference 
between: 

a . 2 and 5; 
c. -2 and -5; 

b. 3 and -9; 

d . -3and 9. 

14 . ._ Explain how you find the distance 
between two points whose x-coordinates 
are the same. Gi ve an example. 

9.1 Distance 

9.1 

I Definition: The absolute value of a number 
x is the distance from x to 0 on the num
ber line. 

I Example: The absolute value of 3 is 3. The 
absolute value of -3 is also 3. 

-3 0 3 

15. Find the abso lute value o f: 

a. 12; b. - 1/4. 

Notation: The absolute value of a number z 
is written lzl. For example: 

121 = 2 1-21 = 2 

The absolute value of a difference can be 
written using the same symbol. For example, 
the absolute value of the difference between 
a and b is written Ia - bi. 

16. Find the absolute value of: 

a. 3 - -5; b. -5 - 3. 

17 . ._ What is the di stance between x and 3 
on the number line? 

a. Explai n in words how to find it. 

b. Write a formula, using absolute value 
notation. 

18. Using absolute value notation, the distance 
between (x 1, y) and (x2, y ) can be written 
lx1 - x21 or lx2- x 11. Explain . 

19. Use absolute value notation to write the 
distance between (x, y ,) and (x, Y2l · 

20. Use absolute value notation to write the 
taxicab distance between (x1, y 1) and 
(x2, Y2). 
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TAXICAB VS. EUCLIDEAN DISTANCE 

For problem 5 orne tudents may need to 
be reminded of the "draw a square, fi nd its 
ide" approach to fi nding Eucl idean di s

tance. (See Chapter 7, Le son 12.) 

R oblem 7 includes a statement of the tri
angle inequality in everyday language. It is 
not necessary at thi level to u e fancier 
terminology. 

R oblem 8- 10 present an interesting chal
lenge. (Problem 9 ha been previewed on 
the geoboard in Chapter 7, Le on 12.) If 
you wan t to ex tend this di scus ion, you 
may generali ze: Given any two points, 
how does one find the poin t equidi tant 
from them in Euclidean term s? In tax icab 
term ? What are the possible case ? (The 
points can be on a horizontal line, on a ver
tical line, on a 45° diagonal, on a li ne that 
i clo er to verti cal, on a line that i clo er 
to hori zontal.) 

ABSOLUTE VALUE 

This is a prev iew of absolute value, and 
you hould a oid using the formal defini
tion, which is incomprehensib le to students 
at thi level. What is important at this point 
i that the student understand how to u e 
subtraction to find the hori zontal or verti 
ca l di tance between two point . 

/ n problem 17b, tudents may come 
up with two di fferent so lution : lx - 31 
or 13 - xl. 

9 . 1 S 0 L U T I 0 N S 

8. The dotted lines show taxicab circles 
of different sizes for each point. 
Points that are the same taxicab dis
tance from (4, 3) and (6, 7) wil l be 
those that lie on taxicab circles of the 
same size relative to both points. 

9. 

• (&, 7} 

• (4, 3~ 

- - - same Euclidean distance 
-- same taxicab distance 

. ' • 

10. 

... . T(<f, 31 > ,-(6, n otl 
• thiS' side of ttle • 
• solitlline• 

. .., 
£(6, n >"E(~. 3) c1n ttlis" 
Sidt! elf tlfe dastled line • 

. '• 

11 . a. 5 
b. 5 
c. 2.2 



t;lii'41• SURFACE AREA OF BUILDINGS 

Thi s is the fi rst of three sections of Lab 
Gear problems about surface area. The 
remai njng two sections are at the end of 
Lesson 2 and at the end of Les on 6. 

The purpose of the lessons is to preview 
Lessons 10- 12, which concentrate on ques
tions about perimeter, volume, area, and 
surface area. Of these four concepts, sur
face area is the most difficult to develop, 
and a start with the Lab Gear may help 
students grasp it better. 

I f access to the blocks is not convenient, 
you may want to group the three ections 
into one class session, which can take 
place at any time before Lesson 10. 

If you plan to skjp Lessons 10-12, you 
do not need to cover these surface area 
problems. 

9.1 

f;JJtfU• SURFACE AREA OF BUILDINGS 

Find the volu me and surface area of each of 
these bui ldings (including the underside). 

21. \iJ 22 . • 23- 24 . 
25.~ "~ 
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tp:Jipiiii MIXTURES 

Tina wa th irsty, so Tina and Lana decided to 
make lemonade. They planned to make a lot, 
o they could sell some of it at a roads ide 

stand . 

Tina started maki ng lemonade using the 
"taste" method. She added 2 1 cups of water to 
16 cups of lemonade concentrate, but it tasted 
too lemony. Then she noticed direction on the 
lemonade package: 

Add water to taste. Most people like a 
mixture that is 1/5 to 1/4 concentrate. 

27. How much water should she add to get a 
mixture that is 1/5 concentrate? 

28. Lana tasted the lemonade after Tina had 
added water to get a mixture that was 1/5 
concentrate. It didn ' t taste lemony enough. 
How much lemonade concentrate should 
they add now to get a mixture that is 1/4 
concentrate? 

Chapter 9 Measurement and Square Roots 

9. 1 S 0 L U T I 0 N S 

330 

12. a. Subtract the smaller x-coordinate 
from the larger x-coordinate: 
X1- X2 

b. Subtract the smaller x-coordinate 
from the larger x-coordinate : 
X2- X 1 

13. a. 3 
c. 3 

b. 12 
d. 12 

14. Subtract the smaller y-coordinate 
from the larger one. For example, the 
distance between (-9, 5) and (-9, 12) 
is 7. 

15. a. 12 

16. a. 8 

b. 1/4 

b. 8 

: . 

17. a. Subtract the smaller number from 
the larger number. Another 
method is to subtract one from the 
other, without regard to their rela
tive sizes, and take the absolute 
value of the result. 

b. ix - 31 or 13 - x1 

18. These have the same value because 
x2- x , is the opposite of x , - x2. If 
two numbers are opposites, they 
have the same absolute value. 

19. ly, - Y2l or ly2- y,l 

20. lx, - x 2l + ly, - Y2l 

21 . 1 cu . unit; 6 sq. units 

22. 25 cu . units; 70 sq. units 

23. 100 cu . units; 130 sq. units 

24. 31 cu . units; 84 sq. units 

25. 31 cu . units; 94 sq. units 

26. 31 cu. units; 92 sq. units 

27. 43 cups 

28. 5 1/3 cups 



LESSON 

• 
The Pythagorean Theorem 

~i!iiili!IMI .... 11 ................ ~ 
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RIGHT TRIANGLES 

The comer of a piece of paper can be used to 
measure a right angle. 

1. The figure shows three triangles, having a 
total of nine angles. To do the following 
problems, you may copy the figure onto 
your geoboard. 

a. Give the coordinates of the vertex of 
the right angle. 

b. Give the coordinates of the vertex of 
the angle that is greater than a right 
angle. 

Defmitions: An angle that is greater than a 
right angle is called obtuse. An angle that is 
less than a right angle is called acute. A 
triangle that contains an obtuse angle i 
called an obtuse triangle. A triangle that 
contains three acute angles is called an acwe 
triangle. A triangle that contains a right 
angle is called a right triangle. 

9.2 Th• Pythllgoroan Th•orom 

2. Which triangle in the preceding figure is 
acute? Right? Obtuse? 

I Definition: The two sides forming the right 
angle in a right triangle are called the legs. 

The figure shows a right triangle. Three 
squares have been drawn, one on each of the 
sides of the triangle. 

3. What is the area of each of the three 
squares? 

4. @@N Working with other students, 
make eight figures like the one above (on 
geoboards or dot paper). Each figure must 
be based on a different right triangle. For 
each one, find the areas of the three 
squares. Fill out a table like the one below. 
Study the table for any pattern. 

Areas of: 

Square on Square on Square on 
short leg long leg hypotenuse 

... 
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... 9.2 
The Pythagorean Theorem 

Core Sequence: 1-12, 14-18 

Suitable for Homework: 5-13 

• Right, acute, and obtu e triangles 

• The Pythagorean theorem 

• Using the Pythagorean theorem to find 
di tance 

• Review of lope 

• Surface area 

RIGHT TRIANGLES 

You do not need to spend time discu ing 
angle measurement in degree . lt i suffi
cient for the purposes of this course that 
tudents are able to recognjze right, acute, 

and obtuse angles. This can be done by 
mea uring the angles with the corner of a 
piece of paper. (You can model thi on the 
overhead.) 

R oblem 4 is ex tremely important. Stu
dent often memorize the Pythagorean 
theorem without any real understanding of 
the geometric meaning of the squares in 
a2 + b2 = c2. Thj lead to mistake and 
misunder tand ing . Doing thi s Exploration 
allow tudent to di cover the relation hip 
for them elve , and to ee a concrete 
meaning to it. 

9.2 S 0 L U T I 0 N S 

1. a. (7, 8) 
b. (1, 0) 

2. A acute, B right, C obtuse 

3. shortest leg: 2 sq. units; other leg: 8 
sq. units; hypotenuse: 10 sq. units 

4. Drawings will vary. Examples are 
shown in the figure. 

=-
331 



R oblem 5-6 should help students appre
ciate that the Pythagorean theorem applies 
only to right tri angles . 

/n problem 7, note the formulation 

leg2 + tel = hyp2 , 

which is more meaningful than the tradi
tional a2 + b2 = c2. 

FINDING DISTANCES FROM 
COORDINATES 

Do not teach the di stance fo rmula. 
Memori zing such a formula u ually 
obscure the mathematics behind it, in thi 
ca e the applicati on of the Pythagorean 
theorem. 

R ·oblem 8 is intended to remind student 
about using subtraction to find hori zontal 
and vett ical di tances. 

R·oblem 9 reviews lope. 

9.2 

The pattern you probably discovered is ca ll ed 
the Pythagorean theorem, after the ancient 
Greek mathematician Pythagoras. The pattern 
is about the relationshi p of the squares on the 
legs to the square on the hypotenuse fo r a right 
triangle. 

5. Make an ac ute triangle on a geoboard or 
dot paper. Draw a square on each of its 
sides. Is the sum of the areas of the two 
smaller squares equal to, greater than , or 
less than the area of the large square? 

6. Repeat problem 5 with an obtuse tri angle. 

7. f)i!.Uuffi•i Explain the following equation. 

leg2 + Jeg2 = hyp2 

(Is it true of any triangle? For those 
triangles for which it is true, what does 
it mean?) 

FINDING DISTANCES FROM COORDINATES 

The Pythagorean theorem provides us with a 
way to fi nd di tance in the Cartes ian plane. 
(Distance usually refers to Eucl idean 
distance.) 

I Example: What is the di stance between 
(3. 8) and (7. 2)? First sketch the points. 

(3, 8) 
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You can see on the sketch that the length of the 
legs is 4 for the horizontal leg, and 6 for the 
vertical leg. Since the triangle shown is a ri ght 
triangle, we can use the Pythagorean theorem, 
(hyp2 = leg2 + leg\ In thi s ca e, 

di stance2 = 42 + 62 = 16 + 36 =52 

so, dis tance = ill = 7 .2 1. .. 

8. For the example, if you did not sketch the 
fig ure, how could you find the lengths of 
the legs directl y from the coordinates? 

Note that the lengths of the leg have been 
called the rise and the nm when di scussing 
slope. However keep in mind that rise, run, 
and slope can be pos iti ve, negative, or zero, 
while dis tances cannot be negative. 

9. Consider the two points (3, -4) and (4, -9). 
Use a sketch if you need to. 

a. Find the rise between them. 

b. Find the run between them. 

c. Find the slope of the line that joins 
them. 

d. Find the taxicab di stance between them. 

e. Find the Eucl idean distance between 
them. 

10. Use any method to fi nd the (Eucl idean) 
distance between: 
a. (- 1, 2)and(- J,-7): 

b. (- 1, 2) and (5, 2); 

c. (- I, 2) and (5, -7); 

d. (- 1,2)and(-1,2). 

11 . .,_ For which pan of problem I 0 is the 
Pythagorean theorem helpful? Explai n. 

12. Find the di stances between: 

a. (8, 0) and (0, -8); 

b. (-8, 0) and (3, -8); 

c. ( 1.2, 3.4) and (-5.6, 7.89) . 

Chapter 9 Measuremelll aud Square Roots 
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5. Drawings will vary. The sum of the 5., 6. 7. This refers to right triangles only. The 
areas of the smaller squares will be "hyp" refers to the hypotenuse of a 
greater than the area of the largest right triangle. It means that if you 
square. One example is shown . square the lengths of the legs and 

6. Drawings will vary . The sum of the then add these two numbers, the 

areas of the smaller squares will be result is the same as the square of 

less than the area of the largest . the hypotenuse. This was illustrated 
16 geometrically in the last few square. One example is shown . . . 

problems, when we showed the 
squares of the lengths by drawing 
squares. 

8. Find the difference of the x-coordi-
nates. Square it. Find the difference 
of the y-coordinates. Square it. Add 
the two squares. The result will be 
the square of the distance between 
the two points. 

. . 9 . 9 . a. rise: -5 b. run : 1 . 
c. slope: -5 d. taxicab distance: 6 
e. Euclidean distance: ../26 

-
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AN 01 (} PROBLEM 

The mathematician Leonardo of Pisa, also 
known as Fibonacci, po ed Lh i problem in 
1202. 

13. Two tower of height 30 paces and 40 
paces are 50 paces apart . Between them, at 

fjlifiiii MORE SURFACE AREA 

Imagine these buildings are made by gluing 
Lab Gear blocks together. The surface area is 
the total area of all the exposed faces, even the 
bottom of the buildi ng. Find the surface areas. 

14. 

9.2 Tile Pythagorea11 Theorem 

16. 

17. 

9.2 

ground level, is a fountain towards which 
two birds fl y from the tops of the towers. 
They fl y at the same rate, and they leave 
and arri ve at the same time. What are the 
hori zontal di tances from the fo untain to 
each tower? 

18. 

JJJ .A, 

R oblem 13 applies the Pythagorean theo
rem. The x2 quantiti es cancel, and the 
equati on is linear. 

f;lifW• MORE SURFACE AREA 

S ee the comments at the end of Lesson 1. 

9.2 S 0 L U T I 0 N S 

10. a. 9 b. 6 
c. fi17 d. 0 

11. c 

12. a. f12s 
b. f18s 
c. ~66.4001 

13. The fountain is 32 paces from the 
shorter tower and 18 paces from the 
taller tower. 

14. 2x2 + 4x+ 4 

15. 2y2 + 4y+ 2x+ 2 

16. 16y+ 10 

17. 2xy+ 2x+ 2y+ 12 

18.80 +4X 
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... 9.3 
Radicals 

Core Sequence: 1-24 

Suitable for Homework: 4-22 

Useful for Assessment: 7-8, 15, 17 

What this Lesson is About: 

• Preview of multiplyi ng square roots 

• Equi valent radical expressions 

• Simple radical fo rm 

Review of the Pythagorean theorem 

R ules for working with radicals are intro
duced gradually over Lessons 3-8, so you 
should not expect instant mastery. This 
lesson explores the most important rule: 
the product of radicals. 

SQUARES AND ROOTS 

T his secti on gives a geometric justi fica
ti on for expressions like J8 = 2 /2.. 

Radicals 

liilliiiji!MI .... ~:~:~~· ...... · · · · ·: 
:t~~! . 

geoboards ~l:W 

dot paper mm 1 : : ~ 

SQUARES AND ROOTS 

e 

The fi gure shows fi ve squares. For each 
one, find 

1. its area; 

2. its side, written twice: as the square root of 
the area, and as a decimal number. 

The sides of the larger squares are multiples of 
the side of the small est square. For example, 
square (b) has a side that is equal to two times 
the side of square (a). You can write, 

rs = 12 + 12 = 212. 

Note that 212 means 2 times 12, just as 2.x 
means 2 times x. You can check the equati on 
with a ca lculator. 

rs = 2.828427 125 .. . 

212 = 2.828427 125 .. . 

4 334 

3. Write equations about the sides of squares 
(c), (d), and (e). Check their correctness 
with a calcul ator. 

The figure shows three squares. For each 
one, fi nd 

4. its area; 

5. its side, written twice: as the square root of 
the area, and as a decimal nu mber. 

6. Write equations involving square roots 
based on the fi gure. Check your equati ons 
on a calculator. 

7. ... True or False? Use a sketch on dot 
paper to ex plain your answers. 

a. 12 + 12 = .f4 
b. 412 = rs 

8. ... Is h + 2 = .f4? Explain . 

RECTANGLES AND ROOTS 

In this section do not use decimal 
approximations. 

9. The fig ure shows three rectangles . For 
each one, wri te length · width = area. 

Chapter 9 Measurement and Square Roots 
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1-6. The answers are summarized in 
the following table . You may want 
to suggest that students make a 
similar table. 

side (squa re root side square area 
of area) (decimal approx.) 

a 2 .fi 1.4 14 

b 8 .J8 2.828 

c 18 m 4.243 

d 32 m. 5.657 

e 50 .J55 7.071 

f 5 .[5 2.236 

g 20 .fiO 4.472 

h 45 ../45 6.708 

equation relating 
sides 

.J8 = 2.fi 

Ji8=3.fi 

ffi= 4.fi 

.J55 = 5.fi 

.fiO = 2.f5 

../45 = 3.f5 

7. a. False 
b. False 

"(aj "(b) 
~ . . . . . " 4-12" 

+ .J2 • 
• • .J8 

Area =•8 

8. Of course ! Just simplify inside the 
radical. 

9. top: .f16 · 3.f16 = 30 middle: .J5 · 
4.J5 = 20 bottom: .J2 · 2.J2 = 4 

10. a. The sides would be ../36, /26, and 
.J4 respectively. 

b. It is impossible to show a square 
of side ../36, on the geoboard. The 
others are shown in the figure . 
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10. For each rectangle above: 

a. What is the side of a square hav ing 
the same area? 

b. Sketch this square on dot paper. 

Some multiplications involving square roots 
can be modeled b~geoboard rectangles. For 
example, 2.f5 · 3J5 is shown in this fi gure. 

11. Find the product of 2.f5 · 3.f5 by finding 
the area of the rectangle. 

12. Multiply. 

a. 2.f2 · 3.f2 

c. 4.f2 · s.f2 

13. Multiply. 
a. .f2 . .fl8 
c. /5o. f8 

9.3 Rtulicals 

b. 3.f2 . 4.f2 

d . .f2 . 2.f2 

b . .fl8. /5o 
d. JS . .ffi 

9.3 

Using the fac t that .Ja · .Ja = a makes it easy 
to multiply some quantities involving radicals. 
For example: 

6.f5. 2.f5 = 6. 2 . .J5 . .J5 = 12. 5 = 60 

14. Multiply. 

a. s .f2 · .f2 
c. 3.f5 . .J5 

b. s .f2 . 4.f2 

IS . .,_ Explain your answers by using a 
sketch of a geoboard rectangle. 

a. Is J4 · .f2 = fS? 
b. Is .J5 · .f20 = fiOO? 

MUt TIPL YING SQUARE ROOTS 

Is it always true that .Ja • .Jb = fab? We 
cannot answer thi s question in general by 
makii!S geoboard rectangles. A multiplication 
like J2 · .J5 cannot be shown that way because 
it is not possible to find those lengths on the 
geoboard at a right angle to each other. 

16. Guess how to write .f2 · .f5 as a square 
root. Check your guess with a calculator. 

17.iij§.!§biff*'M Lf a and bare positive, 

a. give a rule for mu ltiplying .Ja • .Jb; 
b. explain how to multiply c.Ja · d.Jb. 

18. Multiply. 

a. 3.f5 · 2.f6 
b. (2111)(- ll .f2) 

SIMPLE RAIJICAL FORM I Dennltlons: The square root symbol (./) is 
called a radical sign, or simply radical. A 
radical expression is an expression thai 
includes a radical. 

Examples: 

n 13, 4 .fi, I + 16, or -; 

19. Write each of these in at least two ways as 
the product of two rad ical expressions. 

a. 70 b. 163 
c. 6180 d. 241105 
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RECTANGLES AND ROOTS 

MULTIPLYING SQUARE ROOTS 

S ome product involving quare roots can 
be figured out on a geoboard or on dot 
paper. A more general rule can be figured 
out with the help of a calculator. 

Les on 4 will provide more work with 
multiplying quare root . 

SIMPLE RADICAL FORM 

B ecause of calculator , imple radical 
form i less important than it used to be. 
This ection is mostly intere ting in that it 
help tudent develop a better understand
ing of how to multiply quare root . 

ft i useful to have a cia di cus ion of 
problems like I 9, so that student can see 
as many solution as po ible. 

9.3 S 0 L U T I 0 N S 

. . . 
0 0 GJ 

11 . 30 

12. a. 12 b.24 
c. 40 d.4 

13.a. 6 b. 30 
c. 20 d. 16 

14. a. 10 b. 40 c. 15 

15. a. yes b. yes 

16. Guess: flO. Check: 1 .414 · 
2.236 = 3.161, which is about equal 
to flO. 

17. a . .Jab 
18. a. 6Fo 

b. cdfiib 

b. -22 m 

19. Answers will vary. Sample answers 
are given. 
a. ,[2 . ../35 = 17 . m 
b . .Jg . 17 = 121 . ,[3 
c. 6-!2 . ../46 = srs . m 
d. 24-15 · ./21 = s,f3 . 4../35 

• 20. a . ../25 · ,[3 
c. ,[49 . .f2 

21 . a. 5,[3 
c. 7.f2 

• 22. a. about 8.06 
b. about 9.22 

b . .Jg . .f5 
d. f4 . 17 
b. 3-15 
d. 217 

• 23. segments of length 5 have endpoints 
at: (0, 5) , (5, 0) , (3 , 4) , and (4, 3) 
segments of length 1 0 have 
endpoints at (1 0, 0) , (0, 1 0), (6, 8) , 
and (8, 6) 
segments of length ..f56 have end
points at (1, 7) , (7, 1 ), (5, 5) 

-
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GEOBOARD lENGTHS 

Thi s section al lows students to practice 
using the Pythagorean theorem. 

The lengths chosen for problem 23 can 
each be obtained in two essentially differ
ent ways, which adds an interesting tw ist 
to the problem and makes problems 24-25 
possible. 

9.3 

20. Write each of these as the product of two 
radicals, one of which is the square root of 
a perfect square. 

a. ffs 
c. J9s 

b. J4s 
d. f28 I Definition: Writing the square root of a 

whole number as a product of a whole 
number and the square root of a smallest 
possible whole number is called putting it 
in simple radical form. 

For example, in simple radical form, 
.[50 is 5J2 no is 2/5. 

(Note that when using a calculator to find 
an approx imate va lue, simple radical form 
is not simpler!) 

21. Write in simple radical fo rm. 

a. ffs b. J4s 
c. J9s d. f28 
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GEOBOARD LENGTHS 

Since 50 is a little more than 49, .f56 is a little 
more than 7. A calculator confi rms this: 
.f56 = 7.07 . 

22. Estimate the fo llowing numbers, and 
check your answer on a calculator. 

a . .f6s b. J8s 
These numbers may help you with the nex t 
problem. 

23.1MG®M There are 19 geoboard line 
segments that start at the o~in and have 
length 5, 10, .f56, /65, or ~85 . Find them, 
and mark thei r endpoints on dot paper. 

24. lf you know two sides of a geoboard 
triangle are of length 5, what are the possi
bilities for length fo r the th ird side? 

25. Repeat problem 24 for the following side 
lengths. 

a. 10 
c . .f6s 

b . .f56 
d. J8s 

Chapter 9 Measurement and Square Roots 
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segments of length .f65 have end
points at (1, 8), (8, 1 ), (7, 4), and (4, 7) 
segments of length .f85 have end
points at (9, 2), (2 , 9) , (6, 7), and (7, 6) 

24. The figure shows a strategy fo r figur
ing out how many solutions exist. 
Draw all possible segments of length 
5 from the origin. Then form triangles 
by connecting pairs of endpoints . A 

total of four triangles is possible. 
(Some are duplicates, being reflec
tions of each other over the 45° line.) 
Answers : .J16, 2.J5, 5-12, .f2 

25. The figure shows the geometric strat
egy for parts (a) and (b). Parts (c) 
and (d) are similar. 

a. 2.J16, 4.J5, 10.f2, 2.f2 
b. 6-12, 2.J5 
c . .J16, &, 7-12, 3-12 
d. -12 , 2.J5, 7-12, ./34 

a.. . . . . . 

b. . • • 

-. 
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Radical Operations 
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MU LTIPLICATION 

1. @$Jl!M Using only multiplication, 
write at least three radical expressions that 
equal each of the following. 

a. 2./3 b. 6 

Even though you are often asked to simplify 
expressions, it is sometimes just as important 
to know how to "complicate" them. For 
example, 3fi is equivalent to all these radical 
expressions. 

.f9fi 

.f3.f3fi 

2. Write at least two other radical expressions 
equ ivalent to: 
a. 5 .f2; 

c. 6fi0; 

b. 2/5; 

d. 10/6. 

3. Write each as the square root of a number. 
(For example, 3.fi = .f63 .) 
a. 2f2 b. 2.fi 

c. 5 /6 d. 4./3 

4. Write each as the product of as many 
square roots as possible. 
(For example, 3.f6 = .f3 · .f3 · f2 · ./3.) 

a. 5fi0 b. 7/5 

c. J3o d. wm 
5. What number times .f6 equals 3fi0? 

To answer problem 5, Tina wrote: 
• .f6 = 3fi0 

. .f3 f2 = .f3 .f3 f2 15 

9.4 Radical Operations 

"First I wrote everything as a product of 
square roots," she explained. "Then it was easy 
to see that the missing factors were 15 and ./3, 
so the answer must be ill ." 
Erin politely told Tina that her method seemed 
unnecessarily complicated. Erin wrote: 

• .f6 = 3fi0 
• .f6 = .f9fi0 

. .f6 = ./96 

"My goal was to write 3fi0 as the square root 
of something. Once I found that 3!TO = ./96, 
it was easy from there. I could use the rule that 
.JQ • .fb = .Jab to see that the answer was ill," 
she explained. 

6. What number times 2fi0 equals 10f2? 
Find the answer by using 

a. Tina 's method; 

b. Erin 's method. 

7. What number times J8 equals 4? 

8. What number times 2f2 equals 4./3? 

DIVISION 

9. Divide 5 by 2/5 . 

"That's not fair," said Tina. "Ms. Kern never 
taught us to divide with radicals." "That's 
true," said Erin, "but we know that 
multiplication and divi sion are inverse opera
tions." She wrote: 

·215=5 
. !415 = ill 

10. Finish solvi ng the problem using Erin's 
method. 

Another way to solve thi s problem is to use the 
fo llowing trick: Write an equivalent fraction 
without a square root in the denominator. In 
thi s case, we multiply both the numerator and 
denominator by 15. 
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T 9.4 
Radical Operations 

Core Sequence: 1-22 

Suitable for Homework: 7-22 

Useful for Assessment: 17-18, 20 

What this Lesson is About: 

Multiplying square roots 

• Dividing square roots 

• Simple radical form 

• Adding and subtracting square roots 

Trus lesson shoul d not be seen as a lesson 
in how to perform calculati ons. In most 
cases, a calculator shou ld be used to calcu
late quantities in volvi ng square roots. The 
point of thi s lesson, instead, is to use oper
ations with radicals to develop insights into 
the operation of taki ng a square root and 
the meaning of the radical s ign. 

Throughout the le on you should allow 
students to use their calcu lators to check 
the correctness of their answers. For exam
ple, for problem Ia, if a student believe 
that 2..f3 = ../6, he or she wou ld discover 
that thi s is wrong by calcul ating each ide 
and finding that 2..f3 = 3.464 .. . whil e 
.J6 = 2.449 .. .. 

MULTIPLICATION 

This section continues the work on multi 
plying square roots that was started in 
Lesson 3. It a lso lays the groundwork for 
the rest of thi s lesson. 

9.4 S 0 L U T I 0 N S 

1. Answers will vary . 

2. a . .f25 · .J2 or rs6 
b. J4 · J5 or J26 
c. ../36 · 116 or ..f36o 
d. f10o · f6 or f60o 

3. a . J4 · .J2 = f8 
b. J4. n = m 
c. .J25 . f6 = f15o 
d . ..ff6 . .J3 = 48 

4. a. J5 · J5 · J5 · .J2 
b. ,[7 . ,[7 . J5 
c. J5 . .J2 . .J3 
d . .J2 . J5 . .J2 . J5 . .J2 . ffi 

5. 3116 = .J3 . .J3 . .J2 . J5 = f6 . .J3 . 
J5 = f6 . [15 so the number is m. 

6. a. · .J2 · .J2 · 116 = 116 · J1o · .J2 

Since .J2 · 116 appears on both 
sides of the equation , we know 
that · .J2 = 116. Hence the 
missi;;Qfactor is 15. 

b. 2 . 116 = J4 . 116 = J46 
1 0 . .J2 = J10o . .J2 = J20o 

7. One way to solve this is to write 4 as 
..ff6. Then the missing factor can be 
seen to be /2. 

8. Write 2 · .J2 = f8 and 4 · .f3 = ./48. 
So the missing factor is .f6. 

9. Answers will vary. Some students 
may find an estimate using a calcula
tor. Others may look for the missing 
factor. The answer, in simplest radi
cal form , is f5i2. 

1 0 . __ · J26 = .f25. The missing factor 
is f5i4. 

,_ 
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B e sure to have a class discussion of stu
dents' answers to problem 1, and again of 
2, if needed. 

DIVISION 

MORE ON SIMPLE RADICAL FORM 

These sections apply what was learned at 
the beginning of the lesson. 

ADDITION AND SUBTRACTION 

Students often make the mistake 
~ a +b = .fa + .fb. Problems 14-20 attempt 
to discourage thj s by the use of geometric 
arguments. 

R oblems 21-22 apply simple radical form 
to simplify ing radical expressions. 

9.4 

5 .f5 5 . .f5 .f5 
2.fS · rs=M=2 

11. Explain why f5 was chosen as the number 
by which to mul tiply. 

12. Divide. 
3 24 3ff0 5.J3 

a. 2-/6 b. .f6 c. 55 d. 3JTO 

MORE ON SIMPLE RADICAL FORM 

Us ing the fact that JG · .Jb = lOb, we can 
write J63 as fii · 13. We can also write it as 
.f9 · .fi, which is especiall y convenient 
because 9 is a perfect square. Therefore: 

,[63 = .f9 . .fi = 3 .fi. 
This last expression is in simplest radical form. 

13. Write in simple radical form. 

a. fiOo b. fl47 
c. f/06 d. ills 

ADDITION AND SUBTRACTION 

14. Use dot .Eaper to ill ustrate the addition 
.[5 + 2~ 5 . 

15. Using the fi gure you made in problem 14, 
ex plain how to dec ide whi ch of the two 
eguations .[5 + no = f2s and 
~5 + no = J4s is correct. 

16. Check your answer to problem 15 with a 
calcul ator. 

17 . .... True or False? Explain. 

a. 16 + 9 = 25 
b. IT6+9 = f2s 
c. fl6 + .f9 = f2s 
d. fl6 + .f9 = fi6+9 

18 . .... If a and bare pos iti ve numbers, is it 
always, someti mes, or never true that 
JG + .Jb = ,J a + b? Ex plain , with 
examples. 

A 33s 

The fi gure shows a right tri angle, a square 
havi ng area a, a square having area b, and a 
third square. 

a 

19. In terms of a and b, 

a. what is the area of the third square? 
Explai n. 

b. What are the sides of the triangle? 

20 . .... lf a and b are positi ve numbers, is 
it a! wars, someti mes, or never true that 
JG + ~b > ,Ja + b? Explai n, using 
the fi gure. 

As you see, sums of radical expressions cannot 
usually be simplifi ed. However, in some cases, 
simple radical form can help. 

21. Simplify, then add or subtract. 

a. fi8 +ill 
b. m- 4no 
c . .f6o- ms 
d. J4s +ills 

You can add or subtract square roots only if 
they are the roots of the same number. This is 
simil ar to combi ning like terms when addi ng 
polynomials. 

22. Simpli fy, then add or subtract, if possible. 

a. 5 + 5168 + m 
b. 6 - 6115 + .f96 
c. rs + m + ill - J64 
d. m + no - m + .f4o - f56 

Chapter 9 Measurement arrd Square Roots 
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11 . Since there is already a f5 in the 
denominator, multiplying by rs will 
eliminate the square root in the 
denominator. 

12. a. multiply by f6i6 to get .f614 
b. multiply by f6i6 to get 4 .J6 
c. multiply by .f3i3 to get .f36/5 
d. multiply by ~ 10/1 0 to get .f3616 

13. a. 10./2 b. 7!3 
c. 10.f7 d. 5!11 

14. On dot paper you can draw a seg
ment of length rs and connect to it 
a segment of double that length. The 
total length will be rs + rs + rs. 
or 3f5 . 

15. From the figure , it is clear that f5 + 
2 f5 = 3f5. Since 2 fS = ,[26 and 
3f5 = !45, the second equation 
must be correct. 

16. rs = 2.236 ; m = 4.472; m = 5; 
!45 = 6.708 

17. a. true 
c. false 

b. true 
d. false 

18. Answers will vary . A general argu
ment follows : Compare the squares 
of the two expressions. 
(..Ja + .Jb)2 = a+ 2Wb + b 
( ~ a+bf = a+b 
Hence the first expression will always 
be larger, unless a or b equals 0. 

19. a. By the Pythagorean theorem , the 
area of third square is a+ b. 

b. The legs of the triangle are ..Ja and 
.Jb and the hypotenuse is ~ a + b. 

20. From the figure, the sum of the 
lengths of the legs must be larger 
than the length of the hypotenuse 
unless one of the legs has length 0. 

21. a. 7./2 
b. 3./2 - 8 f5 
c. -f15 
d. 8 f5 

22. a. 5 + 11 .fi7 
b. 6 - 6f15 + 3fi0 
c. -4 + 6./2 
d. 3fi0 + 2 f5 - 5./2 - .[36 
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1. Find the distance between the origin and 
each geoboard peg. Use radical expres
sions for your answers, not decimal 
approximations. Arrange your results in a 
table like the one below, with the peg 
coordinates along the sides. In each space 
write the peg 's distance from the origin. 
Some examples have been entered to get 
you started. To speed this up, work with a 
partner and look for patterns. 

10 

5 

4 5 

5 

.J5 

.J5 

0 5 

0 4 5 9 10 

2. Describe the patterns you see in the table. 

9.A Geoboard Distances 

3. Find the numbers in the table that are not 
in simple radical form. Put them in that 
form and describe the patterns you notice. 

4. What is the distance from the origin to 
the furthest peg on a geoboard having 
dimensions 

a. 20 by 20? 

c. 20 by 30? 

b. n by n? 
d. m by n? 

5. On a 20-by-20 geoboard, what would be 
the largest multiple of: 
a . .fi.? b. !5? 
c. run 

6. Notice that all the multiples of .fi. lie on a 
line. What is the slope of this line? 

7. a. Why are there two lines containing 
multiples of .f5? 

b. What are the slopes of these lines? 

8. Repeat problem 7(b) for multiples of: 

a. flO ; b. m. 
9. List the geoboard distances that are on the 

line through the origin having slope 

a 5; ~ 3M. 

lO. illilllm Summarize your results from this 
lesson. Describe and explain the patterns 
you noticed and the generalizations you 
made . 
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rdii~ISI$f~ 9.A 
WRJTIN; Geoboard Distances 

Core Sequence: 1-10 

Suitable for Homework: 4- 10 

Useful for Assessment: 10 

What this Assignment is About: 

• The Pythagorean theorem 

• Simple radi cal form 

• Review of slope 

This assignment involves a lot of initial 
work, and it is be t to do problems 1-3 in 
class so that students can work in pairs. 

In problems 4-5, the geoboard dimensions 
given refer to the number of units, not the 
number of pins. For example, the geoboard 
you have been worki ng with is an 11-pin
by- 11-pin geoboard, but in these exercises 
it would be described as a 10-by- 10 
geoboard. 

9.A S 0 L U T I 0 N S 

1. 

10 

9 

7 

6 

5 

4 

3 

2 

0 

10 

9 

8 

7 

6 

5 

4 

3 

2 

I 

0 

0 

JTOi 

.J82 

.J65 

.ffij 

m 
.J26 
m 
.ffO 

~ 

fi 
I 

.Ji04 mi9 Jfi6 
J85 195 m 
.J68 m .f85 
.J53 .J58 .J65 
J40 145 & 
.[29 .J34 .f4f 

.J25 5 m 
ill m 5 

J8 ill .fi5 
~ .ffO m 
2 3 4 

2 4 

Jill fi36 [149 [164 JT8f .J200 

.fi06 .ffT7 Ji30 00 m2 JT8f 
J89 /iOO ffi3 illS 00 fi64 
ff4 J85 ,198 JIT3 Ji30 [149 

J6f m J85 /iOO .ffT7 JT36 
.ffij J6f ff4 J89 .fi06 Jill 
.f4f & J65 .f85 m m6 
.J34 145 .J58 m 195 mi9 

m J40 ill J68 J85 fiOii 
.J26 m .ffij .J65 .J82 miT 

5 6 7 8 9 10 

6 9 10 

2. & 3. Answers will vary . The following table shows the numbers 
in simple radical form , which makes it easier to find 
patterns. 

10 

9 

7 

6 

5 

4 

2 

0 

10 

9 

8 

7 

6 

5 

4 

3 

2 

I 

0 

JTOi 2-126 

.J82 J85 

.J65 2m 
5fi ill 
m 2.ff0 

.J26 .[29 

m 2~ 

.ffO ill 

..f5 2fi 
fi ~ 

I 2 

mi9 2/29 

3.ff0 m 
m 4~ 

.J58 .J65 
3~ 2ill 

.J34 .f4f 

5 4fi 
3fi 5 
m 2~ 

.ffO m 
3 4 

0 I 2 4 

4. a. 20 · ..f2 
b. n..f2 
c. ~,..:.2-=o...-2 +-3-0~2 = 1 o fi3 
d. ~ m2 + n2 

5~ 

.fi06 
J89 
ff4 
J6f 
5fi 
.f4f 

.J34 

.[29 

.J26 
5 

5 

(Solutions continued on page 525) 

2./34 [149 2.f4f JT8f IOfi 

3ffi Ji30 00 9fi !i8T 
10 ffi3 8fi 00 2.f4f 

J85 7fi JIT3 Ji30 [149 

6fi J85 10 3ill 2./34 

J6f ff4 J89 .fi06 5~ 

2ill .J65 4~ m 2f29 

3../5 .J58 m 3.ff0 ,1Tii9 

2.ff0 ill 2ff7 J85 2-126 

m 5fi .J65 .J82 miT 
6 7 8 9 10 

6 8 9 10 



... 9.5 
The Square Root Function 

Core Sequence: 1-22 

Suitable for Homework: 9-22, 28-29 

Useful for Assessment: 8, 10-12, 18,22 

What this Lesson is About: 

• Square roots of numbers less than l 

• Domain and range 

• The square root fun ction 

• Relationship between the square and 
quare root functions 

Students often do not have a good under
standing of what happens when you take 
the quare root of a number less than one. 
They also often get confused about the 
difference and the relation hip between 
quaring a number and taking the square 

root of a number. Finall y, another area of 
confusion relates to the domain and range 
of the square root functi on. 

Thi lesson attempt to help students think 
about these difficult questi ons with the 
help of calculator and three visual sup
port : geometry, functi on di agrams, and 
Cartesian graphs. 

lESSON 

The Square Root Function 

gra phing ca lc ulator 

• iCiiiiiCiiiaii • .................................. 
ROOTS OF NUMBERS 1 

The large square in the fi gure has dimensions 
1-by- 1 unit. It i divided into II smaller 
squares. For the quare on the top left , you 
could write the following equations, relating 
the length of its side to its area. 

a. 1/4 = ( 1/2)2 b. 1/2 = .f114 
c. 0.25 = 0.52 d. 0.52 = !Q.2S 

2 3 

4 

1. Explain the above equati ons. 

2-4. For each numbered smaller square, wri te 
equatio ns of the form: 

a. area = side2, using frac tions 

b. side = ~ area, u ing fract ions 

c. area = side2, u ing decimals 

d. side = J area, using decimals 

DIAGRAMS FOR SQUARES AND ROOTS 

The function diagram for the same function 
could look quite different with differen t sca les. 

.A 34o 

a. 
20 20 

10 10 

0 0 

X y 

b. 
10 10 

0 0 

- 10 - 10 

X y 

c. 
2 2 

0 0 

X ----'~ y 

5. Make three function diagram for the 
func tion y =~' u sing the scales given in 
the fi gure. Use nine in-out pairs for each. 

Problems 6 and 7 are about y = x2 • 

Chapter 9 Measuremelll and Square Roots 
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1. The area of a square is the square 4. a. 1/100=(1 /1W 
10 10 X y 

of its side length . The side length is b. 1/10 =h /100 0 0 
the square root of the area. This is c. 0.01 = (0.1 )2 -1 1 
expressed in both fractions and deci- d. 0.1 = ~ 0 . 01 1 1 
mals. (The equations may look a little 0 0 -2 4 
surprising to students who are not 5. 20 20 X y 2 4 

used to thinking about numbers 0 0 -3 9 

being smaller than their square 0.5 0.25 3 9 
1 1 -10 -10 -2.5 6.25 

roots .) 
10 10 1.5 2.25 2.5 6.25 

2. a. 9/1 00 = (3/1 W 2 4 X y 

b. 3/10 = ~ 9/ 1 00 
2.5 6.25 
3 9 X y 

c. 0.09 = (0.3)2 3.5 12.25 2 2 
0 0 

d. 0.3 = ~0.09 
0 0 4 16 1 1 

4.5 20.25 
3. a. 4/100 = (2/1 0)2 X y 0.5 0.25 

0.25 0.0625 
b. 2/10= ~4/100 0.75 0.5625 
c. 0.04 = (0.2)2 0.9 0.81 

d. 0.2 = ~ 0 . 04 1.1 1.21 
0 0 1.2 1.44 

1.3 1.69 
X y 



6. ln the function diagrams below, how far 7. 
wou ld you have to extend they-number 
line in lhe positive direction so that every 
value you can see on the x-number line has 
a corresponding y-value on the diagram? 
How about in the negative direction? 

a. 10 10 

0 0 

- 10 - 10 

X y 

b. 

0 0 

-1 - 1 

X y 

c. 0. 1 0.1 

0 0 

-0. 1 -0. 1 

X y 

9.5 Th e Square Root Function 

9.5 

In the function diagrams below. how far 
would you have to extend the x- number 
line, if at all , so that every va lue you can 
see on the y-number line has a correspond-
ing x-value on the diagram? 

a. 10 10 

5 5 

0 0 

X y 

b. 

0.5 0.5 

0 0 

X y 

c. 0.1 0. 1 

0.05 0.05 

0 0 

X y 
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ROOTS OF NUMBERS < 1 

S ince there are no measurements indicated 
on the square, students will have to use 
deduction to figure out the sides of the 
smaller squares. A good strategy is to ca ll 
the side of square 4 s, and to use it to mea
sure the other ones. Then the side of square 
3 is 2s, the side of square 2 is 3s, the side 
of square 1 is Ss, and fi nally the side of the 
whole square is lOs. Therefore s = 1/1 0. 
(Do not give away the whole solution, but 
if students are frustra ted get them started 
with tltis strategy.) 

An explicit class discussion of the results 
of thi s investigation wi ll make it clear that 
the squares of numbers less than one are 
less than the original numbers, while the 
square roots are larger. 

9 .5 S 0 L U T I 0 N S 

6. a. extend the y-number line to 121 9. 20 20 X y 2 2 X y 
and -121 1 1 0 0 

b. does not need to be extended 2.25 1.5 0.1 0.32 
c. does not need to be extended 4 2 0.2 0.45 

10 10 5 2.24 0.36 0.6 
7. a. does not need to be extended 9 3 0.5 0.71 

b. does not need to be extended 15 3.87 
1 1 

c. does not need to be extended 1.44 1.2 
16 4 1.7 1.30 

8 . If you square 0, the result is zero . A 0 0 18 4.24 0 0 2 1.41 
positive number squared is a positive 20 4.47 2.1 1.45 

X y X y 
number. A negative number squared 

10. You cannot take the square root of a is also a positive number. For any 10 10 X y 
positive number, it is possible to find 0 0 negative number. 

two numbers (one negative, one pos- 1 1 11 . The square root function has domain 
itive) that you can square to get that 2 1.41 x ;::: 0 and range y ;::: 0. 
number. 0 0 3 1.73 

4 2 12. a. nonnegative numbers 

5 2.36 b. all numbers 
6 2.45 c. nonnegative numbers 

-10 -10 9 3 d. nonnegative numbers 
11 3.32 

X y 

-. 
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DIAGRAMS FOR SQUARES AND ROOTS 

GRAPHS FOR SQUARES AND ROOTS 

Function di agrams and Cartesian graphs 
make visual what calculator how numeri 
cally. The extended di scuss ion made possi
ble by the problems in these section 
should help prevent common mi under
standings. 

For problems 19-21, student should use 
calculator and/or graphs. This same idea 
was covered graphically in Chapter 7, 
Lesson 7, and Thinking/Writing 7.B. 

9.5 

I Definitions: The domain of a function is the 
set of the values that the in put can take. The 
range of a function is the set of the values 
the output can take. 

I Example: The domain of y = x2 is all 
numbers, since any number can be squared. 

8. .,_ Explain why the range of the function 
y = .l is all nonnegati ve numbers. 

I Notation: .fx repre ents the nonnegati ve 
number whose square is x. 

I Example: .f4 repre ents only 2, even 
though (-2)2 also equals 4. However we 
can write 

-2 = -.f4. 

9. Using the same scales as in problem 5, 
make three functi on diagrams for the 
functi on y = .fx. 

10 . .,_ For which scale is the function 
di agram not a mirror image of the corre
sponding one for y = .l? Explain. 

II. .,_ What are the domai n and the range of 
the square root function? Explain . 

12 . .,_ To be or to have. that is the question. 

a. Which numbers have a square root? 
b. Which numbers have a square~ 

c. Which numbers can be a square? 

d. Which numbers can be a square root? 

GRAPHS fOR SQUARES AND ROOTS 

13. Make tables of at least eight (x, y) pairs 
each for these two functions and graph 
them on the same axes. Use three values of 
x between 0 and I, as well as negati ve 
values and whole numbers. 

a. y = .l b. y = .fx 

14. On the same axes, graph the line y = x. 

15. The curve representing y = _.; is called a 
parabola. What would you call the curve 
representing y = .fx? 

.... 342 

16. Which of your three graphs grows 

a. faster and fas ter? 

b. more and more slowly? 

c. always at the same rate? 

17. [f extended to the right, how high would 
the curve representing y = .fx go? (Can 
you fi nd an x such that .fx i larger than 
I 00? Than I 000?) Ex plai n. 

18 . ..... 

a. What number are greater than their 
squares? 

b. What number are less than their 
square roots? 

c. What numbers are equal to their 
square roots? 

d. What numbers are equal to their 
squares? 

19. Solve the equations. 

a . .l = 5 b . .l = -5 
c . .fx = 5 d. .fx = -5 
e. -.fx = -5 

20. Solve the inequalities. (Be careful ! Some 
have compound solutions.) 

a . .l < 4 b. .fx < 2 
c. _.; < .fx d. _; > 6 

21. Solve the equati ons and inequalities. 

a. ? 2 = 456 b. p2 < 456 
c . .[j( = 789 d. .[j( < 789 

22.11itllm Summarize what you know about 
the functions y = x, y = _.;,and y = .fx. 
Use graphs, di agrams, and examples. 
Include answers to these questions. 

• Which is greatest and which i lea t 
among x, .l, or .fx? Ex plain how the 
answer depends on the value of x. 

• What are the domains and ranges of 
these three functions? 

Chapter 9 Measurement and Square Roots 
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13. , 14. 

y = X 

15. Answers will vary. Students should 
notice that it is half a parabola. 

16. a . y = x2 

b. Y = fX 
c. Y= X 

17. infinitely high 

18. a. numbers between 0 and 1 
b. numbers between 0 and 1 
c. 0, 1 
d. 0, 1 

19. a. x = .J5 or x = -.JS 
b. no solution 
C. X = 25 
d. no solution 
e.--25 

20. a. xis between -2 and 2 
(or -2 < x < 2} 

b. 0 ::S X< 4 
C. 0 < X< 1 
d. x > .J6 or x < -.J6 

21 . a. P = 21 .35 or P = -21 .35 
b. -21 .35 < p < 21 .35 
c. K = 622521 
d. 0 ::; K < 622521 

22. Reports will vary . Some key ideas 
follow: x 2 is the greatest and /X the 
least for x > 1. x2 is greater than x 
and /X is not defined for x < 0. They 
are all equal for x = 1. For 0 < x < 1, 
X2 < X < /X. 

-



23. 0 Sketch the graphs of y = .Jx and 
y = M. Think about domain and range! 

\lORE SQUARE ROOT (,RAPHS 

Use a graphing ca lculator if you have one. 

24. Graph the e equation on the same pair 
of axes. 

a. y = 4h b. y = J4x 
c. )' = .f4.Jx 

fQf#..iiJi PACKING SQUARES 

28. A I 0-by- 1 0 square can be di vided into 
II smaller one , with no overlap and no 
space left over (as in the fi gure at the very 
beginning of the lesson). Divide each of 
the fo ll owing quares into I I smaller 
square . (The side lengths of the small er 
squares must be integers.) 

a. 11-by- 11 b. 12-by- 12 

c. 13-by- 13 

fiJ4fitJg#/Ji WALKING DISTANCE 

Use graph paper as the map of a city. The 
horizontal and vertical lines represent streets. 

9.5 The Square Root Functio11 

9.5 

25. ln problem 24, which graphs are the same? 
Explain. 

26. Graph these equations on the same pair 
of axes. 

a. y = h + 9 b. y = .Jx + 3 
c. y = .Jx + J9 

27. In problem 26, which graphs are the same? 
Explain. 

29. In your group, agree on the location of 
vari ous build ings, such as a supermarket, 
a hospital, a school, a fa t food outlet, a 
bank, etc. Mark them on dot paper. Make 
a li st of their coord inates. 

Make up a problem about finding a good 
place for a couple to li ve in your city. 
Assume that they do not want to dri ve, 
and that they work in different places. 
Each student hould choose a different 
job for each member of the couple. 

a. Where should they li ve if they want to 
minimize the total amount of distance 
walked to work? 

b. Where should they li ve if, in additi on, 
they want to walk equal amounts? 

343 .... 

MORE SQUARE ROOT GRAPHS 

The e problems make for a good di scus
sion of rules for operation with radicals, 
but they may be too difficult without a 
graphing calcul ator. 

dufdt, PACKING SQUARES 

This puzzle is ju t for fun, though you 
coul d a k the ame questi on about prob
lem 28b, for example, as were asked about 
the square at the beginning of the lesson. 

The puzzle were inspired by Marti n 
Gardner's "Mrs. Perki n ' Quilt," a chapter 
in Mathematical Carnival (Vintage Books, 
© 1975). 

••#ii.Jfi;Jt WA LKING DISTANCE 

This is a side trip. Students can work with 
tax icab distance to make a mathemati cal 
model of the situation. In most cases, prob
lem 29a narrows the apartment search 
down to a rectangle and 29b to a line eg
ment within that rectangle. 

9.5 S 0 L U T I 0 N S 

23. 24. 

25. The graphs of (b) and (c) are the 
same, because of the ru le about 
multiplying square roots. 

27. The graphs of (b) and (c) are the 
same, because .J9 = 3. 
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T 9.6 
Midpoints 

Core Sequence: 1-21 

Suitable for Homework: 7-18 

Useful for Assessment: 5, 13, 18 

What this Lesson is About: 

• Review of average 

o Midpoint of a segment 

o Preview of surface area and volume of 
similar figures 

o Review of taxicab distance 

While this lesson continues to address the 
chapter's theme of measurement, it pro
vides a break from the main thrust of the 
previous lessons (square roots). It also 
serves as a necessary transition into the 
next lesson, which puts square roots in the 
context of exponential growth. 

MEETING HALFWAY 

FINDING A FORMULA 

The first section poses the question of the 
halfway point and the second guides stu
dents to a full answer. 

Since it is likely that at least some of your 
students used "Ruth 's method," you may 
cover the same ground as is in problems 
7-12 during a full class discussion of prob
lem 5. In that case, problems 7-13 can be 
used as homework to consolidate that 
understanding. 

Midpoints 

li.lii\IIIIMI ............ : ........ : 

~ s. ra.~~P~P.~r. D ~ . . .................................. 
MEETING HALFWAY 

I . Linda works at the comer of Gal brae 
Avenue and 151h Street. Micaelia works at 
the corner of Gal brae Avenue and 381h 

Street. The streets between 151h and 38'h 
are all consecuti vely numbered streets. 
Linda and Micaelia agree to meet after 
work. If they both want to walk the same 
distance, where should they meet? 

2. Change Micaeli a's workplace in problem 
I. Make her meeting place with Linda at a 
street corner, not the middle of a block. 

3. For what va lues of n is the halfway point 
between 15'h Street and n'h Street in the 
middle of the block, and for what values is 
it at a street comer? 

4. Find the point on the number line halfway 
between: 

a. 1.5 and 6.8; b. 113 and 112. 

5. .... Describe how to find the point on the 
number line halfway between a and b. Use 
a sketch and explain. 

6. 0 Explain how to find the point on the 
number line 

a. 113 of the way from 4 to 6; 

b. 114 of the way from 4 to 7. 
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FINIJIN(, A FORMULA 

Sue and Ruth were trying to find the number 
halfway between 5 and 11.4. Ruth used this 
method: First she found the di stance between 
11 .4 and 5, which is 6.4. Next she took half of 
that, which is 3.2. Last she added 3.2 to 5. 

7. Use a sketch of the number line to explain 
Ruth 's method. 

8. If B > A, what is the di stance between A 
and B on the number line? What is half 
that distance? 

9. The formula for Ruth's method is 
. . 8 - A 

mtdpomt = - ?- + A. 
Explain . -

10. Ruth 's formula can be rewritten as two 
fractions with a common denominator. 

midpoint = 8 - A + ~ 
2 2 

Write it as one fraction in lowest terms. 

11. Explain the formu la you found in problem 
10 in words. 

12. Sue's method for finding the midpoint 
between two points on the number line 
is to take the average of the two points. 
Does that method work? Test it on some 
examples, and explain what you find out. 

13. fii!,!,H,j Compare Ruth 's method with 
Sue's method. Use examples, sketches, 
and algebra. Does either method work all 
the time? Which one do you prefer? Do 
they work when A and/or B are negative? 

Clrapter 9 Measureme/11 a11d Square Roots 

9.6 S 0 L U T I 0 N S 
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1. In the middle of the block between 
261h and 2ih. 

2. Micaelia could move to the corner of 
3ih Street, or for that matter to the 
corner of Galbrae and any odd-num
bered block. 

3. If n is odd, they meet at a corner. If n 
is even, they meet in the middle of 
the block. 

4. a. 4.15 b. 5/12 

5. Answers will vary. One way is to find 
the distance between the two num
bers and add one-half the distance to 
the smaller number. 

6. Answers will vary. One way is to find 
the distance between the two num
bers and add the appropriate fraction 

of that distance to the smaller 
number. 
a. 4 + 1/3 (distance between 4 

and 6) = 4 + (1/3) (2) = 4 2/3 
b. 4 + 1/4 (distance between 4 

and 7) = 4 + (1/4) (3) = 4 3/4 

7. Answers will vary. 

8. The distance is B - A, so half the 
distance is (8 - A)/2. 

9. Her formula says to take half the dis-
tance from A to 8 and add it to A. 

10. (8 - A+ 2A)/2 = (8 + A)/2 

11 . This is the average of A and B. 

12. It should work. (See #11.) 

13. Answers will vary. 

-. 



THE MIIJI'OIN T OF LINEIIN ( ,NO\VlH 

Between ages I 0 and 12, Sue's growth in 
height was approximately linear as a function 
of age. This means that the rate of change of 
height per year was approxi mately constant. 

Sue 's Growth (Height) 

Age (years) Height (em) 

10 146 

I I -

12 161 

14. Estimate Sue's height at age II. 

15. Based on the data, do you think her weight 
increased linearly as a function of age? 
If so, estimate her weight at ages I OY, and 
II Y, . 

Sue 's Growth (Weight) 

Age (years) Weight (lbs) 

10 90 

I I 101 

12 11 2 

fQQiillii SURFACE A REA SEQUENCES 

For each sequence of buildings, find the 
volume and surface area of the first fo ur 
buildings. Then, describe and sketch the fifth 
building, and find its volume and surface area. 

19. a. liJ b. !El] c .~ d.!f£±j 

9.6 M idpoints 

14. 153.5 em 

15. yes; 95.5 pounds at 1 0 1/2 and 
106.5 pounds at 11 1/2 

16. 136 pounds 

17. a. (6 .5, 5) 
b. (1.5 , -5) 
c. (1.25, 5.25) 
d. (0 .5 , -2) 

18. Answers will vary. Earlier in the les
son, Ruth and Sue developed mid
point methods for one dimension 
which can now be applied to two 
dimensions. Apply one of their meth
ods for find ing the midpoint twice
first for the x-coordinates and then 
for the y-coordinates-to get the x-

9.6 

16. Joel kept a record of his height and weight. 
When he was 5'5" tall, he weighed 130 
pounds. When he was 5'7" tall, he weighed 
142 pounds. If his weight increased as a 
linear function of his height. how much 
did he weigh when he was 5'6" tall ? 

MIIJI'OINT OF II LINE SE<,MENT 

17. On a graph, plot and label the midpoint of 
the segment joining each pair of points. 

a. (5 , 3) and (8, 7) 

b. (-5, -3) and (8, -7) 

c. (-5.5 , 3.5) and (8 , 7) 

d. ( 114, 3) and (3/4, -7) 

18 . .... Using a sketch, explain how to find 
the coordinates of the midpoint of the 
segment joining the points (a, b) and 
(c. d). Check your method for positi ve and 
negati ve numbers. Try to write a formula. 

20. a. - b.~ c. 

3454 

(b + d)/2. By Ruth's method, find half 
the distance and add it to the first 
number, which gives (a+ 1/2(c - a)) 
for the x-coordinate and b + 1/2 
(d - b) for they-coordinate. Simpli
fied , these give the same answers as 
Sue's method. In words, the midpoint 
can be described as the point (aver
age of the x 's, average of the y 's) . It 
is better to remember this than to 
memorize a formula. 

(c, d) 

and y-coordinates of the midpoint. By L:..._ ___ --::-:-':--------' (c, b) 
( b) (82+C , b) Sue's method: average the x 's to get a, 

(a+ c)/2, then average the y's to get 

THE MIDPOINT OF LINEAR GROWTH 

This problem, while different on the sur
face, is mathematically identical to the 
midpoint problem of the previou ection 
It should not provide any serious obstacles. 
In the next lesson, we di cuss the midpoint 
of exponential growth . 

MIDPOINT OF A LINE SEGMENT 

Thi s is more challenging, becau ewe are 
working in two dimen ion . The sketche 
should help tudent di cover the pattern . 
If they are having trouble, you may suggest 
they draw ri e and run triangles for each 
half-segment. 

d;iii'ii. SURFACE AREA SEQUENCES 

This complete the work on surface area 
that started at the ends of Lessons 1 and 2. 

19. a. v = 1; s.a. = 6 
b. v = 2; s.a. = 1 0 
c. v = 4; s.a. = 16 
d. v = 8; s.a. = 24 

20. a. v = x; s.a. = 4x + 2 
b. v = 2x; s.a. = 6x + 4 
c. v = 4x; s.a. = 8x + 8 
d. v = ax; s.a. = 16x + 8 

21 . a. v = x 2 ; s.a. = 2x2 + 4x 
b. v = 2x2; s.a. = 2x2 + ax 
c. v = 4x2 ; s.a. = 4x2 + 12x 
d. v = 8x2 ; s.a. = 8x2 + 16x 

-. 
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T 9.7 
Halfway Measures 

Core Sequence: 1-25 

Suitable for Homework: 5-25 

Useful for Assessment: 5, 13 

What this Lesson is About: 

• Review of linear vs. exponential growth 

• Review of solving equations 

• Review of solving proportions 

• Review and preview of radical rules 

• Preview of fractional exponents and the 
exponent l/2 

Thi s lesson reviews many important con
cepts, however it should not be seen as 
easy; the concepts are challenging, and 
they are extended to new levels of diffi
culty. Moreover, the lesson previews the 
concept of the exponent l/2 and of frac
tional exponents in general. 

TWO ACCOUNTS 

This section reviews simple and com
pound interest which were first studied in 
Chapter 8, Thinking/Writing S.B. What 
makes it more difficult this time is that the 
interest rate is not given. Students have to 
figure it out from the information given. 

An algebraic method should work in the 
case of simple interest, but students will 
have to resort to trial and error for com
pound interest. (Do not expect them to take 
the fourth root of any numbers !) 

Roblems l-4 should generate plenty of 
discussion in groups. It is unlikely that stu
dents will succeed with the rest of the les
son if they have trouble with this part, so 
make sure their questions are answered 
before forging ahead. 
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LESSON 

• 
Halfway Measures 

TWO ACCOUNTS 

1. @Mf!Mi' Janet and Marne had savings 
accounts. Marne was earning simple 
interest, and Janet was earning compound 
interest. Surprisingly, both accounts grew 
from $650.00 to $805.24 in four years. 
What was the annual interest rate for 
each account? 

2. How much money was in each account 
after two years? 

3. One account increased by the same 
amount every two years. What was the 
amount? 

4. The other account increased by the same 
percent every two years. What was the 
percent? 

5. fii!,!,flfl One account was an example of 
linear growth, the other was an example of 
exponential growth . In equal time 
intervals, one account showed constant 
differences, while the other showed 
constant ratios . Explain. 

THE MIDPOINT Of EXPONENTIAL GROWTH 

Dick and Stan had data about the population of 
their school. There were 325 students in 1980 
and 742 students in 1988. They wanted to 
estimate the population in 1984. 

Dick assumed that the population had grown 
linearly. This means that for equal time 
intervals the difference in population would 
be the same. Algebraically, 

p i9S4 - p l980 = p l988 - p i9S4· 

6. Use algebra to fi nd P I9S4· 
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1. simple: 5.97% (found by algebra) 
compound: 5.5% (found by trial and 
error) 

2. Marne had $727.61 and Janet had 
$723.47. 

3. Marne earned $77.61 every two years. 

4. Janet earned about 11.3% every two 
years. 

5. Janet was earning about 5.5% per 
year, compounded annually. This 
means that the ratio of each year's 
account balance to the previous 
year's balance is 1 .055. Marne was 
earning about $38.81 per year. This 
means that the difference between 
each year's balance and the previous 
year's balance is $38.81. Their finan
cial fate can be summarized in a 
table. 

7. If Dick's assumption was correct, what 
was the population in 1986? 

Stan assumed that the population had grown 
exponentially. This means that for equal time 
intervals, the population ratios would be the 
same. Algebraically, 

~984 ~988 
~980 = ~984 
P,,.. 742 
325 = p;;; 

8. Solve for P 19S4· (Hint: Multiply both sides 
by 325 and then by P I9S4·) 

9. If Stan's assumption was correct, what was 
the population in 1986? Explain your 
reasoning and show your calculations. 

10. Assume Stan's assumption was correct and 
also that the population grew at the same 
rate from 1980 to 1992. Make a table 
showing an estimate of the population at 
two-year intervals during this time period. 

LINEAR OR EXPONENTIAL! 

Solve these problems in two ways, assuming 

a. that the growth is linear; 

b. that the growth is exponential. 

c. Di cuss which as umption is more 
reasonable, or whether neither one is 
credible. 

II. A tree was 6 feet high in 1930 and 2 1 feet 
high in 1980. How high was it in 1955? 

12. A tumor was estimated to weigh about 4 
grams in January and 7 grams six months 
later. If it continued to grow in the same 
way, how much would it weigh after three 
more months? 

CluJpt.r 9 Measurement and Square Roots 

Year Marne Janet 

0 650 650 

I 688.8 1 685.75 

2 727.61 723.47 

3 766.42 763.26 

4 805.22 805.24 

6. If xis the population in 1984, 
x - 325 = 7 42 - x. By algebra, find 
that x = 533.5, or approximately 534 
students. 

7. The growth must have been about 
1 04.25 every two years. Add this to 
533.5, to get 637.75, or about 638 
students. 

8. By Stan's assumption, the population 
in 1984 was about 491. 

9. Let y =the population in 1986. Stan's 
assumption is one of constant ratios, 



tJJ§§U§fi@iR.ffj A growing population is P1 

at a certain time and P2 at a later ti me. Use 
algebra to fi nd its size halfway between 
these two times, assuming 
a. linear growth; 

b. exponential growth. 

USING AN EQUATION 

A population grew from I 000 to 2 197 in 
three years. 

14. Assume linear growth. 

a. How much did the population grow 
each year? 

b. Make a table showing the population 
at the end of one, two, three, and 
four years. 

c. Write an equation expressing the 
population as a function of the number 
of years. 

REVIEW/ PREVIEW 

CALCULATOR PREDICTIONS 

17. a. Predict how your calculator will 
respond if you try to use it to 
compute .f-9. 

b. Explain your prediction. 

c. Check whether you were right. 

For each problem, 18-24, two expressions 
are given. 

a. Predict which is greater or whether they 
are equal. 

b. Explain your prediction. 

c. Use your calculator to check whether 
you were right. 

9. 7 Halfway Measures 

9.7 

d. Use the equation to fi nd out the 
population after 27 months. (Hint: First 
figure out how many years that is.) 

IS. Assume exponential growth. 
a. By how much was the population 

multiplied each year? 
b. Make a table showing the population 

at the end of one, two, three, and 
four years. 

c. Write an equation relating the 
population to the number of years. 

Your equation should be in the form 
P = IOOOlr', with x indicating the number 
of years. 

16. Use the equation and your calculator to 
find the population after: 

a. 27 months; b. 2.5 years; 
c. I month. 

18. J2 + ./8 or fi8 
19. /27 or 313 
20. 213 or .f2-3 
21. 13 + 13 or .f6 

22. ./2!13 or .f2i3 

23. /213 or .f2-3 
24. 13 + 13 + 13 or 313 
25. Q 

a. Predict how your calculator wi II 
respond if you try to use it to compute 
49·5 (49 to the power one-half). 

b. Explain your prediction. 
c. Use your calculator to check whether 

you were right. 
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THE MIDPOINT OF EXPONENTIAL GROWTH 

LINEAR OR EXPONENTIAL? 

USING AN EQUATION 

These section again contrast linear and 
exponential growth. A technique for fi nd
ing the "midpoint of gmwth" is outlined 
for both s ituations. 

R oblem 16 previews decimal exponents. 
Except for the exponent 1/2, whi h wi ll be 
discus ed in Le on 8, fractional exponent 
will not be pursued any further in th is 
course. With the help of a calcul ator and in 
the context of the exponential functions 
this i not too difficult for Algebra I . 

With mo t clas e , you should not dj cus 
the relationship of fractional ex ponent 
with taking roots. This is beyond the cope 
of thi s course. Pur ue it only if it come up 
as a generalization of the exponent I /2 in 
problem 25 at the end of the le on or in 
Lesson 8. 

REVIEW/PREVIEW CALCULATOR 
PREDICTIO NS 

The e exerci e provide a mjxed 
review/preview of work with radical 
Students have been exposed to the appro
priate rule and therefore hould theoreti
call y be able to answer the questi ons accu
rately without the calculator. However the 
calculator-check will help reinforce their 
understanding a well a catch any poten
tial mistake . In additjon, it will trengthen 
tudents' fee l for radical expre ion as 

numbers. 

9. 7 S 0 L U T I 0 N S 

so y/491 must equal 742/y. The 
value of y can be found (by trial and 
error or by solving a proportion) to be 
about 604. 

10. Answers may vary slightly due to 
round-off . 

year population 

1980 325 

1982 400 

1984 491 

1986 604 

1988 742 

1990 913 

1992 1123 

11 . a. linear: 13.5 feet 
b. exponential: 11 .22 feet 
c. Answers will vary. (Students might 

consult a biology teacher.) 

12. a. linear: 8.5 grams 
b. exponential : 9.3 grams 
c. Answers will vary. If the tumor is 

growing continuously, the growth 
is probably better modeled by an 
exponential function. 

13. a. (P1 + P2)/2 
b. ~ P, · P2 

14. a. about 399 people per year 
b. linear growth: 

year popula tion 

0 1000 

I 1399 

2 1798 

3 2197 

4 2596 

c. y = 1000 + 399x 
d. 27 months = 2.25 years 

y = 1000 + 399(2.25) = 1898 

15. a. By trial and error, the yearly 
growth can be found to be about 
30% per year. 

b. exponential growth: 

year popu lation 

0 1000 

I 1300 

2 1690 

3 2197 

4 2856 

C. Y = 1 000(1 .30)x 

16. a. 27 months = 2.25 years 
y = 1 000(1.30)2·25 = 1804.57 or 
about 1805 

b. y = 1 000(1.3W 5 = 1926.90 or 
about1927 

c. y = 1 000(1 .30)·083 = 1022.10 or 
about 1022 

(Solutions continued on page 525) 

-
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T 9.8 
The Exponent 1/2 

Core Sequence: l- 18 

Suitable for Homework: l l-1 8 

Useful fo r Assessment: 5, 9, 11 , 17 

What this Lesson is About: 

• Rev iew of exponenti al growth 

• The exponent I /2 

• Radjcal rule 

• RationaJizing the denominator 

THE HALFWAY GROWTH FACTOR 

Thi s secti on continue the work on expo
nenti al functions, thi s time concentrat ing 
on the fac tor corre ponding to the "mid
point of growth." This is a real-world 
application of quare root to a very differ
ent domai n from geometry, whjch domi
nated our treatment of quare root so far. 

A FRACTIONAL EXPONENT 

T he previou ection provided one rea on 
for the square root defi nition of the expo
nent 1/2, based on work with the exponen
tial function. Thi ecti on prov ides 
another, thi ti me based on the laws of 
exponents and makes the connection with 
the previous secti on. 

TH£ HALFWAV GROWTII I ACTOR 

l. A bacterial population is growing 
exponentiall y. It is multiplied by nine 
every day. 
a. Copy and complete the table of the 

population at half-day interva l . 

Time Population 

0 I tOO 

0.5 -

I 900 

1.5 I -

2 I -

b. Write an equation givi ng the population 
as a function of time (measured in 
days). 

2. Repeat problem I for a popul ation that is 
multiplied by 25 every day. 

3. or problems I and 2: 
a. By how much was the population 

multiplied in half a day? 
b. How are these number related to the 

equation? 

4. A tumor that is growing exponenti ally 
triples in ten years. By how much is it 
multiplied in five years? 

5. IS§.I§fi!M@d An exponentially growing 
tumor is mu ltiplied in ize by 8 every ten 
years and by H every five years. How are 
8 and H related? Explain. 
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A FRACTIONALLXPONENT 

6. Find x. 
a. 25 • 25 = 2-' 
b. 23 • 23 = x6 

C. (24)2 = 2x 

7. Find x. 
a. '}' · 93 = 96 

b. 9-' . 9-' = 92 

c. 9-' . 9-' = 91 

d. 8' · 8-' = 8 1 

8. Find x. 
a. (9-')2 = 96 
c. (B-')2 = ~ 

b. (9-')2 = 91 

d. (B-' )2 = 8 1 

9. .,_ Problems 6-8 suggest a meaning for 
the exponent 112. Explain it. 

10. Using this meaning of the exponent 112, 
find the following. (Avoid using a 
calculator if you can.) 

1 
a. 162 

I 

c. 25 1 

I 

b. 4002 

I 

d. 22 

ll . .,_ Doe it make en e to u e the 
exponent 112 in the equations you found in 
problems I and 2? Ex plain your answer. 

12. A colony of bacteria was growing 
exponentiall y. It weighed 6 grams at noon 
and 15 grams at 8 P.M. How much did it 
weigh at 4 P.M.? Explain. 

Chapter 9 A1easurement and Square Roots 

9.8 S 0 L U T I 0 N S 

1. a. T ime Population 

0 100 

0.5 300 

I 900 

1.5 2700 

2 8 100 

b. Y = p. 9x 

2. Y = P · 25x 

3. a. The first population was multiplied 
by 3 every half day. The second 
population was multiplied by 5 
every half day. 

b. They are both the square roots of 
the numbers that the population is 
multiplied by in one full day. 

4. ,f3 

5. ra = H 

6. a. x = 10 
b. X= 2 
C. X= 8 

7. a. x = 3 
b. X= 1 
c. X= 1/2 
d. X= 1/2 

8. a. X= 3 b. x = 1/2 
c. X= 3 d.x= 1/2 

9. Raising a number to the power 1/2 is 
the same as taking the square root. 
This is because if a · a = K, then a 
must be the square root of K. By the 
laws of exponents, it must be K 112. 

This implies that ,fK = K 112. 

10.a. 4 b.20 
c. 1/5 d . ../2 

11 . Yes. The exponent is the time, and if 
the exponent 1/2 is used, it gives the 
population after 1/2 day. 

12. about 9 grams 

13. a . .f16 · .f16 = 4 · 4 = 16 
b . .[16. {9 = 4. 3 = 12 = [144 = 
~ 

c. 16/.J16 = 16/4 = 4 = .[16 
d . .J16t,J9 = 4/3 = h 6/9 

14. a . ../2 
c. 3 

15. a . .fS/5 
c. 1/5 

b. 5 
d. 2 

b. !6!3 
d. ,/3/6 



LAWS OF EXPONENTS AND RADICAL RULES 

Rules for operations with radicals can be 
deri ved from laws of exponents using the 
fact that 

I x' = .[X. 
The following rules assume a and b are 
nonnegati ve. 

Exponent Rule 

at . at= al 
I I I 

a' ·b '= (ab)I 
al ! 
1" = a 2 
a 2 

Radical Rule 

.fQ .fQ = a 

.fQ .fb = -lab 

fa=.fO 

13. Check a ll the radical rules by using a = 16 
and b = 9. 

The last rule is espec ia lly useful for simplify
ing rational ex pressions in volving radicals. 
To be in simple radical form, an expression 
cannot have any radicals in the denominator 
or fractions under the rad ical sign. 

Examples: 

1144 .[)44 12 
Vim = !169 = 13 

.J48 .f3 .f3 .[2 .J6 
m=rz = rz · rz = 2 

fi#Afllifrij ESTIMATING POPULATION 

19. The population of California was 
3,426,861 in 1920 and 15,717,204 in 1960. 
Assume it grew exponentially and e timate 
the popul · tion in: 

a. 1940; b. f 1949. 

9.8 Tire Expo11e111 112 

9.sT 
14. Write problems 14- 15 in simple radical 

form. You can check the answers on your 
calcu lator. 
a . .f60 

135 

c. m 
.[2 

15. a. J1/s 
125 

c.Hs 
75 

b . ./450 
m 

d. ff6 
.J5 

b.~ 
48 

d. n; 
12 

SQUARE ROOTS OF POWERS 

16.fi$]$f!® Use your calculator to make a 
list of the square roots of the powers of 

ten, fro m & 10 ' 101 • Explain any 
pattern you di scover. 

17 . ._ Explain the pattern you found in 
problem 16 by using a law of ex ponents 
and the exponent 1/2. (Hint : It is not one 
of the laws listed before problem 13.) 

18. Write in simple radical form. 

a. h( I08) b. ~4( 107 ) 
c. he ' o6) d. he 105) 
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LAWS OF EXPONENTS AND RADICAL RULES 

The exponent perspective on radica ls 
allows us to confirm and generalize the 
rules on the handling of radicals that we 
had developed in the geometric context. 
Here, we apply these ru les to si mplifying 
radical expressions involving fract ions. 

While rationa lizing the denom inator is 
interesting as an idea, it is not of crucial 
importance as a ski ll at this level. Make 
sure your students understand the rule 
embodied in problems 14-15, but do not 
drown them in endless practice. 

SQUARE ROOTS OF POWERS 

/n this section, the idea of the exponent 
1/2 is combined with the power of a power 
law to uncover another ru le for radical . 

We deliberately do not do problem of the 
type Simplify ~a5x6, because they bui ld 
misconceptions that are difficult to over
come in future course . Even though tradi
tional algebra textbooks stress that in prob
lems of thi type a and x are a umed to 
be positive, tudents rarely interna lize this. 
As a con equence, in later cour e when 
asked to graph the function y = ~)x6 they 
will tend to believe mistakenly that it i 
y = a2.fa . x3. 

G'ifiii&f+ ESTIMA TING POPULATION 

Problem 19b i quite difficult. One solu
tion requires tudents to find the yearly 
growth rate, while only its fortieth power i 
easy to ca lcu late. Trial and error wi ll work. 

S 0 L U T I 0 N S 

16. & 17. 
number square root 

10 
102 

103 

104 

105 
106 

107 

108 
109 

1 o to 

18. a. 3 · 104 

10 
1om 

100 
1 oo.f10 

1000 
1000.f10 
10,000 

10,ooo.f10 
100,000 

I 

b. 2 · 1035 or 2 · 103 .f10 
c. 103 • .J3 
d. 2 . 102 .J5 

square root 
(approx.) 

3.16 
10 

31 .62 
10 

316.2 
1000 

3162.3 
10000 
31623 

100,000 

19. a. If the population grew exponen
tially, the ratio (pop. in 1940)/(pop. 
in 1920) should be equal to the 
ratio (pop. in 1960)/(pop. in 1940). 
The population in 1940 can be 
found by trial and error or by solv
ing a proportion . An equivalent 
approach is to use the generaliza
tion from #13b in Lesson 7. The 
estimate is 7,338,983. 

b. By trial and error, the yearly 
growth rate can be found to be 
about 3.9%. (However, it's much 
easier with logarithms or fractional 
exponents. What an incentive to 
study more algebra!) The 1949 
population estimate is 1 0,338, 763. 

-
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rd@l~l~r~ 9.8 w R t n N i Skidding Distance 

Core Sequence: none of the assignment 

Suitable for Homework: 2-7 

Useful for Assessment: 7 

What this Assignment is About: 

• Applying the square root function 

In Lesson 5, if you skipped the optional 
section More Square Root Graphs your 
students graphed only the function y = IX. 
However, in real-world applications, func
tions of the form y = .fciX and y = a fX will 
be a lot more common. This assignment 
provides students with a chance to work 
with this form. 

~il@iiji@t~ 9.8 Skidding Distance 
_WR/rtN~ 

Police use a formula to estimate the speed a 
car was traveling before an accident by 
measuring its skid marks. This is the formula. 

S= hOd[ 

Sis the speed the car was traveling (in mph). 

d is the distance the car skidded (in feet). 

f is a special number (called the coefficient of 
friction) that depends on the road surface and 
road conditions. 

The number f is determined by the police when 
they investigate an accident. For a dry tar road, 
[is usually about 1.0, so the formula is 

S = hOd( 1.0) (dry tar road). 

For a wet tar road, f is about 0.5, so the 
formula is 

S = 430d(0.5) (wet tar road). 

1. Make tables of values and a graph to show 
speed as a function of the length of the 
skid marks. Put both curves on the same 
axes and use a range ford that will give 
you values of S up to 125 mph. 

2. Why is the coefficient of friction less for a 
wet road than for a dry road? How does 
that affect the graph? 

Police Report 

Weather Skid marks (ft) 

wet 11 2 

dry 32 1 

wet 459 

wet 173 

dry 100 

dry 132 

.4 350 

3. This table shows a summary of accidents 
from a police report. All the accidents took 
place on tar roads. Use formulas or graphs 
to estimate how fast the cars were going. 
Explain how you made your estimates. 

4. A police report stated that a car had left 
ISO-foot skid marks on a tar road, but the 
report did not state the weather. Estimate 
how fast the car was probably traveling if 
the road had been wet. Then estimate the 
speed if the road had been dry. 

5. There are two sets of skid marks on the 
same road. The second set is twice as long 
as the ftrst. Do you think the second car 
was going twice as fast as the ftrst? If not, 
was it going less than twice as fast or more 
than twice as fast? Explain. 

6. The coefficient of friction for a dry 
concrete road is about 0.8 and for a wet 
concrete road about 0.4. If a car had been 
traveling at 50 mph before it s.kidded, 
estimate the lengths of skid marks it would 
have left on each type of road (tar or 
concrete) and in each type of weather 
(wet or dry). Compare your answers and 
comment on the differences you ftnd. 

7. lllimm Imagine that you are responsible 
for giving a lecture on skidding distance 
to a class of police cadets who are being 
prepared to join the highway patrol. You 
are asked to provide an illustrated two-to
three-page report summarizing the infor
mation that you think is important for 
them to know. Use examples. You may 
also make a poster to help make your talk 
more interesting and understandable. 

Chapter 9 Measurement and Square Roots 

9.8 S 0 L U T I 0 N S 

1. 

d s d s 
length of dry tar length of wet tar 
skid mark road skid mark road 

10 17.3 10 12.2 
20 24.5 20 17.3 
30 30 30 21.2 
40 ::s4.6 40 24.5 
50 38.7 50 27.4 
60 42.4 60 30 
90 52 90 36.7 

100 54.8 100 38.7 
150 67.1 150 47.4 
200 77.5 200 54.8 
300 94.9 300 67.1 
400 109.5 400 77.5 
500 122.5 500 86.6 
600 134.2 600 94.9 
800 154.9 800 109.5 

1000 173.2 1000 122.5 

350 

"C" 175 
::J 

_g 150 

Qj 125 a. 
gj 100 

g 75 

-g 50 

~ 25 
Ill 

100 200 300 400 500 600 700 800 9001000 
length of skid mark (feet) 

2. You have to be going slower on a 
wet road than a dry road to have the 
same length skid marks. There will 
be less resistance on a wet road. 

3. Police Report 

Weather Skid marks (ft} Speed (mph} 

wet 11 2 41 

dry 32 1 98 

wet 459 83 

wet 173 51 

dry 100 55 

dry 132 63 

4. dry: 67 mph; wet 47 mph 

5. No. The speed was only .J2 times as 
fast. This can be seen by substituting 
numbers into the formula. 

6. 

dry tar 

83 

wet tar 

167 

dry 
concrete 

104 

7. Reports will vary. 

-

wet 
concrete 

208 



LESSON 

Radical Expressions 
~~·-- ~--~~~~~~ur~~~-

scissors 

lNG RMliCAL GEAR 

This figure shows how to make radical gear 
from dot paper, to he lp model multiplications 
like 

2/5 . (/5 + 2). 

Draw some radical gear on dot paper. Cut it 
out, then use it in the corner piece to do these 
multi plications . 

1. Multiply. 

a. 2/5 · (!5 + 2) 
b. f5 . (2/5 + 2) 
c. 4 f5 · (f5- 1) 

d. 3/5 · (2/5- I) 

2. Mul tiply. 

a. (2!5+ 1) · (!5+2) 
b. (2 + /5) . (/5 + 2) 
c. (2!5) . (2!5) 
d. (2!5)(2 + 5) 

9.9 Radical Expressions 

3. Multiply. 

a. (2/5 + I) · (2/5- I) 
b. (/5 + I) · (/5- I) 
c. (3f5- l) · (f5+ I) 

d. 3 + /5(2/5- I) 

ill'l'l \I NG l ll iiJISIRIIIUTIVl li\1\' 

I Rule: As you probabl y noticed , when mult i
plying radical ex pressions, the radicals are 
handled as if they were variables. 

Example: You can set up a table to multiply 
( .f3 - 2)( J2 - ./3). 

.J3 -2 

fi 

-13 -3 

-2fi 

So the product is .f6 - 2 fi + 2 .f3 - 3. 

4. Multipl y. 

a. 7./3 · (.f6 - ./3) 
b. (7 + ./3) . (.f6- ./3) 
c. 7 + .f3. (.f6- ./3) 
d. (8 - 2./3) . (./3 + 4) 

5. Find the mi ss ing terms. 

a. (I + ./3)_ = 3 + .f3 
b. f5 . = 10 + 4!5 
c. (6 + .fi)L_ + fi) = 55 + 14fi 
d. (.f6 + fi) . -- = 2./3 + 2 
e. (fiS - fi) · __ = s./3- mi 

6. Find the product. Simpli fy your answer. 

a. (x - y)(x + y) 

b. (x - fS)(x + f5) 

c. (./3 - x)(.f3 + x) 

d. ( 3 - !5)(./3 + /5) 

351 
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1. a. 10 + 4.f5 b. 10+2.J5 
c. 20 - 4.J5 d. 30 - 3 5 

2. a. 12 + 5.J5 b. 9 + 4.J5 
c. 20 d. 10 + 4.J5 

3. a. 19 b. 4 
c. 14 +2.J5 d. 13 - .[5 

4. a. 21 2 - 21 
b. 7./6 + 3!2 - 7./3 - 3 
c. 4 + 3/2 d. 26 

5. a. 13 b. 4 + 2.J5 
c. 8 d. {2 
e . .[5 

6. a. x2 - y2 b. x2 - 5 
c. 3 - x2 d. 3 - 5 = -2 

7. Because they are of the form 
(a+ b)( a - b) , the result is a 2 - b 2. 

Squaring square roots eliminates the 
radical. 

8. a. 17 + J8 b. fX - fY 
c. 2 + fY 

9. To rationalize the denominator, multi
ply both numerator and denominator 
by 2 - 3. The denominator 
becomes 4 - 3, or 1 . So the fraction 
is equivalent to 2 - 13. 

10. When he multiplied 2 + .f3 by 2 + ./3, 
he got 4 + 213 + 213 + 3 = 7 + 4./3. 
The radical was not eliminated 
because the middle terms he got 
from multiplying were not opposites 
of each other. 

T 9.9 
Radical Expressions 

Core Sequence: 1- 17 

Suitable for Homework: I 0-1 8 

Useful for Assessment: 7, 10-11 , 15 , 17 

What this Lesson is About: 

• Working w ith binomial radical 
express ion 

• Radi ca ls and the distributive law 

• Review of the difference of quare 
identity 

• The conjugate of a radical binomi al 
expression 

• Review of many ideas in the chapter 

This le son wraps up the work on square 
roots and radical . 

MAKING RADICAL GEAR 

APPLYING THE DISTRIBUTIVE RULE 

R adica l gear should be made from the 
heavie t paper onto which you can dupli 
cate dot paper. However, ince it w ill be 
used only during this one lesson, ordinary 
paper wi ll suffice if that is all you have. 
For thi s to work best, use centimeter dot 
paper. Note that the .J5 " blocks" are rec
tangles hav ing dimensions I by .JS. 

Ma ter for radical gear and dot paper 
appear in the reproducible page in the 
back of thi book. 

I f you want to do more work along the e 
lines, you may just use the L ab Gear and 
arbitraril y dec ide that, for thi s acti vity, x is 
fiT5 and y i !ST. Then you can say that x2 

is I 0, xy i .JSTO, and so on, and you 
can et up products of the type: ( fiT5 + 2) 
( !5i + JT5). 

I f on the other hand, your students f ind 
that they do not need the radica l gear, let 
them do thi work by any method they can 
use successfully. T he multiplication- table 
method certai nly can be applied to multi 
pl ying radica l expres ions, a hown in the 
example. 

-
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DISAPPEARING RADICALS 

FRACTIONS AND RADICALS 

A gain, this should be seen more as an 
opportuni ty to think and learn about 
identi ties, radicals, and fracti ons than as 
a time to master a specific symbol manipu
lati on skill. 

tdiW• CALCULATOR EXPERIMENTS 

Some light can be shed on problem 16 by 
using a function diagram for the square 
root functi on, with a scale ranging from 0 
to perhaps 4. Then iterating the function 
can be shown by linking the di agrams 
as was done in Chapter 3, Thinking/ 
Writing 3.C. 

1@1'4'• GEOBOARD PUZZLES 

G eoboards are not needed for problems 
18- 19 which could be done on dot paper. 
These puzzles review the Pythagorean 
theorem. 

9.9 

7. ..,_ Explain why there are no radi cals in 
the simplifi ed form of any of the answers 
to problem 6. 

8. For each binomial. find a binomia l to 
multiply it by so that the result has no 
radi cals. 

a. (.J7 - J8) b. (h + JY) 
c. (2- ./Y) 

FRACTIONS AND RADICALS I Definition: To rationalize the denominator 
(or numerator) o f a fraction is to write an 
equi valent fraction with no radicals in the 
denominator (or numerator). 

9. Rationali ze the denominator. 2 ; J3 

10 . ..,_ In problem 9, Gera ld tried to multiply 
the numerator and denominator by 
(2 + D). Ex plain why thi s did not work . 

14. Use your calculator to compute 

0 9876 - J9866)09876 + ~ 9866). 
Comment on the answer. 

15 . ..,_ Bernard beli eves that the square root 
of the square of a number is the number 
itself. 

a. Is he right or wrong? Ex plain . 

b. What's the squ are root of the sq uare of 
-543? Make a prediction, then use your 
calculator to check. 

16. Choose any number. Find it s sq uare root 
on your calculator. Then fi nd the square 
root of the result. Continue thi s until you 
noti ce something happening. What is 
happening? Can you ex plain it? What 
starting numbers does it work fo r? 

A 3s2 

11 . ..,_ Daniel used the idea in the secti on 
Disappearing Radicals to rati onalize the 
denominator. Explain what he did , and 
why it did work . 

12. Rati onali ze the denominator. 
a. _ I _ 

n + 3 
b. I 

3- J3 
c. 4 

.fS-16 
d. 5 

J5 
13. Rati onali ze the numerator. 

a. 7 - .f5 b. fi - .f5 
-4- 4 

17 . ..,_ Al ways, sometimes, or never? 
Ex plain , using examples . 

a. x2 > x b. 1/,.-2 > l lx 

c . .fx < x d. t/.fx > 1/x 
e . .fx < 2 f. 1/.fx > ttf7 

f;/ifliSi GEOBOA RD PUZZLES 

18. If two sides of geoboard triangle are .fi 
and /5, what are the possibi lities for: 

a . the third side? 

b. the area? 

19. Find the geoboard fi gure having the least 
area, if its perimeter is 

a. 20; b. 4J6s ; 

c. I 0 + 2.f6s; d. I O.fi + 2/85. 

Chapter 9 Measurement and Square Roots 

9.9 S 0 L U T I 0 N S 

11 . Daniel multiplied both numerator and 
denominator by 2 - f3 . He noticed 
that if a + Jb is multiplied by a - Jb, 
the result contains no radicals . The 
middle terms obtained in the multipli
cation are the only ones containing 
radicals , and since they are oppo
sites of one another, they are elimi
nated when the expression is 
simplified. 

12. a. (3 - ..f2)/7 
c. -4( .J5 + .J6) 

13. a. 11 /{7 + .J5) 
b. 1/[ 2(.J7 + .J5)] 

b. (3 + f3)/6 
d . .J5 

14. 1 0 {The answer is a difference of 
squares.) 

15. a. He is right only some of the time. 
The square root of the square of 
a negative number is a positive 
number, so if the original number 
is negative, Bernard is wrong . 

b. 543 

16. It gets closer to 1. 

17. a. sometimes (not true when 
O:s x :s 1) 

b. sometimes (not true when x :2: 1) 
c. sometimes (true only when x > 1) 
d. sometimes (true only when x > 1) 
e. sometimes (true only when x > 1) 
f. sometimes (true only when x > 1) 

18. Strategy: On dot paper, draw a seg
ment of length .JS. Then , from the 
endpoint, draw a segment of length 
.J2 in each of the four possible direc
tions. Four triangles can be found . 
a. 1' 3, m, .J5 
b. Sides: ..f2, .JS, 1 Area: 1/2 

Sides: .J2, .JS, 3 Area: 1 .5 
Sides: .J2, .JS, f13 Area: 1/2 
Sides: .J2, .JS, .J5 Area: 1 .5 

19. We think the best answers are 
quadrilaterals, and we tried to find 
the skinniest quadrilaterals possible, 
in order to minimize the area. You or 
your students may be able to find 
better solutions. 



lESSON 

Blowups 

BIGGER BOXES 

The Real Bag Company makes cardboard 
boxes. One of the boxes is called the Banker's 
Box. It has the dimensions: length, 16 in.; 
width, 12 in.; height, I 0 in . Another box, the 
Square Pak box, has the dimensions: length, 
12 in. ; width, 12 in.; height, 10 in. Sid, a Real 
Bag Box Division Manager, decides that new 
boxes need to be manufactured, the Caterer 's 
Crate and the Great Pak. 

1. mmmm 
a. The Caterer 's Crate will have two 

dimensions the same as the Banker's 
Box, and the third dimension multiplied 
by two. Sid asks his colleague Li Ann 
whether the volume of the box would 
be increased the most by multiplying 
the length, the width, or the height by 
two. What should she answer? Explain. 

b. The Great Pak will have a square base 
and a volume that is double that of the 
volume of the Square Pak. Sid asks his 
colleague Annette (who owns a calcu
lator) to find three choices for the 
dimensions of the new box. What 
should she answer? Explai n. 

9.10 Blowups 

STRETCH ING POl YOMINOES 

Sid. Annette, and Li Ann li ke to spend their 
lunch breaks working geometric puzzles. 
(They should have become math teachers.) 
Here is a puzzle they have been working on, 
using the tetrominoes. 

square n 

For each of the tetrominoes, they created three 
new polyominoes. The first one by doubling 
all horizontal dimensions, the second one by 
doubling all vertical dimensions, and the third 
one by doubling both horizontal and vertical 
dimensions. For example, the t tetromino led 
to the creation of three new polyominoes. 

a. original 
b. doubled hori zontally 

c. doubled vertically 

d. doubled both ways 

2. @t.mtt.lij Draw all 15 stretched 
tetrominoes. For each one, find its area 
and perimeter. Keep your work clearly 
organi zed, so you can fi nd a pattern to the 
areas and perimeters. (The area pattern is 
the easier of the two.) You will need to 
refer to this data to do the problems in the 
next two sections. 
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... 9.10 
Blowups 

Core Sequence: 1-17 

Sujtable for H omewor k: 3-32 

Useful for Assessment: 5-8, 14, 17 

W hat this Lesson is About : 

• Prev iew of perimeter, area, and volume 
of simj lar f igures 

With thi les on, we change the focus of 
our work on the theme of measurement. 
The remainder of trus chapter concentrate 
on perimeter, area, and volume of simj lar 
f igures. This is a difficult domain to mas
ter, but your students should be fru rly we ll 
prepared becau ewe have been working 
with rati os and proporti ons over a long 
stretch of time. In addi tion, earlier in the 
course, we paid attention to the concept of 
dimensions, which is directl y relevant. 

BIGGER BOXES 

STRETCHING POL YOM I NOES 

These Explorations should pose the basic 
questions that will be addressed in the nex t 
three Je sons. All students should be able 
to understand some basic aspects of the 
Explorations, such as problems I a and 2 
on area. However problem 1 b and the 
perimeter patterns in 2 are much tougher. 
Encourage full discussion before 
moving on. 

9. 10 S 0 L U T I 0 N S 

1. a. It doesn't matter. In all cases, the [1 ~ ~ [1 nc; ~ ~ ~ 
volume would be 3840. 

b. Answers will vary. Sample 
answers : 12 x 12 x 20; 8 x 8 x 45; A= 4 A= 8 A =4 A= 8 
24 X 24 X 5 p = 10 p = 14 p = 10 p = 14 

2. doubled 
A= 8 A = 16 A= 8 A = 16 square 
p = 16 P =20 p = 16 P=20 original horizontally 

D D i 

~ D v LL? 
A =4 A = 8 A=4 A = 8 
P = 8 p = 12 

A=4 A= 8 P = 10 p = 16 

doubled doubled p = 10 p = 12 

)? LL? vertically both ways 

D D 
A = 8 A = 16 
p = 18 P=20 

A =8 A= 16 

A=8 A= 16 
p = 14 P = 20 

p = 12 p = 16 



PERIMETER 

The content of thi ecti on is not impor
tant for it own ake. However the section 
is important in two ways. First, dwelling 
on horizontal ver u vertical tretching 
lays the basi for better understanding of 
similarity , where the tretching occur in 
both directi ons. Second, the interplay of 
geometric insight and algebrai c notati on 
provides a good example of how to use 
algebra to generali ze and help generate 
deeper under tanding of a problem. 

AREA 

Students who enjoy problem 10 will fi nd 
more problem of thi type at the end of 
L esson 11 . 

'Y9.10 

PERIMETER 

Call the perimeter of a tetromino p. It is made 
up of some horizontal segments and some 
vertical segments. 

Let h = total length of the horizontal segments. 
Let v = total length of the vertical segments. 

3. Ex press p in terms of h and v. 

4. a. Find h and v for the ttetromino. 

b. Show that the perimeter of the 
verticall y stretched t tetromino is 
h + 2v. 

c. What is the perimeter of the 
hori zontally stretched t tetromino in 
terms of h and v? 

d. What is the perimeter of the 
horizontally and vertically stretched 
t te tromino in terms of h and v? 

5. ...,_ In problem 4 you found formulas 
that related the perimeters of the three 
stretched t tetrominoes to the perimeter of 
the ori ginal t tetromino. Explain why these 
formulas work for all the tetrominoes. 

6. ...,_ What is the sum of the perimeter of 
the two polyominoe that were stretched in 
onl y one dimension? Use factoring to see 
how thi s sum is related to the original 
perimeter. 

7. i§§.i§fit@R.fii 
a. Repeat the perimeter investigation, but 

stretch the tetrominoes by tripling 
dimensions. You do not need to draw 
the tripled tetrominoes, j ust use algebra. 
Find a fo rmula relating the perimeters 
of the tripled tetrominoes to h, v, and p 
for the original tetromino. 

b. Repeat thi s investi gation, but thi s time 
stretch by a fac tor of n. 

A. Js4 

AREA 

8. ...,_ Refer to your data on the area of the 
15 stretched (doubled) tetrominoes, and 
experiment with other polyominoes. tf the 
original area of a polyomino is A, what is 
the area of the polyomino stretched by 
doubling 

a. horizontally? 

b. vertically? 

c. both horizontally and vertically ? 

9. a. Draw the I and t tetrominoe , wi th both 
their hori zontal and vertical dimen ion 
doubled. 

b. Repeat pan (a), tripling the dimensions 
instead of doubling. 

10. 4Qk.l.lla Tile the blown-up tetrominoe 
you drew wi th copies of the original I 
and/or t tetrominoes. Example: 

IJ. How many tetromino tiles did you need to 
cover the blown-up tetrominoes? How i 
this related to the area of the blown-up 
tetrominoes? 

12. a. Draw a pentomino. 

b. Draw a copy of it, with horizontal and 
vertical dimensions multiplied by two. 

c. Repeat with the original dimension 
multiplied by three. 

d. Repeat with the original dimension 
multiplied by four. 

13. Predict the area of each fi gure you drew in 
problem 12. Check your predictions. 

Chapter 9 A1easuremet~l aud Square Roots 

9.10 S 0 L U T I 0 N S 

3. P = h + v 

4. a. h = 6, v = 4 
b. For the vertically stretched t tetro

mino, perimeter is 14, which is 
6 + 2(4) , or h + 2v 

c. For the horizontally stretched t 
tetromino, perimeter 2h + v 

d. 2h + 2v 

5. For the horizontally stretched tetro
mino, all the horizontal segments are 
doubled and all the vertical segments 
remain the same, so the perimeter is 
2h + v. For the vertically stretched 
tetromino, all the vertical segments 
are doubled and all the horizontal 
segments remain the same, so the 
perimeter is 2v + h. For the tetromino 
stretched in all directions, both hori
zontal and vertical segments are 
doubled, so the perimeter is 2h + 2v. 

6. (2h+V)+(2V+h) = 3V+3h = 
3(V+ h) 

7. Tripled tetrominoes: 

8. 

9. 

vertical stretch: 3v + h; horizontal 
stretch: 3h + v; stretch in both direc
tions: 3h + 3v 
Stretched by a factor of n: 
vertical stretch: nv + h ; horizontal 
stretch: nh + v; stretch in both direc
tions: nh + nv 

a. 2A b. 2A c. 4A 

[b 
I tetromino [1 

I tetromino 
doubled 

I tetromino 
tripled 

,,.,~OS?~ 
t tetromino Ll 

doubled 
t tetromino 

tripled 

1 0. No solution needed. 

11. The original requires 4 tiles. The 
blow-ups require 4(2)2 = 16 tiles for 
the doubled ones and 4(3)2 = 36 for 
the tripled ones. 

12 .~ 

pentomino 
Area= 5 

doubled pentomino 
Area = 20 = 2 2 • 5 



14.1§§·i§fi@«-fi When both horizontal and 
vertical dimensions are multiplied by k, by 
what is the area multiplied? Explain. 

1!\{ ~TO \\OR~ 

After their lunch break, Sid, Li Ann, and 
Annette had to attend to more box problems. 

15. They created a new box by multiplying all 
the dimensions of the Banker's Box by 
two. Make a sketch of the original box and 
the new box. What would the volume of 
the new box be? How many times greater 
is this than the volume of the Banker's 
Box? 

f ;/aila$. SCIENTIFIC NOTATION 

20. 1n June of 1990 the national debt of the 
United States was $3.1 trillion. The 
population of the U.S. at the same time 
was about 250 million. Therefore, the 
debt per person was 

3.llrillion 
2SOmillion . 

a. Express both of these numbers in scien
tific notation. 

b. What was the debt per person? Express 
your answer in ordinary decimal 
notation and in scientific notation. 

9.10 Blowups 

9.1oT 

16. If they created a new box by multiplying 
all the dimensions of the Square Pak by 
three, what would its volume be? How 
many times greater is this than the volume 
of the Square Pak? 

t7J§§.!§dlM@d When all the dimensions are 
multiplied by k, by what is the volume 
multiplied? 

18. Q What are the dimensions of a box that 
is a perfect cube and has the same volume 
as the Square Pak? Explain. 

19. 0 What are the dimensions of a box that 
is a perfect cube and has double the 
volume of the Square Pak? Explain. 

f;/ifliii WHAT'S YOUR SIGN7 

Do not use a calculator for these problems. 

21. Is x positive or negative, or is it impossible 
to know? Explain. 
a. (-2)" = -524,288 
b. 2' = 11131,072 
c. (-2)" = 262,144 
d. x 11 = -177,147 
e. x12 -= 531,441 
f. x13 -= 1/1,594,323 

3554 

BACK TO WORK 

While a generalization is asked for in 
problem 17, keep in mind that we will 
return to the volume of similar figures in 
Lesson 12. If you want to assign problems 
18-19, and students are not ready for them 
now, you can wait until after Lesson 12. 

onm• WHAT'S YOUR SIGN7 

This reviews Lesson 11 in Chapter 8. 

9. 10 S 0 L U T I 0 N S 

I 
tripled pentomino 
Area= 45 = 32 • 5 

13. See figure. 

14. k2 

quadrupled pentomino 
Area = 80 = 42 • 5 

15. It would have 8 times the volume, 
since each dimension is multiplied 

by 2. The total volume is 15,360 cu. 
in. or about 8.89 cu. ft. 

16 in. 
~2in. 

'J__J 10in. 

Banker's Box 

Bigger Banker's Box 

16. 1440 (original volume)· 33 = 38,880 
cu. in. or about 22.5 cu. ft. 

17.~ 

18. By trial and error, the cube root of 
1440 can be found to be about 11.3 
in. This would be the length of the 
side of the cube. 

19. By trial and error, the cube root of 
2880 can be found to be about 14.23 
in. (Notice that the ratio of this side to 
the side of the cube found in problem 
18 is 1 .27, which is about the cube 
root of 2.) 

20. a. 3.1 · 1012 and 2.50 • 108 

b. about $12,400 

21 . a. xis a positive number. If x were 
negative, the power would equal 
a number between -1 and 0 or 0 
and 1. (Using a calculator, x = 19.) 



t;lii'U• THE CHESSBOARD 

Thjs i imilar to the Doing Dishes prob
lem from Chapter 2, L esson 5. The larger 
numbers here require the use of scientific 
notation. 

••Uii•1fi;J• DECIMAL EXPONENTS 

It is not necessary for f irst-year algebra 
tudent to have a full understanding of 

fractional exponent . However, the idea 
of exponential growth whjch has been 
explored in thi chapter does lead to i t 
in a natural way. 

.. 9.10 

4;/ii/Ui THE CHESSBOA RD 

According to an old legend, a King decided 
to reward the in ventor of the game of chess. 
"I am immensely ri ch. Whatever you ask for 
wi ll be yours." The inventor replied, "All I 
ask is for one cent on the first square of the 
chessboard; two cents on the nex t square; four 
cents on the next square; and so on, doubling 
the amount each time, until the last square on 
the chessboard." (The legend actually specifies 
grain of rice, not cents.) 

22. Find out how many cents the King owed 
the inventor. Express the final answer two 
ways: in terms of a power of two, in cents; 
and as a number of dollars, in scientifi c 
notation. 

23. lli4llWII Is the money paid the inventor as 
much as the budget of: 

a. a toy store? 

b. a mu lti-nati onal corporation? 

c. the State of New York? 

d. the United States? 

f•Ufimj;Ji DECIMA L EXPONENTS 

24. Use decimal exponents (to the nearest 
hundredth) to approx imate 100 as a 
power of: 

a. 2 

d. 8 

356 

b. 3 

e. 9 

c. 4 

f. 10 

4;/iiiiii EQUA L RA TIOS 

Solve for N. 

25. 3N - 2 _ N + 2 
5 - 2 

26. 3N - 2 _ N + 2 
15 - 6 

Solve for x. If you cannot find an exact value, 
approximate to nearest thousandth . 

27. =:= ~ 
8 4 

28. ~ - 400 
10- X 

29. != =: 
X 2 

i;/4V/4Si DISTRIBU TI VE LAW PRACTICE 

Find these products . 

30. 2y(2x - y + 6) 

31. 3x(2x - 3) 

32. (y - 4)(y + 3) 

Cha fer 9 A1etl.\'uremellt ami S uare Roots 
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b. xis negative. A negative exponent 
equals the reciprocal of the base 
raised to the opposite of the nega
tive exponent. 1/131 ,072 is the 
reciprocal of a power of 2. (Using 
a calculator, x = -17.) 

c. xis a positive number because 
the power equals a large positive 
number. (Using a calculator, 
X = 18.) 

d. xis negative. A negative base 
raised to an odd exponent is neg
ative. (Using a calculator, x = -3.) 

e. It is impossible to know if xis posi
tive or negative because the expo
nent is even. A negative or posi
tive base raised to the 12th power 
equals a positive number. (Using 
a calculator, x = :±: 3.) 

f. xis positive, because a positive 
base raised to an odd exponent is 
positive. (Using a calculator, 
X=1/3.) 

22. The chessboard has 64 squares. 

# of the square # of cents on Sum 
the square 

20 1 
2 
3 
4 
n 

64 

21 
22 
23 

1 
3 =22 - 1 
7 = 23 - 1 

15 = 24 - 1 
2n - 1 
264 - 1 

The king gives the inventor 264 - 1 
cents= 1.845 · 1019 cents or 
1.845 · 1017 dollars, which is approxi
mately $184 quadrillion 

23. Answers will vary according to stu
dents' research. 

24. a. 6.64 
b. 4.19 
c. 3.32 
d. 2.21 
e. 2.1 
f. 2 

25. N = 14 

26. N = 14 

27. X = 6 

28. X= 1000 

29. X= :±: 1.414 

30. 4xy - 2y2 + 12y 

31 . 6x2 - 9x 

32. y 2 - y - 12 



LESSON 

Let's Eat! 

PIZZA PRICES 

Lana and Tina were studying for their semester 
exam one Sunday afternoon. They needed 
more energy and decided 10 order a pi zza. 
They called Pinky's and Primo's 10 
compare prices. 

Pinky's Prices 

Size Diameter Price 

small 8 in. $4.25 

medium 12 in . $8.50 

large 14 in. $10.20 

Primo's Prices 

Size Diameter Price 

small 10 in. $6.44 

medium 12 in . $8.84 

large 14 in . $9.91 

I. Mm@W Assuming the pizzas are of the 
same thickness and similar quality, which 
is the better buy for the large pizza? The 
medium pizza? The small pizza? Explain, 
showing your calcul ations. 

The area of a circle is given by the formula 
1[? , where r is the radius, and 1[ is approx i
mately equal to the number 3.1415926536. 

{,/\a meter 

\Uradius 

9.11 Let's Eat! 

I Example: A circle having di ameter-14 in . 
has a radius of 7 in . Its area is 1[(7)2• or 491[ 
square inches. 

2. Use your calculator to fi nd the area of a 
circle having diameter 14 in ., to the 
nearest tenth of a square inch. (Sc ientific 
calculators have a 1[ key.) 

Tina thought Pinky's medium pizza looked 
ex pensive . " It 's twice as expensive as an 
8-inch pi zza," she said . "For twice as much, 
I ought to be able to get a 16-inch pi zza. " 

3. a. Find the area of a 16-inch pi zza. 
Compare it with the area of an 8- inch 
pizza . How many times as large is it ry 

b. How many times as large is a 12- inch 
pi zza as an 8-inch pi zza? Show your 
calculations. 

c. Comment on Tina's remark . 

4. a. Copy and complete the tables below, 
giving an approx imati on for the area 
of each pi zza and the pri ce per 
square inch. 

b. Which pi zza is the best buy, based on 
price per square inch? 

Pinky 's 

Diameter Area Price 
(in.) (sq in.) Price per sq in. 

8 16rr $4.25 -

12 - $8.50 -

14 - $10.20 -

Js7 A 

T 9.11 
Let 's Eat 

Core Sequence: 1- 13,20-23 

Suitable for Homework: 4-23 

Usefu l for Assessment: 6-9, 11-I 2 

What this Lesson is About: 

• Area of a circle 

• Area of similar figures 

• Puzzles involving similar f igures 

• Review of simple radical form 

This lesson concentrates on the area of 
similar figures, in a real-world context. 

PIZZA PRICES 

Students ' first guesse a to how to com
pare the value of the small pizzas may 
involve finding the price per inch. If no 
one thinks of making a comparison based 
on area, you may keep a poker face and 
move on to the rest of the lesson, returning 
to problem 1 at the end of the section. 
However, if anyone hits upon the idea of 
finding the area, you hould encourage a 
full class discussion of the issue. 

Make sure students understand the di f fer
ence between radius and diameter, so they 
can calculate the areas correctly. 

Unlike Lesson 10, the ratios in this les on 
are not whole numbers. 

9. 11 S 0 L U T I 0 N S 

1. Students' conclusions will vary. (The 
correct answers are that Primo's is 
the better buy for the large and small 
sizes, and Pinky's offers a slightly 
cheaper medium pizza.} 

2. 153.9 sq. in. 

3. a. A 16-inch pizza has area 64n, or 
about 201.1 square inches. An 8-
inch pizza has area 16n, or about 
50.3 square inches. The 16-inch is 
4 times as large. 

b. 367tl161t = 2.25 
c. A 12-inch pizza is more than twice 

as large as an 8-inch pizza. 
Actually, Tina is getting a discount 
for quantity. The 12-inch is a bet
ter buy than the 8-inch. 

4. a. Pinky's 

diameter area pr ice price per 
(in) (sq in) sq in 

8 161[ = 50.3 $4.25 8.45~ 

12 361! = 113. 1 $8.50 7.52~ 

14 491! = 153.9 $10.20 6.63¢ 

Primo's 

diameter a rea price price per 
(in) (sq in) sq in 

10 2511 = 78.5 $6.44 8.20~ 

12 361! = 11 3. 1 $8.84 7.82¢ 

t4 491! = 153.9 $9.9 1 6.44¢ 

b. Primo's large is the cheapest. 

5. a. 4 times 
b. 1.36 times 

6. (4nr2)/(nr2) = 4 

7. a. n(3r}2/nr 2 = (9nr2)! 
(nr2} = 9 

b. n(kr )2/n r 2 = (k2nr 2 )/ 

(nr 2} = k 2 



You may generali ze problem 9 algebra
ically, by discussing: If a > b, which is 
greater, ab2 or a2b? 

BAKING BROWNIES 

This ection should be more straightfor
ward, ince students hould be more com
fortable with the area of squares than with 
the area of circles. 

R oblem 13 involves some tricky algebra 
with fracti ons. Remind students that to 
di vide by a frac tion, you multiply by its 
reciprocaL Alternately, work the problem 
using a circle having radius rand a square 
hav ing side 2r. 

Diameter 
(in.) 

10 

12 

14 

Primo 's 

Area 
(sq in.) Price 

Price 
per sq in. 

5. Compare the areas of these pi zzas . How 
many times as big is the larger th an the 
small er? 

a. a 12-inch pizza and a 6- inch pizza 

b. a 14-inch pizza and a 12-inch pizza 

6. .,_ To compare a pizza hav ing radius r 
with a pizza having radius 2r, you can use 
the ratios of the areas. Simplify thi s ratio. 

n(2r)1 

n(r)2 

7. Write and simpli fy the ra ti os 
to compare the area of: 

a. a pi zza having radius r with a pizza 
hav ing three times thi s radius; 

b. a pi zza having radius r with a pi zza 
hav ing radiu kr. 

8. .,_ If you double the diameter of a pizza, 
why does the price more than double? 

9. For a part y Tina was going to buy ten 
8-inch pizzas from Pinky's, but she got 
mi xed up and bought eight 10-inch pizzas 
from Primo's instead. Did she have the 
right amount of pi zza, too much, or too 
little? Explain , showing your calculat ions. 

An hour after they had polished off their 
pizza, Lana and Tina were having trouble 
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concentrati ng on studying exponents. "Maybe 
we' re just hungry," said Lana. ''I'm feeling a 
little fa int," Tina agreed. ··w e hould probably 
bake some brownies." 

The recipe said to use an 8- inch-square pan. 

8" 

D 
Lana wanted to double the recipe. "OK," said 
Tina, "but we' ll need a 16-i nch-square pan." 

10. a. Using the same scale, make a sketch of 
an 8-by-8-i nch pan and a 16-by- 16-inch 
pan. 

b. How many 8-by-8 pans would fit inside 
a 16-by- 16 pan? 

c. Comment on Tina's remark. 

11 . ,._... How many times as big is the larger 
than the smaller square? (The measure
ment refers to the side length .) 

a. a 12-inch square and a 6-inch square 

b. a 14-inch square and a 12-inch square 

12. What is the ratio of the areas 
of two squares, if the ratio of the sides is 

a. 5? b. k? 

13. ' 
a. Write the ratio of the area of a circle 

having diameters to that of a square 
hav ing sides. 

b. Simpli fy the ratio. Which is larger, the 
circle or the square? How many times 
as large is it? 

Cha ter 9 M eas urem e11t a 11d Square Roots 
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8. Because the area quadruples -
(The price doesn't quadruple, 
because you usually get a break for 
buying in quantity.) 

9. Ten 8-inch pizzas: 10 · n(4)2 = 160n 
Eight 1 0-inch pizzas: 8 · n(5)2 = 200n 
She had more pizza than she needed. 

10. a. 

8 8 x 8 pan 

16 8 

16 x 16 pan 

16 

b. 4 
c. She would get crisp brownies 

if she doubled the recipe and 
quadrupled the pan size because 
the layer of batter in the pan would 
be half as thick as requ ired by 
the recipe. Most people prefer 
chewy brownies, so I wouldn't rec
ommend Tina's course of action. 

11 . a. 4 
b. 1.36 

12. a. 25 
b. k 2 

13. a. [ns 2/4]/s 2 = 7t/4 
b. The square is 4/n times as large. 



fQu#..fiJj MORE POL YOM/NO TILINGS 

14. Draw all the tetrominoes with their dimen
sions doubled. Tile the blowups with the I 
and/or t tetrominoes. 

15. Repeal with the tripled tetrominoes. 

F L p N 

T u v w 

16. Draw all the pentominoes with their 
dimen ions doubled. Tile the blowup 
with the P and/or N pentominoes. 

17. Repeat with the tripled pentominoe . 

iiiWUI 
18. Can you use the same tiles to cover bigger 

and bigger blown-up tetrominoes and 
pentominoes? Experiment and report on 
your di scoveries. 

19. What is the smallest rectangle you can tile 
with a given penlomino? Experiment and 
report on your di scoveries. 

9.11 Let 's Eat! 

9.11T 

f;/ij!j§i A SQUARE NUMBER Of SQUARES 

'EB 'GB 
·mdg 

Each of the four large squares has area 75. 
Each has been di vided into a square number of 
smaller squares. 

20. Find the area of each small square. 

21. Express the side of each small square as a 
square root. 

22. Ex plain why .f7s = s.fi, using 

a. the fi gure; 

b. radical rules; 

c. decimal approximations. 

23. Di vide a square having area 72 into a 
square number of smaller squares, in such 
a way that you can use the fi gure to help 
write m in simple radical form . 

359 ... 

f§uf4ib MORE POL YOM/NO TILINGS 

E ach of the problems i a maj or assign
ment. A ssign these only i f you have time 
for them or as extra credit for students who 
enjoy geometric puzzles. 

The focus of problem 18 could be 
narrowed by trying to tile quadrupled tetro
minoes with ju t the I and/or t tetrominoes. 
A nother option would be to take a ingle 
pentomino, say theN, and try to tile i t 
using the P and the at greater and greater 
degrees of magnification. 

R ·oblem 19 is easy for some pentomi noes, 
impossible for some, and challenging for 
the Y. 

tdllii• A SQUARE NUMBER 
OF SQUARES 

R ·oblems 20-23 review simple radical 
form visually. 

9. 11 S 0 L U T I 0 N S 

19. 2 L pentominoes 

20. a. 75/4 
b. 75/9 
c. 75/16 
d. 75/25 = 3 

21 . a. h 5!4 
b. h5!9 
c. h 5/16 
d. 75/25 = 13 

22. a. Figure {d) has 25 small squares, 
each of side 13. Hence the length of 
the side of the large square is 513. 
But if the area of the entire large 
square is 75, its side must be m. 
Hence 513 = m. 
b. m = ,[25 . 13 = 513 
c. 513 = 5 · 1.732 = 8.66 and 

m = 8.66 

23. Divide the squares into 36 small 
squares. Each wil l have area 2 and 
side !2. Since there are six of these 
on each side of the large square, the 
large square has side length 6!2. 
Since the large square has area 72, 
its side has length m, so m = 6!2. 

-- -
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T 9.12 
Similar Figures 

Core Sequence: 1-24 

Suitable for Homework: 8- 12, 16-24 

Useful for Assessment: 2, 6, 11 - 12, 14, 17 

What this Lesson is About: 

• Ratio of similarity, ratio of areas, ratio 
of volumes 

• Application to scale models 

RATIO OF SIMILARITY 

Thi s section reviews the concept of ratio 
of similari ty, which has been in the back
ground of Lessons 10 and 11. Here it is 
defined precisely, and perhaps taken a 
little further, as a discussion of the fact 
that the same pair of similar figures can be 
thought of in two different ways, yielding 
ratios of similarity which are reciprocals of 
each other. 

AREA, PERIMETER 

Roblems 7 and 13 should help students 
test their understanding of the definition of 
similarity. They would be good problems 
for group discussion. 

LESSON 

Similar Figures 

iii!ii{ii!MI .................... : 

the Lab Gear . . .................................. 
RATIO OF SIMIL ARITY 

The polycubes in this fi gure were obtained by 
doubling the dimensions of the original 
tetracube in succession: first the height, then 
the length , and fina lly the width . 

5. You could get the dimensions of the 
smaller bui ldi ng by multiplying the dimen
sions of the larger one by what number? 

6. .... Either of the numbers you found in 
problems 4 and 5 could be considered the 
ratio of simi larity. How are the two 
numbers related? Explain thi s. 

AREA, PER IMETER 

7. Make a li st of pairs of similar polyominoes 

~ I~ ~ "~ ~·hE?r:·, Th·,re=·;,,~a 
I. Find the volume and surface area of each ~ ~ 

of these polycubes g-ug I Definitions: Two fi gures are Slllltlar 1f all 
the d1mens1ons of one can be obtamed by 
mulllplying the dunens10ns of the other by 
the same number, called the ratio of 
smu/onty. 

(In Chapter 3, sim il ar figures were defi ned as 
being enlarged or shrunk wit how distortion. 
That definit ion is equi valent to thi s one.) 

2. .... Which two of the four polycubes are 
simi lar to each other? Explain. 

3. Sketch bui ldings similar to this tetracube, 
bu t larger, with ratio of simi lari ty 

a. 2 b. 3 

The two buildings you sketched in problem 3 
are similar to each other. 

4. You cou ld get the dimensions of the larger 
bui ldi ng by multiplyi ng the dimensions of 
the smaller one by what number? 

,A. 360 

.J .... 

For each pair of similar polyominoes you 
found, find 

8. the ratio of simi larity; 

9. the ratio of the areas. 

CJ 
10. 0 Gi ve the dimensions of a rectangle 

simi lar to the domino shown above, but 
larger, such that the ratio of areas is 

a. 25; b. 9: 
c. 2; d. 5. 

Chapter 9 Measurement and Square Roots 

9.12 S 0 L U T I 0 N S 

360 

1. a. volume: 4; surface area: 18 
b. volume: 8; surface area: 30 
c. volume: 16; surface area: 48 
d. volume: 32; surface area: 72 

2. Figures (a) and {d) because to create 
{d) we could double all the dimen
sions of (a) 

4. 3/2 

5. 2/3 

6. They are reciprocals. You can com
pare the figures in either order. 
Whether you get 2/3 or 3/2 depends 

on whether your reference figure is 
the smaller or the larger. 

7., 8 ., 9. 
Figures Ratio of Similarity Ratio of Areas 
a & c c : a 2 : 1 12/3 = 4 
b & h h : b 3 : 1 36/4 = 9 
e & j j : e 3 : 2 45/20 = 9/4 
d & f f : d 2 : 1 20/5 = 4 
h & i h : i 3 : 2 36/16 = 9/4 
b & i i : b 2 : 1 16/4 = 4 

10. a. 10 by 5 
b. 6 by 3 
c. 2!2 by !2 
d. 2.J5 by .J5 

11 . a. (Rs)2 

b . ..JR;. 
12. The ratio of similarity between two 

figures will be the same as the ratios 
of their perimeters. It is not neces-

sary to find the perimeters to figure 
this out. We find from the work with 
tetrominoes that to create similar 
figures, we stretch in all directions; 
therefore, the new perimeter will be 
a multiple of the old perimeter. 

13. Answers will vary. 

14. a. No, two rectangles can be differ
ent shapes. 

b. Yes, since all sides of a square 
have equal length, all squares are 
similar. 

c. Yes, since all sides of a cube have 
equal length, all cubes are similar. 

15. 
cube 

13 
53 

(x + 1 )3 

y3 

volume 
1 

125 
x3 + 3x2 + 3x + 1 

y3 

-

surface area 
6 

150 
6x2 + 12x+ 6 

6y2 
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a. Lf the ratio of similarity of two figures 

is Rs, what is the ratio of areas? 
Explain. 

b. If the ratio of areas is RA, what is the 
ratio of simi larity? Explai n. 

12 • ._ Using the data from problems 7-8, 
fi nd the relationship between the ratio of 
similarity and the ratio of perimeters. 

13. Make a figure using three 2-D Lab Gear 
blocks (including some blue blocks). 

a. Sketc~ the fig ure. 
b. Find its peri meter and area. 

c. Use blocks to make a fig ure similar to 
the original figure. 

d. Predict its perimeter and area. 

e. Check your prediction. 

VOLUME , SURf A< E AREA 

14 • ._ True or False? Explain each one. 

a. Any two rectangles are similar. 

b. Any two squares are simi lar. 
c. Any two cubes are simi lar. 

15. Build the following cubes using the Lab 
Gear: 13• 53, (x + I )3, and y . Find the 
volume and surface area of each cube. 

16. There are six pairs of similar buildings 
among the four cubes you built . For each 
pai r, fi nd 
a. the ratio of similari ty; 
b. the ratio of surface areas ; 

c. the ratio of volumes. 

17 .il3!iiii&D Lf you know the ratio of 
similarity between two figures, Rs, explain 
how you can fi nd 

a. the ratio of surface areas, RA; 

b. the ratio of volumes, Rv. 

9.12 Simi/JJr Figures 

9.12. 

18. What should be the dimensions of a 
cubical box that would hold 27 times 
as much as a box having dimensions 
2 in.-by-2 in.-by-2 in.? 

19. 0 Repeat problem 18 for a cubical box 
that would hold I 0 times as much as a box 
having dimensions 2 in.-by-2 in .-by-2 in . 

TRAIN SETS 

Model train sets come in di fferent scales. The 
scale is the ratio of similari ty between the 
model and the actual train that is being 
modeled. This table shows some of the 
avai lable scales. 

Name Scale 

z 1/220 

N 1/ 160 

0 a quarter inch 
to one foot 

HO an eighth of an inch 
to one foot 

LOB half an inch 
to one foot 

20. Order the scales fro m smallest to largest. 

21. The LGB scale is also known as 1/25. 
Comment on this. 

George wanted to buy an HO set that would 
cover an area of IS square feet. 

22. How much area would be covered by the 
actual train being modeled by this set? 

23. How much area would be covered by a 
similar set in each of the other scales? 

24. How many times heavier or lighter do you 
estimate a similar set would be in each of 
the other scales? (Assume that you can 
estimate the ratio of weights by using the 
ratio of volumes.) 

361 .4 

VOLUME, SURFACE AREA 

TRAIN SETS 

R oblem 14a i fal e, which can best be 
explai ned with a counter-example. 

Understandi ng simi larity in three dimen
ions make it po ib le to think of many 

real-world problems much more clearly, 
especially issues of caling. 

/n problem 22, it may be useful to di cu 
the length and width of a rectangle with the 
area found, in order to develop more of a 
fee l for the size of it. 

9.12 S 0 L U T I 0 N S 

16. 

pair 
53: 13 

ratio of similari ty 
5 : 1 

(X+ 1)3 : 13 

.r : 13 
(X+ 1)3 : 53 

(x+1)3 :y 
53: .r 

17. a. RA = (Rs)2 

b. Rv= (Rs)3 

18. 6 by 6 by 6 

19. rro -2 

(x + 1) : 1 
y : 1 

(x+ 1) : 5 
(x + 1): y 

5 : y 

20. Z, N, HO, 0 , LGB 

ratio of volumes 
125 : 1 

(X+1)3 : 1 
y 3: 1 

(x + 1 )3 : 53 

(x + 1)3 : y 
53 : .r 

ratio of surface areas 
25 : 1 

(x + 1 )2 : 1 
y 2: 1 

(x + 1 )2 : 52 

(x+1) 2 :y2 
52 : I 

22. Rs= 1/96 soRA= (1/96) 2 = 1/921 6 

To get the area of the actual train , 
multiply the area of George's train by 
9216 to get 138,240 square feet. 

23. Z scale: 2.86 square feet 

21 . The LGB scale is 1/2 in. : 1 ft . or 1/2 
in .: 12 in. which is 1/24 or approxi
mately 1/25. 

N scale: 5.40 square feet 
0 scale: 60 square feet 
LGB scale: 240 square feet 

24. These are comparisons with the HO 
scale. 
Z : multiply by 0.083 
N: multiply by 0.216 
0 : multiply by 8 
LGB: multiply by 64 

-
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rhil~l91~t~ 9.C SuperTangrams, 
WRITING Midpoints 

Core Sequence: 1-7 

Suitable for Homework: 6-7, 12- 14 

Useful for Assessment: 7, 13 

What this Assignment is About: 

Review of the Pythagorean theorem 

• Review of operation with radical 
expre ion 

• Review of imj lar figures 

• Review of lope 

• Review of di tance 

• Preview of midpoint theorems 

The e as ignment are ub tanti al. Do not 
assign both at once! Even though they pro
vide review, you will need to allow plenty 
of cia s time to get students started. 

SUPERT AN GRAMS 

Thj a ignment review mo t concepts 
that were developed in this chapter. 

Roblems 1-2 are an excellent acti vity for 
group work and for developing students' 
visual sen e. 

For problem 3 tudents may u e calcula
tors to rank the radical expre sions. 

If you have acce to plastic Super
Tangram , your students can reproduce, 
on inch graph paper, the imilar fi gures 
shown before problem 4 and try to cover 
each hape with SuperTangram . 

1 . .LO ~ ~ ~ 
2., 3. 

~ ~ ~ 
4+2.J2 4+ 2.J2 4.J2 + 2 

~ + ~ 
4+2.J2 2+4.J2 2+4.J2 

~ ~ rn 
4 + 2.J2 2.J2 + 4 6 

~ ~ '" 4.J2 + 2 4+ 2.J2 2 +4.J2 

~ $ 
4 +2.J2 4.J2 
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";:.:;.~:.: ... m· ............ ~ 
................. ll o : geoboards 

dot paper ......... 19 : 

In the world of geometric puzzles, half a unit 
square (cut along the diagonal), is called a tan. 

Figures created by combining tans are called 
polytans. Here are the ditans. 

The tans must be combined side-to-side. The 
following arrangements are not acceptable. 

I. Find all four tritans. 

2. Find all fourteen tetratans. 

3. Tetratans are usually called 
SuperTangrams. Find the perimeter and 
area of each SuperTangram, using radical 
expressions when appropriate. Rank the 
perimeters from shortest to longest. 

,A 362 

This figure shows one of the SuperTangrams 
and four blown-up versions of it. 

~Qi~ 
<;]. . - -·E• 

-~ - I· 

. --
4. Find the perimeter and the area for the 

SuperTangram and each blowup. 

5. Compare shape A with shape C. 

a. What is the ratio of similarity? 

b. Verify your answer to part (a) by 
showing that multiplying the perimeter 
of A by the ratio of similarity yields the 
perimeter of C. 

6. Repeat problem 5 for each other pair of 
shapes in the figure. (You should find nine 
more ratios of similarity.) 

7. illi1lim Write a report summarizing your 
work in problems 3-6. Include a discus
sion of: 

• using the Pythagorean theorem; 

• perimeter and area of similar figures; 

• operations with radical expressions. 

Chapter 9 Mtasurtmtnt and Square Roots 

4. Figure Perimeter Area 7. Reports will vary. To show 
A 4 + 2,[2 2 that the third and fourth 
B 8+4{2 8 columns of the table are 
c 4 + 4{2 4 equivalent, students will 
0 12+6{2 18 have to use rules about 
E 8 + 9{2 16 operations with radical 

5., 6 . expressions. This might 

Ratio of Similarity(R) R · Second Perimeter First Perimeter 
be included in the report. 

B:A 2: 1 2(4 + 212) 8 +412 The report might also 
C : A .f2: 1 .f2 (4 + 212) 4 + 4/2 include a discussion of 
D: A 3: 1 3(4 + 212) 12+ 612 how the Pythagorean 
E : A 212: 1 212 (4 + 212) 8 + 8/2 theorem was used to 
C :B 1 +12: 2 +-12 1 + .f2 (8 + 4/2) 4+ 412 help find the perimeters. 

2 + .f2 
D: B 6 + 312 : 2(2 + ,/2) 6 + 3-/2 (8 + 4/2) 12+ 612 A table like the preceding 

2(2 + -12) one can be made to com-
E : B 2(1 + 12) : 2 + ,12 2(1 + J-12) (8 + 4/2) 8 + 8-12 

2 + 2 
pare areas, showing how 

D:C 3(2 + 12) : 2(1 + ,/2) 
3(2 + ?> (4 + 4/2) 12 +612 one can obtain the area of 
2(1 + 2) a similar figure by multi-

E : C 2: 1 2(4 + 4J2) 8 + 8-12 plying by the square of 
E: D 4(1 + 12) : 3(2 + ,/2) 4!1•?> (12+6J2) 8 + 812 the ratio of similarity. 3(2 + 2) 



M IDPOINTS 

8. Draw fi ve geoboard segments whose 
midpoints are on a peg. 

9. Make a tri angle such that all of its sides 
have their midpoints on a peg. Connect 
the midpoints, making a smaller triangle. 
Study the figure, looking for parallel line , 
equal egments, and similar fi gures. 

10. Find the slopes of lines you believe are 
parallel. Find the lengths of the segments 
you believe are equal. Find the ratio of 
similarity for fi gures you beli eve are 
imi lar. 

9.C SuperTangrams, Midpaints 

9.C 

11 . Make a quadrilateral such that all of its 
side have their midpoints on a peg. Make 
the quadri lateral as irregular as you can, 
avoiding equal or parallel sides. Connect 
the midpoints, maki ng a smaller quadri
lateral. Study the fi gure, looking for 
parallel sides and equal segments. 

12. Find the slopes of lines you believe are 
para llel. Find the lengths of the segments 
you believe are equal. 

13.iilil!lm Write a repon on midpoints of 
triangles and quadril aterals. Do you think 
what you found in the case you inves
tigated will always be true? Explain . 

14. f Try to make a triangle such that exactly 
two of it sides have their midpoints on 
pegs. If you find such a tri angle, draw it 
on dot paper. If you beli eve such a tri angle 
does not exist, explain why. 

363 ... 

You will probably want to di cuss problem 
5 in class before ass igning problems 6 and 
7 for homework. You may need to have 
some discussion about how to verify the 
ratio of imil arity by comparing the peri
meters. For example, shape A has perime
ter 4 + 2f2. and shape C has perimeter 
4 + 4 f2.. Showing that the econd perime
ter can be obtruned from the f irst by multi
plying by f2 is a good application of oper
ations with radical s. 

Other SuperTangram puzzles can be 
found in SuperTangrams for Beginners 
and SuperTangram Activities, by Henri 
Picciotto. (Creati ve Publication , © 1987 
and 1986.) 

MIDPOINTS 

The activity is fairly strrughtforward . You 
should encourage students to make sure 
they start with djfferent triangles and 
quadrilateral s from each other's, so that 
they can check the genera]jty of their 
observations. 

A challenging ex tension is to generali ze 
what was discovered by using variables for 
the coord inates of the vertice . 

9. C S 0 L U T I 0 N S 

8. Answers will vary. Sample answers 
are given in the figure . 

9. Answers will vary. Sample answers 
are given in the figure. 

10. Answers may vary. As can be seen 
in the figure for #9, four smaller trian
gles are formed. Each one is similar 
to the original triangle. The ratio of 
similarity of the larger to the smaller 
triangles is 2 : 1. The segment joining 
the midpoints of two sides is parallel 
to the third side. Students may notice 
other relationships as well. 

11. Answers will vary. A sample is given . 

11 ., 12. 

12. A parallelogram will be formed. Stu
dents may make other observations. 

13. Reports will vary. 

14. Such a triangle does not exist. 
Students' explanations will vary. 

- ... 
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• Essential Ideas 

Do not assign problems 28-32 if you 
skipped Lessons L0-12. 

~ Essential I de as 

DISTANCE 

1. On the number line, what is the distance 
between: 
a. 12 and -34? b. 12 and 34? 

c. 12 and x? 

2. On the number li ne, what points are at 
di stance 7.5 from 6.89? 

3. On the number line, what point is halfway 
between: 

a. 12 and -34? b. 12 and 34? 

c. 12 and x? 

4. (5, 6) is the midpoint of a segment from 
what point to: 

a. (7,-8)? b. (-9. 1, 2.34)? 

5. What is the biggest possible difference 
between taxicab and Euclidean distance 
between two geoboard pegs on a 
I 0-by- 1 0 geoboard? (Give a decimal 
approximation.) 

6. On graph paper, show as many points as 
possible that are at distance 10 fro m the 
origin, using 

a. taxicab distance; 

b. Euclidean distance. 

7. What is the distance from (5, 6) to: 

a. (7 , -8)? b. (-9.1 , 2.34)? 

THE PYTHAGOREAN THEOREM 

8. How long is the diagonal of a square if the 
side of the square is 

a. 10? b. x? 

9. How long is the side of a square if the 
diagonal is 

a. 10? b. x? 

.A. 364 

10. How long is the other leg of a right 
triangle, if the first leg is half the 
hypotenuse, and the hypotenuse is 

a. 10? b. x? 

FROM ONE POINT TO ANOTHER 

11. Given the two points (1, 2.3) and (-4.5, 6), 
find 

a. the taxicab distance between them; 

b. the slope of the line that joins them; 

c. the Euclidean distance between them. 

SQUARE ROOTS 

12. ~ Explain why r-4 is not a real number. 

13. ~ Is h a real number? Explain. 

14. a. Give three values of x for which -x 
represents a positive number. 

b. Make a table of values and graph 
y=h. 

c. What is the domai n of y = h? 
15. Hal noticed something interesting. He saw 

that if he squared a number and took its 
square root, he would get back the same 
number. Jacob said he could find many 
numbers for which that wouldn't work. 
Can you? List some. 

16. Ruth thought you could write: 

-.fi5 = Ms and -r-25 = .fi5. 
Explain why she is wrong. 

17. Which is greater? Explain. 

a. rso or 8fi0 
b. J4o + J4o or rso 
c. 163 - m or ~63 - 28 
d . .J4 [4 

.f9 or \j 9 

Chapter 9 Measurement and Square Roots 

+ 5 0 L U T I 0 N S 

1. a. 46 6. (0, 10) 8. a. 1 o.J2 
b. 22 b. x.J2 
c. 112 - xt 9. a. 5.J2 

2. -0.61 and 14.39 b. (x.J2)/2 

3. a. -11 10. a. 513 
b. 23 b. (x13)/ 2 
c. (12 + x)/2 11 . a. 9.2 

4. a. (3, 20) b. -0.673 
b. (19.1, 9.66) c. 6.6 

5. 20 - 1 o.J2 = 5.86 12. There is no number that you can 
multiply by itself to get -4. 

13. If x ~ 0, it is a real number, since the 
opposite of a negative number is 
positive , and positive numbers have 

(0, -10) real square roots. 

7. a. 10.J2 14. a. Answers will vary. Any negative 
b. about 14.57 number will work. 

-.... 
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18. What is the area of a rectangle having 
sides 

a. 3 and .f6? 
b . .f3 and .f6? 
c. 4!3 and 5.f6? 
d. (4 + !3) and 5 6? 

19. A rectangle has area 8fi. Give three possi
bilities for the sides. 

20. \1 A rectangle has area 15 + 6fi. Gi ve 
three possibilities for the sides. 

21. Write without radical in the denominator. 
2 \1 4 

a. J3 b. .f5 + 6 

1\IJIJIN(, 1\NI> SUIITRI\CTINC. 

22. True or False? Ex plain . 

a. 36 + 64 = I 00 

b. h 6 + 64 = fiOO 
c. 136 + 164 = fiOO 
d. h 6 + 64 = 136 + 164 

23. Simplify, then add or subtract. 

a. 18 + ff2 
b . .fi6 - .fS 
c. J3o - 136 + mo + li2l 
d. 15 - ill + 60 - .f66 

THE Mlll i'OINT OF (,ROWTII 

24. Joel invested $200 in 1970 and forgot 
about it. In the year 20 I 0 he discovered 
that he had $5227 in the account . How 
much did he have in the account in 1990 
if he was getting 

a. simple interest? 

b. compound interest? 

RI\ IJI( ill RULES 

25. If a and b arc nonnegati ve, write an 
expression equi valent lO each of the 
following. Explain each rule wi th an 
example. 

• Essential ideas 

a. 10 10 
c. aJIO 

26. Simpli fy. 

a . .fi9 

b. fl,.fb 

d. IOt.fb 

b. fiJO 
27. \1 Simpli fy ffi assuming n is 

a. even; b. odd. 

SIMILAR fi(, LJ RES 

• 

28. Assume you want to use a copy machi ne 
to blow up a picture from a 3-inch-by-5-
inch index card to 4-inch-by-6-inch card. 

a. What percent sett ing should you use 
so that you get as large an image as 
possible, but one which does not 
ex tend beyond the edge? 

b. How much is the area increased at 
that sett ing? 

29. Answer the questions in problem 28 about 
blowing up a picture fro m a 3-inch-by-5-
inch ize to an 8.5-inch-by- 11-inch size. 

30. Assume you want to usc a copy machine 
to reduce an image so its area gets divided 
by two. What percent setting should 
you use? 

Assume that the amount of material needed to 
make clothes is propon ional to the surface 
area, while the amount of food needed is 
proponional to the volume. 

31. How many times as much materi al would 
be needed to dress a fi ve-foot Alice as a 
ten-inch Alice? 

32. How many times a much food would be 
needed to feed a fi ve- foot Alice as a ten
inch Alice? 
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b. 

C. X :S 0 

15. Any negative number will work. 

16. Ruth was trying to "distribute" a neg
ative sign across the square root 
symbol, as if it were parentheses. 

17. a. 8 .ff6 is larger 
b. .f4o + l4o is larger 
c. 463 - 28 is greater. 
d. equal 

18. a. 3ffl 
b . ./18 or 3.[2 
c. 20./18 or 60.f2 
d. 20ffl + sm or 20,[6 + 15./2 

19. 4 and 2.fl OR 2 and 4.f7 OR 1 and 
8.fl OR 8 and 1.fl 

20. Answers will vary. Samples: 3 and 
(5 + 2.f7) OR 5 and (3 + (6/5).f7) OR 
15 and (1 + (6/15).f7) 

21 . a. (213) .J3 
b. (4-!5 - 24)/(-31) 

22. a. True 
c. False 

23. a. 8-/2 
c. 5 + 3 .J36 

b. True 
d. False 

b . .J5 
d. 75- 3fi5 

24. Joel earned a total of $5027 in inter
est in 40 years. 
a. If he had been earning simple 

interest, his interest would have 
been $125.675 per year, so in 
1990 he would have had 
$2713.50. 

b. For compound interest, his rate 
would have been about 8.5% per 
year. In 1990 he would have had 
about $1022. 

25.a. a b. iab 
c. ra d. ..fiiib 

26. a. 24-/2 b. 25 

27. a. 2n12 b. 2(n - 1)12..[2 

28. a. 120% b. 144% 

29. a. 220% b. 484% 

(Solutions continued on page 525) 

- .A)A- A II!! 
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Chapter 10 
SATISFYING CONSTRAINTS 

The Last Five Chapters 

If you are using this book in a one-year 
course, before proceeding with Chapter I 0 
you should look over Chapters I 0-14 and 
decide what you want to cover in the lim
ited time you have left. For detailed sug
gestions, see the section entitled End-of
Year Options in the Course Planning 
Guide in the back of thi s Teacher's Edition. 

Overview of the Chapter 

This chapter is primarily about simultane
ous linear equations in two variables, a tra
ditional algebra topic that retains much 
relevance. However our treatment of it 
departs significantly from the traditional 
approach. 

We start from real-world applications, 
where linear constraints on two variables 
introduce students to the essential question. 
The first techniques we use in addressing 
this topic are trial and error and table
building, then we work with the Lab Gear, 
then with symbols, and finally with graphs. 
The multiplicity of approaches is intended 
to give students a multi-dimensional grasp 
of the question. Since we do thi s in an 
applied context, students learn many strate
gies to solve word problems, including the 
standard one. The last part of the chapter 
concerns the related question of finding the 
equation of a line given two points on it. 
This is useful in understanding how a 
mathematical formula can be derived to 
model the relationship between two real
world variables. We end the chapter with 
examples of thi s application. 

When teaching this chapter, do not rush to 
teach everything about simultaneous equa
tions right away. Give students a chance to 
discover for themselves, and encourage 
discussion and comparison of the different 
methods. This will prepare students for 
learning standard techniques later on. 

/n particular, do not expect students to 
know how to write equations about word 
problems spontaneously; they need to 
work their way up to that. 
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The spiral groove of a record, from the outer rim to the inner 

Coming in this chapter: 
IJI!1!lfli1ttml I have pennies, dimes, and quarters, and two bags 
to put them in . I put all the coins of one kind into one bag, and 
coins of the other two kinds into the other. There is the same 
number of coins in each bag, and the total value of each bag's 
contents is the same. How much money might I have? 
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SATISFYING CONSTRAINTS 
1. New Uses for Tools: 

• Tables, graphs, Lab Gear, and sym-
bol manipulation for simultaneous 
equations 

2. Algebra Concepts Emphasized: . Graphing linear equations . Simultaneous equations 
• Solving simultaneous equations 

graphically 
10.1 The Van Pool . Solving simultaneous equations by 

10.2 How Much of Each Kind? 
substitution 

• Solving simultaneous equations by 

10.3 Two Variables, Two Equations 

10.4 Solving Systems 

linear combinations . Solving for one variable in terms of 
another 

10.A THINKING/WRITING: 
Juice Experiments 

. Systems having one solution, no 
solutions, or an infinite number of 
solutions 

10.5 Standard Form • Algebraic relationship between stan-

10.6 Line Intersections 
dard form and slope-intercept form 

• Effect of the parameters on the graph 

10.7 Using Simu ltaneous Equations 

10.8 Lines Through Points 

of Ax+ By= C 
• Quick graphing of linear equations 

in standard and line-intercept form 

10.8 THINKING/WRITING: 
Fitting a Line 

. Word problems . Finding the equation of a line, given 
its slope and one point on it 

• Essential Ideas • Finding the equation of a line, given 
two points on it 

3. Algebra Concepts Reviewed: 

• Proportions 
• x- and y-intercepts 
• Exponents and exponential functions 
• Slope-intercept form . Percent 
• Direct variation 

4. Algebra Concepts Previewed: 

. Using linear functions as mathemati-
cal models 

5. Problem-Solving Techniques: 

• Using equations 
• Making a table 
• Organized searches 

6. Connections and Context: 

• Mixture problems 
• Number patterns 
• Fitting a line to data 
• Fahrenheit-Celsius conversion 

- - - ' -
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T 10.1 
The Van Pool 

Core Sequence: 1-23 

Suitable for Homework: 8-23 

Useful for Assessment: 13, 17 

What this Lesson is About: 

• Using graphs and equati ons to model a 
real -world problem 

• Preview of graphical solution of simul 
taneous equations 

• Review of proportions 

• Review of exponents and exponenti al 
functions 

• Prev iew of mj xture problems 

R-oblem I poses the problem that thi les-
on in vestigates. Trial and en·or is the most 

likely approach. Do not uggest or encour
age any strategies, as the main purpo e of 
thi s Exploration is to get students to under-
rand for themselves what issues are 

involved. 

/ n fact you will need to hold back through
out the lesson: Do not ex plain how to get 
an equati on out of the problem's given, let 
alone how to solve the equation. Students 
will have a chance to discover uch ideas 
for themselves in the course of the next 
few lessons. 

SHARING COSTS 

The word ing of problem 2c is debatable, 
ince values in on ly whole numbers of 

cents are actually po ible. Nevertheless, it 
i useful to draw the graph as a line, and 
c lose enough to a correct graph, given the 
resolution of the graph. 

Note that the graphs are meaningful onl y 
in the fir t quadrant, since no one will be 
charged a negative fare. (You may want to 
di scuss thi s with your clas .) The graph for 
problem 2 i the fami li ar "constant sum" 
graph, but the one fo r problems 3-4 are 
not. Finding the equation (in problem 5) 
may be difficult fo r orne tudent . Encour
age di cus ion in the groups or by the 
whole class, but do not reveal how to do it. 

The equation are likely to be in the fo rm 
ax + by = c, but of course any mathemati 
ca ll y correct equati on should be accepted. 
If more than one form surfaces, you can 
di scuss the merits of each form. Specific
all y, the parameters a, b, and c in the 
ax + by = c fo rm are easy to interpret in 
thi context. 

ln the town of Braun a group of people 
decided to organi ze a va n pool to get to and 
from work and chool. They estimated mileage 
costs to be about $ 11 per day, so the total cost 
including the bridge to ll would be $ 12 per day 
round trip. Then they had to di scuss how to 
share costs. They agreed that children and 
adults might have diffe rent fa res. 

1. Mm!!tf!M Say there are three children 
and four adul ts in the van pool. Find ev
eral possible fares you could charge chil
dren and adults. 

SllARING COSTS 

In the following problems, let x stand for a 
child's dail y fare, and let y stand for an adult 's 
dail y fare. 

2. If only one adult and one child joined the 
van pool, there is more than one possible 
pair of va lues for x and y. 

a. Li st three possible (x, y) pairs. 

b. Plot these (x, y) pairs on coordinate 
axes. 

c. Make a graph showing all poss ible 
(x, y) pairs. Label the x- intercept and 
they- intercept. 

3. Repeat problem 2, assuming that one child 
and two adults jo in the van pool. Use the 
same axes for your graph. 
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4. Repeat problem 2, assuming that two 
adults and three children join the van pool. 
Use the same axes for your graph. 

5. a. Write equations for the graphs you 
drew in problems 2-4. 

b. For each equation, interpret the coeffi
cients of x and y and the constant term 
in terms of the situati on. 

c. Find the x-intercept and they- intercept 
on each of your graphs. Interpret them 
in terms of the situation. 

NEGOTIATIONS 

In thi s section, assume that the van pool has 
four children and three adults. 

6. a. Make a table showing several possible 
(x, y) pairs representing the dail y fare 
for children and adults. Draw a graph 
that shows all possible (x, y) pairs. 

b. Label and interpret the x-imercept and 
they-intercept on your graph. 

c. Write an equati on for the graph . 

The members of the van pool di scussed how 
to di vide the cost among themselves. Some 
thought the adults' and children's fares should 
be different, and others thought they should be 
the same. They discussed several possible 
plans. 

Chapter 10 Satisfying Constraints 

10.1 S 0 L U T I 0 N S 

1. Answers vary. Sample answers: If 
children are free, then each adult 
pays $3.00. If children pay $1 each, 
adults each pay $2.25. If each child 
pays half the adult cost, then each 
child pays $1 .09 and each adult pays 
$2.18, with someone chipping in the 
extra penny. 

2. a. Answers will vary. Sample 
answers: (1 , 11 ), (2 , 1 0) , (3, 9) 

2 (b) and (c) 
3 (b) and (c) 
4 (b) and (c) 

+" child 's daily fare 
(4, 0) 

(2 , 3) 

(1 , 4.50) 

3. a. Answers will vary. Sample 

answeffi:~ . ~ . ~ . ~ . ~ . ~ 
b. See the figure for #2 b and c. 
c. See the figure for #2 b and c. 



In each case described in problems 7-1 2: 
a. Figure out what the daily fare for adults 

and for chi ldren would be. Show your 
work. 

b. Plot a point on the graph from problem 
6 to represent your solution. 

7. Frances suggested that adults pay twice as 
much as children because they have more 
money. 

8. John thought that adults should pay $ 1 
more than children. 

9. Kathleen said that adults should pay $2 
more than children. 

10. Joanna argued that there was no reason to 
have different fares , since an adult and a 
child each occupy one seat. 

11. Al lan thought it was unfai r to have adults 
pay more than children, since adults take 
turns dri ving the van. He argued that chil
dren should pay twice as much as adults. 

12. Louise remembered that van pools are 
exempt from the bridge toll , so she sub
tracted $ 1 from the total cost. She agreed 
with Allan that children should pay twice 
as much as adults. 

10.1 The Van Pool 

10.1'Y 

INfLATION 

The cost of commuting kept increasing. Since 
the van could legally carry nine people, includ
ing the dri ver, the members decided to let two 
more children joi n the pool. They had six chil
dren and three adults. Over the years, the cost 
went up, first to $ 14, then to $ 15, and fi nally to 
$ 18 per day. 

13. On the same pair of axes, draw three 
graphs, one for each of the three values 
for the total cost. 

14. Label each graph with its equation. 

15. Assume that the adults' fare is twice the 
children 's fare . Mark the points on your 
graph representi ng those fares for adults 
and children, if the total cost is the follow
ing amounts: 

a. $ 14 b. $ 15 c. $ 18 

16 . .,_ Look at the three points you marked 
in problem 15. You should be able to con
nect all of them with a straight line. 

a. Find an equation that ti ts your line. 

b. Interpret your equation. (What do 
the coefficients mean in terms of the 
problem?) 

17. Repeat problems 15- 16, assuming that the 
children's fare is twice the adul ts ' fare. 
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/ n everal places in thi s and subsequent 
lesson tudents are asked to " interpret" 
point and parameters. Each point on the 
graph represents a certain co t for chi ldren 
and a certain co t for adult . For example, 
(0, 12) represent a cost of 0 for children 
and 12 for adult . 

Student can use ca lculator and tri al and 
en-or to sol ve the e problems. You may 
want to agree that rounding to the nearest 
penny (or nickel) is clo e enough o that 
no one feels cheated. 

The main ob ervati on of thi ecti on is 
that each solution i a number pair that is 
represented by a point that lie on the 
graph of 4x + 3y = 12, (except for prob
lem 12, where the total co t i no longer 
$ 12. Thi is likely to come up in di cu -
ion, ince tudent are a ked to plot the 

point on their graph from problem 6, and 
in thi s case it i impos ible). 

INFLATION 

There are two things to notice here: With 
the arne number of children and adults, 
but different total cost , the graph are par
allel l ine ; and, olution based on the 
ame relati onship between chi ld and adult 

fares form a line. 

By now the groundwork ha been laid for 
the graphic solution of a sy tem of equa
ti on , which will b formally introduced in 
Le on 5 and 6. 

10.1 S 0 L U T I 0 N S 

4. a. Answers wi ll vary. Sample 
answers: (1 , 4.50), (2, 3) , (4, 0) 

b. See the figure for #2 b and c. 
c. See the figure for #2 b and c. 

5. a. x+y = 12, x+2y = 12, and 
3X + 2y = 12 

b. For all three equations, 12 is the 
total round trip cost each day. For 
x + y = 12, the coefficients of x 
and yare both 1 because there is 
one ch ild and one adult riding in 
the van. 
For x + 2y = 12, the coefficient of 
xis 1 because there is one child . 
The coefficient of y is 2 because 
there are two adults. 
For 3x + 2y = 12, the coefficient of 
xis 3 because there are three chil
dren. The coefficient of y is 2 
because there are two adults. 

c. For X+ y = 12, (12, 0) and (0, 12) 
are the x-intercept and y-intercept 
when the chi ld pays $12, the adult 
pays $0. When the adult pays 
$12, the child pays $0. 
For X + 2y = 12, (12, 0) and (0, 6) 
are the x-intercept and y-intercept 
when the chi ld pays $12, the 
adults pay $0. When the child 
pays $0, each adult pays $6. 
For 3x + 2y = 12, (4, 0) and (0, 6) 
are the x- and y-intercepts. When 
each child pays $4, each adult 
pays $0. When each ch ild pays 
$0, each adult pays $6. 

6. a. Tables will vary. Sample table: 
X y 
0 4 
3 0 
1 2.67 
2 1.33 

(0, 4) 

(3, 0) 

child 's daily fare 

b. (0, 4) and (3, 0) 
C. 4X+ 3y= 12 

7. a. Each child pays $1 .20 and each 
adult pays $2.40. 

b. See the figure for #6. Point is 
(1.20, 2.40) 

8. a. Each child pays $1 .29 and each 
adult pays $2.29. (Note: This 

. . 
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REVIEW/PREVIEW RECIPES 

This section reviews proportions, and pre
views L esson 2. It consists of mixture 
problems in the special case where all of 
the proportions are multiples of one of 
them. This makes it easy to think about 
them as problems having one variable. 

tdfW• EXPONENTS 

J f students have trouble w ith this review, 
encourage them to look back at their work 
in Chapter 8. 

For problem 23, replacing x by a number, 
then by another, may help students see the 
pattern . 

Problem 23 could make for a good class 
discuss ion if you have time for it. D o not 
let students li mit their in vestigation to val
ues of x that are greater than 1. This is al so 
fun to do on the graphing calculator. 

'Y10.1 

REVIEW /PREVIEW RECIPES 

These are the instructions on a can of orange 
juice concentrate. 

Mix one part juice concentrate 
with three parts water. 

18. How much concentrate shou ld you use 
to make 

a. 6 cups of orange juice? 

b. I 0 cups of orange juice? 

19. Usi ng this recipe, how much of each 
ingredient would you need to make 160 
cups of punch for the 80 people who are 
expected at the piano recital? 

1!1 Piano Recital Punch 'S3 

Mix: 

4 parts Iced tea, sweetened 
4 parts apple juice 
4 parts crant>eriJI j uice 
2 parts orange juice 
1 part lemon juice 

Garnish with lemon and orange slices. 

A, 370 

20. How much Piano Recital Punch could you 
make if you had an unlimited amount of 
the other ingredients but only 

a. 3/4 cup of lemon juice? 

b. 3 cups of orange juice? 

f;/ifliii EXPONENTS 

21. Write without parentheses. 
a. (4_;)3 b. (4_;y)3 

22. Simplify each ratio. 

a. 80 · 2'+2 

4 . 2' 

b. 4. 2" 2 

80 . 2'+ 1 

4. 2.x+l 
c. 80 . 2" 2 

23. Use your calcu lator to compare 3 · 2x and 
2 · 3' . Which is greater for different values 
of x? For what val ue of x are they equal? 

Chapter 10 Satisfying Constraints 

10. 1 S 0 L U T I 0 N S 
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yields a total of $12.03. Students 
might settle fo r $1.29 and $2.28 to 
get a total of exactly $12.00.) 

b. See the figure for #6. Point is 
(1.29, 2.29) 

9. a. Each child pays $0.86 and each 
adult pays $2.86, which yields a 
total of $12.02. 

b. See the figure for #6. Point is 
(0.86, 2.86) 

10. a. Everyone pays $1.72, wh ich yields 
a total of $12.04. 

b. See the figure for #6. Point is 
(1.72, 1.72) 

11 . a. Each child pays $2.20 and each 
adult pays $1.1 0, which yields a 

total of $12.10. If someone wanted 
to chip in the extra penny, they 
could get a total of $11 .99 by hav
ing adults pay $1 .09 and children 
pay $2.18, but it is probably not 
worth all the fiddling around with 
pennies. They could put the extra 
1 0 cents per day into an ice cream 
fund , or donate it to charity. 

b. See the figure for #6. Point is 
(2.20, 1.1 0) 

12. a. They can get exactly $11 by hav
ing each adult pay $1 and each 
child pay $2. 

b. See the figure for #6. Point is 
(2.00, 1.00). Note that this point is 
not on the graph of 4x + 3y = 12. 

13., 14., 15 .~ 

~ 
"iii 
-o 

~ 
:i 
-o 
Cll 

Y=2X 

6x+ 3y= 18 
6X+ 3y= 15 
6X+ 3y= 14 

child's daily fa 
2 

15. a. plot (1 .17, 2.34) (This yields 
$14.04, so will be slightly off the 
line.) 

b. plot (1 .25, 2.50) 
c. plot (1 .50, 3) 

(Solutions continued on page 525) 



LESSON 

• 
How Much of Each Kind? 

AT THE LAUNDROMATw! 

1. l@@flN Some dimes and quarters have 
a total value of $3.95. How many of each 
coin might there be? (Find all the possibil
ities.) What is the fewest coins there could 
possibly be? The most? Explain, showing 
your method of thinking about this prob
lem and commenting on any patterns you 
notice. 

Dan needs nickels and quarters to do his laun
dry at Science and Math Quick Wash. He has a 
fi ve-dollar bill. The table shows one possible 
combination of coins he might get if he asks 
for change in nickels and quarters only. (The 
value is given in cents.) 

Nickels Quarters Total Coins 

no. value no. value no. value 

45 225 II 275 56 500 

2. Add at least six more possibilities to the 
table and comment on any patterns you 
notice. (If you don 't see any patterns, add 
more possibilities until you do.) 

3. What is the fewest coins Dan might get? 
The most? 

4. Would it be possible for Dan to have an 
even number of coins? An odd number? 
Explain. 

S. Would it be possible for Dan to have the 
same number of quarters as nickels? If so, 
how many of each would he have? 

If Dan gets x nickels and y quarters, the entry 
in the table would look like this. 

10.2 How Much of Each Kind? 

1. Methods of solution will vary. One 
method is to use a table to look for 
patterns. 
number of number of number of 

dimes quarters coins 
37 1 38 
32 3 35 
27 5 32 
22 7 29 
17 9 26 
12 11 23 
7 13 20 
2 15 17 

From the table, you can see the pat-
tern: As the number of dimes de-
creases by 5, the number of quarters 
increases by 2. The smal lest possi-
ble number of coins is 17, with 2 
dimes and 15 quarters. 2(1 0) + 
15(25) = 20 + 375 = 395. The largest 

Nickels Quarters Total Coins 

no. value no. value no. value 

X 5x y 25y - -

6. a. Explain the meaning of the expressions 
5x and 2Sy in the table. 

b. Complete the entry, giving the total 
number of coins and their value in 
terms ofx and y. 

Any possible whole number pair of values 
(x, y) giving a possibiHty for the number of 
nickels and quarters that Dan might get in 
change will satisfy this equation, 

5x + 2Sy = 500. 

For example, it is easy to show by substitution 
that the pair (45 , II ) satisfies this equation: 
5(45) + 25( 11 ) = 500. This pair also satisfies 
thi s condition, or constraint: 

The total number of coins is 56. 

7. Is there another (x, y) pai r that satisfies the 
same equation and the same constraint? If 
so, what is it? 

8. Find (x, y) pairs that satisfy both the equa
tion Sx + 2Sy = 500 and the constraints 
given. (You may want to extend the table 
you made. You can save work by looking 
for patterns in your table.) Some may not 
be possible. 

Constraints: 
a. The total number of coins is 80. 
b. There are 20 times as many nickels as 

quarters. 
c. There are 12 more nickels than 

quarters. 

d. There are 8 more quarters than nickels. 
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possible number of coins is 38, with 
37 dimes and 1 quarter. 37(1 0) + 
1 (25) = 370 + 25 = 395. 

2. Additional entries in the table will 
vary. A sample is given below. 

Nickels Quarters Total Coins 

no. value no. value no. value 

45 225 I I 275 56 500 

100 500 0 0 100 500 

95 475 I 25 96 500 

90 450 2 50 92 500 

85 425 3 75 88 500 

80 400 4 100 84 500 

75 375 5 125 80 500 

70 350 6 150 76 500 

0 0 20 500 20 500 

Some patterns: As the number of 
nickels decreases by 5, the number 
of quarters increases by 1 and the 

T 10.2 
How Much of Each Kind? 

Core Sequence: 1-26 

Suitable for Homework: 10-26 

Useful for Assessment: 12, 15-19,26 

What this Lesson is About: 

• Using tables and equation to model 
real-world problems 

• Prev iew of solving simultaneous 
equations with numerical table 

• Introduction to mixture problems 

/ n thi le on we show how to use tables 
of value to solve simultaneous equations. 
You may extend thi s lesson by teaching 
your students how to use a spreadsheet 
computer program, whkh automate table
building. To use a spreadsheet students 
need to be able to figure out what formula 
to use. This lesson should help them with 
that. Even if you don' t teach your students 
how to u e a spreadsheet, thi s les on helps 
prepare them for that tool. 

U sing tables helps students develop a fee l 
for the numerical structure underlying 
simultaneous linear equation . 

AT THE LAUNDROMAT® 

We have already een coin problems in 
Chapter 5 (after Les on 5 and in Lesson 8). 
If you ki pped them then, consider a sign
ing them now. Here we use coin problem 
as a way to get more insight into imulta
neous equations. 

total number of coins decreases b~ 
4. The value is always 500. Students 
will find other patterns. 

3. The fewest number of coins Dan 
might get is 20, consisting of 20 quar
ters and no nickels. The most would 
be 100 nickels and no quarters. 

4 . Dan will always have an even number 
of coins. The total number of coins is 
always a multiple of 4, from 20 to 100. 

5. It is not possible for Dan to have the 
same number of quarters as nickels. 
The closest he could get would be 17 
quarters and 15 nickels. 

6. a. The variable x represents the 
number of nickels, each of which 
is worth 5 cents. To find the total 
value of x nickels, one multiplies x 
by 5 to get 5x. Similarly, y repre
sents the number of quarters, each 

-. 
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R ·oblems 1-5 help students get a feel for 
the problem. Problems 6-9 concentrate on 
writing equations. The problem is pre-
ented as consisting of an equation in two 

variables (the one indicating the total value 
of the coi ns i $5.00) which has many po -
sible solutions. However, when adding an 
additional constraint on the numbers of 
coins, the number of so lutions i narrowed 
down. In problems 7-9, the constraint is an 
additional linear equation. In problem 10, 
the constrai nt is an inequali ty : There mu t 
be enough nickels and quarters to do the 
max imum number of wa he , bu t greater 
numbers are also acceptable. 

CRANBERRY-APPLE JUICE 

Thi s section i slightl y more complex since 
we are mixing a mixture with straight apple 
juice, but students are guided through it 
step by step. It should work well a a 
homework assignment. 

A gain, the main point is to use tables as 
a lead-in to equation . A further twi st: 
The mixture cannot poss ibly contain les 
than 50% apple j uice, since the ori ginal 
liquids don' t. 

The most important problems are 16- 19, 
in which students have to interpret equa
tions in te1m of the problem. Thi s is nec
essary preparati on for being ab le to wri te 
equations de cribing a problem. 

There will be more mixture problems in 
Thinking/Writing lO.A. 

372 

of which is worth 25 cents. To find 
the total value of y quarters, one 
multiplies y by 25 to get 25 y. 

b. number: x + y value: 5x + 25 y 

7. no 

8. a. (75, 5) b. (80, 4) 
c. not possible d. (1 0, 18) 

9. a. x + y = 80 b. x= 20y 
C. X= y+12 d. X+ 8 =y 

10. a. 3(25) + 5 + 25 = 105 
500/1 05 = 4. 76 He will be able to 
do 4 loads for $4.20 of his $5.00. 

b. Each load is 4 quarters and 1 
nickel. So four loads would require 
16 quarters and 4 nickels, with 80 
cents left over. The 80 cents could 

'Y10.2 

9. Each of the constraints in problem 8 can 
be expressed as an equation in x and y. 
Write each equation. 

10. At Science and Math Quick Wash, the 
machines take three quarters and one 
nickel to wash and one quarter to dry. 
If Dan wants to do a many loads as 
possible, 

a. how many loads of wa h will he be 
able to do? 

b. what change should he request for hi s 
five-dollar bill? (Fi nd all possible 
answers.) 

( R,\ NHfHHI - ll'l't t lilt( f 

Nelson works for the G. Ale Bar Company, a 
chain of soda fountains. He is trying to create a 
special recipe to make a be t-sell ing juice. For 
a taste test, he wants to prepare several 20-cup 
batches of different mixture of pure apple 
juice with a cranberry-apple juice that is 50% 
apple and 50% cranberry. 

Apple j uice Cranberry-apple Mixture 

apple cran apple cran apple cran 

t5 0 2.5 2.5 17.5 2.5 

8 0 6 6 14 6 

6 0 - - - -

- - 8 - - -

- - - 9.5 - -

X - 0.50y - x+ 0.50y -

11. Copy and complete the table. Add several 
more numerical possibilities. (The last row 
is based on x cups of apple juice and y 
cups of cranberry-apple.) 

12 . ... What are the largest and smallest 
amounts of cranberry juice possible in one 
of Nelson's mi xtures? What about apple 
juice? Explain . 

.4. 3n 

come in various combinations of 
coins. The combinations shown 
below assume that he wants his 
extra 80 cents in nickels and quar
ters , too. He could also request 
dimes or pennies, unless he wants 
to save the 80 cents in change for 
his next trip to the laundromat (If 
there is a candy machine at the 
laundromat that takes a specific 
combination of coins, he may take 
that into account when deciding 
how he wants the 80 cents . How
ever, candy machines are usually 
more flexible than washers and 
dryers.) 

13. For the mi xture in the first row, what per
cent of the total is cranberry? (Be careful! 
You can' t get the answer by di viding 2.5 
by 17.5) 

14. Add a % cran column to your table, and 
repeat problem 13 for all the rows. 

15. What are the largest and smallest percent
ages of cranberry juice possible in one of 

elson 's mixtures? What about apple 
juice? Explain. 

16. Explain why the expression x + 0.50y rep
resents the total amount of apple juice in 
the mixture. 

17. What i the ex pression for the total amount 
of cranberry juice in the mixture? Explain . 

18. Explain why x + y equals 20 for every 
possibility li sted in the table. 

19. What does thex + 0.50y = 10 mean in 
thi s situation? Is there an (x, y ) pair that 
sati sfies this equation? Explai n. 

For each equation, 20-25 : 

a. Interpret the equation in terms of thi s 
situation . 

b. If po sible, find a value of x and of y 
that satisfies the equation, given the 
constrai nt that x and y add up to 20. 

20. 0.50y = 4 

21. X+ 0.50y = 15 

22. X + 0.50y = 4 

23. X + 0.5y = 11.5 

24. f x + 0.50y = 0.75(x + y) 

25. f x + 0.50y = 0.25(x + y) 

26 . ... Which of the equations 20-25 were 
impossible to solve? Would they have 
been possible if the total amount had been 
30 cup ? Explain. 

Chapter 10 Satisfying Constraints 

Nickels Quarters Tota l Coins 

no. va lue no. value no. value 

16 80 0 0 16 80 

II 55 25 12 80 

6 30 2 50 80 

5 75 4 80 

Assuming he wants only nickels 
and quarters, there are four possi-
bilities: 
nickels 

20 
15 
10 
5 

quarters 
16 
17 
18 
19 

(Solutions continued on page 526) 



the Lab Gear 

MYSTERY CONTAINERS 

The Lab Gear may help you solve this 
problem. 

l. A crate contains two small containers and 
three large containers. The total weight of 
the crate is 16 pounds. 

a. What are some possible weights of the 
small and the large containers? How 
many possible weights are there? 

b. Find the weight of four small containers 
and six large conta iners. 

c. Two container are removed from the 
crate, and it is weighed again. ow 
it weighs ten pounds. Using this addi
tional information, find possible 
weights for the mall container and the 
large con tainer. Comment on your 
answer . 

ONE EQUATION, ONE CONSTRAINT 

The workmat shows the equation 

y+4x= 12. 

10.3 Two Variables, Two Equations 

2. Using tri a l and error, find some values of x 
and y that make the equation true. (How 
many possible va lues are there?) 

One of the (x, y) pairs sat isfying thi s equation 
also satisfies the constraint , or cond ition, that \' 
is twice x. If y is twice x, then each y-b lock ca;, 
be replaced with two x-blocks. 

The resulting equation is 6x = 12. 

3. Solve for x in the eq uati on above. Then 
find the (x, y) pair th at sati sfi es both the 
equati on y + 4x = 12 and the constraint 
that y = 2x. 

For each problem, 4-7, model the equati on on 
the workmat with the blocks. Then use the 
blocks to find an (x, y) pair that sati sfi es both 
the equation and the constrai nt. Check your 
final answers in the origi nal eq uations. 

4. 4x - 7 = y + 3 
Constraint: y is two more than x. 

5. 2y +X= 5 
Constraint: x is six less than y. 

6. 2x + y = 9 
Constraint: x i> three more than y. 
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10.3 S 0 L U T I 0 N S 

1. a. Answers vary. Sample answers: 
weight of each small weight of each large 

container (lbs) container (lbs) 
0.5 5 
2 4 

3.5 3 
There is an infinite number of 
possibil ities. 

b. Let x = the weight of each small 
container 
y = the weight of each large 
container 
4x + 6y =the total weight of the 
containers 
Since it is given that 2x + 3y = 16, 
it must be true that 4x + 6y = 32. 
So the weight of 4 small and 6 
large is 32. 

c. The small container weighs 2 
pounds and the large container 4 

pounds. Because of the additional 
information, there is no longer an 
infinite number of answers. There 
is only one answer. 

2. X y 
0 12 
1 8 
2 4 
3 0 

3. X= 2, Y= 4 

4. X=4, y=6 
1 2 

5. X= -23, Y= 3 3 

6. X=4, y=1 

.. 10.3 
Two Variables, Two Equations 

Core Sequence: 1-27 

Suitable for Homework: 12-17, 26-27, 
30-33 

Useful for Assessment: I 5, 17, 26-27 

What this Lesson is About: 

• Preview of simultaneou equations 

• U e of the Lab Gear for simul taneous 
equations 

• Solving for one of the variables 

• Converting equations from standard 
form to slope-intercept form 

• Using algebraic symbols to sol ve 
number problems 

• Number of factors of a whole number 

Again, do not teach any methods for sol v
ing simultaneous equations. At most, pro
vide hints. Solving techniques wi ll be 
taught formally in the next lesson, and that 
lesson will have its maximum i mpact if 
tudent have already been th inking cre

atively about the problem of sol ving simul 
taneous equations. 

MYSTERY CONTAINERS 

Let students solve problem I by any 
method. Using the Lab Gear may help, 
with x for the small container and y for the 
large one (or vice versa). The ize of the 
blocks is, of course, irrelevant. 

Problem lc really i three problems in 
one, si nce either two large conta iners, two 
small containers, or one of each were 
removed . One so lution (with a negati ve 
weight for the large container) is not 
plausible. 

ONE EQUATION, ONE CONSTRAINT 

This ection i harder than the next one, 
since tudents have to tran late the "con
straint" into an equation. Let them truggle 
with thi s, and don't teach eq uation solving 
methods to save time. The time spent pay 
off in the next section, since tudents have 
a better understanding of the two equations 
as conditions to be sati sfied. 

/nsi ton students checking their solutions 
by substituting the values in the original 
equation. 



SIMULTANEOUS EQUATIONS 

fh not teach any particular method. You 
can give hint along the way, fo r example 
by reminding students that they can add 
two equal thing to both sides of the equa
tion , regardle s of how trange those equal 
things look. Students will invent some 
very interesting ways of solving these 
equations. Don ' t interfere too much! 

Let students work with or without the Lab 
Gear, but if both approaches are used in 
one group, encourage di scussion between 
group member . At the very least, students 
should make sure they get the same 
answers as each other. 

MIND READING 

Again , do not teach any strategy for prob
lems 12-14. Instead, ask students to share 
strategies with their group and with the 
class. 

REVIEW/PREVIEW EVALUATING 

P roblems 16- 17 preview equi valent equa
tions, and so are essential to the develop
ment of the ideas in thi s chapter. Some 
class di scussion of prob lem 17 in particular 
could be helpfu l as preparation for the next 
le son. 

REVIEW/PREVIEW SOLVING FOR y 

If your students are very comfortab le with 
algebraic manipulation, you may a sign 
thi s for homework and do it wi thout the 
Lab Gear. However most classes would 
benefit from using the block , at least 
initiall y. 

Thi s section erve a preview in two 
ways. On the one hand , solving for y is a 
necessary part of the "substitution" ap
proach to equati on so lving, which wi ll be 
formally introduced in Les on 4. On the 
other hand, and what is more important, 
the problems provide a bridge between 
tandard form and slope- intercept form for 

li near equation . Thi is particu larly useful 
to help preview Lesson 5. 

7. 2y + X = 4 

Constraint: x and y add up to six. 

For each problem you just solved, the 
constrai nt could have been written as an equa
tion. For example, the constraint that the sum 
of x and y is six can be written x + y = 6. This 
means that in each of problems 4-7, you found 
an (x, y ) pair that satisfied both of two given 
equations. We say that you solved a system of 
simultaneous equations. 

SIMUI HNEOUS EQUh liON~ 

Solve each sy tem of simultaneous equations. 
If you want to use the Lab Gear, begi n by 
modeling the first equation with the blocks. 
Then use the second equation to substitute 
blocks for the y-blocks or for the x-blocks. 
Check your answers. 

REVIEW/ PREVIEW EVALUATING 

16. Two (x, y) pairs that satisfy the equation 
2x + 3y = 16 are given in the table below. 
Copy and complete the table. 

.r y lr + 3y .r + y x - y 4.r + 6y .r + l.Sy 

- I 6 16 

2 4 16 -2 32 

- 5 16 

- -{i 16 

16 

-4 - 16 
I 

17 . .,_ Study the table you made. In which 
columns are all the values the same? Why? 
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{ 2x -y =2 
8· y = 3x 

{
X - 4y = 23 

I O. x = -5y - 4 

{ 4x + y = 10 
9· y = 6x - 20 

{ 3y + 2x = 7 
11 · 3y = 4x - 5 

MIND READING 

What numbers am I thinking of? 

12. Their sum is 7. Their difference is 3. 

13. Their sum is 18. The second is twice as 
large as the first. 

14. The first minus the second is 3. Twice the 
fi rst, minus twice the second is 6. 

IS . .,_ One of problems 12- 14 has more than 
one answer. How many answers does it 
have? Why? 

REVIEW/PREVIEW SOLVING FOR y 

Set up these problems with the Lab Gear, and 
rearrange the blocks so that y is by itself on 
one side of the equati on. Write equation to 
show your steps. In some cases, you will need 
to finish the problem without the blocks . 

18. -4x + y = 6 

20. -6x + y = 4 

22. 6x - 3y = 12 

24. X - )' = I 

l9. 4x+2y = l0 

21. -6x + 3y = 9 

23. X + 2y = 8 

25. 6x - Sy = 0 

26 . .,_ Explain how to solve for y (wi th
out the Lab Gear), with the help of an 
exam ple. 

27.1i§§.i§ritififi Solve for y. 

Ax+ By = C 

Chapter 10 St1tis[ying Constraints 

10.3 5 0 L U T I 0 N 5 

7. x=8,y= -2 

8. X= -2, y = -6 

9. X=3, y= -2 

10. X= 11 , y= -3 

11. X= 2, y= 1 

12. 5and2 

13. 6 and 12 

14. There is an infinite number of 
answers. Any pair of numbers that 
has a difference of 3 will work. 

15. #14 has an infinite number of 
answers. The first and second condi
tions are equivalent and can be rep
resented by equivalent equations; 
hence, we have only one constraint. 
Any (x, y) pair satisfying x - y = 3 
will also satisfy 2x - 2y= 6. 

16. For some table entries, answers will 
vary. These are shown in italics. 

X y 2x + 3y x + y .r - y 4.r + 6y .r + l.Sy 

- I 6 16 5 -7 32 8 

2 4 16 6 -2 32 8 

0.5 5 16 5.5 -4.5 32 8 

17 -6 16 I I 23 32 8 

8 0 16 8 8 32 8 

-4 8 16 4 - 12 32 8 

17. The value of 2x + 3 y was given to be 
16. Hence 4x + 6y must be 32 since 
2(2x+ 3y) = 4x+ 6yand 2(16) = 32. 
Also, x + 1.5y must be 8 since 
0.5(2x + 3y) = x + 1.5y and 
0.5(16) = 8. 

18.y=4X+ 6 

20. Y= 6X+ 4 

22. Y= 2x - 4 

19. Y= -2x+ 5 

21. Y= 2X+ 3 

23. Y= -0.5x + 4 



f•UfitlV#;Ji CONSECUTIVE NUMBERS 

28. Compute, and look fo r a pattern . 

a. I · 2 · 3 + 2 
b. 2 . 3 . 4 + 3 

c. 4 . 5. 6 + 5 

d. (5 - I ) · 5 · (5 + I) + 5 

e. 9 · I 0 · II + I 0 
f. (10- 1) ·10·( 10+ I)+ 10 

29. Use algebra to explai n the pattern . 

30. The product of three consecuti ve numbers 
divided by thei r sum is I. What are the 
numbers? 

/0.3 Two Variables, Two Equatio11s 

1o.JT 

31. Repeat problem 30, if the product divided 
by the sum is the following: 

a. 5 b. 16 

32. \)) What can you say about the middle 
number if the product of three consecutive 
numbers divided by their sum is a whole 
number? 

fl)lfit)f#;Ji NINE FACTORS 

33.iiliUl1d The number I has one whole num
ber factor, itself; 2 has two factors, I and 
2; 3 bas two factors; and 4 has three fac
tors. (What are they?) Find some numbers 
having nine fac/Ors. Explain. 

375 .A, 

••US•Jfi;J, CONSECUTIVE NUMBERS 

These problem can be olved by looking 
for numerical patterns. However, greater 
insight is attai ned by u ing algebraic sym
bol manipulation. If you do problems 28-
29 in class, it will help prepare students for 
problems 30-32. (Or you can ass ign 28-29 
and 30-32 on different days .) 

•·UN·1fi;i, NINE FACTORS 

This is a substanti al , problem-of-the-week
sized problem. Do not expect immediate 
solution, and do not ass ign it if you cannot 
give tudents ufficient time fo r a full 
in vestigation. 

H omework on thi s problem wou ld be most 
effective if there were ome group and 
class di scu sion of the is ues that arise dur
ing the work. 

S 0 L U T I 0 N 

24. y = x - 1 

25. Y= t x 

26. Answers will vary. (This should be 
discussed in class. ) 

27. Ax+ By= C 
By = -Ax+ C 
Y = -~X + .f. 

B B 

28. a. 8 
b. 27 
c. 125 
d. 125 
e. 1000 
f. 1000 

29. (x - 1 )(x)(x + 1) + x = x 3 

30. 1, 2, and 3 or -1, -2, and -3 

31. a. 3, 4, 5 or -3, -4, -5 
b. 6, 7, 8 or -6, -7, -8 

32. The middle number cannot be 0, 
because the denominator would be 
-1 + 0 + 1, or 0. Division by 0 is 
undefined. 

33. Sample answer: The number 36 has 
nine factors : 1, 2, 3, 4, 6, 9, 12, 18, 
36. 

- -----·- ~ 
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T 10.4 
Solving Systems 

Core Sequence: 1-23 

Suitable for Homework: 9, LO, 16-23 

Useful for Assessment: 13, 17 

What thi Lesson is About: 

• Solving imultaneous equati on by 
ub titution 

• Solving simultaneous equation by 
linear combinations 

In thi s le son you will fin all y teach tu
dent techniques for solving equations. 
Since many of the e idea will have 
already emerged in the previou le ons, 
thi hould not be too di ffic ult. 

As usual, the important thing i for 
tudent to understand the underl ying con

cept . Programmable calculator and math
ematica l computer oftware make solving 
y tem of equations of any size easy, with 

the help of matrices. Systems having two 
variable can ea il y be solved graphical ly. 
(We will use that approach in Lesson 6.) 
What mu t be achieved at thi s level is a 
en e of what it means to solve systems of 

equati on . 

E quivalent equations were introduced in 
Chapter 6, Les on 4, in the comext of 
graphing. (Equivalent equat ion have the 
ame graph.) They were previewed infor

mall y at the end of Le son 3. 

376 

1. Answers vary. Samples: 
a. (0, 6) (-1, 4) (2 , 10} 
b. (0, 6) (-1' 4} (2 , 1 0} 

2. Multiply both sides of y = 2x + 6 by 3 
to get 3y= 6x + 18. 

L £ SSON 

• +•ii!iiiji!MI · · · · · · · · · · · · · · · ..... : 

the Lab Gear . . .................................. 
Definitions: In rea l-world applications we 
often need to find a solution that satisfies 
two or more equations simultaneously. We 
call the group of equaLions a system of 
simultaneous equations. To solve a system 
means to find the (x, y) pairs that satisfy 
every equation in the group. 

In this course, you will learn techniques for 
solving systems of two equations. In later 
courses you will learn how to solve system 
of more than two equations. 

In an earlier chapter, you studied equi valent 
equations. Equivalellt equations have all the 
same solwions. 

I. Find some (x, y) solutions to the e 
equations. 

a. y = 2x + 6 

b. 3y=6x+ 18 

2. Use algebra to show that the two equations 
in problem I are equi valent. 

SOl VINC. TEC HNIQUfS. SUHSTIIUIION 

I Example: Solve the system. 

{ 5x+3y =-15(A) 
y = 2r + 6 (B) 

The fi gure shows how to model the system on 
two workmats. 

.A, 376 

By multipl ying both sides of Equation (B) by 
3, you get Equation (C), which is equivalent to 
Equation B. 

3y=6x+ 18 (C) 

The figure shows how to model Equation (C) 
on the second workmat. 

Chapter 10 Smisfyiug Constraints 
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Since 3y = 6x + 18, we can replace the 3y in 
the first equation with 6x + 18 to get a new 
equation that has only x-blocks and yellow 
blocks. 

/ 0.4 Solving Systems 

3. Write the new equation. Then solve for x. 

4. a. Substitute the value of x into Equation 
(B) and solve for y. 

b. Substitute this (x, y) pair into Equation 
(A). If it doesn' t satisfy the equation, 
check your work to find your mistake. 

c. Write the (x, y) pair that is the solution 
to the system. 

Solve each system, 5-10. If you use the Lab 
Gear, you may set up the first equation with 
the blocks. Then use the second equation to 
eliminate the x- or y-blocks by substitution. 
In some cases, you may first need to write an 
equation equivalent to the second equation. 

5. 
{ 5y- 4x = -9 

5y = 3x- 7 6. 
{ 5x + 3y = - 15 

y =2.x+6 

7. 
{ 5x- 3y = -29 

X= 2- 2y 8. { 2.x + 3y = 9 
4x = 6- 2y 

9. { 4x- y = 5 
3y = 6x + 3 

{ 6x- 2y = - 16 
lO. 4x + y =I 

377 .A, 

SOLVING TECHNIQUES: SUBSTITUTION 

Using the Lab Gear to introduce thi idea 
helps students see what substitution is 
about. However, do not in ist that they use 
the blocks when solving for themselves. 

The approach to ub titution pre ented 
here is slightly different fro m tradition. 
Instead of solving for y in the example, we 
solve for 3y. Thi approach helps prepare 
tudents for the more powerful linear com

binations technique. 

SOLVING TECHNIQUES: 
LINEAR COMBINATIONS 

SYSTEMATIC PRACTICE 

Students are guided through increas ingly 
difficult systems. Do not use the Lab Gear 
after problem 12. 

10.4 S 0 L U T I 0 N S 

3. 11x+18= -15 
11X= -33 
X= -3 

4. a.y=O 
c. (-3, 0) 

5. (2, -+) 
6 . (-2, 2) 

7. (-4, 3) 

8. (0, 3) 

9. (3, 7) 

10. (-1, 5) 

- ..... . I!!! 
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11. 2x + 2y - 2y = 14 
2x = 14 
X=7 
The y 's dropped out because 
2y - 2y= 0. 

12. (7, 2) 
Check by substituting : 
7 + 2(2) = 11 
7 + 4 = 11 
11 = 11 .1 
7 - 2(2) = 3 
7 - 4 = 3 
3 = 3 1' 

'Y10.4 

'>Ol \'INC, TH HNIQll£5: 

LINEAR ( 0\IKINMION\ 

Here is another technique for solving systems. 

I Example: Solve the system. 

{
X + 2y = II (A) 
X - 2y = 3 (B) 

The figure shows two workmats, with one 
equation modeled on each. 

-
You can add equal quanti ties to both sides of 
Equation (A) to get an equi valent equation. 
For example, you could add 3 to both sides, 
or even x - 2y to both sides. Also, since 
Equation (B) says that x - 2y = 3, you could 
add 3 to one side and x - 2y to the other side, 
as shown on the figure. 

A 37a 
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11. Write the equation shown in equation (A) 
in the figure. Simplify and solve for x. 
(What happened to y?) 

12. Find the (x, y) pair that is the solution to 
the system. Check by substi tuting into 
both of the original equations. 

Solving the system in the example was easier 
than solving most systems, since when you 
added one equation to the other there were no 
y's left. The next example is more difficult. 

I Example: Solve the system. 

{ 2y - 6x = 16 (A) 
4x + y = I (B) 

Chapttr 10 Salisfying Constraillls 
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By multiplying both sides of Equation (B) by 
-2, you get Equation (C), which is equivalent 
to Equation (B). Here is the new system, 
which is equivalent to the original. 

{ 2y - 6x = 16 (A) 
-8x- 2y = -2 (C) 

13 . .,_ Why was Equation (B) multiplied 
by -2? 

14. Solve the system. Show your work. 
Check your answers by substituting into 
both equations of the original system. 

Mr. Richards gave the class this hard system 
to solve. 

{ 3x + Sy = 17 (A) 
2x + 3y = II (B) 

Charlotte suggested multiplying the ftrst equa
tion by 3 and the second equation by -5 to get 
a new system. 

15. Use Charlotte's method to write a new 
system. Solve the system and check your 
answer. 

I Definition: The equation you get by adding 
multiples of the two equations together is 
called a linear combination of the two 
equations. 

10.4 Solving Systems 

10.4 ... 

Leroy thought it would be easier if they got a 
linear combination by multiplying by smaller 
numbers. He suggested multiplying the first 
equation by -2 and the econd equation by 3. 

16. Use Leroy's method to write a new 
system. Solve the system. 

17 . .,_ Compare the two ways you solved 
this problem. Which do you prefer? Can 
you think of a third way? Explain . 

S\STEM,\T IC I'RACTICE 

Solve these systems. Some have one (x, y) 
solution. Others have an infi nite number of 
solutions, or no solution. 

{ Sx + 7y = I 
18· X+ 7 = I 

{ 8x- 4y = 0 
20. 2x = y 

22 { 4x- y = 2 
· y = 4x + I 

19. { 3 - X= 4y 
X= -2y - 9 

{ y= 4 +x 
21. y= 7x + 10 

{ 6x-2y= - 16 
23• 4x + y = I 
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13. Equation B was multiplied by -2 so 
that the y terms in the two equations 
will be opposites of one another. The 
sum of opposites is 0, so there will 
be no y terms in the equation 
obtained from adding Equation A to 
Equation C. 

14. (- 1' 5) 

15. The two new equations are 9x + 15y 
=51 and -10x - 15y= -55. The solu
tion is (4, 1 ). 

16. The two new equations are 
-6x - 10y= -34 and 6x+ 9y= 33. 
The solution is (4, 1 ). 

17. Answers will vary. Other ways might 
include: (1) making tables of values 
for each equation and finding the 
(x, y) pair common to both tables 
(tedious!) (2) solving for x or yin one 

equation and substituting into the 
other (messy!), or (3) graphing both 
equations on a graphing calculator 
and finding the point of intersection 
(easy, as long as you've got a graph
ing calculator). 

3 
18. (-6, 4 7 ) 

19. (-21 , 6) 

20. True for all ordered pairs satisfying 
2X= Y. 

21 . (-1, 3) 

22. No solution . Solving for yin the first 
equation , we see that y= 4x - 2. It 
is impossible for a number to equal 
4x - 2 and 4x + 1 at the same time. 

23. (-1' 5) 

~ .. _ .., •. ill!! 
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ri:@l~i~t~ 1 O.A 
WRtTtN; Juice Experiments 

Core Sequence: 1-16 

Suitable for Homework: 1-16 

Useful for Assessment: 16 

What this Assignment is About: 

• Using tables and equations to solve 
mixture problems 

This is a challenging lesson, but it has 
been thoroughly previewed. If your class 
had trouble with Lessons 1-4, you may 
want to start this assignment in class. 
Otherwise, students should be able to 
tackle it as homework. 

~WI§!$@~ 1 O.A Juice Experiments 
_WR ITIN~ 

Nelson is continuing hi s quest fo r the perfect 
juice. You have been hired as a consultant to 
the G. Ale Bar Company to assist him. He ran 
out of apple juice and is making the 20-cup 
batches fo r the taste test using two kinds 
of juice. 

Fruity Flavor: 50% cranberry and 50% apple 

Berry Blend: 20% cranberry and 80% apple 

Fruity Flavor Berry Blend Mixture 

apple cran apple cran apple cran 

5 5 8 2 13 7 

7.5 7.5 4 I 11.5 8.5 

0.50x - 0.80y - - -

1. Make a table li ke the one above. List at 
least six possible mixtures. Add two 
columns to the table, showing the percents 
of cranberry and apple in the mixture. 

2. Find the minimum and the max imum 
amount of cranberry juice possible in one 
of Nelson's mi xtures. Then find the mini 
mum and the max imum percent. 

3. Repeat problem 2 for apple juice. 

How many cups of Fruity Flavor and Berry 
Blend would you need to use to make 20 cups 
each of the cranberry-apple mi xtures in 4-7? 
(Some are impossible.) 

4. 30% cranberry, 70% apple 

5. 25% cranberry, 75% apple 

6. I 0% cranberry, 90% apple 

.4 380 

7. Choose your own percentages. 

8. In the last line of the table, what is the 
meaning of x and y? 

9. For Nelson's mi xtures, what is the sum of 
x and y? 

For each equation, I 0-15: 

a. Write, in words, an interpretation of it 
in terms of the situation. 

b. If possible, find a value of x and of y 
that satisfi es the equation, keeping in 
mind the answer to problem 9. 

10. 0.50x + 0.20y = 7 

ll . 0.50x + 0.80y = 8 

12. 0.50x + 0.80y = 0.25(x + y) 

13. 0.50x + 0.20y = 0.25(x + y) 

14. X+ )' = 25 

15. X-)'= 10 

16.111i1Sm Write an illustrated report summa
ri zing the results of thi s in vestigation. 
Your report should include, but not be lim
ited to, answers to the following questions: 

• What determines the maximum and the 
minimum amount of each kind of juice 
possible in the mi xture? 

• What determines the max imum and the 
minimum percent of each kind of juice 
in the mixture? 

• How could you use systems of equations 
to solve problems like 4 through 6? Give 
examples. 

Chapter /0 Satisfying Constraints 

10.A S 0 L U T I 0 N S 
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1. 

Fruity 
Flavor (x) 

Berry Blend 
(y) Mixture 

a pple cran apple cran apple cran %apple %cran 

6 6 6.4 1.6 12.4 7.6 62 38 

7 7 4.8 1.2 11 .8 8.2 59 4 1 

I I 14.4 3.6 15.4 4.6 77 23 

2 2 12.8 3.2 14.8 5.2 74 26 

10 10 0 0 10 10 50 50 

0 0 16 4 16 4 80 20 

2. 4 cups of cranberry juice is the mini
mum amount possible. 
1 0 cups of cranberry juice is the 
maximum amount possible. 
20% is the minimum percentage of 
cranberry juice in the mixture. 
50% is the maximum percentage of 
cranberry juice in the mixture. 

3. 10 cups of apple juice is the 
minimum amount. 
16 cups of apple juice is the maxi
mum amount. 
50% is the minimum percentage of 
apple juice possible. 
80% is the maximum percentage of 
apple juice possible. 

4. 6 and 2/3 cups of Fruity Flavor 
13 and 1/3 cups of Berry Blend 

5. 3 and 1/3 cups of Fruity Flavor 
16 and 2/3 cups of Berry Blend 

6. Not possible. See the answers for 
problems 2 and 3. 

7. Answers will vary. 

8. x is the number of cups of Fruity 
Flavor and y is the number of cups of 
Berry Blend in the total mixture. 

9. x+ y= 20. The sum is 20. 

1 0. a. There are 7 cups of cranberry juice 
in the mixture of x cups of Fruity 
Flavor and y cups of Berry Blend. 

b. (10, 10) 

11 . a. There are 8 cups of apple juice in 
the 20-cup batch of x cups of Fruity 
Flavor and y cups of Berry Blend. 

b. This is impossible. The minimum 
number of cups of apple juice is 
10 cups. (See #3.) 

12. a. Apple juice is 25% of the total20-
cup batch of juice, or there are 5 
cups of apple juice in the 20-cup 
batch. 

b. Impossible. Apple juice cannot be 
less than 50% of the juice. 

13. a. Cranberry juice is 25% (5 cups) of 
the 20-cup batch. 

b. (3 and 1/3, 16 and 2/3) 

(Solutions continued on page 527) - ...... r. 
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I Definitions: An equation of the fonn 
Ax + By = C is called the standard form of 
a linear equation. A. B. and Care the para· 
meters for the equation. 

In this lesson you will investigate how the 
values of the parameters affect the graphs of 
linear equations in standard fonn. 

1'\ II~< II' I.., 

Do not use graphing calculators for this 
section. These equations of lines are in 
standard fonn. For each equation: 

a. Find the parameters A. B. and C. 
b. Find the x-intercept and the .'·-intercept. 

c. Graph the line by plotting the 
intercepts. 

1. 3x+2y=l2 

3. x+y=6 

S. -3x + 4y = 10 

6• +ri§ll§i!#N 

2. 3x- 2y = 18 

4.x-y=6 

a. Explain how to find the x-intercept and 
they-intercept of the line whose equa
tion is Ax+ By= C. 

b. A fast way to graph a line is by finding 
and plotting the intercepts. Show how 
to use this technique to graph a line of 
the fonn Ax + By = C. (Choose 
specific values for A, B. and C.) 

10.5 Skuultud Form 

7. a. Write the equation of a line that has 
x-intercept (6. 0). Graph it and find its 
y-intercept. 

b. Write the equation of a line that has 
y-intercept (0. -4 ). Graph it and find its 
x-intercept. 

c. Write the equation of a line that has 
y-intercept (0, 4) and x-intercept (-6, 0). 

8. 13§.!§Zit!ji!Mii Show how to find the equa· 
tion of a line having intercepts (p. 0) and 
(O.q). 

IHI ( \'1 \\Hf'\ \ U 

9. a. Graphx + y = 10. 

b. On the same axes, graph 2x + 2y = 10. 
c. In the equations you graphed in pans 

(a) and (b), what are A. B. and C? 
d. When you doubled A and B in the equa

tion but left C the same, how did the 
graph change' 

10. Draw the graphs of at least two other 
equations of the fonn Ax + By = C for 
which A is equal to B and C = I 0. Label 
the graphs with their equations. 

11 • .,_ Compare all the graphs you drew in 
problems 9-10. (What stayed the same, 
and what changed? How do the graphs 
compare in steepness?) 

12. a. Graph x + y = 4. 

b. On the same axes, graph 2x + 2y = 8. 

c. In the equations you graphed in pans 
(a) and (b), what are A. B, and C? 

13 .... 
a. When you doubled A. B. and C. how 

did the graph change? 

b. If you triple A, B. and C. what will the 
equation be? How do you think the 
graph will change' Explain. 

JalA 

10.5 S 0 L U T I 0 N S 

Parameters x- y- 2. c. 
A B c intercept intercept 

1. 3 2 12 (4, 0) (0, 6) 

2. 3 -2 18 (6, 0) (0, -9) 

3. 1 6 (6, 0) (0, 6) 

4. -1 6 (6, 0) (0, -6) 

5. -3 4 10 (-3t. 0) 1 (0, 22) 

1. c. 

3. c. 

• 10.5 
Standard Form 

Core Sequence: 1-15, 23 

Suitable for Homework: 1-13, 23-27 

Useful for Assessment: 6, 8, 11, 13, 15, 
18,21-23 

What this Lesson is About: 

• Review of x- andy-intercepts 

• Quick graphing of linear equations 
given in standard form 

• Effect of the parameters on the graph of 
Ax+By=C 

• A number pattern 

• Review of sides of squares 

INTERCEPTS 

This section reviews the important idea 
that to find the x-intercept, you set y equal 
to 0, and to find the y-intercept, you set x 
equal to 0. Secondarily, this serves as a 
graphing shortcut for lines whose 
equations are given in standard form. 

Students also learn to find the equation of 
a line, if given its intercepts. If this section 
is done at home, make sure to have some 
class time to discuss problems 6 and 8. The 
latter especially may be difficult for some 
students. Do not require students to memo
rize any formulas that result from it. 
Instead, have students who solved it share 
their approach with their group and with 
the class. 

THE CASE WHEN A = 8 

This section serves as a transition from the 
case where A = B = 1, which students 
have worked on under the name of "con
stant sums" graphs, and the general case 
where A and B are independent of each 
other. In a way, this section previews 
Varying C below. 

. - - -
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VARYING A 

VARYING 8 

VARYING C 

These sections will work best if students 
have acce s to a graphing calculator that 
will accept equations in the form Ax + By 
= C. lf not, you hould skip the optional 
part of the lesson, because it is much too 
long and tediou to be done by hand by 
every tudent. Alternatively, use one of the 
following strategies: 

• Without an electronic calculator: All 
groups should do the fLrst two ection . 
Then have each group do just one sec
tion (Varying A, Varying B, or Varying 
C) and present their fi ndings to the class . 

• With an electronic calculator that 
requires you to enter equations of 
functions: You have two options, both 
based on the Preview Solving for y 
located after Lesson 3. 

0 Have students work in teams, as sug
ge ted above, and olve each equation 
fo r y, in order to enter it into the 
graphing calculator. 

0 Have students enter a program to query 
the user on the value of the parameters 
A, B, and C, and graph the correspond
ing Enear equation. Such a program 
would be based on the formula dis
covered at the end of Lesson 3. 

• With a teacher's "demonstration" 
electronic calculator: You can enhance 
and support any of the above approache , 
or run the le on as a whole-class guided 
di scovery. 

To specify a line uniquely, we need to 
know onl y two parameter , for example 
theM and the B in y = Mx + B. If we 
change the parameter , the line changes. 
However, in the equation Ax + By = C, 
there are three parameter . What 's going 
on ? A the students will discover in thi s 
le son, and a wa een in prev ious 
lessons, you can get the same line with d if
ferent va lues of A , B, and C. That's 
because what really matters are the two 
ratios AIC and BIC. (Di cuss thi with your 
clas only if it comes up naturall y. ) 

Your goals should be to help students 
explore what happens a they change the 
parameters, and write clearly about what 
they have di covered. Thi s level of think
ing about linear equations helps provide the 
conceptual framework to understand the 
graphical e lution of ystems of equations 
better, as well as to broaden and deepen 
students ' grasp of linear relati onships. 

'Y10.5 

VARYING A 

14. a. Graph x + 2y = 5. 
b. Graph 2x + 2y = 5 on the same axes. 
c. Draw several more graphs, changing 

the value of A, leaving B equal to 2, and 
C equal to 5. se both positive and neg
ati ve values for A. 

15 . .,_ Compare all the graphs you drew in 
problem 14. 
a. When you changed the value of A in the 

equation, what features of the graph 
changed and what stayed the same? 
Did the steepness change? Did the 
intercepts change? 

b. How are the graphs having a positive 
value of A different from the graphs 
having a negative value of A? 

c. Is it possible to pick a value of A so that 
the graph will be a horizontal line? A 
vertical line? Explain. 

16. Show what you thi nk the following graphs 
would look li ke. You don't have to graph 
them accurately, but you should make a 
rough sketch and explai n your work. 
a. 500x + 2y = 5 
b. -500x + 2y = 5 
c. O.O ix + 2y = 5 
d. -o.Oi x + 2y = 5 

VARYING 8 

17. a. Graph 2x + y = 8. 
b. Graph 2x + 2y = 8 on the same axes. 
c. Draw several more graphs, changing 

the value of B, leaving A equal to 2, and 
C equal to 8. Use both positive and neg
ative values fo r B. 
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18 . .,_ Compare all the graphs you drew in 
problem 17. 
a. When you changed the value of B in the 

equation, what fea tures of the graph 
changed and what tayed the same? Did 
the teepness change? Did the 
intercepts change? 

b. How are the graphs having a positive 
va lue of B different from the graphs 
hav ing a negative value of B? 

c. I it po si ble to pick a value of B so that 
the graph will be a hori zontal line? A 
vertical line? Explai n. 

19. Show what you thi nk the fo llowing graphs 
would look li ke. You don' t have to graph 
them accurately, but you should make a 
rough sketch and explain your work . 
a. 2x + IOOy = 8 
b. 2x- IOOy= 8 
c. 2x + 0.02y = 8 
d. 2x - 0.02y = 8 

VARYING C 

20. Where do you think the graph of 
3x + 2y = 5 will intersect the graph of 
3x + 2y = 6? You may want to check 
your prediction by graphing. 

21. ,._ Describe what will happen to the 
graph of 3x + 2y = 6 when you change 
the value of C but keep A and B constant. 
What will change and what will stay the 
san1e? Make severa l graphs to convince 
yourself that your answers are correct. 

22.ilillim Write a report ummarizing what 
you learned in thi s lesson. Explain how the 
values of the parameters A, B, and C affect 
the graph of Ax+ By = C, specifically its 
lope and intercept. Use example . 

Chapter /0 Satisfying Constraiflls 

10.5 S 0 L U T I 0 N S 

4. c. 

5. c. 

-3X+ 4y= 10 

6. a. The x-intercept is the value of x 
when y = 0. Substitute 0 for yin 
Ax+ By= C and solve for x. 
Ax+ B(O) = C 
Ax + 0 = C 
Ax = C 
X= _.f. 

A 
The y-intercept is the value of y 
when x = 0. Substitute 0 for x in 
Ax+ By= C and solve for y. 
A(O) +By= C 
0 +By= C 
By = C 
y =_.f. 

b. AnsJers will vary. Sample: To 
graph 3x + 4 y = 12, find the 
x-intercepts andy-intercepts. 
x = .!_g = 4 and y = .!_g = 3. Plot 

3 4 
(4, 0) and (0, 3) and draw the line. 

7. a. Answers will vary. Sample: 
x + 2y = 6 y-intercept is (0, 3) 
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f,Z&fi•Jf#jii DIFFERENCES OF PERFECT 
SQUA RES 

23. ili4lld The number 17 can be written as 
the di fference of the squares of whole 
number , 92 - 82 Which other whole 
numbers can be written as the difference 
of two squares of whole number ? Which 
cannot? Look for patterns. and try to 

explain what you di scover. 

fjlifli$i SIDES OF SQUARES 

24. The length of a side of a quare is given. 
Find the area of the square. 

a . .fi b. 2 + .fi 
c. 2 - fi d. 2.fi 
e . .fi/2 f. 21.fi 

10.5 Standard Form 

10.5 ... 

25. The side lengths of two squares are given. 
Which of the two quares has the larger 
area? Ex plai n how you know. 

a. ffO - 15 and 15 
b. 2/8 and m 

26. Which has the larger area, or are they the 
same? 

a. a rectangle with sides fi and 15 or a 
square wit h side ffO 

b. a rectangle with sides f4 and J8 or a 
square with side 2.fi 

27. Whi ch has the larger peri meter, or are they 
the same? 

a. a rectangle with sides ffO and 15 or a 
square with side 2/5 

b. a rectangle with sides 2 + 2.fi and fi 
or a quare with sides 2 + fi 
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••#ii•Jfi;J• DIFFERENCES OF 
PERFECT SQUARES 

Only odd numbers and multiples of four 
can be written as a diffe rence of quares. 
(In some cases, this can be done in more 
than one way.) Thi can be explained alge
braically as fo llows: 

If 17 = a2 - b2, then n = (a + b)(a - b) . 
We have two poss ible cases. 

• If a and b are both even or both odd, 
then (a + b) and (a - b) are both even, 
and therefore 17 is a multiple of four. 

• If one of a or b i even, and the other 
odd, then (a + b) and (a - b) are both 
odd, and n must be odd. 

(Thi i too di fficult for tudent to di -
cover, though orne may be able to under-
rand the argument if led to it through 

specific example .) 

Students may di scover that odd numbers 
are equal to the di fference of the squares of 
consecutive number on either side of half 
of the original number a in the example 
given in the statement of the problem. 

Though it is more di fficult, they may also 
notice the fact that multi ples of four are 
equal to the difference of the quares of the 
number preceding or fo llowing the number 
that is one fourth of the original number. 
For example, 12 = 42 - 22. (4 and 2 are on 
either side of 3 which is 12/4.) 

t;liflJI• SIDES OF SQUARES 

This secti on review radical and their 
u e, in the context of the geometri c mean
ing of square root. 

10.5 S 0 L U T I 0 N S 

b. Answers will vary. Sample: 
2x - 4y = 16 x-intercept is (8 , 0) 

c. -2x+3y=12 

8. The equation of a line with intercepts 
(p, 0) and (0, q) is qx + py = pq. 
Explanations of how to find the equa
tion will vary. 

9. a. & b. 

c. For x + y = 10, A= 1, 8 = 1, 
C = 10 
For 2x + 2y = 10, A= 2, 8 = 2, and 
C= 10 

d. The intercepts were halved. 

10. Graphs will vary. The two lines should 
be parallel , both with slopes -1. 

11. The slopes of all the lines remained 
the same but their intercepts 
changed. 

12.a.&b. 

x+y=4 

c. For x + y = 4, A = 1, 8 = 1, C = 4 
For 2x + 2y = 8, A = 2, 8 = 2, 
C = 8 

13. a. The graph did not change. 
b. The equation will be 3x + 3 y = 12, 

and the graph will not change. All 
three are equivalent equations. 

14. a., b. 

(Solutions continued on page 527) 

- - .- -
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T 10.6 
Line Intersections 

Core Sequence: 1-20,27-30 

Suitable for Homework: 13, 20, 26-30 

Useful for Assessment: 6, 13, 20, 26-29 

What this Lesson is About: 

• Solving systems of equations 
graphically 

• Systems with one solution, no solutions, 
or an infinite number of solutions 

• Review of slope-intercept form 

• Quick graphing of lines in slope
intercept form 

This lesson is pivotal , and much of it 
should be done in class to ensure full dis
cussion of the important ideas it contains. 

POINTS ON LINES 

This section prepares students for a full 
discussion of the graphical solution of sys
tems of equations. Understanding the ideas 
presented here is an important prerequisite 
to the rest of the lesson. So make sure to 
have a class discussion of problem 6. Have 
most students found the answers by graph
ing lines? Have some made tables? Have 
some solved equations? This is a good 
place to compare methods and make con
nections between this lesson and previous 
lessons. 

LESSON 

~· 
Line Intersections 

"·illl·:l:::~~: ~ . i. ~ ti .......... ~ 
graphing calculator 
(Ciiiiionai\· ··· 

POINTS ON LI NES 

1. On the same pair of axes, make accurate 
graphs of these three equations. 

a. 3x+5y =9 b. 6x+ y = 18 

c. 4x + 2y = 30 

2. There is a point on each of the lines in 
problem I where the y-value is three times 
the x-value. 

a. Find these point s. Show your work. 

b. The three points you found in part (a) 
should all lie on one straight line. What 
is the equation of this line? 

3. Graph the line 4x + 2y = 6. Then mark 
and label a point on the line for which 

a. the y-coordinate is four times the 
x-coordinate; 

b. y is twice x; 

c. x is three less than y; 

d. y is three less than x. 

4. Add the graphs of the fo llowing lines to 
the axes you used in problem 3. Notice 
where each one intersects the line 
4x + 2y = 6. 
a. y = 4x b. y = 2x 

C. X = y- 3 d. y =X- 3 

5. Find the point on the line 2x - y = 6 
for which 

a. the y-coordinate is one more than the 
x-coordi nate; 

b. the x-coordinate is 2/3 of the 
y-coordinate. 
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6. .... Explain the method you used to solve 
prob lem 5. 

HOW MANY INTERSECTIONS! 

7. Graph these three lines on the same pair of 
axes. Describe what you observe. 

a. x + 3y = 9 
b. 2x + 6y= 18 

c. x + 3y= 10 

8. Graph the line 2x - 3y = 4. Then write an 
equati on that has 

a. the same graph; 

b. a paralle l graph. 

For each pair of equations 9- 12 tell whether 
the two graphs will be 

a. the same graph; 

b. para llel graphs; 

c. intersecting graphs. 

9. 2x + 9 = y 10. X - y = 7 

-4x - 18= -2y x+y =7 

11. X+ 6 = y 

x +y =6 
12. X+ y = 9 

x+ y= 7 

13.Jii!:.!,fiij Explain how to te ll without 
graphing whether the equations of two 
lines have the same graph, parallel graphs, 
or intersecting graphs. Gi ve examples. 

HOW MANY SOLUTIONS! 

Some pairs of equations 14-19 represent paral
lel lines. Some represent intersecting lines. 
Others represent the same line. Without graph
ing, find the point of intersection of each pair 
of lines, if it ex ists. 

14. 2x - 3y = 7 

3x - 4y= l5 

15. X = 6 + 3y 

3y = 3 + X 

Chapter 10 Satisfying Co11straiiiiS 

10.6 S 0 L U T I 0 N S 
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1. x unit= 2 
y unit= 2 

2. a. (f .f ). (2, 6) , (3, 9) 

b. y= 3x 

3. a. (0.5, 2) 
c. (0, 3) 

b. (0.75, 1.5) 
d. (2, -1) 

1. X=y- 3 
2. y= 2x 
3. y=x - 3 

5. a. (7, 8) 

4. Y= 4x 
5. 4X+ 2y= 6 

b. (12, 18) 

6. Answers will vary. Sample: For #5a, 
graph 2x - y = 6 and y = x + 1 on the 
same pair of axes. The two lines 
intersect at (7, 8). For #5b, graph 
2x - y= 6 and x= (2/3) yon the 
same pair of axes. The two lines 
intersect at (12, 18). 

7. The graphs of x + 3y = 9 and 2x + 6y 
= 18 are the same line, which is par
allel to the graph of x + 3y = 10. 



16. y- 12 = 4x 
2y- 8x = 24 

18. y- 12=4x 
2y = 8x + 24 

17. y = 42 - 4x 

6x =50+ Sy 

19. 2y- 2x = 7 

y - X = 3.5 

20.fii!,l,6!111 Explain, giving examples, and 
compare what happens when you try to 
solve the system if 

a. the lines are parallel ; 

b. the equations represent the same line; 

c. the lines meet in one point. 

AlllliN(, liN£\ 

21. a. Graph the two lines on the same pair 
of axes. 

3x + y = 7 
-2x + y = -8 

b. Label the point of intersection. 

c. Add these two equations to get a third 
equation. Graph it on the same pair of 
axes. What do you notice? 

22. a. Graph these two lines on the same pair 
of axes. 

(A) Sx - 2y = 3 

(B) 2x + y = 3 

b. Label the point of intersection. 
c. Get a third equation by adding. 

(A) + (B) + (B) 

10.6 Line Intersections 

1o.6T 

Graph this equation on the same pair of 
axes. What do you notice? 

{ Sx- 2y = 3 
23. Solve the system. 2x + y = 3 

24. \) Here are two equations of lines. 

2x + 3y = 5 
X+ 2y = 4 

Use addition of these equations to get the 
equation of a horizontal line that passes 
through their intersection. 

{ 2x + 3y = 5 
25. Solve the system. x + 2y = 4 

26. fii!,l,6iij Explain how "adding Jines" to 
get horizontal and vertical lines is related 
to solving systems of equations. 

MORE M IND READING 

27 . .... Which of these problems has one 
solution? Which has an infinite number of 
solutions? Which has no solution? 
Explain. 
a. I'm thinking of two numbers. Their 

sum is I 0. Twice the first plus twice the 
second is 20. 

b. I'm th ink ing of two numbers. Their 
sum is 6. Their difference is I 0. 

c. I' m thinking of two numbers. The sec
ond is 5 more than the fi rst. The second 
minus the first is 6. 
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HOW MANY INTERSECTIONS? 

HOW MANY SOLUTIONS? 

These sections go over standard territory. 
Note that all the preparatory work that has 
preceded them should make it possible for 
students to find the relationships between 
symbolic and graphical solutions, rather 
than be told what they are. 

ADDING LINES 

Thi s section will work best with an elec
tronic calculator that can graph Ax + By = 

C. (See the Teacher's Notes for Lesson 5.) 
For more examples, you can go back to the 
equations in Lesson 4 and follow their 
solutions graphically. 

10.6 S 0 L U T I 0 N S 

8. 

a. Answers will vary for different val
ues of k, where 2kx - 3ky = 4k, 
fork"' 0. 

b. Answers will vary for different val
ues of k, for 2x- 3y= k, fork"' 4. 

9. a 10. c 

11.c 12.b 

13. Students' level of understanding will 
vary. The basic ideas are: 
(1) Two equations have the same 

graph if they are equivalent 
equations. 

(2) Ax+ By= C and kAx+ kBy= kG 
are the same graph. Two lines 
are parallel if they differ only in 
the constant term. 

(3) If two equations of the form Ax+ 
By= C have the same value for 
A and different values of B and 
C, then they intersect. 

(4) If two equations' parameters are 
different and the equations are 
not equivalent (such as 3x+ 5y= 
10 and 4x+ 3y= 7) then they 
intersect. 

14. (17, 9) 

15. No solution. The lines are parallel. 

16. All ordered pairs satisfying y - 12 = 
4x also satisfy 2y - Bx = 24. They 
are equivalent equations. 

17. (10, 2) 

18. The equations are equivalent, so any 
ordered pair satisfying y - 12 = 4x 
also satisfies 2y = ax+ 24. 

19. The equations are equivalent, so any 
ordered pair satisfying 2y - 2x = 7 
also satisfies y - x = 3.5. 

20. a. Parallel lines: If you try to add or 
subtract the equations or use sub
stitution, the result is a contradic
tion; that is, an equation that is 
never true such as 0 = 8. This 
means there is no solution to the 
system. (Graphically, the lines do 
not intersect.) 

~ - - - I -
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MORE MIND READING 

f;lif14't SLOPE-INTERCEPT FORM 

These section should work well as home
work . Problems 28-29 should be discussed 
in class on the following day. 

T1o.6 

f;/if/U* SLOPE-INTERCEPT FORM 

28 . .,_ The follo wing questi ons are about the 
2 

graph of y = 3x - I. 

a. Where does it meet they-ax is? 

b. If you move 2 units up and 3 units to 
the right from the y-intercept, where are 
you? Is that point on the graph? 
Explain . 

c. If you move 2 un its up and 3 units to 
the right from the point you found in 
pan (b), where are you? Is that po int on 
the graph? Explain . 

.A, 386 

d. Stan anywhere on the line. Move 6 
units up and m units to the right, to end 
up on the graph. What is m? Explain . 

29 . .,_ De cribe a fast way to graph a line 
whose equation is given in lope-intercept 
fo rm. Use an example. 

30. Write these equations in slope-intercept 
form. 

a. 3y = 4(2 - x) 

b. 4 - 3x = y - 2 
c. y - 4 = 3(x - 2) 
d . l- 2 - 4x 

2- 6 

Chapter 10 Satisfying Constraints 

10.6 S 0 L U T I 0 N S 

b. Equations representing the same 
line: If you multiply one equation 
by a constant and then add or 
subtract, both variables will be 
eliminated , leaving an equation 
such as 0 = 0, that is always true. 
This means that every ordered 
pair satisfying one equation also 
satisfies the other. 

c. The lines meet in one point: One 
variable can be eliminated and the 
resulting equation can be solved 
for the other variable. 

b. The point of intersection is (3, -2) . 
c. When you add the two lines toget

her, you get the graph x + 2y = -1. 
It intersects the two original lines 
at their common point, (3, -2). 

22. a. 

b. The point of intersection is (1 , 1 ). 
c. The third equation obtained by 

adding the first two is x = 1. 
Miraculously, it is the vertical line 
through the point of intersection of 
the original two equations! 

(Solutions continued on page 528) 



L ESSON 

• 
Using Simultaneous Equations 

1\RIII ri:C , IQlJ ,\li Orl:'> 

Some problems can be solved by solving sys
tems of equations. 

Example: The members of the advanced 
music class of Alaberg High School gave a 
spring concen . Afterwards they wanted to 
know bow many adults had attended the 
concen . They knew they had sold 351 
tickets, and receipts totaled $ 1078.50. If 
adult tickets were $4.00 and student tickets 
were $2.50, how many of each kind had 
they sold? 
Identify the variables: 

Let x = the number of adult tickets. 

Let y = the number of student tickets. 
Write the equations: 

X+ y = 35 1 
4.00x + 2.50y = 1078.50 

1. Interpret the two equations in terms of thi s 
problem. 

2. Solve the system. Interpret your answer. 

3. The fo llowing year 536 tickets were sold, 
with total receipts of $ 1656.50. If the 
ticket prices were the same, how many of 
each type were sold? Write and solve a 
system of equations. 

4. .,_ Compare the system you wrote in 
problem 3 with the one in the example. 
What is the same, and what is different? 
Explain . 

Writing and solving a system of equations is 
an effi cient way to solve the problems in thi s 
lesson. However, there are other ways to solve 
them, such as using tables, graphs, or by trial 
and error. Regardless of what method you use, 
show your work clearly and express your 
solutions in terms of the original problem. 

/0.7 Using Simullantous Equalions 

5. Ken walked into Kate 's Store. "How much 
for five of those gidgets and eight of those 
gadgets?" he asked. "That would be 
$ 11 .27 without tax ," Kate replied. "Oops," 
said Ken. "I really need eight of the gid
gets and five of the gadgets." The total 
was $ 11.87 before tax. What was the cost 
of a gidget? What was the cost of a 
gadget? 

6. It tal<es 2.5 kg of copper and 4 kg of nickel 
to manufac ture a widget. A smidget 
requires 7 kg of copper and 3 kg of 
nickel. How many widgets and how 
many smidgets could you manufacture 
if you had 

a. 74 kg of copper and 6 1 kg of nickel? 
b. 80 kg of copper and 43 kg of nickel? 

~10/AHI 

7. Liza planned to tape a 12-hour Mozan 
Marathon. She wanted to use a combina
tion of 90-minute and 60-minute tapes and 
to fi ll each one completely. 
a. What possible combinations of tapes 

could she use? 

b. If she used a total of ten tapes, and 
filled all of them completely, how many 
of each did she use? 

8. Shelly earned some money assisting with 
preparations for Mozan's 200'h binhday 
pany. She made $6 per hour for addressing 
invitations and $8 per hour for helping to 
set up the stage and auditorium for the 
concen . She received a total of $352. How 
many hours did she work at each job? 

Js7 .A 

T 10.7 
Using Simultaneous Equations 

Core Sequence: 1-17 

Suitable for Homework: 5-18 

Useful for Assessment: 4 

What this Lesson is About: 

• Solving word problem with simul tane
ous equations 

• Review of percent 

T his lesson is about traditional materi al. 
After the previou ix le ons, tudents 
should be ready to apply simu ltaneou 
equati ons to word problem . However, 
al low students to olve the problems any 
way they want. 

WRITING E UATIONS 

T his is the heart of the le on and hould 
be done in cia . It is now that you mu t 
e tabli h the importance of worki ng neatl y 
and carefully, with a record of what the 
variable tand fo r and a fi nal solution 
expres ed as the answer to the que tion 
posed by the problem. 

GADGETS AND WIDGETS 

MOZART 

The e are tandard word problem . 

10.7 S 0 L U T I 0 N S 

1. x + y = 351 means the total number equations were different. The price of many possible (x, y) pairs that will 
of tickets sold was 351 . the tickets remained the same, so satisfy this equation. Examples: 
4.00x is the money obtained from the coefficients in the second equa- X y 
selling adult tickets. l ion were the same. 0 44 
2.50y is the money obtained from 5. Each gidget costs $0.99 and each 2 42.5 
sell ing student tickets. gadget costs $0.79. 4 41 
4.00x + 2.50y = 1078.50 means the 6 39.5 
amount of money from both kinds of 6. a. 1 0 widgets and 7 smidgets 8 38 
tickets is $1 078.50. b. 3 widgets and 10 smidgets There is not enough information to 

2. x= 134 andy = 217 7. a. Answers may vary. Samples: determine a unique answer to this 

There were 134 adult tickets and 21 7 # of 90-minute # of 60-minute problem. 

student tickets sold. tapes tapes 
2 9 

3. The equations are x + y = 536 and 4 6 
4.00x + 2.50 y = 1656.50. There were 6 3 
211 adult tickets and 325 student b. fou r 90-minute tapes and six 
tickets sold. 60-minute tapes 

4. The total number of tickets and the 8. Let x be the number of hours 
total amount of the receipts were dif- addressing invitations and y be the 
ferent, so the right-hand sides of the number of hours helping to set up the 

stage. Then 6x + 8 y = 352. There are 
. . 
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COLlEGE APPLICATIONS 

This section reviews percent in the context 
of simultaneous equations problems. 

MEXICAN FOOD 

CHEMISTRY 

GEOMETRY 

More standard word problems. 

PROBLEMATIC PROBLEMS 

If they cared about those numbers, one 
may legitimately ask why the members of 
the advanced music class, or their teacher, 
did not keep a record of how many of each 
type of ticket was sold, for example, by 
using different-colored tickets or some 
kind of bookkeeping. 

Gidgets, widgets, gadgets, and smidgets 
do not exist, (though some can be found in 
the dictionary). 

Given the relatively low cost of cassette 
tapes, Liza is more likely to organize the 
taping in terms of musical, rather than 
mathematical criteria. 

The only way Shelly' s pay could have 
been computed was from knowing the 
number of hours she worked at each job. 
(Did she then lose that information?) 

The only way the Garabel College news
paper could have known the total number 
of applications and the percent increase 
was to know the numbers that are being 
asked for. If this was a true story , one 
could call the reporter, or Ms. Pavlov, and 
just ask for the answers! 

The assumption of the restaurant problem 
is that there is no break for buying a 
Family Feast instead of a Couple' s Combo. 
This is, of course, unlikely. 

You can extend this kind of discussion to 
the whole book or to other math books. 

... 10.7 

(() l lEC.E ~l'l'li(AfiON~ 

9. Garabel College newspaper reported that 
1089 students had applied to the college in 
the two-year period 1992-1994. There 
were 20% more applicants in the 93-94 
school year than in the 92-93 school year. 
How many students applied to Garabel in 
each of the two years? 

10. The number of students applying to 
Garabel in 92-93 was a 12% increase over 
the number in 91-92. How many students 
applied in 9 1-92? 

11 . Ms. Pavlov, the Director of Admissions, 
congratulated the admissions staff. "We 
had 32% more applicants in 93-94 than in 
9 1-92." What is wrong with her statement? 

12. 0 The admissions department is expand
ing. Their budget has been increased by 
$ 1800 per week to hire new staff. They 
will hire some part-time student interview
ers and tour guides at $5.25 per hour and 
student secretaries at $6.50 per hour. 
Interviewers and tour guides work approx
imately I 0 hours per week, and secretaries 
work 15 hours per week. If they need one 
secretary for every five interviewers and 
tour guides, how many of each should 
they hire? 

Ml XI( AN FOOIJ 

At La Brea 's Mexican Restaurant, you can buy 
a Family Feast of eight enchiladas and twelve 
tamales for $ 19.60. The Couple's Combo has 
four tamales and four enchiladas, and sell s 
for $8.00. 

13. Based on these prices, what price would 
you recommend for the Single 's Special , 
which has two tamales and one enchilada? 

14. Mr. G. La Brea wants to add a new item to 
the restaurant 's menu. How should he 
price the Double Dozen, which has a 
dozen enchiladas and a dozen tamales? 

,4 388 

CHfMISTRY 

15. One solution is 80% acid. Another is 20% 
acid. Rosemary wants 500 liters of a solu
tion that is 70% acid. How much of each 
solution should she use? 

C.FOMURY 

16. 0 A 30-cm string loop goes around two 
thumbtacks that are ten em apart. A third 
thumbtack is added, so that the loop makes 
a right triangle. How far is the new tack 
from the old ones? 

17. 0 A rectangle has perimeter 30. lf you 
add 3 to the width, and subtract 4 from 
the length, the area does not change. 
What are the length and width of the 
original rectangle? 

I'ROBl EM I\ TIC PROUt EMS 

Systems of simultaneous linear equations are 
an important and widely-used application of 
mathematics. Usually they involve many vari
ables and are solved with the help of more 
advanced math, plus computers or programma
ble calculators. The lessons in this chapter 
were intended to give you an introduction to 
this sort of mathematics. However, some of the 
problems in this lesson are not very realistic. 

18. ililllm Discuss: 

• How could some of the problems be 
solved (or avoided) without using 
algebra? 

• Which problems are backwards? (You 
are given information that could have 
been figured out only by someone who 
already knew the answer to the 
problem.) 

• Which problems seem to start from 
unrealistic numbers? 

• Which problems could arise in the 
real world? 

• Which problems are really puzzles 
created to help you learn algebra? 

Chapter 10 Satisfying Constraints 

10.7 S 0 L U T I 0 N S 

9. 594 students applied in 1993-1994 
and 495 applied the previous year. 

10.495 = (1 .12}xso x= 441.96. There 
were 442 applicants in 1991-1992. 

11 . In '93-'94 there were 594 applicants. 
In '91-'92 there were 442 applicants. 
594 = (1 + p)442 
594 = 442 + 442p 
152 = 442p 
P= 0.34 
The correct percentage is 34%. 

12. The admissions department can hire 
a group of 25 tour guides and inter
viewers and 5 secretaries. 

13. The Single's Special should cost 
$2.90. 

14. The Double Dozen should cost $24. 

15. X= 416 and 2/3 
Y= 83 and 1/3 

16. X+ Y= 20 
y2=X2+102 
(20 - x)2 = x2 + 1 00 
400 - 40x+ x2 = x2 + 100 
300 = 40x 
X=7.5 
Y= 12.5 
The new thumbtack is 7.5 em from 
one tack and 12.5 em from the other 
old tack. 

17. Solve the equations I+ w = 15 and 
(w+ 3)(/- 4) = lw 
The length is 10 and 2/7 and the 
width is 4 and 5/7 units. 

18. See Notes to Teacher. 



LESSON 

'4 Lines Through Points 
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.................................. 
1. @'·*ff·M The linear equation y x 

has (2. I) as a solution. Make up several 
more linear equations in x andy that have 
(2. I) as a solution. Compare your 
solutions with those of other students. 
How many different linear equations have 
this solution? 

11'01>1'0(, ( OORill' \II\ 

Hint: The problems in this section and the 
following one can be solved by graphing 
carefully. 

2. A line having slope -2 passes through the 
point (-4. 3). Give the coordinates of three 
more points on the line. 

3. A line having slope-3 passes through the 
point (5, 12). The points (a , 5) and (0, b) 
are on the same line. Find a and b. 

4. A line passes through (2. I) and (-2. -I). 
Give the coordinates of three more points 
on the line. 

S. The points (7. -2) and (6. 2) are on a line. 
The points (a. 5) and (0, b) are on the 
same line. Find a and b. 

10.8 Lints Through Points 

""' 1 IIROliLH A I'OINT 

6. Which of the following lines pass through 
the point (I. -I)? 

a. 5x - 5y = 10 b. 5x + 5y = I 0 
c. 2r- 3y = 6 d. -3x + 2y = 6 

7. The line y = ntr - I passes through the 
point (3. 2). What ism? 

8. The line y = (-l/3)x + b passes through 
the point (3. 2). What is b? 

9. Graph the line that passes through the 
points (I. 3) and (3. 8). Find its equation. 

Ellen and Sandor wanted to find the equation 
of a line passing through ( 4. 5) and ( 8. -3) 
without using 1(raphing. 

10. Ellen could tell by imagining the graph 
that the slope of the line must be negative 
and they-intercept must be greater than 5. 
Explain . 

Ellen knew that the equation could be written 
in slope-intercept form as y = IIIX + b. "All I 
have to do is find m and b." she thought. Using 
the point (4. 5}, she substituted values for x 
andy and wrote this equation in m and b, 

5 = 111(4) + b 
which she rewrote as 5 = 4m + b. 

11. What equation in m and b did she write. 
using the point (8. -3)? 

389 .... 

10.8 S 0 L U T I 0 N S 

1. Equations will vary. There is an inti- 8. b=3 
nite number of equations with (2, 1 ) 9. 
as a solution. Samples: y= (1/2)x (3, 8) 
X+y=3 
y=2x- 3 

2. Answers vary. Sample: (-3, 1), 
(-2, -1), (-1, -3), (0, -5). Any pair that 
satisfies the equation y = -2x - 5 will 
work. 

3. a= 7 and 1/3 b = 27 

4. Answers will vary. Sample (10, 0), 
(4, 2), (6, 3). Any pair that satisfies 
X=2y 

5. a= 5 and 1/4, and b = 26 
10. The line would fall from (4, 5) in 

6. 5x- 5y = 10 is the only one that quadrant I to (8, -3) in quadrant IV, 
passes through (1, -1 ). This can be so the slope must be negative. The 
determined by substituting the coor- line would tall from the y-intercept 
dinates into the equations. (0, b) to (4, 5) so the intercept must 

7. m=1 be greater than 5. 

~ 10.8 
Lines Through Points 

Core Sequence: 1-21 

Suitable for Homework: 2-10, 28 

Useful for Assessment: 17, 26 

What this Lesson is About: 

• Finding the equation of a line given its 
slope and one point on it 

• Finding the equation of a line given two 
points on it 

• Application to discovering the formula 
relating Fahrenheit to Celsius degrees 

• Review of direct variation 

This is a substantial lesson, which you 
may consider doing entirely in the class
room. 

Answers to problem I should be dis
cussed, as well as the methods students 
used to get them. 

FINDING COORDINATES 

LINES THROUGH A POINT 

These sections help prepare students for 
the main point of the lesson, by providing 
problems that can be solved by graphing, 
with no need for algebraic manipulation. 
This will make it possible for the students 
to get a better understanding of the prob
lem before tackling it symbolically in the 
next section. 

FINDING THEE UATION OF A LINE 

In this section students use what they 
learned about simultaneous equations to 
find the equation of a line. This is better 
than learning a formula, since a formula is 
easy to forget, and to a beginner it can 
mask the underlying mathematics. 

Expect some difficulty with problem 13, 
since there are three unknowns. If students 
are frustrated, you may hint that any con
venient value can be chosen for A, B, or C, 
and the other two unknowns can be found 
by solving the system. As usual when there 
are many possible solutions, it is important 
to have a class-wide discussion of the 
answers. 

] n problems 15-17 students may prefer to 
use slope-intercept form, since it has only 
two parameters, and since m is either given 
or can be found as rise over run. 

- - -
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CELSIUS-FAHRENHEIT CONVERSION 

This formu la was introduced in Chapter 3, 
Lesson 8, and again in Chapter 4 Le on 
7. Here students derive the formu la from 
two data points a an application of the 
technique they learned in thi le on. This 
technique will be used again in Thinking/ 
Writing I O.B. 

T1o.s 

12. a. Find the values of m and b that satisfy 
both of Ellen' equations. 

b. Write the slope- intercept equation of 
the line passing through the points. 

Sandor knew that the equation could be written 
in standard form as Ax + By = C. He substi
tuted values for x and y and wrote two equa
tions. One was A(4) + 8(5) = C, which he 
rewrote as 4A + 58 = C. 

13. a. What was the other equation? 

b. Find some values of A, 8 , and C that 
sati sfy both equations. (Many olutions 
are possible.) 

c. Wri te in standard form an equation of 
the line passing through the points. 

d. Compare your answer to (c) with other 
students' answers. 

14. Show that Ellen and Sandor got equivalent 
answers, one in slope-intercept fo rm and 
the other in standard form. 

15. Find the equation of a line hav ing slope 
1.5 that passes through the point (0.5, 4). 

16. Find the equation of the line through the 
points (2.3, 4.5) and (-6, -7) . (You may 
round off the parameters.) 

A, 390 

t7.f'l!,i,6!fl Explain , with examples, your 
strategies for finding the equation of 
a li ne, 

a. when you know its slope and the coor
dinates of a point on it; 

b. when you know the coordinates of two 
points on it. 

( £1 "llS-FAIIRlNIIll I ( ONVfR<,I()N 

Water freezes at 0° Celsius, which is 32° 
Fahrenheit. Water boils at 100° Celsius, whk h 
is 2 12° Fahrenheit. 

18. A temperature reading can be converted 
from Fahrenheit to Celsius by using the 
formula C = mF + b. Find m and b by 
using the fact that C = 0 when F = 32, 
and C = 100 when F = 2 12. 

19. Find a formula for converting Celsius to 
Fahrenheit. 

20. What is the relationshi p between the for
mul as that you found in problems 18- 19? 

21. When the temperature increases by n 
degrees on the Celsiu cale, by how much 
doe it increase on the Fahrenheit scale? 
Explain. 

Chapter 10 Satls[yiug Coustraims 

10.8 S 0 L U T I 0 N S 

11. -3 = 8m + b 

12. a. m= -2, b= 13 
b. y= -2X+ 13 

13. a. 8A - 38 = C 
b. Answers will vary. Sample 

answers: 
A B c 
2 1 13 
6 3 39 
-4 -2 -26 
2k k 13k 

c. Answers will vary. Sample 
answers: 2x+ y= 13, 6x + 3y = 
39, -4x - 2y = -26 

d. All answers should be equivalent 
equations of the form 2kx + ky = 
13kfor k ~ 0. 

14. Sandor's equation should be 2x + y = 
13, or some multiple of it. Ellen's 

equation should be y = -2x + 13. 
Adding 2x to both sides of the sec
ond equation yields the first equation. 

15. y= 1.5x+ 3.25 or 6x - 4y= -13 

16. Answers will vary slightly, due to 
round-off. All should be equivalent 
(approximately) to 115x - 83y = 
-109. 

17. Answers will vary. Samples: 
a. You can substitute the slope and 

coordinates into y = mx + band 
solve for b. Replacing the values 
of the slope and intercept for the 
parameters of m and b results in 
the slope-intercept form of the 
line. 

b. Use the two points to calculate the 
slope (find the ratio of rise to run) 
and then use the method in 17(a) 

with the slope and one of the 
pairs. (Use the other pair to check 
your answer.) 

18. Use the equations 0 = 32m+ band 
100 =212m+ b. Solve them simulta
neously to get C = (519)F - (17 and 
7/9) or C = (519)(F -32) . 

19. F= (9/5)C+ 32 

20. If the first equation is solved for F in 
terms of C, the result is the second 
equation . 

21. It increases (9/5)n degrees on the 
Fahrenheit scale for every one 
degree increase on the Celsius 
scale. 



i\DIJJN(. I'OINTS 

A line passes through the points (2, 4) and 
(6, 8). If you add the x-coordinates and the 
y-coordinates of these points you get the point 
(8. 12). Call thi s point the sw11 of the points. 

22. What point is the difference of the points? 

23. a. Find the equation of the line through 
(2, 4) and (6, 8) . 

b. Does thi s line also pas through the sum 
and the difference of (2, 4) and (6, 8)? 

24. Write the equati on of any line and find the 
coordinates of two poi nts on the line. Find 
thei r sum and di ffe rence. Doe the line 
pass through the sum and difference 
points? 

fiJ4fitlfijJj REAL WORD PROBLEM 

to create an appropriate mathemati cal 
two-word phrase. (Hint: The second 
word has fi ve leners.) 

/0. 8 Lines Through Points 

1o.aT 

25. Find the equation of a line such that the 
sum and the di fference of any two points 
on the line is also on the line. To fi nd th is 
line, it may help to ex periment with 
graphs. Compare your answers to 
problems 23-24 with other students' 
answers. 

26 fii!,l,fi!d What kinds of lines contain the 
sum and the difference of any two points 
on the line? Explain . giving examples and 
counter-examples. 

27. f What's wrong with this reasoning? 
(Hint : Think about problems 18-26.) 

ooc = 32°F 

100°C = 2 12°F 

Add ing equals to equals: 

I 00°C = 244°F 

391.A, 

ADDING POINTS 

T his secti on offers an in tere ting opportu
nity to work with direct vari ation. You can 
moti vate it by introducing the ection with 
a di scussion of the apparent paradox in 
problem 27. An algebraic exp lanation, 
which would be too hard for most students 
to understand at thi s level, goe as fo llows: 

If Yo= mxo and Yt = mx1, then: 
Yo + Yt = mxo + mx1 = m(xo + Xt) 

so the sum i on the line . 

However, if Yo = mxo + band Yt = mx1 + 
b, then: 

Yo+ Yt = (m.xo + b) + (mx1 + b) 
= mxo + mx1 + b + b 
= m(xo + Xt) + 2b 

so the "sum" is on the line only if 2b = b, 
or b= 0. 

P erhaps a geometric argument would 
reach more students . 

10.8 S 0 L U T I 0 N S 

22. Either (-4, -4) or (4, 4) 

23. a. y= X+ 2 
b. no 

24. Answers vary. 

25. Answers vary. y = mx form * 0. 
Sample: y = 3x goes through the 
points (1, 3) and (3, 9). The sum 
(4, 12) is also on the line. The differ
ence (-2, -6) is also on the line. 

26. Any line through the origin that is nei
ther horizontal nor vertical contains 
the sum and difference of any two 
points on the line. 

27. F = (9/S)C + 32 is not a line through 
the origin , so the sum of any two 
points on its graph does not lie on its 
graph. 

28. Decimal point 

-.: ,__ - -
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rdii~ISI~t~ 1 0.8 
WRITIN; fitting a l ine 

Core Sequence: 1-7 

Suitable for Homework: 1-5 7- lO 

Useful for As essment: 7 

What this Assignment is About: 

• Find ing the equati on of a line from the 
coordinates of point 

• Fitting a line to data 

This idea was previewed in Chapter 4 , 
Lesson 7. In that ca e, the line passed 
through the origin , but the ame sugge -
ti ons sti ll apply. 

• Make ure the student do not connect 
the dot in the graph. The idea of fitting 
a line i to u e it, rather than line eg
ments connecting the dot , to approxi
mate the relationship between the 
variables. 

• Have tudent use uncooked spaghetti to 
place on the graph as a help in finding 
the line of be t fit. At thi level, 
eyeballing the best fit is sati sfactory. 

• If you u e a graphing calculator, do not 
u e the automatic line-fitting feature. 
Instead plot the point , and try graph ing 
various line until you find one that pro
vides a ati factory fit. 

~111@$1@(~ 1 0.8 Fitting a line 
_WRITIN~ 

··•·¥:1:::1~:: ·.·b ......... . 
graphi ng ca lcu la tor 
·iai:>iiCiiiai)···· 

T hese data are about a;•erage 45-year-olds. 

Weight (lbs) 

Height Men \ Vomen 

4' 10" 118 

5' 123 

5'2" 140 129 
1-- f--

5'4" 149 136 

5'6" 158 143 

5"8" 167 150 
~ 

5' 10" 176 158 

6' 186 168 

R " ~ 08 

1. On 1he same axes. graph we ight as a func-
tion of height for men and women. 

The poi nts appear to lie on two ~t ra ight lines. 
However by looking at the diffe rences 
between consecut ive entries. you can see that 
fo r women. a two-inch difference in height 
means five more pounds between 4 ' 10" and 5 ', 
while it mean six more pounds between 5' 
and 5 ' 2". Thi s shows 1hatthe slope changes, 
and therefore the po ints are no1 lined up 
exactl y . 

.4 392 

2. Between what heights is the re lation hip 
betwee n he ight and we ight linear? In other 
words. between what he ights do the points 
li e exactl y on a line? 

a. Answer thi s for men and for women. 

b. Find the slope of those lines. 

c. Find the equations o f the lines. in the 
form W = mH + b. (Express he ights 
in inches.) 

The eq uations you found can be used to pre
d ict the average weight for ~5-year-o ld men 
and women ill that ra11ge. 

3. Use the equati on you found to calcul ate 
1he weights of a man and a woman who 
are each 5 ' 5" tall . Check that your answers 
are consistent with the data in the table . 

4. The unit of height i the inch. the unit of 
weight is the pound. What is the unit and 
meaning of the lope in these graph ? 

5. In what ranges is the s lope less? Greater' 
Explain why. in te rms of the real-world 
meaning of the data. 

It is more difficult to find a linear functi on 
relating weight to height if you try to do it over 
the whole range. Finding such a function is 
called fi tting a li11e co the data. The equation 
of such a line is useful as an approx imate 
fo rmula . 

6. lt~~if[o)rr;aw~all i~n;e~th~a~t ~i ~c~lo~e~to~atilli 
the data poi nts for the men. Find it equa
tion. (Start out by fi nding two points on 
the line you drew and use their coordi nates. 
They do not need to be points from the 
table.) Do this again for the women. 
Compare your answers with those of 
other students. 

Chapter 10 Satisfying Constraints 

10.8 S 0 L U T I 0 N S 

392 

1. 210 • 
200 • 
190 • 

ui 
180 • g 170 • 0 

1:: 160 • 0 
0> 
"(i.i 150 • 0 
~ 0 

140 • 0 
130 0 

120 
0 

0 

110 o women 
• men 

~ 
60 70 80 

height (inches) 

2. a. For men, there is a linear relation
ship between 5'2" and 5' 10" and 
between 6' and 6'4". For women, 

there is a linear relationship 
between 5'2" and 5'8". 

b. The slope is 9/2 for men between 
5'2" and 5' 10" and 11 /2 for men 
between 6' and 6'4". The slope is 
7/2 for women between 5'2" and 
5'8" . 

c. W=fH - 139 for 62 :s H :s 70 

for men 

W = 11H - 210 
2 

for 72 :s H :s 76 

for men 

W = l H - 88 
2 

for 62 :s H :s 68 

for women 

3. For men, 

W = f (65) - 139 = 153.5 lbs. 

For women , 
W = f {65) - 88 = 139.5 lbs. 

4. The unit of slope is pounds per inch . 
Slope shows the change in weight for 
each one-inch change in height. 

5. The slope is less in lower heights 
and more for greater heights. This 
means that a 1-inch increase in 
height means, on the average, a 
greater increase in weight for a taller 
person than for a shorter person. 

6. Answers will vary . 

- - - -



7. iiWillilli Explain how you found a linear 
equation for these data. Your report should 
answer the following questions, but not be 
limited to them. 

• In a paragraph, summarize the informa
tion contained in the table. 

• Why is it impossible to find an exact 
formula relating weight and height? 

ftJ4ii.Jf!l;Ji BEYOND SQUARE ROOTS 

8. With which of the following numbers of 
blocks could you build a si ng le cube with 
no block left over? If you cou ld bu ild a 
cube, give its dimen ion . (You may want 
to use the Lab Gear or make a sketch.) 

a. 8 b. 81 
c. 216 d. 729 

Say that we have: 
64' . 64' . 64' = 64. 

Using the product of powers law of ex ponents 
it is easy to ee what x mu t be: 

64 113 • 64t/J . 64 1/) = 641 

10.8 Fitting a Line 

lO.BT 

• What is the meaning of slope in this 
context? 

• What does your formula predict for the 
weight of a 5' man? Of a 6'2" woman? 
Are those predictions probably too high 
or too low? 

9. a. What must be the value of 64 1/J? (Hint : 
What number could you ubstitu te for 
it in thi s equation?) 

b. Use the same reasoning to fi nd the 
value of27 1/J . 

The 113 power of a number is called the 
cube root of a number. Explain why. 

10. f Use a law of exponents to simpli fy. 
a. 642/J 

b. 84/J 

c. 64 114 
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It would be be t for students do problem 6 
as part of the homework, but it would be 
too di fficult fo r them if you don' t do a sim
ilar problem in class as an introducti on. 
You may, for instance, u e the data about 
Joshua's growth in Chapter 8, Les on I , 
and find a formula that give an approx i
mate weight for him as a function of hi s 
height. 

We will return to fitting a line in Chapter 
12. At that point, we wi II teach an 
algorithm for doing it. 

••Ufi•lfi;J• BEYOND SQUARE ROOTS 

Thi s secti on extends the idea of fractional 
exponents a littl e further. It is not intended 
as a full lesson on thi s subject, which 
should be covered in depth in a future 
course. Do not expect mastery. 

10.8 5 0 L U T I 0 N 5 

7. Reports will vary. 

8. a. 23 

b. impossible 
c. 63 

d. g3 

9. a. 4 
b. 3 

10. a. 16 
b. 16 
c. 2 times the square root of 2 

- ••. • • ' i!! 
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~ Essential Ideas 

BIKES AND TRI KES 

Kathryn counted 4 1 wheels in the preschool 
yard. All of them were on bikes and trikes. 
(She did not count training wheels.) 

1. Make a table showing some possible 
numbers of bikes and trikes. 

2. Jana counted a total of 16 bikes and trikes 
in the same yard. How many of each kind 
were there? 

LETTERS AND CARDS 

Bill is on vacation and wants to write to hi s 
friends . He is going to write letters and post
cards, and wants to spend no more than $4.75 
on postage. Postcard stamps are 19 cents, and 
letter stamps are 29 cents. 

3. a. If Bill writes only cards, how many can 
he write? 

b. If he writes only letters, how many can 
he write? 

c. If he has 20 friends and wants to write 
as many letters and as few postcards as 
possible, how many of each kind should 
he send? 

LINEAR EQUAT IONS 

4. Which of these equations have the same 
set of (x, y) solutions as each other? Make 
two groups. Show your work. 

a. 2x + 3y = 0.4 b. lOx= 2 - 15y 

c. 15x + lOy = 5 d. x + 1.5y = 0.2 

e. y = - 1.5x + 0.5 f. 3x + 2y = I 

5. Write in standard form , y = 6x + 7. 

6. What is the equation of a line having 
slope 8 that passes through (9, II )? 

A J94 

SYSTEM SOL VIN(, 

Solve each system. Check first to see if you 
can tell that the system has no solution or an 
infinite number of solutions. 

{ 6m - 4b = 0 8 { 4m - 3b = 2 
7· 5m + 8b = 0 · 3m+ 4b = 5 

{ 3a + 8b = 20 { 6m - 2n = 12 
9. 3a + b = 13 10. n = 3m - 4 

11. Jeanne saw some cows and chickens. She 
had nothing to do, so she counted their 
legs and heads, over and over. Here are 
her results. 

The first time: 93 legs, 3 1 heads 

The second time: 66 legs, 16 heads 

The third time: 82 legs, 29 heads 

She counted accurately only one time. 
Which time was it? How many cows and 
how many chickens were there? 
Comment. 

12. Jonathan saw some three-legged stools and 
four-legged chairs. He was bored, so he 
counted their legs. There were 59 legs. 
Then he put six pennies on each stool, and 
eight nickels on each chai r. (He thought it 
would make a good math problem.) 

a. He used I I 8 coins. Can you tell how 
many chairs and stools there were? 
Explain. 

b. The total value of the coins was $3.74 . 
Can you tell how many chairs and 
stools there were? Explain. 

c. How many of each kind of coin did 
he use? 

CluJpter /0 Salisfying ConslrtUnts 

+ S 0 L U T I 0 N S 

1. Answers will vary. All pairs of values 
should satisfy the equation 
2b + 3t= 41. 
Sample table: 
bikes trikes 

1 13 
4 11 
7 9 
10 7 
13 5 

2. 7 bikes and 9 trikes 

3. a. 25 cards b. 16 letters 
c. Find the maximum value of L that 

satisfies the equation C + L = 20 
and the inequality 0.19C + 0.29L 
~4.75. 

He should send 9 letters and 11 
postcards, spending a total of 
$4.70. 

4. a, b, and d have the same set of 
(x, y) solutions, and so doc, e, and f. 
This problem can be solved graphi
cally, by showing that the equations 
in each group all have the same 
graph, or algebraically, by showing 
that the equations are equivalent. 

5. 6x- y=-7 

6. y - 11 = B(x - 9) 

7. m=O,b=O 

8. m = 23/25, b = 14/25 

9. a= 4, b= 1 

10. no solution 

11 . The third count was the only one that 
could possibly have been correct, 
with 12 cows and 17 chickens. The 
first count means there were 15 and 

1/2 cows and 15 and 1/2 chickens. 
The second count means there were 
17 cows and -1 chickens. However, if 
I were Jeanie, I would count again, 
just to make sure. Her third count 
was not impossible, but that doesn't 
mean it was correct, and Jeanie 
doesn't seem to have a very good 
track record. 

12. a. No. The information leads to two 
equivalent equations: 3s + 4c = 59 
and 6s + Be= 118. 

b. Yes. The information leads to two 
different equations: 3s + 4c = 59 
and 6s + 40c = 37 4. Solving these 
equations simultaneously, we 
conclude that there were 9 stools 
and 8 chairs. 

c. There were 54 pennies and 64 
nickels. 
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(,QINC. NUTS 

The G. Ale Bar Company also sells nuts. 
Cashews are $4.95 a pound, and peanuts are 
$1.95 a pound. 

13. Ginger was asked to create a mix of 
cashews and peanuts that would cost $2.95 
a pound. What percent of the mix should 
be peanuts and what percent should be 
cashews? 

(Rf ,\TING SYSTEMS OF EQUATIONS 

14. Create a system of equations that has the 
solution x = 2, y = 7. Compare your 
answer with other students' answers. 

15. Create two different systems of equations 
that have the solution x = 4, y = - I. 
Compare answers. 

16. Explain your strategy for making up a sys
tem of equations having a given (x, y) 
solution. 

17. Make up a word problem having two vari
ables. The problem should have a unique 
solution. You might use one of the follow
ing themes: different-sized bottles or cans, 
alien creatures having different numbers of 
eyes or arms. Or choose anything else you 
want. Be creative, but make sure the math 
works out. 

EQUMIONS AND C,R.\PHS 

18. The graphs of y = 2x + 3 and y = -4x - 5 
meet at a point having x-coordinate -4/3. 
Solve the system. 

{ y = 2x + 3 
y = -4x - 5 

19. One of (2.5, 0.5) and (0.5, 2.5) is the 

{ 6x + 2y = 8 
solution to the system 9x _ Y = 2 

Where do the graphs of 6x + 2y = 8 and 
9x - y = 2 intersect? 

• Esstlllialldetu 

• 
POINTS ON A LINE 

Susan connected (6, 0) to (2, 10) with a rubber 
band on her geoboard. (5, 3) and (4, 5) 
appeared to be on the line she formed. She 
wondered whether they really were. 

20. Find the equation of the line through (6, 0) 
and (2, I 0). Use algebra to check whether 
(5, 3) and (4, 5) are on it. 

21. Mark thought the question could be 
answered without finding the equation of a 
line, by using the slope of the line connect
ing one point to another. Use his method 
and explain it. 

A HEIC.HT \\EIGHT FORMULA' 

Many people do not like to reveal their weight , 
but most people don 't mind telling their 
height. Lewis thought it would be useful to 
have a formula giving weight as a function of 
height. Lewis is 5 feet 6 inches tall and weighs 
141 pounds. He made up a formula that relates 
his weight (in pounds) to his height (in inches). 

W = 2(H) + 9 

22. Verify that this formula works for Lewis's 
height and weight. 

23. Lewis's friend Doug weighs 162 pounds 
and is 6 feet I inch tall. Does Lewis's for
mula work for Doug? Explain. 

24. Find a formula that works for both Lewis 
and Doug. 

25. Find two people who will tell you their 
height and weight. Find a formula that 
relates their weights to their heights. 

26. Check whether the formula you found in 
problem 25 works to predict your weight 
from your height. Comment. 

395 .A, 
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13. 67% of the mix would be peanuts 
and 33% would be cashews. 

14. Answers will vary. Sample: 
5x+ 2y= 24 and x + y = 9 

15. Answers will vary. 
Sample: 5x + 2y = 18 
and X + y = 3 
Sample: 3x - 4y = 16 
and 2x+ y = 7. 

16. Answers will vary. 

17. Answers will vary. 

18. When x = -4/3, Y = 1/3 

19. By substitution, we can see that 
(2.5, 0.5) does not satisfy both equa
tions , but (0.5, 2.5) does. 

20. The equation connecting (6, 0) and 
(2, 1 0) is 5x + 2y = 30. By substitu
tion , you can find that (5 , 3) is not on 
the line, but (4 , 5) is. 

21. Mark uses the idea that you can use 
any two points to calculate the slope 
of a line. The slope from (6, 0) to 
(2, 1 0) is -2.5. The slope from (6, 0) 
to (5 , 3) is -3, so (5, 3) is not on the 
same line. The slope from (6, 0) to 
(4, 5) is also -2.5, so it is on the line. 

22. 141 = 2(66) + 9 

23. No. 2(73) + 9 = 155, which is less 
than Doug's weight. 

24. The equation satisfying both (66, 141) 
and (73, 162) is W = 3H - 57. 

25. Answers vary, depending on the data 
collected. 

26. Answers will vary. 

-
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Chapter II 
INTERPRETING RATIOS 

Overview of the Chapter 

Ratio and proportion are ideas that have 
permeated the whole course. In this chap
ter they are the starting point for work on 
rational and irrational numbers, probabil
ity, and unit conversion. The lessons 
address profound, fundamental, and diffi
cult concepts in mathematics, probability, 
and science. Do not be misled by the 
apparent shortness of the lessons; many of 
them will require a considerable amount 
of time. 

Note: The fust half of the chapter depends 
heavily on your class's having done 
Chapter 5, Lessons 9-11, and Thinking/ 
Writing S.C. If you did not do that work 
then, do it now. 

1. Introduction of New Tools: 

• An algorithm for adding geometric 
sequences 

• Graphing applied to probability 

2. Algebra Concepts Emphasized: 

• Sums of geometric sequences 
• Converting decimals to fractions 
• Definition of rational numbers 
• Existence of irrational numbers 
• Irrationality of .fi 
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CHAPTER 

A spi ral staircase 

Coming in this chapter: 
®t!tl!ttt!ttl On graph paper, you want to go from (0, 0) to 
(p, q), where p and q are posi ti ve whole numbers. If you travel 
on ly up and to the right, fo llowing graph paper lines, how many 
ways are there to do it? If you travel in a straight line, how many 
graph paper squares do you cross? 



INTERPRETING RATIOS 
3. Algebra Concepts Reviewed: 

• Comparing by ratio and comparing 
by difference 

• Geometric sequences 
• Converting fraction s to decimals 
• Slope 
• Equivalent fraction s 
• Direct variation 

11.1 Sums of Geometric Sequences 

11.2 Decimals and Fractions 

• Prime factorization 
• Square roots 
• Constant sum graphs 

11.3 Stairs and Squares • Proportional thinking 
• Reciprocals 

11.4 Irrational Numbers 4. Algebra Concepts Previewed: 

11.A THINKING/WRITING: 
Nested Squares 

• Convergence and limits 
• Pasca l's triangle 

11.5 Dice Games 5. Problem-Solving Techniques: 

11.6 What is Probabi lity? • Using variables 

11 .7 Random Wa lks • Using a diagram 
• Starting with a simpler problem 

11.8 Unit Conversion 6. Connections and Context: 

11.8 THINKING/WRITING: 
Calibrating a Speedometer 

• Distance traveled by a bouncing ball 
• Review of geoboard area 

• Essential Ideas • Review of taxicab distance 
• Introduction to probabili ty 
• Fair games 
• Experi ment, outcome, and event 
• Preview of the multipl ication count-

ing principle 
• Definition of probability 
• Two-dice experiment 
• Coin experiments 
• Random walks 
• Unit conversion 
• Calibration of speedometers 
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~ 11.1 
Sums of Geometric Sequences 

Core Sequence: 3-1 7, 19-22 

Suitable for Homework: 16-28 

Useful for Assessment: 8, 10-11 , 15, 
21-22 

What this Lesson is About: 

• Review of comparing by ratio and com-
paring by difference 

• Review of geometric sequences 

• Sums of geometric sequences 

• Application of geometric sequence to 
the di tance traveled by a bouncing ball 

G eometric equences were previewed 
Ln : Chapter 2, Lesson 5; Chapter 5, 
Thinking/Writing S.C; Chapter 7, 
Lesson 8; and Chapter 8, Lesson 5 and 6. 

THE BOUNCING BALL 

The experiment in problems 1-2 (and in 
18) i optional, but it greatly increases stu
dent ' intere tin the lesson. It also serves 
to review comparing by ratio ver us com
paring by difference. The result of the 
experiment hould be to observe that (even 
taking measurement error into account) the 
rati o i much more constant than the 
difference. 

R oblems 3-5 should give students a 
chance to get some experience with the 
ba ic problem of the les on. They will u e 
calcu lators to an wer the que tions. 

In problem 4 make sure students inc lude 
the travel in both directions. It i easy to 
make a calculating mi stake in problem 4b, 
but students hould get answers that are 
clo e to each other ', ince the terms get 
small er and smaller. 

They should be able to make fai rly good 
guesses fo r problem 5, either by using their 
calculators or by making an estimate based 
on the ob ervation that the terms get 
smaller and mailer. It is not important fo r 
the guess to be accurate. Students will get 
a chance to revise their answer when they 
get to problem 16. 

USING SYMBOLIC NOTATION 

FINDING THE SUM 

The term geometric sequence and com
mon ratio were introduced in Chapter 5, 
Thinking/Writing S.C. 
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1 1!"1't'1111"il'm' .. : 
; a ball ~ ; . ................................ . 
• yardstick • 

(or iTieiersikki . 

THE BOUNCING KALL 

When you drop a ball, it bounces back, but not 
quite to the height from which you dropped it. 

1. Do an experiment in which you drop a 
ball from various heights and see to what 
height it bounce back. Use a yardstick or 
meterstick to make your measurements. 
Make a table like this. 

Dropped Bounced 
Ralio Difference 

from to 

- - - -

2. As you vary the height, what remains 
closer to constant, the ratio or the 
difference? 

For a certain "ideal" ball , the bounce-height to 
drop-height ratio (or bounce ratio) is consis
tently 0.8. The ball is dropped from a height of 
two meters. 

3. a. How high does it bounce on the first, 
second, and third bounces? 

b. How many bounces until it bounces to 
fewer than 80 cen timeters? 

c. How many bounces until it bounces to 
fewer than I 0 em? 

4. What is the total distance traveled by the 
ball (both down and up) if someone 
catches it at the top of its bounce after: 

a. 2 bounces? b. 20 bounces? 

5. Make a guess about the total di stance trav
eled by the ba ll after 200 bounces. Justify 
your guess. 

A 39a 

USING SYMBOliC NOTA liON 

Say the bounce ratio is r. Then we have: 

bo11nce heiglu = r 
drop height 

Or: bounce height = r · drop height 

Assume that the initial drop height is H. 

6. How high does the ball bounce on the first, 
second, third, and fourth bounces? Express 
your answers in terms of H and r. 

To analyze the problem of the total distance 
traveled, it is easier to separate the upwards 
and downwards motions. First find the down
wards distance traveled in the first four 
bounces. 

D4 = H + Hr + H? + H? 

As you see, the terms of the sum fonn a 
geometric sequence having first tenn H and 
common ratio r. 

7. Write an expression for D6 the downwards 
distance traveled in the first six bounces. 

8. .,_ What is the last exponent in the 
expression for the downwards distance 
traveled in the firs t 11 bounces? Explai n 
why the exponent is not the same as the 
number of bounces. 

9. Write an ex pression for the upwards dis
tance traveled in: 

a. the first four bounces, U4 ; 

b. the first six bounces, u6. 
10 . .,_ What is the last exponent in the 

expression for the upwards di stance trav
eled in the first n bounces? Why does this 
differ from the expression for the down
wards dis tance? 

Chapter I I Interpreting Ratios 
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1. Answers will vary. 

2. ratio 

3. a. first bounce: 2(0.8) = 1 .6 meters; 
second bounce: 2(0.8)2 = 1 .28 
meters; third bounce: 2(0.8)3 = 
1.024 

b. fourth bounce: 2(0.8)4 = 0.8192; 
fifth bounce: 2(0.8)5 = 0.655 
It bounces to fewer than 80 cen
timeters on the fifth bounce. 

c. 13th bounce: 2(0.8) 13 = 0.11 ; 
14th bounce: 2(0.8) 14 = 0.088 
It bounces to fewer than 1 0 cen
timeters on the fourteenth bounce. 

4. These problems can be solved by 
making a table. 
a. about 6.48 meters 
b. about 17.8 meters 

5. Answers will vary. (See #16.) 

6. first bounce: Hr; second bounce: 
Hr2 ; third bounce: Hr 3 ; fourth 
bounce: Hr4 

7. H + Hr + Hr2 + Hr3 + Hr 4 + Hr5 

8. The last exponent is n - 1. The first 
downward distance traveled depends 
on the drop height (H) only, not on 
the bounce ratio (r). 

9. a. U4 = Hr+ Hr 2 + Hr 3 + Hr4 

b. Us = Hr + Hr2 + Hr 3 + Hr4 + 
Hr5 + Hr6 

1 0. The last exponent is n. This is 
because beginning with the first 
bounce the distance traveled upward 
depends on the bounce ratio. 



FINDING THE SUM 

Here is a shortcut for calculating the sum of a 
geometric sequence. We wi II use the example 
of the ideal ball having bounce ratio 0.8, 
dropped from a height of two meters, and 
caught at the top of its fourth bounce. First 
write the downwards motion. 

Eq. I : 0 4 = 2 + 2(0.8) + 2(0.8)2 + 2(0.8)3 

Do not calculate the sum ' You will soon 
see why. 

Multiplying both sides by 0.8, we get: 

Eq. 2: 0 4(0.8) = 2(0.8) + 2(0.8)2 + 
2(0.8)3 + 2(0.8)4 

Subtracting one equation from the other: 

Eq. 1-Eq. 2: 0 4 - 0 4 • (0.8) = 2- 2(0.8)4 

11. .... Explain why there are so few terms 
after subtracting. 

12. Solve for 0 4 . (Hint: Factor, then divide.) 

13. se this multiply-subtract-solve technique 
to find U4 . You found an expression for U4 

in problem 9. 

14. What is the total distance traveled by the 
ball in four bounces? 

When adding only four terms, the multiply
subtract-solve technique is not much of a 
shortcut. However, when adding large numbers 
of terms, it is extremely convenient. For 
example, for 20 bounces, you wou ld start by 
writing: 

0 20 = 2 + 2(0.8) + ... + 2(0.8)18 + 2(0.8) 19 

15 . .... Explain why in thi s case the last 
terms do not contribute very much to 
the sum. 

16. Use the multiply-subtract-solve technique 
to check the correctness of your answers 
for problems 4b and 5. 

I 1. 1 Sums of Geometric Sequences 

11.1 

OTHER HOUNCE RATIOS 

17. What is the tota l distance traveled in 200 
bounces by a ball hav ing the following 
bounce rati os, after being dropped from a 
height of two meter ? 

a. a super-ball , hav ing bounce ratio 0.9 
b. a fl at basketba ll , having bounce 

ratio 0.3 

18. Repeat problems 3-5 for a real ball. (First, 
you mu t find the bounce ratio, perhaps 
by averaging the ratios you found in prob
lem 1.) Verify your predictions for prob
lem 3 with experi ments. 

An absent-minded professor invents a hyper
ball having a bounce rati o of 1.1. 

19. Repeat problems 3-5 for the hyper-ba ll. 

20. Repeat problems 3-5 for a defective hyper
ball having a bounce rati o of only I . 

2J.fii!.ri,E!ij Summarize what you learned 
about the sum of geometric sequences. 

a. Explain the multiply-subtract-solve 
method. (What does one multiply by? 
What does one subtract? What does one 
solve for, and how?) 

b. What is the effect of the common ratio 
on the sum? (What if r is Jess than I ? 
What if it is equal to I ? What i f it is 
greater than I ?) 

22j§§U§fl@N Use the multiply-sublract
solve technique for each sumS. 

a. S = a + ar + a? + ... + ar" - 1 

b. S = a + ar + a? + ... + ar" 
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11 . Everything cancels out except the 
first and last terms. 

12. 0 4 - 0 4 . 0.8 = 2 - 2(0.8)4 

0 4 (1 - 0.8] = 2[1 - (0.8)4] 

Q - 2[1 - (0.8)41 
~ - 1 - 0.8 

0 4 = 1 0[1 - (0.8)4] = 1 0[0.5904] 
= 5.904 

13. u4 - u4 · o.8 = 2(0.8) 1 - 2(0.8)5 

u4 [1 - o.8J = 2(0.8)[1 - (0.8)4J 
u - 2(0.8)[1 - (0.8)4] 

4 - 1 - 0.8 

u4 = 8[1 - (0.8)4l = 8(0.5904] = 
4.723 

14. 1 0(0.5904) + 8[0.5904) = 5.904 + 
4.723 = 10.627 

15. The terms involve 0.8, a number less 
than one, raised to higher and higher 
powers. Powers of numbers less 

than one decrease as the exponent 
increases. 

16. The last step for 0 2o is : 
0 20 = 10(1 - (0.8)20] = 9.88 
The last step for U2o is: 
u 20 = 8(1 - (0.8)20J = 7.91 
0 2o + U2o = 17.79 
The last step for 0 200 is: 
0 200 = 1 0(1 - (0.8)200] = 10 
The last step for U2oo is: 
U2oo = 8(1 - (0.8)200) = 8 
0 2o + U2o = 18 

17. a. Use the pattern developed in the 
multiply-subtract-solve technique: 

0 = 2[1 - (0.9)"""] = 20 
200 1 - 0.9 

u = 2(0.9)[1 - (0 9)"""] = 18 
200 1 - 0.9 

0 2oo + U2oo = 38 

The point of thi s le son is not to introduce 
the formula for the sum. There is more 
gained at thi s level by students using alge
braic manipulation when calculating the 
sum, than "effi ciently" calculating the sum 
with a formul a. Students at this level do 
not have the maturity to keep in mind both 
the formula and it derivation. M oreover, 
it is easy to apply the formula incorrectly 
becau e of not remembering whether to 
use n - 1, or n, or n + l in a gi ven prob
lem. Finally, formul a-wielding students 
often confuse the formula for the n1h term 
with the formula for the sum. 

(Any student who is conceptually ready to 
use the formula w ill be able to do it after 
problem 22.) 

N ote that each bal l bouncing problem 
includes the cal culation of two sums of 
geometric sequences, wi th the second term 
of one being the fi rst tetm of the other. 
Thi s forces students to keep alert and to 
remember what they are doing. 

You may want to introduce the multiply
subtract-solve technique at the chalkboard, 
before letting student work on problems 
11-15. 

OTHER BOUNCE RATIOS 

This section will allow tudents to practice 
what they have learned, but al o to think 
about the di fference between a common 
ratio r such that r < I , and one such that 
r ?_ I. 

You do not need to define convergence 
formally. At thi s level, all students need to 
reali ze is that the higher the exponent of 
r (if r < 1 ), the smaller the corresponding 
term. 

There will be more applications of sums 
of geometric sequences in the following 
lessons. In addition, you can go back to the 
problem in Chapter 2, Lesson 5, and 
Chapter 7, Lesson 8. 

-
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4,Jfii,)fi;J• FOUR NUMBERS 

This section allows tudents to rev iew the 
meaning of the four operations and the 
numeri cal va lue of fractions. Even though 
it is not e sential to o lving these prob
lems, allow calculator use. 

11.1 

f•J4fi•)P#;Ji FOUR NUMBERS 

23. a. Rep lace each box with one of the num
bers: I, 2, 3, 4. (Use each number 
exactly once.) 

Q + Q 
0 0 

How many possible arrangements are 
there? 

b. Which arrangement gives the smallest 
sum? What is the smallest sum? 

c. Which arrangement gives the largest 
sum? What is the largest sum? 

d. Are the arrangements that give the 
smallest and the largest answer unique? 
That is, i there only one arrangement 
that gives the same sum? 

24. Repeat problem 23 for -8 --8 , thi s time 

finding the arrangements that give the 
smallest and the largest difference. How 
are the smallest and the largest difference 
related? Exp lain . 
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25. Repeat problem 23 for B · -8 , thi s time 

finding the arrangements that give the 
smallest and the largest product. How are 
the smallest and the largest product 
related? Explain. 

26. Repeat problem 23 for -8 + -8 , this time 

finding the arrangements that give the 
smallest and the largest quotient. How are 
the smallest and the largest quotient 
related? Explain. 

27. Choose four numbers a, b, c, d such that 
a < b < c < d. Repeat problems 23-26 for 
these numbers. Compare your answers 
with other students' answers. Were you 
able to use the answers from problems 
23-26 to help you? 

2S.Iillim Write a report summarizing your 
findings in problems 23 through 27. 
Describe the strategies you used for find
ing the smallest and the largest values. 
Ex plain why you were sure that they were 
the smallest and the largest. 
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b. Use the pattern developed in the 
multiply-subtract-solve technique: 
0 = 2[1 - (0.3)2001 = 2.86 

200 1 - 0.3 

u = 2(0.3}[1 - (0.3)200] = 0.86 
200 1 - 0.3 

0 2oo + U2oo = 3.72 

18. Answers will vary. 

19. Hyperball: bounce ratio 1.1 
first bounce 2(1 .1) = 2.2 
second bounce 2(1 .1 )2 = 2.42 
third bounce 2(1 .1 )3 = 2.66 
It never bounces fewer than 80 
centimeters or 1 0 centimeters. The 
bounce height is always increasing . 
The total distance after n bounces is 
On + Un where 

D. = 2[1 - (1 .1)1 
n 1 - 1.1 

u =2(1 .1}[1 - (1.1)1 
n 1 - 1.1 

It n = 2, ~ + U2 = 4.2 + 4.62 = 8.82 
If n = 20, 0 2o + U2o = 114.55 + 
126.00 = 240.55 
If n = 200, 0 2oo + U2oo = 
3,798,105,509 + 4,177,916,060 = 
7,976,021 ,569 

20. Detective hyperball : bounce ratio 1.0 
first bounce 2(1.0) = 2.0 
second bounce 2(1.0)2 = 2.0 
third bounce 2(1 .0)3 = 2.0 
The multiply-subtract-solve technique 
doesn't work. The denominator 
would be zero, which would make 
the expressions tor On and Un unde
fined . For n bounces, the total 
amount traveled is 4n. 

21 . Answers will vary. Some main ideas 
follow: 
a. Write an equation tor the sum of 

the sequences. Multiply both sides 
of this equation by the bounce 
ratio r. Subtract the second equa
tion from the first equation. Solve 
for the sum by dividing, factoring 
out 1 - r from the left side and 
dividing by 1 - r. 

b. If ~ < 1, the sum converges to 
1"=( because the term 1 - rn in 

the numerator approaches 1 as n 
gets larger. If r is equal to 1, the 
sum is just an. If r is greater than 
1, the sum gets larger and larger, 
and diverges. 

22. a. S = a+ ar + ar2 + ... + arn- 1 

Multiply by r : rS = 
ar + ar2 + ar3 + ... + arn 



WRITI~G FRACTIONS AS DECIMALS 

J. How do you conven a fracti on to a deci-
mal number? Give examples. 

When converting fractions to decimals, some
times you get a Ierminaling decimal like 
3.4 125, and sometimes you get a repealing 
decimal, like 7.8 191919 .. .. This last number 
is often written 7 .819. 

Problems 2 and 3 are easier if you work with 
lowest -term fraction . 

2. @tj®l$1 For what fractions do you get 
a repeating decimal? Does it depend on the 
numerator or the denominator? (Hint : Pay 
attention to the prime factorization of the 
numerator and the denominator.) 

3. M@ti® For repeating decimals, is 
there a pattem to the number of digits in 
the repeating pan? What is the longest 
possible repeating string for a given 
denominator? (Hint: Use long division 
rather than a calculator to explore thi .) 

4. f Explain why the decimals obtained as a 
result of a division mus/ repeat or 
terminate. 

5. ... Explain why some calculators give a 
decimal that does not seem to repeat for 
2/3: 0.6666666667. 

WKITING DECIMALS AS FRACTIONS 

Example: 3.4125 can be convened to a frac
tion by multiplying it by 104, which gets rid 
of the decimal , and then di viding by I 04, 

which gets us back to the ori gi nal number. 

34.t25 
10.000 

I I .2 Decimals and Fractions 

6. Conven the e decimals to fractions. 

a. 6.0 

c. 0.015 
b. 3.2 
d. 3.4 1 

The case of repeating dec imals is more diffi 
cult. Take 7.819. Clearly, it is greater than 7.8 1 
and less than 7 .82. So it is between 7811 100 
and 7821100. 

To find a single fraction it is equa l to, we can 
rewrite it as: 

7.8019 

= 7.8 + 0.019 

= 7.8 + 0.01 9 + 0.000 19 + 0.0000019 + ... 

Observe that: 

0.00019 = 0.0 19(0.01) 

0.0000019 = 0.0 19(0.01 )2 

7. Write the next term in the sum as a deci
mal, and as a product of 0.019 and a power 
ofO.OI. 

As you see, 7.819 is the sum of7.8 and a geo
metric sequence with fi rst term 0.0 19 and 
common ratio 0.0 I . The sum of the firs t three 
terms of the geometric sequence can be wri t
ten: 

s = 0.0 19 + 0.0 19(0.0 1) + 0.0 19(0.01 )2 

Multiply both sides by 0.0 I : 

S(O.OI) = 0.0 19(0.0 1) + 0.0 19(0.01 )2 + 
0.0 19(0.0 I )3 

Subtract: 

S( I - 0.01) = 0.019 - 0.019(0.01)3 

Solve: 
s = O.Ot9 - O.Ot9(0.0 1)3 

0.99 

Multiplying numerator and denominator 
by 1000: 

s = t9 - t9(0.0t)3 

990 
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Decimals and Fractions 

Core Sequence: 1-2, 5-16 

Suitable for Homework: 8- 16 

Useful for Assessment: 5, 9, J 6 

What this Lesson is About: 

• Review of converting fractions to 
decimals 

• Converting decimal to fraction 

• Definition of rational numbers 

This lesson is mostly an application to 
decimals-fractions conversion of the 
previous lesson on sums of geometric 
sequences. 

WRITING FRACTIONS AS DECIMALS 

R oblems 1-2 can be solved with the help 
of a calculator. H owever, remind students 
that the l imited display of the ca lculator i s 
not the most appropriate place to study the 
que tions we address in th is ection , ince 
the decimal expansion may terminate or 
repeat beyond the level of accuracy 
allowed by the calcu lator. The key idea is 
that denominators whose prime factors ( in 
lowest term ) are excl u ively 2 and 5 will 
terminate. A ll others wi ll repeat. 
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(11 .1 Solutions continued) 
Subtract: S - rS = a - arn 
Factor and divide: S{1 - r) = 
a(1 - rn) 

S =i!l..l...::...d 
1 - r 

b. S = a+ ar + ar2 + ... + arn 
Multiply by r. rS = 
ar + ar2 + ar3 + ... + ar n + 1 

Subtract: S - rS = a - arn + 1 

Factor and divide: S(1 - r') = 
a{1 - r n+ 1) 

S= a(1 - r" + ' ) 
1 - r 

1. Divide numerator by denominator. 
Examples will vary . 

2. It depends on the denominator. If the 
prime factorization consists of twos 
and fives only, the decimal will termi
nate. Otherwise, it will repeat. 

3. Answers will vary. One thing to note 
is that the number of repeating digits 
will never be more than the divisor. 

4. There is only a certain number of 
remainders possible. Once a remain
der appears again , the cycle will be 
repeated. 

5. The calculator rounds off. 

6. a. 60/1 0 or 6/1 
b. 32/10 
c. 15/1000 
d. 341 /100 

7. 0.019(0.01 )3 



R oblems 3-4 require the use of long di vi
sion. The basic idea is that onl y so many 
remainders are possible. When they have 
all been used, the expansion must termi
nate or repeat. A full answer to problem 3 
is di fficult, but some partial answers are: 

If the denominator is d, the length of the 
repeating string must be < d. 

• In fact, the length of the repeating string 
i often a factor of (d - 1). 

R oblem 5 is an opportunity to distingui sh 
between a decimal approximation and a 
decimal representation for a given frac ti on. 

WRITING DECIMALS AS FRACTIONS 

RATIONAL NUMBERS 

You should probably demonstrate on the 
chalkboard how to apply the multi ply
subtract- olve technique to the conversion 
of repeating decimals to fracti ons. 

R oblem 16 can be an wered by using the 
multiply-subtract-solve technique. How
ever, do not be concerned if some students 
do not fi nd the argument convincing. A 
real understanding of limits require more 
mathematicaJ maturity. 

So 

11.2 

7.819 = 7.8 + s 
= 7 8 + 19- 19(0.0 1)3 

. 990 

- 7.8(990) + 19 - 19(0.0 1}3 
- 990 

-774 1 - 19(0.01 )3 

- 990 

7741 - 0.000019 
990 

The sum is very close to 774 1/990. 

8. Use the mul tiply-subtract-solve technique 
to add: 

a. the first4 terms; 

b. the first 5 terms. 

9. ._ The numerator differs from 7741 by 
19(0.0 1)" if we add up the first n terms. 
Explain. 

If we use large values for n, we fi nd that the 
sum can get as close to 774 I /990 as we want. 
(Even with fairly small values of n, the sum of 
the first n terms differs from 774 I /990 by a 
very mall number.) Mathematicians say that 
the whole infi nite sum converges to 774 11990, 
and they agree that we can write an equality: 

7.819 = 77411990. 

10. Check that this equality is correct, by con-
verting the fraction back to a decimal . 

A quick way to find the fraction is to use the 
multiply-subtract- olve technique on the deci
mal itself: 

R = 7.8 19 1919 .. . 

0.0 1 R = 0.0781919 .. . 

,4 402 

Subtract: 
R- O.OJR = 7.8 19 19 19 ... - 0.078 19 19 .. . 

( I - O.OI)R = 7.8 19- 0.078 

(Notice that the infini te sequence of I 9s 
di sappeared.) 

0.99R = 7.741 

R = 7.741 =~ 
0.99 990 

11. Convert to a fraction. 
a. 0.65 b. 4.321 

RA TIONA! NUMBERS 

I Definition: A rational number is a number 
that can be written as a fraction having an 
integer numerator and denominator. 

I Examples: 7, 0.5, and -Q.66666 ... are ration
al numbers, because they can be written as 
711, 112, and -2/3. 

Show that the fo llowing numbers are rational. 

12. a. 0.3 
b. 0.3333 .. . 

13. a. 0. 142857 

b. 0.142857 

14. a. 0.0909090 .. . 
b. 0.9090909 .. . 

15. a. 0. 11 11 11 I .. . 

b. 0.2222222 .. . 

16 . ._ Mathematicians believe that 
0.99999 ... = I . Explain why. 
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8. a. 7741 - 19(0.01)' = 7741 
990 990 

b. 7741 - 19(0.01 )5 = 7741 
990 990 

9. When n terms are added, the quan
tity subtracted from 7741 in the 
numerator is 19(0.01 )n. 

1 0. It works. 

11 . a. 65/99 
b. 4317/999 

12. a. 3/10 
b. 3/9 

13. a. 142857/1000000 
b. 1/7 

14. a. 9/99 = 1/11 
b. 90/99 

15. a. 1/9 
b. 2/9 

16. This can be written as the sum of a 
geometric series. Using the multiply
subtract-solve technique, one can 
show that we can get as close to 1 
as we like by adding more terms. 

~ - - . . 



LESSON 

Stairs and Squares 
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::~~ ~ -
STAIR SAFETY 

In most houses, stairs have a riser (or rise) of 
eight inches and a tread (or run) of nine inches. 
However, safety experts claim that such stairs 
are the cause of many accidents. They recom
mend what they call 7 I II stairs: a riser of 
seven inches, and a tread of eleven inches. 

1. What are the slopes of the stairs described 
in the previous paragraph? (Express the 
answer as a decimal.) 

2. If a staircase makes a vertical rise of about 
nine feet from one floor to the next, how 
much horizontal distance does it take 

a. for 819 stairs? 

b. for 7111 stairs? 

3. Why do you think 819 stairs are more 
common? 

4. Bm'·W4·fi1 Donna wants to build a stair
case that is less steep than an 819 staircase 
would be, but that does not take up as 
much horizontal space as a 7 I II staircase 
would. What are the possibilities for the 
riser and tread of Donna's stairs? Make the 
following assumptions: 

• The riser and tread must each be a whole 
number of inches. 

• The riser should be between six and nine 
inches, inclusive. 

• The tread should be between eight and 
twelve inches, inclusive. 

Express your answer numerically and 
graphically. 

II.3 Slllirs and SqutJres 

STAIRS ON LI NES 

To build a staircase on the graph of a line: 

a. Sketch the graph. 

b. Find the coordinates of a point on the 
graph. Call this point the starting point. 

c . Find two numbers (the rise and the run) 
such that if you draw a step having 
those dimensions, you end up on the 
line. 

The figure shows a staircase for the line 
y = -x + 2. 

The starting point is (-2, 4 ), the rise is -I , and 
the run is I. 

5. Create a staircase for the same line, using 
a different starting point and a different 
rise and run. 

6. Create two staircases for each line. They 
must have a different starting point and a 
different rise and run . 

a. y = -4 + 3x 
b. y = -0.5x 
c. y = 9 
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.. 11.3 
Stairs and Squares 

Core Sequence: 1-13 

Suitable for Homework: 5-19 

Useful for Assessment: 12-13, 18 

What this Lesson is About: 

• Review of slope 

• Review of equivalent fracti ons 

• Review of direct variation 

• Slope relationships 

STAIR SAFETY 

STAIRS ON LINES 

These sections review slope. 

Students may be interested in measuring 
the risers and tread of actual stairs, both at 
school and at home. Interviews with car
penters, contractors, and architects will 
yield interesting stories relating to the 
design of stairs in actual buildings. 

R oblem 4 is presented in such a way as to 
prepare students for the emphasis on lattice 
points in the latter part of the lesson. An 
excellent graphical representation of the 
solution is to draw a rectangle with 
8 :5 x :5 12 and 6 :s y :s 9. Lattice points 
in thi s rectangle are possible candidates for 
Donna's stairs. However her slope require
ments limit the solution to the ones be
tween the lines y = (8/9)x andy = (7 Ill )x. 
Of course, the solution can also be found 
by calculation. 
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1. 7/11 = 0.6363 
8/9 = 0.88 

2. a. 8/9 = 9/xso X= 10.125 feet 
b. 7/11 = 9/x sox= 14 1/7 feet 

3. They use less horizontal space. 

4. The possibilities are shown in the 
table. One way of solving this prob
lem is to convert all the fractions to 
decimals and compare the results 
with the decimal equivalents of 7.11 
and 8/9. 

riser 

9 9/8 9/9 9/10 9/ 11 9/ 12 

8 8/8 8/9 8/10 8/ 11 8/ 12 

7 7/8 7/9 7110 7/ 11 7/12 

6 6/8 6/9 6/10 6/ 11 6/12 

tread -+ 8 9 10 11 12 

Another approach is to graph the 
lines y = (7/11 )x andy = (8/9)x. All 
lines of the form y = mx with slopes 
between 7/11 and 8/9 will lie 
between these two lines. To tell 
whether a staircase will have a 
steepness between 7/11 and 8/9, 
plot the point (tread, riser) . If it lies 
between the two graphs, it fits 
Donna's specifications. See the 
graph. 

4. 

10 
9 
8 
7 

Q; 6 
.g? 5 

4 
3 
2 
1 

1 2 3 4 5 6 7 8 9 101112 

tread 



LATTICE POINTS AND FRACTIONS 

This section rev iews the work on direct 
variation, which took place in Chapter 4. 
Thi s prov ides a different emphasis and 
connects it with the idea of rati onal and 
irrational numbers. 

R oblem 11 previews the question of the 
ex istence of irrati onal numbers that i 
addressed in the next lesson. 

GEOBOARD DIAGONALS 

R oblem 14 is diffic ult and works well as a 
problem of the week, because students can 
fi nd partial answers by experimenting. If 
you use it that way, give students enough 
time to think about it. Otherwise use it in 
cia , as a group exploration. 

Students are guided through a solution in 
problems 15-17. Note that the so lu tion 
relies on an understanding of the idea in 
the previous section. 

5 

Y = -X+ 2 

11.3 

6x - 1 
d. y= -8-

e. y = -2(x - 3) 

7. Find a ri se and a run fo r a staircase 
connecti ng the following pairs of points: 

a. (3, -5) and (2, 2.5) 

b. (-3, 5) and (2, 2.5) 

8. A staircase hav ing the given rise and run 
starts at the given point. What is the equa
tion of the corresponding line? 

a. rise= 4, run = 6, point = (-3, 6) 

b. rise= -2, run = -3, point = (0, 8) 

LATTICE POINTS AND FRACTIONS 

I Definition: A lauice point is a point on the 
Cartes ian plane having integer coordinates. 

I Examples: (2, 3) is a lattice point, but 
(4.5, 6) is not. 

9. The graph of each of the following equa
tions is a line through the origin. Find two 
other lattice points on each line. 

a. y = ?x 

c. y = 4.5x 

2 
b. y = 3x 

d. y = 6.78x 

If a line passes through the origin and the 
lattice point (9, 8), it will also pass through 
the lattice points (9n, 8n) for all integer values 
of n. 

10. If a line passes through the origin and the 
point (2.4, 3.6), 

a. what are the lattice points on the line 
that are closest to the origin? 

b. what is a general descrip ti on of all the 
lattice points on the line? 

c. what is the equation of the li ne? 

1 I. Do al l lines through the ori gin pass 
through another lattice point sooner or 
later? Discuss . 

.A4o4 
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12. What is the slope of a line that passes 

through the origin and a lattice point 
(p, q), where p * 0? 

13. Describe the lattice points on the line 
y = (plq)x, where p * 0. 

GEOBOAHD DIAGONMS 

lf you connect (0 , 0) to (5, 3) with a traight 
line, you go through seven unit squares. 

14.Uf!!@l1N lf you connect (0 , 0) to ( p , q) 
with a straight line, how many unit 
quares do you go through? Experi ment 

and look for patterns. (Assume p and q 
are positive whole numbers.) Keep a 
record of your work. 

I Definition: A /au ice line is a line having 
equation x = b or y = b, where b is an 
integer. 

The following problems are about the diagonal 
connecting (0, 0) to (p, q). Give answers in 
terms of p and q. 

15. a. How many horizontal lattice line 
does it cross? (Look at some specific 
cases and make a generalization. Do 
not guess.) 

b. How many vertical lattice lines does 
it cross? 
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16. How many lattice points does it cross, 

a. if the greatest common factor of 
p and q is I? 

b. if the greatest common factor of 
p and q is n, where n > I? (Experiment 
and reason. Do not guess.) 

17. The diagonal starts in the first unit square, 
then every time it crosses a lattice line it 
enters a new square. 

Lines 

para llel 

perpendicular 

symmetric across 
horizontal line 

symmetric across 
the liney = x 

symmetric across 
vertical line 

11.3 Stairs and Squares 

Slopes 

opposite 

opposite of 
reciprocal 

reciprocal 

reciprocal of 
opposite 

same 

11.3 

a. If it crosses no lattice points, how many 
squares does it go through altogether? 

b. If it crosses n lattice points, how many 
squares does it cross? 

1s.iilii!IDII How many squares do the diago
nals of geoboard rectangles go through? 
Write an ill ustrated report, including 
examples. 

The fi rst column shows possible relationships 
between two lines. The second column shows 
possible relationships between the slopes of 
two lines. 

19.illiU!ld Experiment to fi nd out if it is pos
sible to match relationships in the first col
umn with relationships in the second col
umn. (For example, parallel lines have the 
same slope.) Support your answers with 
examples, sketches, and explanations. 

405 ... 

••J#i,)ji;J• SLOPE RELATIONSHIPS 

Thi s is a good way to review slope while 
investigating an interesting mathematical 
question. Students may use graphing calcu
lators and/or graph paper. The slope of 
perpendicular lines was previewed on 
geoboards in Chapter 6, Lesson 12. 
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6. b. 6. c. (2, 9) 6. d. 1% 
- 3 - 3 

5 Y = 9 1% 

Y= -o.5x 5 % 

(%, %) 

(-6, 9) +6 +6 % 1% 

5 y = 9 

5 (Solutions continued on page 528) 

Y= -o.5x 



T 11.4 
Irrational Numbers 

Core Sequence: 1-18 

Suitable for Homework: 2-9, 14-21 

Useful for Assessment: 8-9, 14-15, 18 

What this Lesson is About: 

• Existence of irrational numbers 

• Review of prime factorization 

• Irrationality of /2 

The example given of an irrational number 
can be adapted to answering problem 1. 
Because this number is created in such an 
artificial way, students may conclude that 
irrational numbers are the exception. 
However the opposite is true; there are 
infinitely more irrational numbers than 
rational. 

PRIME FACTORIZATION 

The fact that the prime factorization of any 
number is unique is the key to this lesson. 
We will not attempt to prove it formally. 

Your students should have learned in mid
dle school how to fmd the prime factoriza
tion of numbers. However they may not be 
familiar with the results presented in 
problems 7-9. 

It your class is ready for this, you may dis
cuss those problems by using algebraic 
notation. For problem 8: lf a number has 
prime factorization PI • pz • ... • Pn. its 
square will be (p1 • pz • ... • Pn)2 = 
p1 2 • pl· ... · p/, an even number of 
prime factors. Problem 9 can be discussed 
in a similar way. 

THE SQUARE ROOT OF TWO 

The basic argument presented in this sec
tion should probably be the subject of a 
class discussion. 

An alternate approach, which is less gen
eral but is intimately related to the one pre
sented here, does not require a full grasp of 
prime factorization. It is based on ftrst 
establishing that the square of an even 
number is a multiple of four, while the 
square of an odd number is odd. Moreover, 
students need to agree that a multiple of 
four is always equal to twice an even num
ber, never twice an odd number. Then, if 
we assume plq is in lowest terms, we know 
that at least either p or q must be odd. 
Since p2 = 2q2, p must be even, and q must 
be odd. Therefore p2 must be a multiple of 

LESSON 

.• . , Irrational Numbers 

In Lesson 2 you learned how to show that any 
terminating or repeating decimal can be con
verted to a fraction. ln other words, you know 
how to show that terminating or repeating dec
imals are rational numbers. 

If a decimal is neither repeating nor terminat
ing, it represents an irrational number (one 
that is not rational). 

For example, the number 

0.010110111011110111110 ... , 
created by inserting one, two, three, ... I 's 
between the O's, never ends or repeats. 
Therefore it cannot be written as a fraction , 
because if it were, it would have to terminate 
or repeat. 

I. Create an irrational number that is 
a. greater than I and less than I. I ; 

b. greater than I . II and less than 1.12. 

While most numbers we deal with every day 
are rational, and even though there is an infi
nite number of rational numbers, mathemati
cians have proved that most real numbers are 
irrational. 

f2 and .fj are fami li ar examples of irrational 
numbers. They cannot be written as a fraction 
having whole number numerators and denomi
nators. In order to prove this, we wi ll need to 
rev iew prime factorization. 

I'RIME fAl TORIZATION 

Every whole number can be written as a prod
uct of prime factors. 

Example: 990 = 99 · 10 
= 9 ·II· 2 · 5 
= 2 · 3·3 · 5·11 

Note that 990 has a total of five prime fac
tors. (Three is counted twice since it appears 
twice.) 

.A4o6 

2. Start the factorization of 990 by writing 
990 = 3 · 330. Do you get the same prime 
factors? 

3. Start the factorization of 990 a third way. 
Do you get the same prime factors? 

Each whole number greater than I has only 
one prime factorization. Find it for the follow
ing numbers: 

4. 12 

5. 345 

6. 0 6789 

7. Find the prime factorization of several per
fect squares. Try to find one having an odd 
number of prime factors. 

Take the numbers 6 and 8. We have 

6 = 2 · 3 and 8 = 23. 

Six has two prime factors , an even number. 
Eight has three prime factors, an odd number. 
When we square them, we get: 

62 = (2 • 3)2 = 22 . 32 

82 = (23)2 = 26 

8. ,._ Explain why any perfect square must 
have an even number of prime factors. 

9. ,._ Explain why any number that is equal 
to twice a perfect square must have an odd 
number of prime factors. 

Tlif SQLJ,\RF IUJOT Of 1\\'0 

This section explains why f2 is not a rational 
number. The way we are going to do this is 
to show that if it were, it would lead to an 
impossible situation. This is called proof by 
contradiction. 

Chapter II Interpreting Ralws 
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1. Answers will vary. Sample answers 
are given. 
a. 1.010010001 ... 
b. 1.11010010001 ... 

2. Answers will vary. All will lead to the 
same prime factorization. 

3. yes 

4. 3. 22 

5. 5. 3. 23 

6. 3. 31 . 73 

7. impossible 

8. Suppose that the number is greater 
than 1 and (p · q · r· s) is a prime 
factorization. Then the prime factor
ization of its square is p 2 • q 2 • r2 • 

s 2. Every prime factor appears twice 

as many times in the square as it 
does in the original number. That is, 
if the original number has n prime 
factors, the square has 2n, which is 
an even number. 

If the original number was equal to 1 , 
then it has 0 prime factors, and its 
square has 0 prime factors. Since 0 
is an even number, the statement is 
true here too. 

9. It has an even number plus 1, since 
by multiplying by 2 we have added 
one more prime factor. 



lf p and q were nonzero whole numbers and 
we had 

It would follow that (~)' = (n )' 

S= 2 q 

p2 = 2l 
10. Explai n each step in the previous 

calculations. 

11. Explain why p2 must have an even number 
of prime factors. 

12. Explain why 2l must have an odd number 
of prime factors. 

13. Explai n why p2 cannot equal 2l. 
We conclude that there can be no whole num
bers p and q such that fi = p/q, and therefore 
fi is irrational. 

20. Find two lowest-term fractions having 
different denominators whose sum is 8/9. 

11.4 Irrational Numbers 

14 . .,_ Use the same method to show that 13 
is irrational. 

15 . .,_ Show why the method does not work 
to prove that /4 is irrational. 

16. Does the decimal ex pansion of fi termi
nate or repeat? 

17. Does the line y = .J2x pass through any 
lattice points? 

18 • .,_ Do all lines through the origin even
tually pass through a lattice point? 
Discuss. 

19 1;if1*1!9iJ 7t is probably the world 's most 
famous irrational number. Find out about 
its history. 

21. Which is a better deal, I 5% off the 
purchase price, or $ I off every $5 spent? 
Make a graph that shows how much you 
save with each discount, for various pur
chases from $ I to $20. Write about your 
conclusions. 

4o7.A 

four, but 2l cannot be, since it i equal to 
twice an odd number. 

R oblems 14-1 8 wiJI allow you to check 
students' understandi ng of the ideas pre
ented in this section. 

••J6i•lfM• SUM FRACTIONS 

This seemingly simple problem will offer 
an opportunity to review the addition and 
subtraction of fractions. 

••Ui,)f#;J. COMPARING COUPONS 

A t fi rst sight, the $1 off every $5 pent 
appears to be a better deal, since that is 
20%. However, on closer in pection, it 
turns out that the problem is a little more 
complicated than it appears. The graph will 
involve a step function. Step functions 
were previously seen in Chapter 2, Lesson 
6; Chapter 4, Lesson II ; and Chapter 6, 
Lesson 3. 

11.4 S 0 L U T I 0 N S 

1 0. Square both sides. Then multiply 
both sides by q2. 

11 . It is a perfect square. (See #8.) 

12. It is twice a perfect square. (See #9.) 

13. One must have an even number of 
prime factors and the other must 
have an odd number. Since the 
prime factorization of any whole 
number is unique, the two numbers 
could not possibly be equal. 

14. Suppose (p/q) = ..f3. 
Then (p/q)2 = 3. 
So p 2/q2 = 3 and hence p 2 = 3q2. 

Since p 2 and q2 both have an even 
number of prime factors, 3q2 has 
an odd number of prime factors. 
Therefore p 2 * 3q2, since they can
not have the same number of prime 
factors. Hence our assumption that 

f3 can be written in the form p!q 
where p and q are integers is incor
rect. It is not a rational number. 

15. 4 is 2 · 2, so in the thi rd step of 
the argument we would get p2 = 
2 · 2 · q 2 . Both sides could have an 
even number of prime factors, so 
they could be equal. 

16. No, it is irrational. 

17. None except the origin. It would have 
to pass through points of the form 
(qn, pn), where p and q are integers 
plq = ../2. We have shown that ..[2 
cannot be written in the form p/q. 

18. No. Lines of the form y = mx will pass 
only through lattice points other than 
the origin if m is a rational number. 

-
. 407 



ril@@~r~ 11.A 
WRtTtNj Nested Squares 

Core Sequence: l-1 0 

Suitable for Homework: I 0 

Useful for A essment: 10 

What this Assignment is About: 

• Review of geoboard area 

• Review of square roots 

• Application of geometric equences and 
urns of geometric sequence 

This review the work on geoboard area 
and quare roots, particularl y Chapter 7, 
Le ·• n 12, and Chapter 9, Thinking/ 
Writing 9.C. 

Students may not realize that the 
sequences for the sides and perimeters are 
geometric. Those sequences appear to be 
geometric equences having ratio l/2, if 
one look only at even or odd term . The 
common ratio if looking at all the terms is 
1/..fi. You hould give student enough 
time on thi a ignment so that i f there is a 
need for cia s discu sian of thi point, you 
will be able to have it. 

~lli@iji@t~ 11.A Nested Squares 
WRITING 

iiliiiijiiMI · · · · .......... · ..... : 

geoboa rd ........ 1111 : 
and/or d?..t .P~I:J:! ........... D . . ·································· 

I. Usi ng your geoboard or dot paper, make 
an 8-by-8 square. Calculate its area and 
perimeter. 

2. Now make a square that is nested in the 
original square, like in the diagram. Its 
vertices should be the midpoints of the 
sides of the ori ginal square. Find its area 
and peri meter. . . . . . . . . . . . 

3. Continue the process, making smaller and 
smaller nested squares. As you work , 
extend and complete a table li ke the 
fo llowing one up to Square #5. When the 
numbers in volve square roots, write them 
in simple rad ical form. 

Square# Area Side Perimeter 

I 64 8 32 

.A. 408 

4. Look for a pattern in each of the columns. 
Describe the patterns for the 
a. areas; 
b. sides; 

c. perimeters. 

5. Use the pattern you found in problem 4. 
For the 101h nested square, find 

a. the area; 

b. the side; 

c. the perimeter. 

6. Q Repeat problem 5 for the n1h nested 
square. 

7. For the first len squares, what is the 
sum of: 
a. the areas; 

b. the sides; 

c. the perimeters. 

8. 0 Repeat problem 7 for the first 11 

squares. 

9. 0 With larger and larger values of n, the 
sums get closer and closer to a certain 
number. What is that number for: 
a. the areas? 

b. the sides? 

c. the perimeters? 

to.li&m Write a report on nested squares. 

Chapter II lntepr.ting Ratios 

11.A S 0 L U T I 0 N S 

1.-8. See the table. 

square# area side-length 

I 64 8 

2 32 4 , 2 

3 16 4 

4 8 2J2 

5 4 2 

6 2 J2 

7 I I 

8 0.5 I/J2 

9 0.25 1/2 

10 0. 125 I/(2J2) 

II ( 1/2)" - I • 64 (1/, 2)" I. 8 

(i) 64 (1 + 1/2 + ... (1/2) 11 - 1) 

(ii) 8 (1 + 1/..f2 + ... (1/./2)" - 1] 

(iii} 32 (1 + 1/./2 + .. . (1/./2} 11 - 1] 

408 

perimeter sum of areas 
sum of side 

lengths 

32 64 8 

16/2 96 8 +4J2 

16 112 12 + 4J2 

8J2 120 12 + 6J2 

8 124 14 + 6J2 

4h 126 14 + 7J2 

4 127 15 + 7J2 

4/J2 127.5 15 + 7.5J2 

2 127.75 15.5 + 7.5J2 

J2 127.875 15.5 + 7.75.'2 

(I/, 2)" I ' 32 Sec (i) See ( ii ) 
below. below. 

9. a. 128 

b. 8 [2 + 2 ./2] 

c. 32 [2 + 2 /2] 

sum of side 
perimeters 

32 

32+ 16 , 2 

48+ 16f2 

48 + 24J2 

56+ 24J2 

56+ 28f2 

60 + 28!2 

60 + 30J2 

62 + 30J2 

62 + 3 1 J2 

See( iii) 
below. 

1 0. Reports will vary . They might include 
a comparison of the numbers in #9 
with the area, side-length, and 
perimeter of the original square. A 
table may help students identify pat
terns to be discussed and analyzed 
in the report. 

-



Dice Games 

T\\'OGMIES 

1. @t.Wit.iiJ Play these two games with 
another person. To play a game, roll a pair 
of dice 20 times. After each roll, add the 
numbers on the uppermost faces. Keep 
track of how many rolls each player wins. 
(See below.) Whoever wins the most rolls, 
wins that game. 

Game One: If the sum is 3, 5, 7, 9, or II , 
Player A wins. If the sum is 2, 4, 6, 8, 
I 0, or 12, Player 8 wins. 

Game Two: If the sum is 5, 6, 7, 8, or 9, 
Player A win . If the sum is 2, 3, 4, I 0, 
II , or 12, Player 8 wins. 

For each game, who wins more often? 
Why? 

nH>-IJICE '>UMS 

If you roll a red die and a blue die, there are 
many possible outcome . We will use (4 , 3) to 
refer to the outcome in which 4 dots appear 
uppermost on the red die and 3 dots appear 
uppermost on the blue die. Likewise (3, 4) 
refer to 3 on the red die and 4 on the blue die. 

(4, 3) 

(3, 4) 

Both of the outcomes in the fi gure show a urn 
of seven. 

11.5 Dice Games 

2. Copy and extend thi s table to show all 
possible two-dice sums. For each sum, list 
all the possible ways it can be obtai ned, 
and give the total number of ways. The 
sums of 2 and 7 have been done to get 
you staned. 

Sum 2 7 12 

( 1. 6) 

(2. 5) 

Possible (3.4) 

ways 
(4. 3) 

(5. 2) 

( 1. 1) (6. I} 

#of ways I ... 6 ... 

3. Which sums have the most ways of occur
ring? Which sums have the fewest ways of 
occurring? 

4. fiilr.!,fiij Analyze the games in problem I 

using the table you made. Explain why 
some sums are more likely to occur than 
others and how this determines who wi ns 
more often. 

I Definition: A game is f air if each of the 
players is equally likely to wi n. 

5. .... Is Game One fair? How about Game 
Two? Explain . 

OUIC'O\If'> ·\NO f\ LNl' I Definition: We call one ro ll of the dice an 
experiment. Each of the different possibili
ties you listed in 1he table is called an out
come of the experiment. 

409 ... 

11.5 S 0 L U T I 0 N S 

1. See the solution to #4 below. 

2. 
Sum 2 3 4 5 

Possible 
ways ( I ,4) 

( 1,3) (2.3) 
( 1.2) (2,2) (3.2) 

( I. I ) (2.1 ) (3,1 ) (4,1 ) 

#of 
ways I 2 3 4 

3. The "inside" sums have the most 
ways of occurring. The "outside" 
sums have the fewest 

6 

( 1,5) 
(2,4 ) 

(3,3) 
(4,2) 
(5.1 ) 

5 

4. There are 36 possible outcomes, as 
can be seen from the table. Eighteen 
of these yield odd sums and eighteen 
yield even sums, so in Game 1 the 
first player and the second player 

7 

( 1.6) 
(2.5) 
(3,4) 
(4,3) 

(5.2) 
(6. 1) 

6 

8 9 10 I I 12 

(2,6) 
(3,5) (3,6) 
(4,4) (4,5) (4.6) 
(5,3) (5,4) (5.5) (5,6) 
(6.2) (6.3) (6.4) (6,5) (6.6) 

5 4 3 2 I 

have the same number of winning 
possibilities. In Game 2 the first 
player has 24 winning possibilities, 
while the second player has only 12. 

5. Game One is fair. Game Two is not, 
since one player is twice as likely to 
win as the other. 

... 11.5 
Dice Games 

Core Sequence: 1-18 

Suitable for Homework: 2-8, 13-22 

Useful for As essment: 4-5, 17- 18 

What this Lesson is About: 

• Introduction to probability 

• Fair game 

• Experiment, outcome, and event 

• Preview of the multipl ication counti ng 
principle 

• Quanti ties and constraints 

You will need a pai r of dice for each pair 
of students. I t i be t if the dice in each 
pair are of different colors. 

TWO GAMES 

You may have tudents play the e games 
wi thout opening the book. Thi w ill reduce 
the temptation to read ahead for the analy-
is of the game. 

A fter students have played each game 
once, (and orne will have ti me to play 
twice), combine all the resul t on the 
chalkboard i n a format like thi 

Game One: 
Player A rolls: 9, 8, 8, II , I 0, .. . 
Player B rolls: II , 12, 12, 9, 10, .. . 
Totals for class: 
Player A wins 14 game 
Player B win 16 game 
Player A wins 289 rolls (489!) 
Player B w in 3 11 rolls (52%) 

And imi larly for Game Two. 

S tudent are often urpri ed by the re ul t 
of Game T wo, particular ly when they see 
that what happened in their group wa 
repli cated in the other group . 

You may di cus the rea ons for the e 
re ul ts. I f orne of your sn•dent have 
played Dungeon and Dragon (or tudied 
probabili ty in previou cia e ) they may 
have orne in ight into the games that 
they can hare with the cia . In any case, a 
full analy i of the game is presented in the 
next section. 

TWO-DICE SUMS 

Thi ection erves as a tran i tion. On the 
one hand, i t provides an analy is of the 
game in problem 1, and on the other hand, 

-
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it prev iews the ideas of outcomes and 
events that are discussed in the next 
section. 

N ote that the layout of the table in prob
lem 2 makes it look like a hi stogram. 

Thi s section is easy enough to be 
homework. 

OUTCOMES AND EVENTS 

These definitions help organize students' 
thinking about probability experiments. A 
formal definition of probabili ty will appear 
in Chapter 11 , Lesson 6. It depend on an 
understanding of the definiti ons presented 
here. 

R oblems 6-8 preview the multiplication 
counting principle. 

B ecause the definitions are subtle, it i 
best to di scuss them in class. 

For problems 11-14, students can con
struct tables like the ones presented in the 
tex t. However, if they have some other 
way to get the answers, allow that. These 
tables will be useful in answering ques
tions in Lesson 6. Students may want to 
keep the e tables and charts for u e then. 

11.5 

6. When you roll a red di e and a blue die, 
how many outcomes are possible? 

7. If you flip a penny and a nickel, how many 
outcomes (heads and tai ls) are possible? 
Make a li st. 

8. f If you roll a red, a blue, and a yellow 
di e, how many outcomes are possible? 

When an ex periment is performed, we are usu
ally interested in whether or not a particul ar 
evem has occurred. An event consists of one or 
more outcomes. 

In the two-dice ex periment, an example of an 
event coul d be: The sum of the dots is even. 
This event was important in Game One of 
problem I . In that game, 36 outcome were 
possible. However, we were not interested in 
the individ ual outcomes, but only in which of 
the two events had occurred: an even sum or 
an odd sum. 

9. In what events were we interested in Game 
Two of problem I? 

10. The outcome of a two-dice ex periment is 
{3, 2). Which of the fo llowi ng events 
occurred? 

a. The difference is even. 

b. The product is even. 

c. One die shows a multiple of the other. 

d. The sum is a prime number. 

The table you made in problem 2 was organ
ized to show these events: the sum of the dots 
is 2, the sum of the dots is 3, etc. In that table, 
each colu mn corre ponds to one event. A table 
like the fo llowing one is another way to repre
sent the two-dice ex peri ment. It is organized 
around the outcomes. Each cell corresponds to 
one outcome . 

.& 4to 

Blue Die 

1 2 3 4 5 6 

I ( 1, 1) ( I, 2) ( I, 3) ( t , 4) (t, 5) ( I, 6) 

" i:5 

~ 
2 (2, I) (2, 2) (2, 3) (2, 4) (2, 5) (2,6) 

... ... ... ... . .. 

In the two-dice experiment, fi gure out how 
many outcomes make up each event in prob
lems 11 - 14. 

You can make the same ki nd of table to help 
answer problems 11 - 14. For example, to think 
about problem II a, you would write the prod
ucts in the cell . 

Blue Die 

I 2 3 4 5 6 

I I 2 3 4 5 6 

2 2 4 .. . ... ... 

11. a. The product is even. 

b. The difference is even. 

c. One die shows a multi ple of the other. 

12. a. The sum is 2, 3, or 4. 

b. The sum is 9, 10, or 12. 

13. a. a double 

b. not a double 

14. a. The sum is prime. 

b. The product is prime. 

c. The difference is prime. 

Chapter I I Interpreting Ratios 

11.5 S 0 L U T I 0 N S 

6. 36 

7. Four possibilities: TI, TH , HT, HH 

8. For every possibility in #6, there are 
six possibilities for the yellow die, so 
the total number is 6 · 6 · 6 = 216. 

9. The "inside" sums and the "outside" 
sums 

10. (b) and (d) 
Making the tables below will help 
students answer #11 - #14. 

Outcomes: 

1 

1 (1 , I) 

2 (2, I} 

" i5 3 (3, I} 

~ 4 (4, I) 

5 {5, I} 

6 (6, I} 

Products: 

1 

I I 

2 2 

3 3 

4 4 

5 5 

6 6 

Blue Die 

2 3 4 

( I, 2) ( I, 3) ( I , 4) 

(2, 2) (2, 3) (2, 4) 

(3, 2) (3, 3) (3, 4) 

(4, 2) (4, 3) (4, 4) 

(5, 2) (5, 3) (5,4) 

(6, 2) (6, 3) {6,4) 

Blue Die 

2 3 4 

2 3 4 

4 6 8 

6 9 12 

8 12 16 

10 15 20 

12 18 24 

5 6 

( I, 5) ( I, 6) 

(2, 5) (2, 6) 

(3, 5) (3, 6) 

(4, 5) (4, 6) 

(5, 5) (5. 6) 

(6. 5) {6, 6) 

5 6 

5 6 

10 12 

15 18 

20 24 

25 30 

30 36 

Sums: 

1 

2 

" i5 3 

1l 
<>: 4 

5 

6 

11. a. 27 
c. 22 

I 2 

2 3 

3 4 

4 5 

5 6 

6 7 

7 8 

b. 18 

12. a.6 b. 8 

13.a. 6 b. 30 

Blue Die 

3 4 5 

4 5 6 

5 6 7 

6 7 8 

7 8 9 

8 9 10 

9 10 11 

14. a. 15 (sums 2, 3, 5, 7, and 11) 
b. 6 (products 2, 3, and 5, which 

each appears twice) 
c. 16 

6 

7 

8 

9 

10 

11 

12 



CREA TE DICE GAMES 

15. Name two events in the two-dice experi
ment that each consist of nine outcomes. 

----16. Name al! event in the two-dice experiment 
that consists of: 

a. 17 outcomes; 

b. 19 outcomes. 

f•Ufit)ji;Jj THRff QUANTITIES, 

THRff CONSTRAINTS 

The e problems were invented by algebra stu
dents. You may want to use colored slips of 
paper to solve them. In each one, there are 
three unknown quantities and three constraints. 
Try to find the three unknown quantities. 

19. The red and yellow marble add up to 5. 
Blue and red add up to 7. 
There are 8 yellows and blue al together. 

20. The blue and red add up to 9. 
There are two times as many yellows 
as blues. 
There are 15 marble altogether. 

1/.S Diet Games 

11.5 

17 . ._ Create a dice game that is fair. Wri te 
the rules. Then wri te an explanation of 
why the game is fai r. 

18 . ._ Create a dice game that appears to 
favor one player, but that actually favors 
the other. Or, make up a dice game that 
appears to be fair, but that actually favors 
one player. Write the rules and an ex plana
tion of the game. 

21. Blue + 9 = Black 
Blue time 3 = Red 
Black + I = Red 

22. A + B = II 
A + C = 7 
B + C = 6 
How many of each? 

4tt ,A 

S tudent ' answer to problem 15-18 
hould be discu sed and compared. Prob

lem 18 in particular lends it el f to ora l pre
entations. 

/ n problem 17- 18, many student wi ll 
create vruiations on the games in problem 
l. However they do not need to li mit the 
game to that format, nor do they need to 
limit the games ba ed on the two-dice 
experiment. 

Be ure that tudent use the term they 
learned in this le on in their explanations. 

.,gs.Sf§;J• THREE QUANTITIES, 
THREE CONSTRAINTS 

Thi extend the work on imul taneous 
equations. Allow tudent to olve the ys
tem algebraically, but do not teach any 
formal techniques. Encourage tudents 
who are tuck to u e tria l and error. 

11.5 S 0 L U T I 0 N S 

15. Answers will vary. Two possibilities: 
(1 ) The product is odd. 
(2) The sum is 5 or 6. 

16.-18. Answers will vary. 

19. R = 2, Y = 3, B = 5 

20. R = 6, B = 3, Y = 6 

21 . Red = 15, Black= 14, Blue = 5 

22. A = 6, B = 5, C = 1 



T 11.6 
What is Probability? 

Core Sequence: 1-19 

Suitable fo r Homework: 6- l 0, 16-19 

Useful for Assessment: 3-4, 7, 10, 14-15 

What this Lesson is About: 

• Definitions of probability 

• Two-co in experiment 

• Review of the two-d ice experiment 

• Graphing probability 

RELATIVE FREQUENCY 

M ake sure students understand the experi
ment before they start doing it. A result of 
one or two head represents uccess; that 
of no head represents fa ilure. 

N ote that the same data will be graphed 
again later in the lesson, o tudents should 
not discard the results of the experiment. 

You shoul d compile class totals to see what 
happens in the long run. 

You may want to have at least one group of 
students u e a tran parency to make their 
graph for problem 2. You can u e it for a 
class di scuss ion of problems 3 and 15. 

LESSON 

What is Probability? 
7 • J :r-~.~·""'"r,~- oo..-y1-~I'-I~, ·. 

Thi lesson wi ll introduce you to three inter
pretations of probabil ity. 

RELATIVE FREQUENCY 

While wa iti ng for hi s food at the Slow Food 
Cafe, Zoltan asked hi m elf, "What is the prob
ability of getting at least one head when toss
ing two coins?" He thought it might be 112, 
since there was an equal chance of getting 
heads or tai ls, or 113, ince there were three 
possibil ities (two heads, one head, no heads). 
He decided to find out by doing an experiment. 
Here are hi s notes on the first eight tosses 
(or trials). 

HH, HT, TT, HT, HH, TT, TH, TT .. 

He made a table of the results . A success is a 
toss where one or two heads appeared. 

I Definition: The relative f requency of the 
successes is the ratio o f successes to tri als. 

.A. 4n 

T rials Successes Relative 
so far so far frequency 

I I Ill= t.OO 

2 2 2/2 = 1.00 

3 2 2/3 = 0.67 

4 3 3/4 = 0.75 

5 4 4/5 = 0.80 

6 4 4/6 = 0.67 

7 5 5n = o.n 

8 5 5/8 = 0.63 

He graphed the result , with relati ve frequency 
on they-ax is, and trials on the x-ax is. 

1.00 • • 
>-u z • 
~ 0.75 • • 
Cl • • 
~ • 
ll. 
LlJ 0.50 
> 
1= 
<( 
..J 
~ 0.25 

0.00 
0 2 3 4 5 6 7 8 

T RJ ALS 
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1. Answers will vary. A sample table is 
shown. 

Tr ials Successes Relath•e 
so far so fa r Frequency 

I I Il l = 1.00 

2 2 2/2 = 1.00 

3 2 2/3 = 0.67 

4 3 3/4 = 0.75 

5 4 4/5 = 0.80 

6 5 516 = 0.83 

7 6 617 = 0.86 

8 7 7/8 = 0.88 

9 8 8/9 = 0.89 

10 9 9110 = 0.90 

II 10 lOII I = 0.91 

12 II 11/12 = 0.92 

13 12 12/13 = 0.92 

14 13 13114 = 0.93 

15 13 13/15 = 0.87 

16 

17 

18 

19 

20 

2 1 

22 

23 

24 

25 

26 

27 

28 

29 

30 

13 13/16 = 0.8 1 
2 . 

13 13117 = 0.76 

13 13/18 = 0.72 

14 14/19 = 0.74 

1.00 . 
>- ··•·•··•• .. . 
u 0.75 ........ c ······ <ll 

15 15120 = 0.75 

16 16/21 = 0.76 

:::J 
0" 0.50 ~ 

LL 

16 16/22 = 0.73 <ll 0.25 > 
17 17123 = 0.74 

18 18124 = 0.75 

~ 
Qi 0.00 a: 

0 5 10 15 20 25 30 
18 18125 = 0.72 

19 19/26 = 0.73 
Trials 

19 19127 = 0.70 3. Answers wi ll vary . (The relative fre-

20 20/28 = 0.7 1 quency should approach 3/4.) 

21 21/29 = 0.72 

22 22/30 = 0.73 



1. Toss a pair of coins 30 times. Make a table 
like Zoltan's. 

2. Make a graph li ke Zoltan's for the data in 
your table. 

3. .,_ If you tossed the coins 100 times, 
what do you think your graph would look 
like? What if you to sed them 500 times? 
Explain . I First Definition: The probability of an 

event is often interpreted to mean the 
re lati ve frequency with whi ch that event 
occurs _if the ex periment is repeated many, 
many umes. 

I Example: If you roll a die many times, you 
expect the re lati ve frequency of threes to be 
approx imate ly 1/6. 

4. .... Explain why the re lative frequency of 
an event is a number from 0 to I. 

EQUALlY LIKELY OUTCOMES 

This definition is the most common interpreta
tion of probability. 

Second Definition: The probability of an 
event A is 

P(A) = f 
where: 

e = the number of eq uall y likely outcomes 
in the event. 

t = the total number of equally like ly 
outcomes possible. 

Example: In the two-dice experiment, say 
that event D is the event that the sum is 8. 
Then 

D = ( (2, 6) , (3 , 5) , (4, 4) , (5 , 3), (6, 2) I 

Since D consists of fi ve equa lly like ly out
comes, and the total number o f equall y 
like ly outcomes is 36, 

5 
P(D ) = 36 . 

11.6 What is Probability? 

4. The relative frequency is the ratio of 
successes to trials. The number of 
successes will be between 0 and the 
number of trials (inclusive) , so the 
ratio of successes to trials has to be 
between 0 and 1, inclusive. (It will 
be 0 if none of the trials resu lts in a 
success, and 1 if they all result in a 
success.) 

5. a. getting a sum of 3 
b. getting a sum of 4 

6. a. 1/12 
b. 1 
c. 8/36 = 2/9 

7 . e :s t so (ef t) :s 1 

8. a. the difference is 8 
b. the sum is :S 12 

11.6 

5. For the two-dice ex periment , find an event 
having the following probabilities : 

a. 1.. b . ..!... 
36 12 

6. For the two-dice experiment, find the 
probability of these events. 

a. The product is more than 25 . 

b. The product is less than 50. 

c. The sum is 7 or I I. 

7. .... Ex plain why any probabi lity p will 
always sati sfy the inequality 0 ~ p ~ I. 

8. For the two-dice ex periment , find an event 
having the following probabi lities: 

a. 0 b. I 

9. Li st all the equall y likely outcomes in 
Zoltan's two-coin ex periment. (Hint: 
Think of the coins as a penny and a nickel. 
Make a tab le.) 

10 . .... What is the probability that there will 
be at least one head when tossing two 
coins? Explain . 

THEORET ICAl V<. OBSERVED PRO BABILITY 

Zoltan graphed his results another way. This 
time he put the nu mber of successes on the 
y-ax is and the number of tria ls on the x-ax is. 
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Penny Nickel 

H H 

T T 

H T 

T H 

1 0. The probability of at least one head 
is 3/4. There are fou r equally likely 
outcomes. Of these, th ree have at 
least one head. 

EQUALLY LIKELY OUTCOMES 

This section reviews and ex tends the work 
on the two-dice experiment and app lies the 
idea to the two-coins experiment. 

THEORETICAL VS 
OBSERVED PROBABILITY 

This section presents another way to graph 
the data from problem I. Whi le in the f irst 
graph, data points tend to get clo er and 
closer to the hori zontal line at y = 0.75, in 
thi s graph it is the line through the ori gin 
and the data point that gets closer and 
closer to the line having equation y = 

0.75x. The data point them elve do not 
necessaril y have a tendency to get clo er to 
the line. 

This idea is probably too subtle for 
students to grasp, but it is ex plained by the 
fac t that it is the rati o of successes to trials 
that approaches 0.75. As the number of 
tri als gets very large, the difference 
between the expected number of uccesses 
and the actual number can increase, even 
as the relati ve frequency get closer and 
closer to 0.75 . 

As with problem 2, in problem ll you 
may want to have a group of students make 
their graph on a tran parency to help with 
di scu sion of problems 12- 14. A wrap-up 
of th is section could include di cus ion 
and compari son of the graph from prob
lems 2 and II . 
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SUBJECTIVE PROBABILITY 

Though it is infrequently defined this way 
in elementary courses, this is a common 
interpretation of the word probability in 
daily life and in some approaches to 
statistics. 

414 
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Number of Trials 

13. Rise represents the number of suc
cesses. Run represents the number 
of trials. Slope represents "suc
cesses per trial," or relative 
frequency. 

Tn.6 
11. Make a graph like Zoltan 's for the data in 

the table you made in problem I. 

12. On your graph, draw lines having 
equations: 

successes = trials 

successes = 0. 75 • trials 

successes = 0.67 • trials 
successes = 0.50 • trials 

13 ..... What do rise and run each measure 
on this graph? What does slope represent? 

On a graph like this. the theoretical 
probability, as predicted by the analysis of 
equally likely outcomes, can be represented as 
a line through the origin, having slope equal to 
the probability. The observed probability as 
seen in the experiment is represented by the 
slope of the line through the origin and the cor
responding data point. Note that data points 
rarely land exactly on the theoretical line. 

14. Which line that you drew in problem 12 
represents the theoretical probability? 
Explain. 

IS ..... Add a line representing the theoreti
cal probability to the graph you made in 
problem 2. Explain. 

14. y= 0.75x 

15. Add the line y = 0.75 to the graph. In 
this case, the y-value represents the 
relative frequency. In the long run, 
we would expect the relative fre
quency, or observed probability, to 
be close to the theoretical probability. 
1.00 • 

•••••• 
~ 

•• • 
0.75 •• • 

c: • 
Q) • 
::I 

~ 0.50 
u. 
Q) 0.25 > 
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Q) 
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Trials 
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A third interpretation of probability is subjec
tive probability. This is the probability that a 
person assigns to an event based on his or her 
own knowledge, beliefs, or infonnation about 
the event. Different people may assign differ
ent probabilities to the same events. 

I Example: Before Mark took his driving test, 
Karen said, "I think you' ve got about a 60% 
chance of passing." 

What subjective probability would you assign 
for each of the following events? Explain your 
reasons. 

16. It will be cloudy on a night with a full 
moon this month. 

17. You will be assigned no math homework 
this Friday. 

18. School will be cancelled next week due to 
bad weather. 

19. Exactly half of the students in your math 
class next year will be boys. 

Chapur II lruerpnlillg Rslios 

16.-19. Answers will vary. 



IIJIII@IIMI .................... : 

dot paper ........ D 
coins 
(i)eil.iiTe·5; ilici<ei5;· armes, q uarters) 

The Mad Probabilist takes a random walk on 
dot paper. Starting at the origin, he goes from 
lattice point to lattice point, flipp ing a coin 
each time to determine where to go next. 

• Heads means to move east, increasing just 
the x-coordinate by I . 

• Tails means to move north , increasing just 
the y-coord i nate by I . 

The map shows the path H, H, T, T, H, T, 
H, H. . 

Cafe 

Barber . . . 
1. @@Hifii Find another sequence of 

heads and tai ls that wou ld get the Mad 
Probabili st from the origin to (5 , 3), where 
the Slow Food Cafe is located. Compare 
your sequence with that of a classmate. 
How many ways are there to reach (5, 3)? 

A FOUR-COIN EXPERIMFNT 

2. If you toss a penny, a nickel, a dime, and a 
quarter, which do you think is most likely 
to occur: 0 heads, I head, 2 heads, 3 heads, 
4 heads? Or are they all equally likely? 
Explain your reasoning. 

11.7 Random ll'alks 

3. Use a penny, a nickel, a dime, and a quar
ter. Toss them and record the number of 
heads. Repeat thi s experiment 20 times. 

lf you to a penny, a nickel, a dime, and a 
quarter, the event three heads consists of the 
following equall y likely outcomes: HHHT, 
HHTH, HTHH , and THHH, depending on 
which coin comes up tai ls. 

4. Find all possible equally likely outcomes 
when tossing four coins. 

5. Count the outcomes for each of these 
events: 0 heads, I head, 2 heads, etc. 

6. .... Are the results of your experiment in 
problem 3 consistent with your analysis in 
problems 4 and 5? Comment. 

If you lOSS one coin, there are two equally 
likely possible outcomes, H and T. In Lesson 6 
you studied the tossing of two coins, (HH, HT, 
TH, TT), and in problems 5-6 the tossing of 
fo ur coin . 

7. Figure out how many equally likely out
comes are possible if you toss 
a. three coins; b. fi ve coins. 

8. 13§.!§b'ttf1N How many equall y likely 
outcomes are possible if you toss 11 coins? 
Explain. 

Tossing the same coin repeatedly works in a 
similar way. For example, one possible string 
of eight tosses is: TTHTHTTH , just as one 
possible outcome of tossing eight coins is 
TTHTHTTH. 

9. If you toss one coin eight times, how many 
possible outcomes are there? How about 
11 time ? 

415 ... 

... 11.7 
Random Walks 

Core Sequence: 1-15 

Sui table for Homework: 7-15, 18- 19 
2 1-25 

Useful for Assessment: 6, 8, 11 , 13- 15, 
19,25 

What this Lesson is About: 

• Coin probability 

• Review of constant sum graph 

• Review of taxicab di tance 

• Random walks 

• Pa cal ' triangle 

P roblem I poses the que tion that tie 
together coin probability and Pa ca l' tri
angle. It i a problem that i ea y to tate, 
but difficu lt to solve. You may suggest that 
tudent start with an ea ier problem, i.e. a 

de tination nearer the ori gin . Analyzing it 
makes it possible to start eeing a pattern . 
Students are guided to a solution in the 
secti on Making a Map, below. 

In problem 2, some tudent may be ready 
to apply some of what they learned in pre
vious les on to an analy i of the problem. 
Most will probably ju t gue . 

The experiment in prob lem 3 shou ld be 
enough to convi nce students that the event 
two heads is more likely than the other 

11.7 S 0 L U T I 0 N S 

1. Answers will vary. By the end of the 
lesson, students should be able to 
figure out that the correct answer 
is 56. 

2. Answers will vary. See #4 and #5 

3. Answers will vary. 

4. Use a table. 

Penny ickel 

H H 

H H 

H H 

H T 

T H 

H H 

H T 

T T 

T H 

T H 

H T 

H T 

T H 

T T 

T T 

T T 

Dime Quarter # Heads 

H H 4 

H T 3 

T H 3 

H H 3 

H H 3 

T T 2 

T H 2 

H H 2 

H T 2 

T H 2 

H T 2 

T T I 

T T I 

H T I 

T H I 

T T 0 

5. # 
#Tails 

Event Outcomes 
0 0 heads 1 
I 1 head 4 
I 2 heads 6 
I 3 heads 4 

I 4 heads 1 

2 6. Answers will vary. One would not 
2 expect the experimental results to be 
2 exactly the same as the theoretical 

2 analysis. 

2 7. a. 8 
2 b. 32 
3 8. 2n 
3 

9. 
3 

28, 2n 

3 

4 

-
415 
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ones, espec ially if the class data are com
bined into one chart on the chalkboard or 
overhead. 

S tudents are guided through a y tematic 
analysis and general ization. This informa
tion will be essential in analyzing the M ad 
Probabili st ' s random walk problem. 

THE MAD PROBABILIST 

This ecti on limits itsel f to analyzing how 
far (in taxicab distance) various points are 
f rom the ori gin . This, together w i th the 
information about coin experiment from 
the previous secti on, is nece sary for fi nd
ing the denominator in the probabili ty f rac
tion for the M ad Probabilist' s question. 

MAKING A MAP 

Thi ection shows how to find the number 
of paths leading to any point that i poten
tially on the M ad Probabili st ' s random 
wa lk. Thi in formation in turn allows 
us to f ind the numerator in the probabi lity 
fracti on. 

The key is to see that to get to any point, 
e.g., (5, 3) , you must have come from 
(5, 2) or (4, 3). So if there were m ways to 
get to (5, 2) and n ways to get to (4, 3), 
there must be m + n ways to get to (5, 3) . 
Do not start by telling your tudents this, 
but help them discover i t by starting wi th 
points near the ori gin . 

11.7 

THE MAD PROBABILIST 

10. How many moves does it ta ke the Mad 
Probabili st to get to (5 , 3)? 

u J§§U§f!f§Rmi How many moves does it 
take him to get to (p . q)? Explai n. 

12. a. Where might he be after six moves? 

b. Make a li st of the points he could get to 
in seven moves. 

13 . ._ How would you de cribe the set of 
points you li sted in problem 12b? (How 
many points does it cons ist of? What equa
tion relates their coordinates?) Explain . 

J4J§§.!§bltffil@ti Descri be the set of po in ts he 
could reach in 11 moves . Exp lain. 

IS . ._ Which is greater, the number of pos
sible points he could end up on aft er eight 
tosses of a coin , or the number of poss ible 
strings of eight tosses? Exp lain . 

MAKING A MAP 

The Mad Probabili st wants to calcul ate the 
probability of getting to a lattice point li ke 
(5, 3). He dec ides to make a map on a piece 
of dot paper. He draw di agonal lines to sepa
rate the points he may reach in one, two, three, 
etc., moves. 

. . . . . 
Cafe . 

Barber . 
origin • 

.A, 41 6 

Then he writes how many ways there are to 
reach each point on the map. For example, 
there is only one way to get to ( I, 0): a toss of 
H. There is onl y one way to get to (0. 1): T. 
There is onl y one way to get to (2, 0) : HH . 
There are two ways to get to ( I, I): HT or TH . 

As he makes his map, he fi nds it helpful to ask 
him elf fo r each point, "Where could I have 
come fro m to get here?" 

16. Continue the Mad Probabili t 's map, until 
you get to (5, 3). 

The Mad Probabili st rea ons, "At the end of 
eight moves, I wi ll be at one of these points. 
one of which is the Slow Food Cafe." He 
marks the points on his map. "'The outcomes 
are eight-move paths; the event i those paths 
that end up at (5, 3). To find out the probability 
of thi s event, I need a numerator and a denom
inator." He writes: 

P(5 3) = #of paths that get to (5, 3) 
' # of 8-move paths 

17. What is P(5. 3)? in other word , what is 
the probability the Mad Probabilist 's 
random walk will end up at the Slow 
Food Cafe? 

18. What is the probability it will end up at 
(7, I). where the barbershop i ? Explain . 

19.fiil,l"6'ii Ex plain how you can find the 
probability of getting to any lattice point 
in the fi rst quadrant. 

Chapter I I Interpreting Ratios 
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10.8 

11. It takes him p + q moves. He must 
move p horizontal segments and q 
vertical segments. 

12. a. He will be at any point (a, b), 
where a + b = 6. 

b. (0, 7) , (6 , 1 ), (5, 2), (3 , 4), (7, 0) , 
(1 , 6), (2 , 5) , (4, 3) 

13. They lie on the line X+ y = 7. 

14. any point (p, q) with integer coordi
nates such that p + q = n 

15. The number of possible strings of 
eight tosses is greater than the num
ber of possible points he could end 
up on after eight tosses. This is 
because there are many paths to 
each point. 

16. • • • • • • • • • • • 
• • • • • • • • • • • 

• • • 
• • • 
• • • 
• • • 

• • 
• • 
• • 

17. From the map, one can see that 
there are 56 paths to (5, 3). The total 
number of 8-move paths is 28 . Hence 
the probability is 56/28 , or 0.21875. 

18. There are only 8 paths to (7, 1 ), so 
the probability is 8/28 = 0.03125 . 

19. To find the probabil ity of getting to 
any lattice point (p, q) , continue the 
Mad Probabilist's map. The number 
on his map corresponding to (p, q) is 
the numerator. The denominator is 
2 (p+q). 



This is one of the most important arrays of 
numbers in mathematics. It is called Pascal 's 
triangle. 

2 

4 6 4 

5 10 10 

6 15 20 15 6 

7 21 35 35 21 

28 56 70 56 28 

20.tm@N Study thi s triangle, looking 
for patterns. Explain any patterns that 
you find . 

21. Find a pattern that will enable you to write 
the next row in the triangle. 

11. 7 Random Walks 

11.7 

22. Find the pattern in the third column. 

23. Find the pattern in the sums of the rows. 

24. Q Find the pattern in the sums of the 
upward diagonals. 

4 6 4 

10 10 

6 15 20 15 6 

2 1 35 35 2 I 

28 56 70 56 28 

25.iliii!ID Write an illustrated report about 
the patterns you found in Pascal's triangle. 
lnclude a section on the relationship 
between Pascal's triangle and coin-tossing 
experiments. 

417 .6. 

••#ii•lf#;jt PASCAL PATTERNS 

This section can be done independently of 
the main body of the lesson. Pascal's trian
gle is interesting for its own sake, as a 
mathematical object that is rich with pat
terns and a good context in which to 
review many ideas of thi s course. 

However doing it in the context of the 
Mad Probabilist's walk helps show its con
nection with coin tossing experiments, 
thereby giving the triangle more real-world 
relevance. 

Roblem 21 reviews the ideas that led to 
problem 16. 

Roblem 22 reviews triangular numbers, 
which were seen in Chapter 1, Lesson 11, 
and Chapter 5, Lesson 9. 

Roblem 23 reviews problems 7-9, and, 
more generally, powers of 2 that appeared 
in Chapter 2, Lesson 5; Chapter 5, Les on 
9; Chapter 7, Lesson 9; and Chapter 8, 
Lessons 5 and 9. 

Roblem 24 reviews the Fibonacci 
sequence, previously encountered in 
Chapter 2, Lesson 6. 

11.7 S 0 L U T I 0 N S 

20. Answers will vary. 

21 . To get a number in the current row, 
add the number directly above in the 
previous row to the number to the left 
in the previous row. The next row is: 
1, 9, 36, 84, 126, 126, 84, 36, 9, 1. 

22. The differences between terms form 
the arithmetic sequence: 2, 3, 4, 5, ... 
etc. 

23. The sums are powers of 2. 

24. Fibonacci sequence 

25. Reports will vary. 



T 11 .8 
Unit Conversion 

Core Sequence: 1-16 

Suitable for Homework: 8- 16, 19-25 

Useful for Assessment: 5, 7, 9, 12, 14 

What this Lesson is About: 

• Unit conversion 

• Review of proportions 

• Review of direct variation 

• Application of reciprocals 

• Review of solving systems 

You may start this lesson with a di scussion 
of how quickly students can run, kip, 
walk backward , etc., in mile per hour. 
The di cussion will probably lead to some 
of the i ues addressed in thi lesson. If 
you do problem 17 you wi ll know the 
answer! 

R oblem l is intended to remind tudent 
about implifying fraction by cancelling, 
a key idea in this lesson. 

TWO RULERS 

Thi appear to be an extension of the 
two-ruler problem from Chapter 5, 
Le on l. However it is quite different 
mathematically. 

In problem 2, students should see a direct 
variation relation hip (though they may not 
remember the e term ). However, Alice's 
table i a little mi leading becau e of the 

I'IUII{ii!MI ·. • • • • 

graph paper .... D 
I. Find the missing numerator and denomina

tor in each equation. (You should be able 
to solve mo t of these without multiplying 
or dividing.) Compare your answers with 
other students' answers. 

2 5 6 2 
a. 3 · 7 '[:( 3 

b. ~ ·1'·6= ~ 
c. 2. . !.:!.~ .~=2. 

12 II 5 0 II 

d. ~ . ~ . ~ . ~ ·8= ~ 
e. ~ . ~ . 2 . l . = l 

7 X 6 0 X 

f. ". .~.~ =~ 
b a O y 

TWO RULERS 

Alice had a new ruler. Oliver ugge ted he 
measure it with another ruler, as in this figure. 

Alice's ruler 

10 I 2 3 4 5 61 
~ ,, ~ ~ , ~ 1 e' ' '~ '' 1b ''1k '' 1h ,, 

Oliver's ruler 

Oliver and Al ice had to write about functions 
for algebra. They decided to u e the ruler as a 
way to get tables of x- and y-values. Here are 
the tables they got from the ruler setup. 
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Alice Oliver 

X y X y 

2.5 0.4 

5.1 1 0.8 
--< 

7.6 1.2 

2. Describe the pattern for the number in 
each table. 

3. What do you think the units of each 
ruler are? 

4. Write a function of the type y = an expres· 
sion in terms of x for each table. (Because 
of measurement error, this may have to be 
an approximation.) 

5. ._ If you were to graph these functions, 
explain why the graph would 

a. be a line; 

b. pass through the origin. 

6. According to an almanac, I inch = 2.54 
centimeters, exactly. Using that informa
tion, what is the exact length of a centime
ter, in inches? 

When converting inches to centimeters, we 
multiply by 2.54. When converting centimeters 
to inches, we multiply by 1/2.54. As you can 
see from the equations, this conversion of units 
involves direct variation. 

I Definition: In the case of unit conver ion, 
the proportionality constant (the number you 
multiply by) is called the conversion factor. 

Chapter II Interpreting Ratios 
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1. a. 7/5 
b. 7,5 
c. 5/14 
d. 8/1 
e. 4 
f. X, y 

2. Alice: y is approximately 2.5 times x 
Oliver: y is approximately 0.4 x. 

3. Alice's ruler is in inches. Oliver's is in 
centimeters. 

4. Alice: y = 2.5x Oliver: y = 0.4x 

5. These functions are of the form 
y = mx, so they will be lines through 
the origin. 

6. 1 centimeter = (1 /2.54) inches 



Conversion factors have units. For example, 
the conversion factor from inches to centime
ters is 2.54 em/in. 

7. .... What is the conversion factor from 
centimeters to inches? (Include its unit.) 
Explain. 

\1llli1Pl 'lr\(. "' ()"Jf 

When converting a quantity from one unit to 
another, the way the quantity is measured is 
changed, not the amount of it. We can think of 
the conversion factor as having the value I. 

I Example: Two miles are how many feet? 
. 5280 feet 

2 nules • 1 mile = 10,560 feet 

The conversion factor is 5280/1 and its units 
are feet/mile. Since 5280 feet = I mile, the 
numerator equals the denominator in the frac
tion, so we can think of this conversion as 
multiplying by a form of I. To make the units 
work out, we multiplied by feet and divided 
by miles. 

In problems 8-10, when writing a conversion 
factor, include its unit. 

8. a. What is the conversion factor used to 
convert feet to miles? 

b. Mount Everest, the world's tallest peak, 
is 29.028 feet high. How many miles is 
that? 

9 ..... 
a. What is the conversion factor used to 

convert seconds to minutes? 
b. What is the conversion factor used to 

convert minutes to seconds? 
c. How are the answers to (a) and (b) 

related? Explain. 

10. Convert 1000 inches to: 
a. feet; b. miles; 
c. meters; d. kilometers. 

11.sT 

1\\0 \HI' C 0'\ I W\10"<\ 

In science, speeds are sometimes given in feet 
per second. To convert feet per second to miles 
per hour, there are two steps: 

• Convert feet to miles. 
• Convert seconds to hours. 

The steps can be combined: 
feet I mile 3600 seconds miles 

second ' 5280 feet ' I hour = hour 

We chose the conversion factors in order to 
divide by feet and multiply by seconds so that 
those units did not appear in the final answer. 

11. Convert the speed of sound in cold water 
( 4938 feet per second) to miles per hour. 
Show your calculations. 

12 ..... To convert feet per second to miles 
per hour, what single number could you 
multiply by? Explain how you obtained 
this conversion factor. 

13. Find the conversion factor between each 
of these common measures of speed. Show 
all your work. Summarize your results in a 
table like this one. Give approximations to 
the nearest thousandth. (Note: m/sec 
means meters per second.) 

To: 
milhr kmlhr m/sec ft/sec 

14 ..... In your table. find pairs of numbers 
that are reciprocals of each other. Explain 
why they should be reciprocals. 

Jl.8 Unil Conversion 419 A 

measurement error. You will need to dis
cuss this in detail, because it forces the 
answer to problem 4 to be merely an 
approximation. 

Problem 6 is the first of several in this les
son that revolve around the fact that to 
make a unit conversion in the opposite 
direction, the needed conversion factor is 
the reciprocal of the original one. 

MULTIPLYING BY ONE 

TWO-STEP CONVERSIONS 

The most common error students make in 
conversion problems is multiplying instead 
of dividing - or in the language of this 
lesson, multiplying by the reciprocal of the 
correct conversion factor. The key idea of 
the canceling of units should help reduce 
this kind of mistake. 

This is material that is usually taught at the 
beginning of science courses. As applica
tions of mathematics take a greater and 
greater role in our classes, it is necessary to 
increase the focus on topics such as this 
one. Science teachers will be grateful. 

Problem 13 is a substantial one, as it 
involves 16 answers, 12 of which are not 1. 
Be aware of this when assigning 
homework. 
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7. (1/2.54) inches per centimeter 

8. a. 1 miles 
5280feet 

b. about 5 and 1/2 miles 

9 1 minute 
· a. 80 seconds 

b. 80 seconds 
1 minute 

c. They are reciprocals. Both the 
units and the numbers are 
reciprocals. 

10. a. 83.33 
c. 25.40 

b. 0.0158 
d. 0.02540 

11. 4938 feet • 1 mile • 3600 seconds 
1 second 5280 feet 1 hour 

= 3366.82 mph 

12. The single number is 3600 = 0.682, 
5280 

as can be seen from the above 
calculations. 

13. To: 

milhr kmlhr rnlsec ftlsec 

milhr 

.. kmlhr 

! rnlsec 

ftlsec 

I 

0.621 

2.237 

0.682 

1.609 

I 

3.600 

1.097 

0.447 1.467 

0.278 0.911 

I 3.281 

0.305 I 

14. Reciprocals: 0.621 and 1.609, 0.447 
and 2.237, 0.682 and 1.467, 0.911 
and 1.097, 0.305 and 3.281, 3.600 
and 0.278. When the units are 
reciprocals, so are the numbers. 
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D oing one of problem 17- 18 will help 
make thi s lesson more relevant to tudent . 
There are a number of challenge , such a : 

• How to measure out the di tance. We ' ve 
used a tailor' measuring tape, but there 
may be better ways. 

• How to time both departure and arri val. 
We've used topwatches, tho e fou nd on 
student wri t and tho e borrowed fro m 
coache . We' ve stationed a student wi th 
a topwatch at the finish line, and an 
a istant at the start, who ignals to the 
timer when to start the stopwatch. 

onm• SOLVING SYSTEMS 

A routine rev iew of sy tern of linear 
equation . 

T11.s 

15. se your table to convert 

a. the peed of light (299,792,500 m/ ec) 
into miles per hour; 

b. the speed of ound in cold ai r ( 1,088 
ftlsec) into miles per hour. 

16. A fas t mnner can run a mile in four min
utes. How fast is that in miles per hour? 

olve each system. Check fir t to see if you 
can tell that the y tem has no olution or an 
infi nite number of solutions. 

{ 2x + 6 = 3y 
19· 4y= 12-3x 

{ -m - b = 25 
20· -m + b = 13 

{ 2r + 2s = 60 
2 1. r -2s= 5 

A, 420 
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17.iliiiZ!lW Find out how fast student in your 
clas walk, skip, run, move backwards, 
etc., by timing how long it takes them to 
cover a measured di tance. Conven the 
speeds to miles per hour. 

lS.iliiiZ!lW Find out how fast car drive on a 
nearby treet or road, by timing how long 
it takes them to cover a measured di tance. 
Convert the peed to mile per hour. 

22 {2m + 11 =- I 
· m + 3n = - 18 

{ r -s= I 
23· r + 3s = - II 

3x + 5Y = 4 { 
2 2 

24· X- 2y = 5 

y =?(X- 8) { 
3 

25. y- 4 = ~(x + 6) 

Chapter I I Interpreting Ratios 
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15. a. about 670,635,823 miles per hour 
b. about 742 miles per hour 

16. 15 miles per hour 

19. X = 12/17 y = 42/17 

20. m =-19 

21 . r = 65/3 

22. m = 3 

23. r = -2 

24. X = 75/13 

25. No solution 

b = -6 

s = 25/3 

n = -7 

s = -3 

y = 5/13 



~11!@91@(~ 11.8 Calibrating a Speedometer 
_WR/rtN~ 

You can check the acc uracy of a car's peed
ometer by using a stopwatch and the mile 
markers on a highway. The dri ver should 
maintain a steady speed while a pas;enger u;e 
a stopwatch to time the travel ti me between 
mile markers. Th is travel time tells you the 
number of econds it takes you to go one mile. 
which you can convert to miles per hour. 

1. Convert 0. 123 hour> to minute> and 
seconds. 

2. Convert 4.567 hours to hours. minutes, 
and seconds. 

3. A car is trave ling at 55 mile; per hour. 
a. What fraction of an hour does it take to 

go one mile' 
b. How many minu tes and seconds does it 

take to go one mile' 
c. How many seconds does it take to go 

one mile' 

4. How woul d you convert 
a. miles per hour to miles per second' 
b. miles per second to miles per hour' 
c. miles per second to seconds to go 

one mile? 
d. seconds to go one mile to miles per 

second ' 

5. If it takes you 65 seconds to go one mile. 
how many miles per hour are you go ing? 
Explain how you fig ured thi ., out . showing 
calculati ons. 

6. Descri be a general strategy for convert ing 
seconds per mile to mile> per hour. 

11.8 Calibrating a Speedometer 

7. Make a table like thi s one to help people 
check their speedometers. 

Seconds between 
mile markers 

8. a. Graph the orde red pa ir'> in the table you 
made. 

b. Let y stand for the speed in mi/hr. and x 
stand for the number of seconds 
between markers. Write an equation 
relating x and y. 

Say that the person in charge of timing can be 
off by one second in starting the stopwatch. 
and one second in stopping it. 

9. What i; the max imum error in using the 
table, resulting from the inacc uracy in 
timing? 

10. If. instead of measuring the time to go one 
mile, you mea;ure the time to go four 
mile; and use the ave rage one-mile time. 
what is the max imum error? 

tt. lliiE!lii Write an ex planati on fo r the gen
eral public of how to check the acc uracy 
of a speedometer. Include your table. some 
illustrations, and an explanati on of what to 
do to get an exact answer between values 
given in the tab le. 

421A 

rh@l91~~ 11.8 Calibrating a 
w R I r 1 N G Speedometer 

Core Sequence: 1- 11 

Sui table for Homework: 6-11 

• Unit conver ion 

• Appli cation o f reciprocal 

• Application to automobiles 

Some of the key idea in thi s le on were 
previewed in Chapter 8, Le on 12. 

R ·oblems 1-2 are not very difficult, but 
tudents may need ome help. ome ca lcu

lators have a built- in function to do th i 
conversion, but it ' probably best to ignore 
it. If students want to u e it, let them figure 
out how, and teach others. Your empha is 
hould be on helping tudent apply the 

ideas of L e on 5 to thi slightl y different 
ca e. 

R·oblems 3-5 guide students th rough the 
process they w ill need to apply in thi s les
son. Doing them in cl as will allow you to 
be ure the student are ready to tackle the 
re t of the assignment at home. 
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1. 7 minutes, 22.8 seconds 7. 
cconds 

2. 4 hours, 34 minutes, 1.2 seconds b Ch\ CCil 

mile markers 
3. a. 1/55 hours per mile 

b. about 1 minute, 5.5 seconds 45 

c. about 65.45 seconds 50 

4. a. divide by 3600 
b. multiply by 3600 

55 

60 

c. take the reciprocal 65 

d. take the reciprocal 70 

5. First take the reciprocal to get 
1 mile . Then multiply by 3600: 

75 

80 

65 seconds 85 

1 mile • 3600 seconds = 55.4 mph 
65 seconds 1 hour 

6. Take the reciprocal to convert sec-
onds/mile to miles/second. Then mul-
tiply by 3600 to convert miles/second 
to miles/hour. A shortcut would be 
just to divide 3600 by the number of 
seconds to go one mile. 

peed in 
rni/hr 

80 

72 

65.5 

60 

55.4 

51.4 

48 

45 

42 

8. a. 100 

90 

80 
J:: 
0. 70 
E 
c 60 
-o 50 Q) 
Q) 

40 0. 
en 

30 

20 

10 

0 

. . 

0 10 20 30 40 50 60 70 80 90100 

Seconds Between Mile Markers 

Y= 3600 
b. X 

9. Look at the extremes in the table, 
and figure out what the estimated 
speed would be if your measurement 
were 2 seconds off: 

(Solutions continued on page 529) 



~ Essential Ideas 

( Rf\lf IJI( l (A\IL\ 

I. Find each sum. 

I (')' (')·' a. 2 + 2 + 2 

b I (')' (')' (')' ' 2+2 +2 +2 

I (')' (')·' (')' (')' c. 2 + 2 + 2 + 2 + 2 

I (')' (')' (')" d. 2 + 2 + 2 + ... + 2 

2. This sum goes on for ever. (We call it an 
infinite series.) Use the pattern you found 
in problem I to estimate the sum of this 
infinite series. 

I (')' (')' 2+2+2+ ... 

3. Estimate the sums of these infinite series. 

a. } + (})' + (})' + .. . 

b. ~ + W' + W' + .. . 

c. ± + W' + W' + .. . 

(Assume that k is a positive integer.) 

(,f (l\\1 fill( '-lf<}l lf '(I\ 

4. Some of the following sequences are geo· 
metric; find their common ratio. Some are 
arithmetic; find their common difference. 
a. 2/3. (2/3)2• (213)3, (2/3)4 .... 

b. 1/3, 4/3. 7/3. 10/3, ... 

c. 10. 10/8. 10/64. 10/512 . ... 
d. I 0. 80, 640. 5120, .. . 
e. 113, 8/3, 64/3. 512/3 . .. . 

5. Find the sum of the first 50 terms for the 
sequences in problems 4a and e. 

6. Two of the sequences in problem 4 are 
such that if you add the entire infinite 
sequence. the sum converges to a finite 
number. 

a. Explain how you can tell which 
sequences they are. 

b. Find the sum they each converge to. 

The brothers Able and Earl inherited from 
their father an acre of land, which they divided 
equally. Each brother willed his land to his 
family. Able's family was large, and Earl's was 
small. Able's family needed more land, so they 
bought 40% of the land belonging to Earl's 
family. In the next generation. Able's family 
again bought 40% of Earl's family land. This 
continued for several generations. 

7. Copy and and extend this table to show the 
amount of land owned by each family up 
to the eighth generation. 

Generation 

L 

Able's land Earl's land 

o.s I 
--- - - -j 

--~--,__ - L 
0.5 

0.3 

8. Study the data. At this rate. will Able's 
family ever own the whole acre? Explain. 

l>f(l\\\1 ... ,,[),~\( )1(),, 

9. Write as a fraction. 
a. 0.21 
b. 0.321 
c. 0.321 

Chapter II lnttrprtting RDtio1 
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1. a. 0.875 
b. 0.9375 
c. 0.96875 
d. 1 - (1/2f 

2. As n gets larger and larger, (1/2)n 
approaches 0, so 1 - (1/2)n 
approaches 1. 

3. a. 3/2 
b. 4/3 
c. 1/(1 - 1/k) = kl(k- 1) 

4. a. geometric r= 213 
b. arithmetic d = 1 
c. geometric r= 1/8 
d. geometric r = 8 
e. geometric r= 8 

5. a. Use the pattern found in Lesson 1. 
The sum is [a(1 - rn)/(1 - r)]. In 
this case, a is 213, r is 213, and n is 
50. The sum is approximately 2. 

b. In this case, the sum does not 
converge. Using the formula, 
a= 1/3, r= 8, and n =50. The 
sum is approximately 6.79 • 1043• 

6. The sums of (a) and (c) will 
converge. They are geometric 
sequences with r < 1. The sum of 
the sequence in (a) converges to 2. 
The sum of the sequence in (c) 
converges to 80/7. 

7. Generation Able's land Earl's land 

I 0.5 0.5 

2 0.7 0.3 

3 0.82 0.18 

4 0.892 0.108 

5 0.9352 0.0648 

6 0.96112 0.03888 

7 0.97667 0.023328 

8 0.986003 0.0139968 

9 0.99160192 0.00839 

10 0.994961 0.00503885 

8. In theory, he won't. In practical 
terms, Earl's share will eventually be 
so small that Able might as well own 
the whole acre. 

9. a. 21/99 
b. 3/10 + 21/990 = 318/990 
c. 321/999 



10. Find whole numbers p and q such that: 

a. 0.45 < plq < 0.46 

b. 0.4 < plq < 0.45 

PRIME FACTORIZATION 

11. Explain why the square of an even number 
must be a mu ltiple of fo ur. 

12. Explain why the square of an odd numbe r 
must be odd . 

13. Explain why the double of an odd number 
is an even number, but not a multiple 
of four. 

lATIIC E POINTS 

Imagine that you are standing at the origi n, and 
that you cannot see lat ti ce points that are hid
den behind other lattice points. For example, 
you cannot see (2, 2) because ( I , I) is in the 
way. Let us call ( I, I) visible and (2, 2) hidden. 

14. List three visible lattice poi nts and three 
hidden ones . Ex plain . 

15. By looking at its coordinates, how can you 
tell whether a lattice po int is visible? 

16. Gi ve the equation of a line that inc ludes no 
lattice points except the origin . 

17. 0 G ive the equation of a line that includes 
no lattice poi nts at all. 

18. CJ Which line on an 11-by- 11 geoboard 
contains the greatest number of visible 
lattice points? 

GAMES AND PROI!ABILITY 

19. lf you choose a letter at random from the 
alphabet, what' s the probabi lity that it ' s a 
vowel? 

20. If you choose a month at random, what's 
the probabili ty that its name 

a. begins with J? 
b. contai ns an R? 

• Essential Ideas 

10. Answers will vary. Sample answers 
are given . 
a. 455/1000 b. 445/1000 

11 . An even number has at least one 
prime factor that is 2. Therefore, its 
square has at least two prime factors 
of 2, so it has a factor of 4. 

12. The prime factorization of the odd 
number has no factors of 2. 
Therefore, its square wi ll have no 
factors of 2. 

13. An odd number has no prime facto rs 
of 2. If we multiply it by 2, it has only 
one factor of 2. Hence it must be 
even , but it is not a multiple of 4. 

14. Answers will vary. Sample answers 
are given . 
Visible: (2, 5) , (3, 8) , (7, 11) 

• 
21. Assume that you draw one card from an 

ordinary deck of 52 pl aying cards. What 's 
the probability that you draw 

a. a 7? 

b . a heart? 

c. a 7 or a heart? 

d. a 7 of hearts? 

22. Which game, if e ither, is fa ir? Explain . 

a. Roll a pair of dice and multiply the 
numbers on the uppermost faces. If the 
product is 18 or greater, Player A wins. 
If the product is less than 18, Player B 
wins. 

b. Toss three coins. If the number of heads 
is even, Player A wins. If it is odd, 
Player B wins. 

c. (j Repeat part (b) for six coins. 

UNIT ( ON\'fRSION 

23. G iven that I pound is approx imate ly 454 
grams, I kilogram is approx imate ly how 
many pounds? 

24. Find conversion factors for converting the 
fo llowing measurements. (Note : Even 
though these problems look different , 
you can use the technique you learned 
in Lesson 8. Remember that in? means 
in. · in .) 

a. in 2 to ft2 b. ft2 to in .2 

25. The density of water is approx imate ly 
I gram/cm3. What is it in pounds/ft 3? 
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Hidden: (6, 8) , (4, 6), {1 00, 200) 
For an explanation, see #15. 

15. The point (p, q) is visible if and only 
if p and q are relatively prim e. 

16. The line y = .f2x contains no lattice 
points except the origin . 

17. The line Y= .f2x + .f2 passes th rough 
no lattice points. To convince your
self of this , substitute any whole 
number n for x. You will find that 
y cannot also be a whole number: 
y = .f2n + .f2 = .f2(n + 1 ). This could 
on ly be a whole number if .f2 was a 
fraction with a denominator that was 
a factor of n + 1. Since .f2 is 
irrational, that is impossible. 

18. Every lattice point on the geoboard 
line x = 1 is visible, since the fraction 
k/1 is in lowest terms for any k. Other 

lines with many visible points are 
lines with equation x + y = p, where 
p is a prime number. This is true 
because k/(p - k) is in lowest terms 
for any k if 0 < k < p. On the 
geoboard , the line of this type with 
the most visible points is x + y = 11 . 
The x + y = p lines stand out if all 
visible points are marked on a graph 
of the first quadrant. 

19. 5/26 

20. a. 1/4 

21 . a. 7/52 
c. 16/52 

b. 8/12 

b. 4/52 
d. 1/52 

22 . a. Not fair . Th is can be seen by look
ing at the table of two dice 
products in Lesson 11 .5. 

(Solutions continued on page 529) 

-
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Chapter 12 
MATHEMATICAL MODELING 

Overview of the Chapter 

T his chapter concentrates on mathematical 
modeling in the sense of the use of func
tions and families of functions as models 
for real-world phenomena. This is of 
course an essenti al application of algebra 
throughout science and technology. There 
are almost no radically new ideas in the 
chapter. Instead, we rely heavil y on con
cepts that have been developed previously. 
The chapter serves as an opportunity to 
rev iew many key ideas in the course, by 
applying them. 

1. New Uses for Tools: 

• Cartesian graphs to model motion 
problems 

2. Algebra Concepts Emphasized: 

• Dependent and independent 
variables 

• Di rect and inverse variat ion 
• The effect of parameters in a 

formula 
• Recognizing functions fro m data 

points 
• Average speed 
• Iterating linear functions 
• Recurrence equations 
• Fixed points 

CHAPTER 

The spiral coi ls of car springs 

Coming in this chapter: 
®Hftliiffflj By measUJing people' s feet and asking for their shoe 
size. find a formula relating foot length. in inches. to hoe size. 

a. for men; 
b. for women. 



MATHEMATICAL MODELING 

12.1 The U.S. Population, 1890-1990 

12.2 The Median-Med ian Li ne 

12.3 Safe Driving 

12.4 Mathematical Models in Sc ience 

12.A THINKING/WRITING: 
Equations from Data 

12.5 Modeling Motion 

12.6 Gearing Up 

12.7 Iterating Linear Functions 

12.8 Representing Functions 

12.8 THINKING/WRITING: 
V-Shaped Graphs 

• Essential Ideas 

3. Algebra Concepts Reviewed: 

• Exponenti al and linear growth 
• The midpoint of growth 
• Linear functions 
• Constant product 
• Constant ratio 
• Slope and magnification 
• Foci in function diagrams 
• Simultaneous equations 
• Domain and range 

4. Algebra Concepts Previewed: 

• Convergence 
• Families of functions 
• Absolute value graphs 
• Radical expressions involving 

variables 

5. Problem-Solving Techniques: 

• Using equations 
• Using graphs and function diagrams 

6. Connections and Context: 

• The importance of assumptions 
when choosing a mathematical 
model 

• Extrapolating and interpolating 
• Fitting a line to data 
• Uses and limits of mathematical 

models 
• Public safety 
• Linear functions and equations 

in science 
• Interpreting graphs 
• Data from experiments 
• Gears 
• Unit conversion 
• Circumference of a circle 



T 12.1 
The U.S. Population, 1890-1990 

Core Sequence: 1-9, 13-19 

Suitable for Homework: 1-4, 13-19 

Useful for Assessment: 9-10, 12, 16, 18 

What this Lesson is About: 

• Review of exponential and linear growth 

• Review of the midpoint of growth 

• The importance of assumptions when 
choosing a mathematical model 

• Extrapolating and interpolating 

This lesson reviews the work on linear and 
exponential growth, from Chapter 2, 
Lesson 5; Chapter 7, Lesson 8; and several 
lessons of Chapters 8 and 9. 

This lesson uses some very informal 
approaches to mathematical modeling. 
Comparisons between actual data and 
numbers obtained from a model illustrate 
the importance of careful examination of 
assumptions underlying any mathematical 
model. It provides motivation for the 
somewhat more sophisticated approach 
presented in the next lesson. 

If you have access to computers with 
spreadsheet software (including graphing 
capabilities), you may use this lesson as an 
opportunity to teach your students how to 
use this powerful tool. In fact any software 
that allows for convenient calculations of 
tables and graphing of data could be used. 

Otherwise, be sure to have students work 
in groups, at least for problems 5-11 , 
because the large amount of work involved 
in building the tables and graphs would be 
tedious otherwise. 

EXAMINING DATA 

It would be a good idea to assign problems 
1-4 for homework as preparation for this 
lesson. 

Students can ask parents or history teach
ers for help with problem 2. Population 
growth reflects the birth rate, the death 
rate, immigration, and emigration. All are 
subject to historical variations. 

If possible, problem 5 should be done on 
poster-size graph paper, or on graph paper 
transparencies, to facilitate whole-class 
discussion of the results. 
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The Bureau of the Census conducts a census 
every ten years, as required by the U.S. 
Constitution. Census results are now used for 
many purposes, but their original purpose was 
primarily to determine how many seats each 
state would be allocated in the House of 
Representatives. As population patterns 
change, these seats are divided up differently 
among the states. Here are some census results 
from 1890 through 1990. 

Census Table 

Year Population #increase %increase 

1890 62,979.766 12,790,557 25.5 

1900 76,212,168 13,232,402 21.0 

1910 92,228,496 16.016,328 21.0 

1920 I 06,021 ,537 13.793,041 15.0 

1930 123,202,624 17, 181.087 16.2 

1940 132,164,569 8,961 ,945 7.3 

1950 151,325,798 19,161 .229 14.5 

1960 179.323, 175 27.997,377 18.5 

1970 203,302,031 23.978,856 13.4 

1980 226,545,805 23,243,774 11.4 

1990 248,709,873 22, 164,068 9.8 

EXAMINING DATA 

1. Use the information given to estimate the 
1880 population. 

.A, 426 

1. 62,979,766 - 12,790,557 = 
50,189,209 

2. Answers will vary. 

3. a. The smallest increase was in 
1930-1940 (8,961,945 people). 
The largest increase was in 1950-
1960 (27,997,337 people). 

b. The smallest percent increase 
was in 1930-1940 (7.3%). The 
largest percent increase was in 
1880-1890 (25.5%). 

4. a. 248,709,873- 62,979,766 = 
185,730,107 

b. 185,730,107/62,979,766 = 2.949 
The percent increase was almost 
295%. 

2. Write a paragraph describing anything 
interesting you see in the data. What fac
tors affect population growth? Can you 
think of historical events that might be 
associated with periods of low or high 
growth rates? 

3. Over what ten-year period was 

a. the number increase the smallest? 
The largest? 

b. the percent increase the smallest? 
The largest? 

4. From 1890 to 1990, what was the overall 

a. number increase? 
b. percent increase? 

5. Using a large piece of graph paper, make 
a graph of the population as a function of 
time. You will add to this graph when you 
do other problems in this lesson. Choose 
the scale carefully. 

6. Approximately when did the population 
reach its halfway point between 1890 and 
1990? Explain how you calculated this, 
and show the point on your graph. Is the 
halfway point in population before or after 
the halfway point in years? 

MAKING PREDICTIONS 

If you had lived in 1890 and wanted to predict 
the population of the United States in 1900 
and 1990, you might have assumed that the 
increase for every future ten-year period would 
be the same as it had been in the ten-year 
period from 1880 to 1890. (We will call 1880-
1890 the base period.) 

Chapter 12 MalhetrnJJical ModeUng 
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6. Answers will vary. Students have 
learned how to find the halfway point 
for linear or exponential growth. 
However, it is not clear which (if 
either) assumption is appropriate 
here, and students will assume that 
"halfway'' in this case refers to the 



7. For each assumption below, make a table 
showing what the population would have 
been in each decade. 

a. The number increase in each decade 
was the same as in the base period. 

b. The percent increase in each decade 
was the same as in the base period. 

8. In this problem, add to the graph you made 
in problem 5. Use a different color for 
each set of data. 
a. Graph the data in your table from prob

lem 7a. Write a description on your 
graph telling what assumption was used 
to obtain the numbers. 

b. Repeat part (a) for the data in your table 
in problem 7b. 

9. ..... Compare the three graphs. 
a. Which of the two assumptions in prob

lem 7 gave a closer prediction of the 
population in 1900? How close was 
each estimate? 

b. Which predicted the population in 1990 
more accurately? How close was each 
estimate? 

Say you were li ving in 1940, had access to the 
data for the period 1890- 1940, and wanted to 
predict the population for 1950 and 1990. 

10. a. Why might you not want to use the 
growth from 1930 to 1940 to help you 
make the predicti on ? 

b. What number might you choo e 
instead to model a constant number 
increase? What about a constant 
percent increa e? 

11. Repeat problem 7, starting with the 1940 
population and using the number you 
chose in problem I 0. Do you get 
better predictions? 

12.1 The U.S. Population, 1890-1990 

12.1 

12 . ..... Predict the population of the U.S. in 
the years 2000 and 2040. Explain how you 
arrive at your numbers. 

ESTIMATING MISSING DATA 

It is very expensive to conduct a census of the 
entire population, and it cannot be done every 
year. However, census data can be used to esti
mate the population in other years . 

13. Use the 1940 and 1950 data to estimate the 
population in 1945 assuming 
a. linear growth ; 

b. exponential growth . 

14. Use the 1930 and 1950 data to estimate the 
population in 1940 assuming 

a. linear growth ; 

b. exponential growth . 

15. Use the 1890 and 1990 data to estimate the 
population in 1940 assuming 

a. linear growth; 

b. exponential growth . 

16 . ..... Compare your answers to problems 
14 and IS. Did you get closer to the actual 
1940 population using 

a. the 1930 and 1950 data or the 1890 and 
1990 data? 

h. the linear model or the exponential 
model? 

EXAMIN ING ASSUMPTIONS 

Definitions: When we know data points 
and use them to determine data values 
between those points, the process is called 
interpolation. When we know data points 
and try to use them to predict data values at 
a later or earlier time, the process is called 
extrapolation. 

427 ... 

MAKING PREDICTIONS 

R oblems 7-9 show that both assumptions 
are reasonably accurate in the short run . 
However, in the long run , the exponenti al 
model overe timates and the linear model 
underestimates. 

(In fac t the graph for problem 8b is likely 
to go off the page. You may have the stu
dents extend the page upward , or just not 
graph the last points.) 

If you want to get further in thi djscu -
sion, you can assign problems I 0- 11 . 
Clearly, from the vantage point of 1940, 
the growth in the last decade seemed 
abnormally low, o one would look fo r 
other number to use in making forecasts. 
Some possibilitie are to use the mean or 
the median of the growth in the prev ious 
two or three decades, going all the way 
back to 1890. If different groups use differ
ent possibilities, it would be interesting to 
compare the accuracy of their results. 

For problem 12 a good predi cti on would 
take into account the persistent dropping of 
both the numerica l increase and the percent 
increase since 1960. 

12. 1 S 0 L U T I 0 N S 

arithmetic mean, or average, com
puted as follows: (248,709,873 + 
62,979,766)/2 = 311 ,689,639/2 = 
155,844,820. The U.S. had this pop
ulation sometime between 1950 and 
1960. This was after the halfway 
point in years , which was 1940. 

7. See the table. 

Year #7(a) #7(b) 
Actual 

Population 

1890 62,979,766 62,979,766 62,979,766 

1900 75 ,770,323 79,039,606 76,2 12, 168 

1910 88,560,880 99, 194,706 92,228,496 

1920 101 ,35 1,437 124,489,356 I 06,02 1,537 

1930 11 4, 14 1,994 156,234, 142 123,202,624 

1940 126,932,55 1 196,073,848 132, 164,569 

1950 139,723, I 08 246,072,679 15 1,325,798 

1960 152,5 13,665 308,82 1,2 12 179,323, 175 

1970 165 ,304,222 387,570,62 1 203,302,03 1 

1980 178,094,779 486,40 1, 130 226,545,805 

1990 190,885,336 6 10,433,418 248,709,873 
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9. a. The assumption of constant 
number increase slightly under
estimated the population in 1900. 
It was off by 76,212,168 -
75,770,323 = 441 ,845. The 
assumption of constant percent 
increase gave an estimate that 
was farther off. It overestimated 
the population by 79,039,606 -
76,212,168 = 2,827,438. 

-
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ESTIMATING MISSING DATA 

In thi section, student will need to real 
ize that the assumption of linear growth 
corresponds to constant number increase, 
and the assumption of exponenti al growth 
corresponds to constant percent increase. 
This section also uses the idea of the mid
point of growth, which we saw in Chapter 
9, L esson 7. 

EXAMINING ASSUMPTIONS 

The mai n point of thi s lesson is that math
ematical models cannot be applied blindly. 
Careless or mechanical use of mathemati cs 
is no more accurate than random guessing 
and could be more dangerous, since i t 
claims scienti fi c va lid ity. M athematica l 
models can be a useful tool, but only in 
cases where they reall y make sense. 
Students wil l learn that long term predic
ti ons are more greatl y affected by inappro
priate a umptions. 

You can expect more f rom problem 18 if 
students have done problems 10-12. 

uiiW• LINE THROUGH TWO POINTS 

This problem rev iews an idea from 
Chapter 10 L es on 8, that will be needed 
in the next lesson. 

12.1 

17. Which of the problems in this lesson 
involved ex trapo lation? Which ones 
involved interpolation? 

It is important to examine assumptions when 
analyzing from data. People who analyze data 
often make incorrect projections and draw 
wrong conclusion because of making inappro
priate as umptions. 

IS.Iil!lm Write a report summari zing what 
you learned in this lesson. Your report 
should inc lude but not be limited to com
ments on: 

fjlifiUi LINE THRO UGH TWO POINTS 

19. Find the equati on o f the line through: 

a. (0, 0) and ( 12, 34); 

b. (5, 6) and (7, I I); 

c. (8 .9, - I 0) and ( 12.3, -4.3) . 
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• the suitability of the linear and exponen
ti al models as applied to the growth of 
the U.S. population during this century; 

• the va lidity of results from extrapolating 
and interpolati ng u ing these models; 

• a compari on of the accuracy of short
term and long-term predictions; 

• how ideas outside of mathematics can 
help improve the quality of a mathemati 
cal mode l. 

Chapter 12 Mathematical Modeling 
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b. The assumption of constant num
ber increase considerably under
estimated the population . The dif
ference between the estimated 
population and the actual popula
tion is 57,824,537. The assump
tion of constant percent increase 
drastically underestimated the 
population . The difference 
between actual and estimated is 
361 ,723,543. The percent error is 
145%. 

10. a. Th is decade was atypical , with the 
lowest growth rate in the 1 00-year 
period. 

b. Answers will vary. Students might 
use a mean or median of previous 
growth rates. 

11 . Answers will depend on the choice 
made in 10(b). 

12. Answers will vary depending on the 
assumptions made. 

13. a. linear growth: {132, 164,569 + 
151 ,325,798)/2 = 141 ,745,183 

b. exponential growth: 
h 32164569 . 151325798) = 
141 ,421 ,034 

14. a. linear growth : (123,202,624 + 
151 ,325, 798)/2 = 137,264,211 

b. exponential growth : 
h 23202624 . 151325798) = 
136,542,065 

15. a. linear growth : (62,979,766 + 
248,709,873)/2 = 155,844,820 

b. exponential growth : 
~62979766 . 248709873) = 
125,154,663 

16. a. The 1930 and 1940 data gave 
a close estimate. The estimate 
based on the linear assumption 
was off by 5,099,642, and the esti
mate based on the exponential 
assumption was off by 4,377,496. 

b. In both cases, the exponential 
model was closer. 

17. The problems in the section called 
"Making Predictions" involved extrap
olation. Those in the section called 
"Estimating Missing Data" involved 
interpolation. 

18. Reports will vary. 

19. a. Y= {17/6)x 
b. Y= (5x - 13)/2 
c. y = 1.68x - 24.92 



lESSON 

• The Median-Median line 
.~. ~~~ 

FITTING A LINE 

The table shows fuel efficiency data for 
28 automobiles equipped with manual 
transmission. 

Highway vs. City Mileage 

EPA Fuel Efficiency Data for 28 Cars 
wi th Manual Transmission 

Car 
miles per gallon 

City Highway 

Corvette 16 25 

Firebird 17 26 

Thunderbird 17 24 

Nissan 300ZX 18 24 

Subaru XT 18 25 

Stealth 19 24 

Saab 9000 19 25 

Sunbird 19 28 

Volvo 740 20 26 

Shadow 20 28 

Probe 21 27 

Sonata 21 28 

Nissan NX 22 28 

Colt Vista 22 29 

Celica 22 30 

Eclipse 23 32 

Accord 24 29 

Acclaim 24 34 

Capri 25 31 

Cabriolet 25 32 

12.2 The Median-Median Un e 

Car 
miles per gallon 

City Highway 

Impulse 26 33 

Geo Prizm 28 34 

Colt 5-speed 29 35 

Escort 29 36 

Sentra 29 37 

Colt 4-speed 31 36 

Civic CRX 32 36 

Tercel 33 37 

L Explain the meaning of the words city 
mileage and highway mileage. 

Can average highway mileage be predicted 
from average c ity mileage? A graph of high
way mileage versus city mileage shows that 
the data point s lie approximately in a straight 
line. In this lesson you will learn a formal 
method for fitting a line to data . You can then 
use thi s line to make predictions for other cars. 
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1. These have precise definitions used 2.-6. 
by the EPA when performing fuel 

40 
efficiency tests. Informally, city 
mileage refers to the number of miles 35 
the car gets per gallon when doing 30 
primarily city driving, and highway >: 
mileage refers to the number of miles ctS 25 ;:: 
the car gets per gallon when doing .c 20 Cl 

primarily highway driving. ;s 
15 Cl 

0. 
E 10 

5 

. . .. . • . . . . .. . . . • • 

5 1 0 1 5 20 25 30 35 
mpg (city) 
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The Median-Median Line 

Core Sequence: 1-18 

Suitable for Homework: 11-19 

Useful for Assessment: 8-12, 18-19 

What this Lesson is About: 

• Fitting a line to data 

• Interpolation and extrapolation 

• Uses and limits of mathematical models 

While Lesson 1 warned about the limits of 
mathematical models, this lesson shows 
that in some cases it is fairly easy to con
struct a reasonably accurate model for real
world data. Be sure to precede this Jesson 
with problem 19 in Lesson 1 to review 
finding the equation of a line. 

For many more ideas and activities on this 
topic, see the excellent book Exploring 
Data, by James M. Landwehr and Ann E . 
Watkins (Dale Seymour Publications, 
1986). 

FITTING A LINE 

The idea of fitting a line to data has been 
previewed in Chapter 4, Lesson 7; Chapter 
8, Lesson 1; and Chapter 10, Thinking/ 
Writing lO.B. 

The method presented here is easy 
to understand and apply. It is not as 
commonly used by statisticians as least 
squares regression, but it is sati sfactory at 
this level. Graphing calculators and com
puter software make it possible to fit a line 
to data automatically. Because of the 
"black box" nature of this capability, we 
prefer to use the median-median line, 
which gets the students directly involved 
with the data . 

At any rate, what is most important at this 
level is not the procedure for getting a line, 
but a discussion of when fitting a line is 
appropriate, and what the limits of such a 
model are. 

Students do not need to do problem 2 if 
you provide them with a copy of the graph 
on page 575. 

Roblem 7 uses a concept that was 
reviewed after Lesson 1. 

-
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EXAMINING THE MODEL 

This section is the heart of the lesson. In 
it, students must interpret the graph. At 
least problems 8- 10 should be done in 
class. 

R oblems 8-9: The slope of 1 indicates that 
this line is a constant difference graph. On 
average in thi s range, the highway mileage 
can be obtained from the city mileage by 
add ing a constant number, the one corre
sponding to the y-intercept. Note that in 
another sense, the y-intercept is meaning
less here, since there is no car wi th mileage 
zero miles per gallon in the city. 

/n problem 9, students may have trouble 
with the fact that the graph in the text has 
origin (15, 15). However the one in the 
back of the Teacher's Guide has origin 
(0, 0). As a result, the graph in the text 
cannot be used to find the y-intercept 
graphicall y. 

R oblem 10: Points that are above the fit
ted line represent cars for which the high
way mileage is greater than the city mile
age by more than seven miles per gallon. 

USING THE MODEL 

T his is straightforward. You may want to 
discuss the fact that in the vast majority of 
cases (if Cis the city mileage and H the 
highway mileage), we have 

C + 5 < H < C + 9. 

3. See the figure. 

4. (22, 29) 

5. (29, 35.5} 

6. See the figure. 

7. Answers will vary slightly. All should 
be quite close to H = C + 7. 

8. The slope is 1. It means that an 
increase of 1 mpg in city mileage cor
responds to an increase of 1 mpg in 
highway mileage. 

9. The y-intercept is about 7. This 
means that one can estimate the 
highway mileage by adding 7 to city 
mileage for the same car. 

10. Points above the line represent cars 
whose highway mileage is more than 
7 mph greater than the city mileage. 

'Y12.2 

2. On your own graph paper, make a full
page graph of the data. Your graph should 
have both scales starting at (0, 0). Use ver
tical lines to divide the data points into 
three approximately equal sets of points, 
as shown in the following graph. There are 
ten points in the fi rst set, eight in the mid
dle set, and ten in the third set. 
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Look at the first set of data points. In your 
table, thi s is (16, 25) through (20, 28). It is 
easy to see on the graph that the median of the 
x-values in this first set of points is 18.5, and 
the median of the y-values is 25. The median 
point is marked with a +. Five points are to 
the left of it and five to the right. Five points 
are below it, (or even with it), and five are 
above, (or even with it). 

3. Plot the point ( 18.5, 25) on your graph to 
show the medians of the x-values and 
y-values. Mark it with a +. 

4. Find the median of the x-values and the 
median of the y-values for the second set 
of points. Mark it with a +. 

5. Repeat for the third set of points. 

The three + 's do not all lie exactly on the 
same line, but we can find a line that is close 
to all of them . 
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If the point lies at least two points 
above the line, it represents a car 
for which there is at least a 9 mpg 
spread between city mileage and 
highway mi leage. These points lie at 
least two units above the line: 
(16, 25} Corvette 
(17, 26} Firebird 
(19, 28} Sunbird 
(23, 32} Eclipse 
(24, 34) Acclaim 

11 . Points below the line represent cars 
whose highway mileage is less than 
7 mph greater than the city mileage. 
If the point lies at least two points 
below the line, it represents a car for 
which highway mileage is at most 5 
mpg greater than city mileage. These 

6. Place your ruler next to the first + and the 
third +, as if you were going to connect 
them with a line, but do not draw a line. 
Instead, move your ruler slightly toward 
the second +, about one-third of the way. 
Then draw the line. 

7. Using two points on the line, fi nd its equa
tion. (Use points on the line, not actual 
data points - unless they happen to lie on 
the line.) 

The line for which you found the equation is 
called the median-median line. Its equation 
provides an approximate relationship between 
city and highway mileage for a given car . 

EXA\11 NING THE MODEL 

fiiUUUHij 

8. What is the slope of the fi tted line? What 
is its meaning in terms of thi s application? 

9. What is the y-intercept of your line? What 
is its meaning in terms of this 
application? 

10. Find two data points that are at least two 
units above the fi tted line. What cars do 
they represent? What does it mean for 
points to be above the fi tted line? 

11. Find two data points that are at least two 
units below the fi tted line. What cars do 
they represent? What does it mean for 
points to be below the fitted line? 

12. Find two data points that are exactly on 
the line, or very near it. What cars do they 
represent? What does it mean for points to 
be on or near the fi tted line? 

Chapter 12 Mathematical Modeling 

points lie at least two units below the 
line: 
(19, 24) Stealth 
(24, 29} 
(31 , 36) 
(32, 36} 

Accord 
Colt 4-Speed 
Civic CRX 

(33, 37) Tercel 

12. If a point lies exactly on the line, it 
represents a car for which the line 
will predict exactly the highway 
mileage from the city mileage. 
(17, 24) Thunderbird 
(21 , 28) Sonata 
(25, 32) Cabriolet 
(26, 33) Impulse 
(29, 36) Escort 
(22, 29) Colt Vista 
(18, 25) Subaru XT 



USIN(, THE MODEL 

13. Using your model (the equation of your 
fitted line), predict the highway mileage 
for a car that got city mileage of: 

a. 30 miles per gallon; 

b. 27 miles per gallon. 

14. For a city mileage of 26, what is the 

a. actual highway mileage based on the 
data? 

b. predicted highway mileage based on the 
fitted line? 

15. For a highway mileage of 28, 

a. what range of city mileages might you 
expect, based on the data? 

b. what city mileage would you expect, 
based on the fi tted line? 

EXTEND ING THE MODEL 

16. Use the equation of the fitted line to pre
dict highway mileage, if the city mileage 
is the following: 

a. 53 b. II 

17. Based on your model , what city mileage 
would you expect for highway mileage of: 

a. 58? b. 15? 

12.2 The Median-Median Une 

12.2T 

Car 
mi les per gallon 

City Highway 

Lamborghini 9 14 

Ferrari 10 15 

BMWM5 II 20 

Suzuki Swift 45 50 

Civic HF 49 52 

Geo Metro 53 58 

This table shows data for cars with very high 
and very low mileage. 

18 . .... 
a. Does you r model seem to work for very 

high and very low values? 

b. For what range of values does your 
model work well ? Explain. 

YOUR OWN DATA 

19.11iU!lW Collect your own data (at least 
twenty pairs of numbers), either from an 
almanac, newspaper, or magazine, or by 
surveying people you know. Graph the 
data. If the points seem to fall more or less 
in a line, find the median-median line and 
find an equation for it. In any case, write a 
paragraph about what you find out. The 
following are possible topics, but you may 
choose any two variables which are 
related. 

a. arm span vs. height 

b. weight vs. height 

c. height vs. shoe size 

d. points scored vs. time on the court 

e. hits vs. times at bat 
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In other words, almost all the data points 
are enclosed between two parall el une , 
one two units above and the other two 
units below, the fitted line. 

EXTENDING THE MODEL 

While thi s model is fairl y u eful and accu
rate, it works well only within the limits of 
the given data. It appears that for extreme 
values the difference may be less 
pronounced. 

YOUR OWN DATA 

This project will give the tudent a 
chance to apply their new skill to a di ffer
ent data set. 

I f more than one data point fall on the 
same point in the graph, it can be replaced 
by a number on the graph (e.g. , the number 
2 instead of a point would indicate two 
data points are in that spot). Or, the points 
can be displaced so al l can be seen. This is 
visuall y preferable, even though it is 
slightly less accurate. 

I f the data points do not eem to line up, it 
is meanjngless to fit a line. You may com
pare student data ets by looking at theLr 
graphs, and di cu sing which ones show an 
association between the two vari ables (an 
increase in x clearly leads to an increase or 
a decrease in y); and which ones do not (an 
increase in x leads to no recogni zable 
change in y). In the latter case, tudents 
hould not fit a line ! 

M ake sure students get a chance to hare 
their projects with the c ia . 

12.2 5 0 L U T I 0 N 5 

13. a. 37 
b. 34 

14. a. 33 
b. 33 

15. a. 19-22 
b. 21 

16. a . 60 
b. 18 

17. a. 51 
b. 8 

18. a. It works fairly well , but it slightly 
overestimates the highway 
mileage for all but one of the cars 
given. (See the table .) 

b. Answers will vary. It doesn't do a 
bad job of predicting in the entire 
range given , but it seems best in 
the range of 17-29 mpg for city 
driving . 

Miles per Ga llon 

Car City 
Actual Predicted 

Highway Highwa y 

Lamborghi ni 9 14 16 

Ferrari 10 15 17 

BMW M5 II 20 18 

Suzuki 
45 50 52 Swift 

Civic HF 49 52 56 

Geo Metro 53 58 60 
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.. 12.3 
Safe Driving 

Core Sequence: 1-16 

Suitable for Homework: 4-20 

Useful for Assessment: 7, 10, 15-16 

What this Lesson is About: 

• Direct and inverse variation 

• Application of algebra to public safety 

• The effect of parameters in a formula 

One of the purposes of this lesson is to 
develop the skill of using and interpreting 
formulas. It is one of the few places where 
we give a formula instead of having stu
dents derive it. 

Mathematically, the formula at the heart 
of the lesson involves three variables. By 
fixing one of the three, a function can be 
found that relates the other two to each 
other. 

You may discuss this lesson with a health 
or a biology teacher, to get more insights 
into how to lead a discussion of this life
and-death topic. 

A FORMULA 

This lesson shows how a single formula 
can embody both direct and inverse varia
tion, depending on which variable is fixed 
and which varies. 

L ESSON 

• Safe Driving 
~~~ 

liu:CI.ii!'::h· ~~~~: · · jil) · · · · · · ·: 
. . .................................. 

There is no safe way to dri ve after drinking. 
Alcohol reaches a person's brain very soon 
after it has been absorbed into the blood
stream, and it impairs vision, hearing, muscu
lar coordination, judgment , and self-control. 

A person can begin to show mild effects from 
drinking alcohol when the blood alcohol con
centration (BAC) is as low as 0.02%. Most 
people do not experience impaimnent until the 
BAC is about 0.05%, but each situation is dif
ferent. A person who is tired or sick, or has 
taken drugs or medicines, may ex perience 
impairment with a lower BAC. In any case, a 
BAC of 0.10% is very unsafe for dri ving. 

A FORMULA 

Blood alcohol concentration depends on many 
factors, but it can be estimated by using a per
son's weight and the amount of alcohol 
consumed, using this form ula. 

B = 7.6 ·A 
IV 

B = blood alcohol level, or BAC (i n %). 
A = alcohol consumed (i n ounces). 
W = body weight (i n pounds) . 

The number 7.6 in the fomnula was deri ved 
by taking into account physiological fac tors 
(such as the percentage of alcohol that will 
be absorbed into the blood) and conversion 
of units. 
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I Definition: We say that y is inversely pro· 
portional to x if the product of x and y is 
constant. Ex pressed algebraically 

xy = k or y = klx for some constant k . 

I. In the fomnula is B 
a. directly or inversely proportional to W? 

b. directly or inversely proportional to A ? 

2. Use the formula to estimate the blood 
alcohol concentration of: 

a. a !52-pound person who consumed one 
ounce of alcohol; 

b. a 190-pound person who consumed two 
ounces of alcohol. 

3. a. Solve the formula for W in temns of the 
other two vari ables. 

b. Use your equation to estimate the 
weight a person would have to be in 
order to have a blood alcohol concen
tration of 0.05 after drinking three 
ounces of alcohol. 

4. a. Solve the formula for A in temns of the 
other two variables. 

b. Estimate the amount of alcohol a per
son probably consumed if he or she 
weighed 170 lbs. and had a BAC of 
0.10. 

GRAPHING BAC vs. ALCOHOL 

The formula has three vari ables, so we cannot 
graph it on a two-dimensional Cartesian coor
dinate system. However, we can use two
dimensional graphs to study thi s problem by 
fi xing the value of one variable and graphing 
the resulting function. 

Chapter 12 Math ematical Modeling 
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1. a. inversely 
b. directly 

2. a. 0.05% 
b. 0.08% 

3. a. W= (7 .6A)IB 
b. W= 7.6(3)/0.05 = 456 pounds! 

4. (170 · 0.1 0)/7.6 = 2.24 or about 
2.25 ounces 

~ 



5. a. Substitute 152 for Win the formula to 
find the function that expresses how 
BAC depends on the amount of alcohol 
consumed for a 152-pound person. 

b. Make a graph of the function you wrote 
in part (a). Label they-axis BAC (o/o) 
and the x-axis Alcohol ( oz). 

c. Label your graph so people can see 
what it refers to. 

6. Repeat problem 5 for three other reason
able weights. Use the same axes for all 
four graphs. 

7. ,._ Describe the four graphs you drew. 
For a given body weight, is BAC directly 
proportional or inversely proportional to 
the amount of alcohol consumed? Explain. 

GRAPHING BAC vs. WE IGHT 

8. a. Substitute I for A in the form ula to find 
the function that expresses how BAC 
depends on weight for people who have 
consumed one ounce of alcohol. 

b. Make and label the graph of the func
tion you wrote in pan (a). 

9. Repeat problem 8 for three other amounts 
of alcohol (between two ounces and eight 
ounces). Use the same axes for all four 
graphs. 

10 . .... Describe the four graphs you drew. 
For a given amount of alcohol, does the 
BAC vary directly or inversely as the 
weight of the person? Explain . 

THE EFFECT OF TIME 

Alcohol does not stay in a person 's blood for
ever. The amount remaining as time passes 
depends on many factors. A rule of thumb is 
that 40 minutes after drinking, blood alcohol 
starts to decrease at the rate of 0.0 I% per 40 
minutes. In using thi s rule, you must remember 
to account for the first 40 minute . 

12.3 Safe Driving 

12.3 

I Example: Us ing the formula, a woman's 
blood alcohol level was estimated to be 
about 0.06%. Eighty minutes later she might 
expect it to be about 0.05%. 

II. A man 's blood alcohol concentration was 
estimated to be about 0.09%. How long 
would he have to wai t for hi s BAC to drop 
below 0.02%? 

12. A woman's blood alcohol concentration 
was estimated to be about 0.12%. How 
long until her BAC was below 0.04%? 

SAFE DR IVING GUIDELINES 

13. A 11 5-pound woman had two ounces of 
alcohol to drink. Her 240-pound compan
ion drank three ounces. Two hours later, 
do you think either person could drive 
safely? If so, which one? Explain your 
answer. 

14. People know how much they have had to 
drink, but they do not know how much 
alcohol they have consumed. Calculate the 
amount of alcohol in each of these drinks. 

a. 12 ounces of beer that is 4% alcohol 

b. 4 ounces of wine that is 12% alcohol 

c. 6 ounces of wine that is 12% alcohol 

d. 4 ounces of a drink that is 20% alcohol 

IS . .... A woman drank two 12-ounce beers. 
She weighs about 120 pounds. How long 
should she wait before driving? Explain . 

16.ilil!lm Write a report that will give infor
mation to people to help them use good 
judgment in driving if they have been 
drinking. Include the following com
ponents in your report: 

• Summarize what you learned about 
blood alcohol concentration in your 
in vestigation. You may wish to include 
graphs or tables. 

433 .4 

In problems 3-4, students have to solve for 
one variable in terms of another, a skill 
that is very important in science. 

GRAPHING BAC VS. ALCOHOL 

GRAPHING BAC VS. WEIGHT 

These are strrughtforward graphing activi
ties, that review constant ratio and constant 
product graphs. 

THE EFFECT OF TIME 

SAFE DRIVING GUIDELINES 

This is where the information presented in 
this Jesson is put to use in answering real
world questions. 

12.3 S 0 L U T I 0 N S 

5. a. 8 = 0.05A 

5.- 6. 
y-unit = 0.01 

8= 0.076A 

x-unit = 0.1 

6. Answers will vary. Some possibilities 
are given below and on the graph. 
W= 100 8 = 0.076A 
W= 125 8 = 0.061A 
W= 150 8 = 0.051A 
W= 152 8 = 0.050A 
W= 175 8 = 0.043A 
W = 200 8 = 0.038A 
W = 250 8 = 0.030A 

7. It varies directly. (The graphs are all 
straight lines through the origin.) This 
makes sense, since the more alcohol 
you drink, the higher the BAG. 

8. a. 8 = 7.6/W 

8.- 9. 

y-unit = 0.02 

1. 8 = 60.81/W 
2. 8= 45.6/W 

#: 3. 8= 15.2/W 
o 4. 8 = 7.6/W 
<( 
ID 

x-unit = 100 
Body Weight (lbs.) 



oiim• COMPARING FRACTIONS 

T his secti on reviews the meaning of frac
ti ons in a f01m which wi ll be helpfu l in 
Lesson 5. 

R oblem 18 reviews reciprocal s. For the 
rest, in tead of teach ing any algori thm , 
encourage students to pay attention to 
whether numerators or denominator are 
the same, and to use reasoning and/or cal
culations. Class discussion of how student 
answered these que tions would be useful. 

12.3 

• Make a chart or diagram that you think 
will help give people info rmati on about 
blood alcohol concentrati on. They 
should be able to look up their weight 
and the amount they have had to drink in 
your table and esti mate their BAC. 
Include infonnati on on the amount of 
alcohol in some typical drinks. 

17.1iW& Find out about the DUI (dri ving 
under the influence of alcohol or drugs) 
laws in your state. In some states the laws 

f;/JiiUi COMPA RING FRACTIONS 

18. Find several values of x fo r whi ch: 

a . ~ > ~ 
40 X 

b.~ < ~ 
40 X 

19. Which is greater? 

a. fa or {s b. ~ or ~ 

20. Which is greater? 

a . .!!... -.!!...or .!!...-.!!... 
40 45 40 50 

b. fo - fs or fs - s'ij 
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are different for people under age 18 or 21. 
You may want to find statistics about the 
relation hip between BAC and the chance 
of being in volved in an accident. 

• Summarize what you fi nd our about 
DUllaws. 

• Gi ve your own opinion about the DUI 
laws in your state. 

Chapter I 2 Math ematical Modeling 
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9. Answers will vary. Some possibil ities 
are given below and on the graph. 
A = 2 8 = 15.2/ W 
A = 3 8 = 22.8/ W 
A = 4 8 = 30.4/ W 
A = 5 8 = 38/ W 
A = 6 8 = 45.6/ W 
A = 7 8 = 53.2/ W 
A = 8 8 = 60.8/ W 

1 0. The graphs are constant product 
graphs. The BAC varies inversely 
to the weight of the person. As 
the weight increases, the BAC 
decreases for a given amount 
of alcohol consumed . 

11. 5 hours and 20 minutes 

12. 6 hours 

13. Neither one could drive safely after 
two hours. The smaller person would 
need to wait more than 6 hours 
before her BAC dropped below 0.05, 
and the larger person would need to 
wait about 4 hours. After two hours, 
the smaller person would have a 
BAC of about 0.11 % and the larger 
one would have a BAC of about 
0.075%. 

14. a. 0.48 or about 1/2 oz 
b. 0.48 or about 1/2 oz 
c. 0.72 or about 3/4 oz 
d. 0.80 oz 

15. Her BAC after 80 minutes wi ll be 
about 0.051 %. She should wait at 
least an hour and a half. 

16. Answers will vary. 

17. Answers will vary . 

18. Answers will vary. If x > 0, 
a. any value greater than 40 will 

work; 
b. any value less than 40 will work. 

19. Answers will depend on the value 
of x. 
a. If x > 0, x/40 will be greater. 
b. If x > 0, 45/x is greater. 

20. Answers will depend on the value 
of d. If d > 0, 
a. the second expression is greater; 
b. the first expression is greater. 

-
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Mathematical Models in Science 
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mate ri a ls fo r experiments 

iseeheiowf 

HEATING AND COOLING GASES 

Doing science often means finding mathemati 
cal models that fit experimental data. In 1787 
the French scientist Jacques Charles discov
ered that when a gas is kept at constant pres
sure, it expands when heated and contracts 
when cooled. For gases under constant 
pressure, volume is a linear function of 
temperature. 

At a cenain pressure a gas has a volume of 500 
cubic centimeters at 27°C. Kept at the same 
pressure, it expands to 605cc at 90°C. 

1. Find an equation that gives the volume (V) 

of this gas as a linear function of the tem
perature (7). 

2. Find the volume of the gas at 0°C. 

3. When kept at thi s pressure, how much 
does this gas expand fo r every I °C 
increase in temperature? 

When they get cold enough, gases condense 
(tum into liquids) . lf they did not, the tempera
ture for which the volume would be 0 is called 
absolute zero, the lowest possible temperature. 

4. Use the equation you wrote in problem l 
to fig ure out what temperature absolute 
zero must be. 

12.4 Mathematical Models ;, Science 

~ 

This graph shows how the volume of a cenain 
gas varies with temperatu re, when kept at con
stant pressure. Each li ne represents a different 
pressure. The point where the red li ne ends and 
the blue line starts is the condensation point. 
Only the red lines represent actual data. 

Charles's Law 

" E 
= low pressure 
0 
> 

0 temperature (0 C) 

fi'''""'"' 
5. As the pressure increases, what happens to 

the slopes of the lines? What does th is 
mean in terms of the app li cation? 

6. What is the meaning of they-intercept of 
the lines? As the pressure increases, how 
does it change? 

7. How does the condensation point vary 
with pressure? 

8. Why do all the blue lines intersect at one 
point? What is the point 's signi fi cance? 

435 ... 
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1. V= (5/3)T + 455 

2. V= 455 

3. 5/3 cubic centimeters 

4. T = -273 degrees Celsius 

5. The slopes decrease as the pressure 
increases. This means that when the 
gas is at higher pressure, there is 
less increase in volume for each 
degree increase in temperature. (The 
answer in #3 refers to one particular 
pressure only.) 

6. The y-intercept is the volume of the 
gas at 0 degrees C. As the pressure 
increases, the volume at 0 degrees 
decreases. 

7. As the pressure increases, the con
densation point increases. 

8. This is absolute zero. 

T 12.4 
Mathematical Models in Science 

Core Sequence: 1-16 

Suitable for Homework: 9-16,20-21 

Useful for Assessment: 5-8, 10-11 , 15-16, 
21 

What this Lesson is About: 

• Linear functions and equations in 
science 

• Interpreting graphs 

• Dependent and independent variables 

• Data from experiments 

HEATING AND COOLING GASES 

The day before this lesson you may hand 
out a balloon to each student. A sk them 
what they think would happen if they blow 
up the balloon when they get home and put 
i t in the freezer. This experiment should 
increase the interest in thi s section and 
make i ts real-world content more believ
able. Students should observe what hap
pens when the balloon has been in the 
freezer for a while, and when it gets back 
to room temperature. 

R oblems 1-4 are applications of linear 
functions and linear equations to a problem 
from the physical sciences. Problems 5-8 
are problems in interpreting graphs. 
Throughout this section student may have 
difficulty making the connection between 
what they are reading and the math they 
have studied in the past. Group and class 
di cus ion may be helpful. 

-
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STRETCHING IT 

Again, the problems require applying 
math ideas to a science problem, and 
interpreting graphs. You may precede this 
section with problem 17 if you prefer to 
begin with a hands-on experience for your 
students. 

For problem 10 you may tell students that 
there is a point beyond which the spring 
gets permanently distorted. This is called 
the elastic limit of the spring. And beyond 
that, there is a point where the spring 
breaks. These things must be kept in mind 
if you do problem 17. 

DEPENDENCE AND INDEPENDENCE 

The idea of dependent and independent 
variable is useful in deciding how to set 
up the graphs for experiments in the next 
section. 

'Y12.4 

STRETCH ING IT 

The length of a spring is re lated to the weight 
that hangs from it. The following figure shows 
a graph from an experiment with a certain 
spring. 

E" 25 
~ 
-5 
Oil 

2 20 

IS 

10 --~~~~--L-~~~ 
0 2 3 4 5 6 7 8 

weight (kg) 

9. a. What was the length of the spring 
before any weight was added? 

b. How many centimeters did the spring 
stretch for each kilogram of weight? 

c. What is the equation that relates length 
to weight? 

10 . ... Can the graph be indefinite ly 
extended to the right? Explain . 

II . ... This graph shows data for two other 
springs. Which spring is stiffer? Which 
one is longer? Explai n. 

-5 
Oil 
c: 

spring I 

..!l 20 

10o I 2 3 4 5 6 7 8 
weight (kg) 

DEPENDENCE AND INIJEPENIJEN('E 

Paul , a forest lover, knew how to estimate the 
temperature from listening to cricket chirps. 
His grandmother had taught him to count the 
number of chirps per minute, di vide by 4, and 
add 40 to get the temperature in Fahrenheit. 

12. Write an equation fo r the temperature (7) 
as a functio n of the number of chirps (C) . 

13. What would Paul estimate the temperature 
to be if he counted 180 chirps per minute? 

14. According to the model, at what tempera-
ture wou ld the crickets cease to chirp? 

Since the number of chirps depends on the 
temperature, and not vice-versa, we call num
ber of chirps the dependent variable and tem
perature the independelll variable. 

In algebra we usually call the independent 
variable x and use the hori zontal ax is for it. We 
call the dependent variable y and use the verti
cal ax is for it. Likewise, we often express the 
re lationship between the two variables by writ
ing the dependent vari able a a function of the 
independent variable. 

15. Write an equation for the dependent vari
able (number of chirp ) as a function of 
the independent variable (temperature). 
Hint: Use your equation from problem 12 
and solve for C in term of T. 

In an experiment the independent variable is 
the variable we change or manipulate. Then 
we observe and record the effect on the depen
dent vari able . 

16 . ... Which variable is dependent and 
which is independent in problem 9? 
Explain. 

A 436 Chapter 12 Mathematical Modtling 

12.4 S 0 L U T I 0 N S 

9. a. The spring is 10 em. 
b. 2 
c. L= 10 + 2W 

10. No, the spring will reach its elastic 
limit. 

11 . Spring 2 is stiffer. Spring 2 is longer 
to start with. If 4 kg were added to 
each spring, they would be the same 
length. When more weight than that 
is added, Spring 1 becomes longer. 

12. T= C/4 + 40 

13. Substitute 180 for C in the above 
equation. T = 85 

14. Substitute 0 for C in the above equa
tion. T= 40 

15. 4(T - 40) = C 

16. Length is the dependent variable and 
weight is the independent variable. 
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For each experiment, problems 17-20, do the 
following: 

a. Discuss the relationship you expect 
between the two variables. 

b. Identify the dependent and independent 
variables. 

c. Carry out the experiment and collect 
the data in a table. 

d. Make a graph. 
e. Interpret the graph. 
f. If possible, write an equation relating 

the variables. 
g. Draw some conclusions. 

17. Spring: The length of a spring as a func
tion of the weight that hangs from it -
You will need a spring and several identi
cal weights. Start by letting the spring 
hang freely. Measure its length. Then add 
the weights one by one, each time measur
ing the length of the spring as it stretches. 

18. Fall: The time it takes for Lab Gear blocks 
to fall as a function of the number of 
blocks - You will need a stopwatch and 
20 or more r -blocks. Line up r -blocks 
so that if the first one is pushed, each 
block will knock down the next block in 
succession. 

12.4 Malhematieal Models in Science 

19. Summer: The time it takes to do "the 
wave" as a function of the number of peo
ple involved. You will need a stopwatch. 
Decide on an order for the wave. Appoint 
a student (or the teacher) to be the timer. 
When the timer says "Go," take turns 
getting up and sitting down. Repeat the 
experiment for different numbers of 
people. 

20. Winter: The height of an ice column as a 
function of the height of the corresponding 
water column - You will need some 
drinking straws, chewing gum, ice (or 
access to a refrigerator). Plug the bottom 
of a straw with gum. Fill it to a cenain 
height with water. Mark and measure the 
height of the water column. Do it again 
with different amounts of water in other 
straws. Freeze them. Mark and measure 
the height of the column of ice. 

21Ji1Dm Write an illustrated lab repon on 
an experiment you conducted. This can be 
one of the ones presented in this section or 
another one of your own design. Include 
the data you collected, a graph, and an 
equation, if you found one. Describe the 
conditions in which you conducted the 
experiment, your expectations, and your 
conclusions. 

4374 

YOUR OWN EXPERIMENTS 

You may choose to do one or more of the 
experiments, but you probably cannot do 
all of them in one day. Be sure to try each 
one yourself before doing them with the 
class, so you can anticipate what difficul
ties might arise. 

Each experiment should be preceded by a 
group and/or class discussion of the nature 
of the two variables and what relationship 
can be expected between them. The main 
ideas in the discussion should be incorpo
rated into the introduction to the report. 

The variables can be named x andy, 
which would help specify which variable is 
dependent and which is independent, and 
make it easier to set up the graph. Or, if 
you prefer, the variables can be named in a 
way that reflects their meaning. 

For problem 17, borrow springs from a 
physics teacher, or use miniature Slinkies®. 
Depending on the spring, the weights can 
be washers, paper clips, M&M's®, or coins. 
You may need a container hanging from 
the spring. A film container does the job, 
suspended with the help of a paper clip. 

For problem 18, keep the distance between 
the blocks constant as much as possible. 
The blocks fall so fast that you should plan 
on having long trains for more accurate 
measurement. Instead of Lab Gear blocks, 
you can use dominoes. 

Roblem 20 can be assigned as homework. 
It would be interesting to compare the 
results different students get. 

12.4 S 0 L U T I 0 N S 

17.-21. Results and reports will vary. 

--
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Core Sequence: 1-11 

Sui table for Homework: 11 

Useful for Assessment: 11 

What this Assignment is About: 

• Recogni zing functions from data points 

• Review of direct vari ation, inverse 
vari ation , and linear functions 

• Review of constant product and 
con tant ratio 

• Review of slope 

You may introduce the lesson by playing 
What 's my Function ? (See Teacher's 
Note for Chapter 2, Lesson 7 .) 

R oblems 1-6 are deliberately difficult, so 
that students will not be able to see the 
so lutions by inspection . They should not 
be assigned for homework, as they are 
likely to be fru trating fo r some students. 
Instead, assign these as a group problem
solving activity in class. If the groups eem 
to be getting fru trated, you might suggest 
graphing the points to help reveal a pattern . 
After mo t of the equati ons have been 
found by at least one group, have student 
explain how they found the equations. U e 
thi s as a pringboard for di scussion of gen
eral methods. 

C omputer pread heets are a convenient 
way to explore numerical relation hip li ke 
the e . lf you introduced that tool in Lesson 
l , you may want to use it again here. How
ever calcul ator are certainly sufficient. 

C on tant product were een in Chapter 5, 
e pecial ly in Lesson 2 and Thinking/ 
W riting S.A. Constant rati o were seen in 
Chapter 6, Thinking/Writing 6.B, and in 
many le sons on direct vari ati on. The idea 
of constant rate of change was seen in 
Chapter 8 and in many le ons on slope. 

I f tudent cannot solve problem 7 without 
help, you can ugge t they start with sim
ple example of each type of function, and 
ee which te t applies . In additi on, you may 

lead them to see how the constant product 
and con tant ratio tests can be justified 
symbolically. For example, if y = mx, then 
dividing both ide by x yields y!x = m. 

B oth direct variation and more general 
linear function involve con tant slope. 
The key i that direct vari ation also 
requires constant ratio . 
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Each of the tables below gives fo ur (x, y) pairs 
for a functi on. Each function is one of the fol
lowing types and has an equati on of the corre
sponding form. 

Type of Function Form of Equation 

direc t variation y = nLr 

inverse va ri atio n y = klx 

linear y=mx+b 

For each table in problems I through 6, 

I. 

4. 

a. decide whether the function is direct 
vari ation, inverse variation, or linear: 

b. find the equation of the functi on. 

X y 2. X y 3. X y 

0.05 5 0.05 0.002 0.9 0.6 

0.5 0.5 0.5 0.02 1.5 1.0 

5 0.05 5 0.2 2.7 1.8 

50 0.005 50 2 5.1 3.4 

X y 5. X y 6. X y 

200 125 0.01 0.73 4 -2 

100 62.5 0.1 0.55 8 - 1 

120 75 1.5 -2.25 18 1.5 

320 200 3 -5.25 25 3.25 

7. Each o f the following three tests can be 
used to recogni ze a certain type of 
functi on among direct variati ons, inverse 
variations, and linear functions. Match the 
Jest to the type of function. Make sure 
your answer works for problems 1-6. 

A 43s 

a. constant ..t)' product 

b. constant slope 

c. constant ylx ratio 

Because of measurement error, the numbers 
obtained in scientifi c experiments do not usu
a lly give perfect number patterns. For tables 
8- 10, find an equati on that is approximately 
right. 

8. X y 9. X y 10. X y 

1.5 0.50 12 .5 6.8 0.6 4. 12 

1.6 0.53 13 6.5 0.7 4.26 

1.7 0.55 13.5 6.3 0.8 4.37 

1.8 0.60 14 6.1 0.9 4.49 

1.9 0.63 14.5 5.9 1.0 4.6 1 

2.0 0.65 15 5.6 1.1 4.7 1 

11. ililllm Summarize what you know about 
how to find the equation corresponding to 
experimental data. if it is one of the 
foll owing types: 

• direct variation 

• linear functi on 

• in verse vari ation 

Include examples. Explain both how to 
recogni ze the type of function and how to 
find the actual equation. 

Chapter 12 Mathematical Modeling 

12.A S 0 L U T I 0 N S 

For problems 8 and 10, the median
median line is not usable, becau e there 
are too few points. However u ing the 
mean or median ratio for problem 8, and 
the mean or median product for problem 
9 should provide a sati sfac tory equati on. 
Problem 10 i a little more difficul t since 
it involve two parameters. One possible 
approach i to use a mean or median 
lope and choose a line that pa ses 

through one of the given points. Or tu
dent can eyeball a line with a good fit 
and find its equation. Finally, experi
menting with a graphing calculator, 
in combination with using a mean or 
median slope, makes it possible to find 
an equation quickl y. 

1. a. inverse variation b. xy= 0.25 

2. a. direct variation b. Y = x/25 

3. a. direct variation b. y= (2/3)x 

4. a. direct b. y= 0.625x 

5. a. linear 
b. y= -2X+0.75 

6. a. linear 
b. y= 0.25x - 3 

7. a. constant xy product: inverse 
variation 

b. constant slope: linear, direct 
variation 

c. constant y/x ratio: direct variation 

8. y= 0.25x+ 0.125 

9. xy= 85 

1 0. y = 1 .2x + 3.4 

11 . Reports will vary. 
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graph pape r . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 
AVEKAC,E \t•EED 

I Definition: Average speed is total dis tance 
traveled di vided by total travel time. 

1. Joan goes to work at 6 A.M. She averages 
60 mph on the interstate hi ghway. She 
returns duri ng ru h hour, when she aver
ages I 5 mph. What is her average speed 
for the round trip if she travels 30 mi les in 
each direction? 

Many problems in thi s lesson can be 
understood better by making di stance-time 
graphs, like thi s one about Joan's commute. 

'V> 60 
2 

t 5o 
" u 

~40 
'0 30 

05 1.0 15 20 25 
time (hours) 

2. Explain how the coordinates of points A 
and B were obtained from the given 
information. 

3. How does Joan's morning speed of 60 
mph show up on the graph? Her return 
speed? Her average speed? 

12.5 Modeling Motion 

4. Joan calculated her average speed by 
adding the two speeds and di viding by 2. 

(60 + 15)/2 = 37.5 

Explain why this is wrong . 

5. ._ Jill traveled for two hours at 30 mph 
and two hours at 60 mph. Jack traveled for 
90 miles at 30 mph and for 90 miles at 60 
mph. Which of them had an average speed 
of 45 mph? Which one did not? Explain . 

6. i§§.l§fi@M 
a. I travel for 1 hours at v mph and 1 more 

hours at w mph. What i my average 
speed? 

b. I travel to work, which is d miles away, 
at 11 mph , and travel bac k at 111 mph. 
What is my average speed? 

RElAY RA! E 

Alaberg High's Track Team has a relay race 
team. These tables show the times in seconds 
of the individual runners in the 4 X I 00 meter 
race at the meet with the Lean County School. 
The runners are li sted in running order. 

Ataberg Lean 

Mal 12.2 Nei l 12 .1 

Cal 12.0 cal 12.3 

Hal 12.4 Alan 12 .2 

Zal 11.4 Allen 10.9 

7. Imagine you are the radio announcer for 
thi s evenl. Describe the teams' perfor
mances. Who was ahead at various time ? 
How did it end up? What was the key to 
the winning team's victory? 
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.. 12.5 
Modeling Motion 

Core Sequence: 1- I 2, 25 

Suitable for Homework: 7-25 

Useful for Asses ment: 5-6, 12, 14, I , 
22-23,25 

What this Lesson is About: 

• U ing Carte ian graphs to model motion 
problems 

• Average speed 

You may not want to do the whole les on 
consecutively. The fi rst two sec tion form 
a coherent whole, but the las t two can be 
assigned a few problem at a time over the 
next week or two. 

The use of Cartesian graph help tudent 
think about time, distance, and rate more 
carefully. At the ame time, thi approach 
reinforces concept of slope and interpreta
tion of graphs. 

AVERAGE SPEED 

RELAY RACE 

R oblem I i a cia ic trick questi on, often 
posed on standardized tests. Do not be ur
pri ed if mo t tudent get it wrong. They 
will get a chance to correct it in the cour e 
of these two sections. We try to throw light 
on the di ffic ulty, by us ing graphical ana ly-
i (problems 2-3) and the algebraic gener

ali zati on in problem 6. 

12.5 S 0 L U T I 0 N S 

1. Joan will spend 1/2 hour traveling to 4. Average speed is calcu lated by times at each speed are the same, 
work and 2 hours travel ing home. dividing the total distance by the the formula for average speed 
Her average speed is (total dis- total time. reduces to the average of the two 
tance/total time) . Since her total dis- 5. Jill traveled a total distance of 180 speeds. 
tance is 60 miles, her average speed miles in 4 hours, so her average b. The total time is (d/ w) + (dlv) . The 
is 60/2.5, or 24 mi les per hour. speed was 180/4, or 45 mph. Jack total distance is 2d, so the aver-

2. Point A shows that Joan traveled 30 traveled a total distance of 180 miles age speed is 2d/[(d/ w) + (d/ v)] . 

miles in 1/2 hour, which was obtained in 4.5 hours, so his average speed 7 . Radio announcements will vary . This 
by dividing 30 by 60. Point B shows was 40 mph. (Note that if Jack's was a pretty exciting race. First, wi th 
that she traveled the next 30 miles average speed were computed incor- Mal and Neil starting, Lean County 
{her retu rn trip) in 2 hours, which was rectly by averaging his two speeds of was ahead. Then, thanks to Cal , 
obtained by dividing 30 by 15. 60 mph and 30 mph, one would Alaberg pulled ahead. Hal and Alan 

3. Her morning speed is this slope of come to the wrong conclusion that finished neck and neck, so it was up 

the line from (0, 0) to A. Her retu rn his average speed was 45 mph.) to Zal and Allen to determine who 

speed is the slope of the line from A 6. a. The total distance traveled is tv + would win the race. Thanks to Allen's 

to B. Her average speed is the slope tw and the total time is 2t. Hence stunning performance, Lean County 

of the line from (0, 0) to B. the average speed is (tv+ tw)/(2t) won by 1/2 second. 

or ( v + w)/2. Notice that since the 
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DJ not belabor problem 6 if it is too 
difficult for your students, but your top 
students should find it interesting. The 
answer to problem 6a simplifies nicely. 

The key to these problems is to remember 
the definition of average speed. 

Students may find a graph useful for prob
lem 7, but the points are so close that it 
may be difficult to see what's happening, 
unless a lot of attention is paid to the scale. 
(The time axis needs to be made as long as 
possible, while the distance axis should be 
somewhat squashed.) 

Again, students may make a mistake on 
problem 10. They may consider that the 
difference is not very big, and that is true, 
but there are cases where the difference 
would be much greater (e.g., problem 1). 
At any rate, the discussion in problems 11-
12 should help throw light on the subject. 
Any approach that does not yield the same 
answer as total distance/total time must be 
wrong! 

T12.s 

8. a. Compare the median running times for 
the two teams. 

b. Compare the mean running times for 
the two teams. 

c. Which is more relevant to winning 
the race? 

9. Find each runner's speed in m/sec. 

10. Find the average speed of each team in 
m/sec. 

11. Show how each student answered problem 
10 and find their answers. 

a. Andrea divided 100 by the mean run
ning time for each team. 

b. Beth divided 400 by the total time for 
each team. 

c. Carolyn took the average of the individ
ual members' speeds. 

t2.fiiUU,Fiij Discuss the three methods pre· 
sented in problem II . Which ones are 
equivalent to each other? Which one is 
incorrect? Explain. 

( \ f( It l P \'\1} \1111 

13. Jane is traveling at 60 mph along a road. 
She has traveled for four hours when Joe 
catches up with her. How fast must Joe 
have been traveling if he left the same 
place one hour after Jane? 

]250 
·e 
8200 
c 

.~ 150 
-o 

100 

4440 

14 ..... Look at the graph in problem 13. 
Explain how the coordinates of points A 
and B were chosen, and how the graph can 
help solve the problem. 

IS. Jim is traveling at 40 mph. Jorge leaves 
two hours later and travels at SO miles per 
hour. How long until he catches up? How 
far have they gone? 

16. Juan leaves at noon and travels at 45 mph. 
Jo leaves two hours later. How fast must 
she travel to catch up by: 

a. 8 P.M.? b. 8:30P.M.? 
c. 11 P.M.? d. () H P.M.? 

17. Jacquey and Gigi start out at the same 
time, traveling towards each other. 
Jacquey travels at 50 mph. Gigi travels at 
40 mph. They start out 250 miles apart. 
When and where do they meet? 

~300 
g250 A 
8 
~200 B 
"' 
'6 150 

100 

50 c 

2 3 
time (hours) 

18 ..... The graph shows Jacquey and Gigi's 
progress during the first hour. (Jacquey's 
graph starts at the origin.) Explain how the 
coordinates of points A, B, and C were 
obtained, and how to use a graph like this 
to solve problem 17. 

19. Greg starts out going towards Cary, travel
ing 50 mph. Cary starts out two hours 
later going 40 mph, going towards Greg. 
If they are 250 miles apart to begin with, 
when and where do they meet? 

C/uqller I 2 Mlllhenuuil:td ModeiUtg 
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8. a. median for Alaberg: 12.1 
median for Lean: 12.15 

b. mean for Alaberg: 12 
mean for Lean: 11.875 

c. mean 

9. See the table for each runner's 
speed in m/sec. 

Ala berg Lean 

Mal 8.197 Neil 8.264 

Cal 8.333 Neal 8.130 

Hal 8.065 Alan 8.197 

Zal 8.772 Allen 9.174 

10. The average speed of each team is 
found by dividing the total distance of 
400 meters by the team's total time. 
Alaberg High: 400/48 = 8.333 
Lean County School: 400/47.5 = 
8.421 

11 . a. Alaberg: 100/12 = 8.333 
Lean: 100/11.875 = 8.421 

b. Alaberg: 400/48 = 8.333 
Lean: 400/47.5 = 8.421 

c. Add the average speeds of the 
individuals and divide by 4. 
Alaberg: 8.342 Lean: 8.441 

12. Andrea's and Beth's methods are 
equivalent to each other. Note that 
the ratios in (b) are the same as 
those in (a), since both numerator 
and denominator have been multi
plied by 4. Carolyn's method is incor
rect. Hers does not take into account 
the fact that the individuals ran for 
different lengths of time. 

13.80 mph 

14. B represents Joe's starting time and 
place. A represents the time and 
place where Jane and Joe meet. 

15. Solve fort 40t= 50(t- 2). Jorge 
catches up when he has been travel
ing 8 hours and Jim has been travel
ing 10 hours. They have both gone 
400miles. 

16. a. 60 mph 
b. 58.85 mph 
c. 55 mph 
d. 45H/(H- 2) 

17. Solve fort: 250- 40t= 50t. They 
have been traveling about 2 hours and 
47 minutes. They meet about 139 
miles from Jacquey's starting place. 



SAVING TIMf 

Paige travels to work so early that he meets 
hardl y any traffic. He can drive at the speed 
limit the whole way. He wi hes that the speed 
limit, which is 40 mph, would be raised o that 
he could leep a little later in the morning. 

20. How many minutes wou ld Paige save if 
the speed limit were rai ed to 45 mph and 
he lives 30 mile from work? 

21. Tara lives on the arne road, 45 mi le from 
work. How much time would 
he ave? 

]50 
.E ~--------------77-
840 
c: 

.~ 30~---------T.,.L------
"0 

20 

12.5 Modeling Motion 

05 1.0 
time (hour ) 

12.5 ... 

22 . .... Explain how you can use a graph 
like this one to think about problems 20 
and 21. 

23 i§§.!§fiif¥11ft1ii How much Lime would be 
saved for people who lived miles from 
work if the peed limit were raised fro m 
40 to45 mph? 

24. [f Leon li ves 60 miles from work, to 
what would the speed limit have to be 
raised (from 40 mph) in order for him 
to save 

a. 6 minutes? b. 12 minutes? 

25 . .... Rina is taking a 60-mile trip. Which 
is greater: the time saved if she can travel 
50 mph instead of 40 mph, OR the time 
saved if he can travel 60 mph instead of 
50 mph? Explai n. 
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CATCH UP AND MEET 

SAVING TIME 

You may a sign problems 13- 16 as one 
group, then 17-19, then 20-23, then 24-25. 
You may also stop after any of the e 
group . 

Note the difference between the vertical 
axis for the graph of problem 17, where 
in tead of distance traveled what i repre
sented i distance from Jacquey's starting 
place. 

12.5 S 0 L U T I 0 N S 

18. A represents Gigi's starting place. 
The origin is Jacquey's starting 
place. 8 and C represent where 
they end up after one hour of travel. 
These points are determined by the 
rates given in the problem. To solve 
the problem of their meeting place 
and time graphically, one could 
extend the lines and find their point 
of intersection . 

19. Solve fort. 50t= 250 - 40{t - 2) . 
They meet after 3 and 2/3 hours. 
This is 183 and 1/3 miles from Greg's 
starting place. 

20. It takes him 3/4 of an hour, or 45 
minutes with the present speed limit. 
It would take him 2/3 of an hour, or 
40 minutes if the speed limit were 
raised. He would save 5 minutes. 

21 . She would save 7.5 minutes. 

22. Look at the horizontal distance 
between the two lines to determine 
the amount of time saved. Notice that 
the longer you travel , the more time 
you save. 

23. (d/40) - (d/45) 

24. a. 42.86 miles per hour 
b. 46.15 miles per hour 

25. The 60-mile trip would take her 1 .5 
hours at 40 mph, 1.2 hours at 50 
mph, and 1 hour at 60 mph. The dif
ference between 40 mph and 50 mph 
is greater than the difference 
between 50 mph and 60 mph. 



T 12.6 
Gearing Up 

Core Sequence: none of the le son 

Suitable for Homework: 1-10 

Useful for Assessment: 3, 6, 8, 10-11 

What this Lesson is About: 

• An applicati on of ratio 

• Review of unit conversion 

• Review of the circumference of a circle 

It is be t to introduce th i lesson by bring
ing one or more real bicyc les into the 
classroom and analyzing the ir gears. If you 
cannot bring bike in, you may take stu
dents on a mi ni field-tri p to orne place 
where they can look at bikes and study the 
gears. 

tESSOI'. 

• 
Gearing Up 

In thi s lesson you will learn about the mathe
matics of gear . This will help you understand 
the decisions people have to make when they 
buy or design bicycles. 

BIG WHEELS 

1. How far doe a bicycle travel fo r every 
revolution of the wheel for each wheel 
diameter below? 

a. 20 in. b. 27 in . 
c. 50 in. d. 64 in . 

Old-fa hioned bicycle had huge front wheels. 
Most of these high-wheelers, a they were 
called , had a 50-inch fro nt wheel and a 17-inch 
rear wheel, but some of the makers got carried 
away and built front wheels as high 64 inches! 
The pedals were in the center of the front 
wheels. 

2. Why did bicycle makers make such big 
wheels? 

Highwheelers had two drawbacks . First, the 
rider had to work very hard to get started, and 
most of these bicycles had to be pushed or 
dragged up hills. Second, their height made 
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them a dangerous and impractical means of 
transportation. The rider had to jump down 
from the seat when the bicycle topped, hoping 
to land feet-first. 

The invention of gears on bicycles was a key 
development. Gear allowed the rider to travel 
longer di lances for each turn of the pedals, 
without requiring such big wheels. 

HOW GEARS WORK 

I Example: A bicycle has a chainwheel hav
ing 45 teeth and a rear sprocket having 15 
teeth . 

Rear Sprocket 

Each time the chain passe over one tooth on 
the chainwheel, it al o pas es over one tooth 
on the rear sprocket. Therefore, the rear 
sprocket will go through three revolutions for 
every one revolution of the chai nwheel. 

3. ._ Explain why riding a 27-inch bicycle 
having these gears would be like riding an 
81-inch bicycle in terms of the distance 
covered in one tum of the pedals. 

I Definition: The gear ratio i the ratio of the 
number of teeth on the chainwheel to the 
number of teeth on the rear sprocket. 

4. If the gear ratio is 2.5, how many turns 
does the rear wheel make for each turn of 
the pedals? 

Chapter 12 Mathematical Modeli11g 

12.6 S 0 L U T I 0 N S 

1. Multiply each diameter by n to get the 3. The rear sprocket would turn 3 times 
circumference. Approximations are for each turn of the pedal , so the 
given. wheel would go through 3 revolu-
a. 62.83 in. tions. The distance traveled in three 
b. 84.82 in. revolutions of a 27" wheel would be 
c. 157.08 in. the same as that traveled in one rev-
d. 201 .06 in. olution of an 81 " wheel , since the 

2. One turn of the pedals would cause circumference is directly proportional 

the bicycle to travel a great distance. to diameter. 

4. 2.5 
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A ten-speed bicycle has two chainwheels and 
five rear sprockets. Each combination of 
chainwheel and sprocket is a different gear. 

5. Make a table to show how the gear ratio 
changes as a function of the number of 
teeth on the gears of a ten-speed bicycle, 
with two chainwheels having 40 and 54 
teeth, and five rear sprockets having 14, 
17, 22, 28, and 34 teeth. 

14 17 22 28 34 

:1 I I I I I 
6. 13§U§fiiji#' Write the gear ratio {g) as a 

function of the number of teeth on the 
chainwheel (c) and the number of teeth on 
the rear sprocket (r). 

GEAR 

Definition: The gear is the gear ratio multi
plied by the diameter of the rear wheel. It 
gives the diameter of the wheel that would 
travel the same distance in one revolution of 
the pedals. (The unit of gear is inches, but it 
is usually omitted.) 

Example: The gear ratio is 40/20, or 2, 
when using a chainwheel having 40 teeth 
and a rear sprocket having 20 teeth. On a 
bicycle having 26-inch wheels, the gear 
would be 2 X 26, or 52. This means that 
each turn of the pedals when the bicycle is 
in this gear would move the bike a distance 
equivalent to one tum of a 52-inch wheel. 

7. If the gear is 52, how far would the bike 
travel with each tum of the pedals? 

12.6 Gtaring Up 

12.6 ... 

8. i§§.!§fit!flN 
a. Write the gear (G) as a function of the 

number of teeth on the chainwheel (c), 
the number of teeth on the rear sprocket 
(r ), and the size of the wheel (w) . 

b. If the gear is G, how far would the bike 
travel with every tum of the pedals? 

c. Write a formula that gives the distance 
(d) that the bike would travel with each 
tum of the pedals as a function of c, r, 
and w. 

CADENCE 

I Definition: The cadence is the pace of 
pedaling. 

A good cadence to maintain is 65 to 85 pedal 
revolutions per minute. Better cyclists like to 
maintain a cadence of 90 turns per minute. 

9. Julio's ten-speed bike has wheels 27 
inches in diameter. Its gears were 
described in problem 5. At a cadence of 
90 pedal revolutions per minute, how fast , 
in miles per hour, would Julio be going in 
the highest gear? (Hint: Find a conversion 
factor to get directly from pedal 
revolutions per minute to miles per hour.) 

10 . ... If Julio knows his cadence, find a 
way for him to calculate his speed 
mentally in miles per hour when riding 
in the highest gear. 

443 A 

Work on as many of the ideas of the lesson 
as possible by having groups study actual 
bikes, and then assign the lesson itself as 
homework. Be sure to draw on the exper
tise of any students who happen to know a 
lot about bicycles. 

12.6 S 0 L U T I 0 N S 

6. g= c/r 

7. 52ninches, orabout163.36inches 

8. a. G = (c/r)w . 
b. G1t 
c. d = (c/r)1tw 

9. The highest gear is 3.86. Multiply this 
by 271t to get the number of inches 
per revolution. Then multiply by 90 
rev/min to get the number of inches 
per minute. 
3.86 · 271t · 90 = 29467.5 inches per 
mi'nute 

To convert this to miles per hour, 
convert inches to miles by dividing by 
12 · 5280. Then convert minutes to 
hours by multiplying by 60. The result 
is 27.9 miles per hour. 

10. This amounts to finding a single 
conversion factor from revolutions 
per minute to miles per hour. This 
conversion factor is (3.86 · 271t · 
60)/(12 · 5280) = 0.31 . A good rule 
of thumb for Julio to use would be 
to multiply his cadence by 3 and 
divide by 10 to get his speed in 
miles per hour. 



H owever, it i be t to do problem 11 in 
class, with student working in pair . Thi 
will all ow them to use all the ideas they 
have learned in the cour e of the lesson 
and avoid the temptation of ju t using 
number from an actual bicycle. 

'Y12.6 

DESIGN A BIKE 

11. WWi De ign a bicycle. Fir t describe 
the future owner of the bicycle and his or 
her needs. Will the rider be climbing steep 
hill ? Be racing? Choo e a ize for the 
wheel, and the number of teeth fo r the 
gears of a I 0-, 15-, or I -speed bicycle. 
The fo llowing in formation may be helpful. 
Describe how each gear would most likely 
be used. 
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Wheel diameters 
24, 26, and 27 inches are common. 

Teeth on the chainwheel 
24 to 58 

Teeth on the rear procket 
12 to 38 

ample Gear 
• Very low gear, fo r cl imbing 

steep hill s and for easy tart : 33 
• Medium gear, for general use: 54 
• Very hi gh gear, fo r going 

downhi ll fa t, and for racing: I 00 
Progression 

Some cyclists like an approx imately 
geometric progression of gears, be
cau e the common ratio make the 
change fee l the arne from one gear 
to the next. 

Chapter 12 Mathematical Modeli11g 

12.6 S 0 L U T I 0 N S 
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TREE HARVESTING 

Paul 's Forestry Products owns two tands of 
trees. This year there are about 4500 trees in 
Lean County and 5500 in Cool County. So as 
not to run out of trees, the yearly harvesting 
policy at each location is to cut down 30% of 
the trees and then plant 1600 trees. For exam
ple, in Lean County this year they will cut 
1350 trees and plant 1600 trees. 

1. Make a table of values showing how many 
trees they would have at each location 
every year for nine years. 

2. Describe the change in the number of 
trees at each locati on. Is it increasing or 
decreasing? Is it changing at a constant 
rate from year to year? What do you think 
will happen in the long run? 

3. Write a formula that would give the num
ber of trees nex t year in terms of the num
ber of trees thi s year. (Use y for next year 's 
number and x for this year 's number. What 
you get i called a recurrence equarion. ) 

4. How many trees would they have at each 
location after 30 years? 

DRUGS 

To control a medical condition, Shine takes ten 
milligrams of a cen ain drug once a day. Her 
body gets rid of 40% of the drug in a 24-hour 
period. To find out how much of the drug she 
ends up with over the long run, we can use 
function diagrams. 

12.7 ltera/i11g Li11ear FmrcliOIIS 

5. If x is the amount of the drug Shine has in 
her body on a cenain day. and -" is the 
amount on the next day, explain why the 
recurrence equati on is y = 0.6x + I 0 . 

6. Make a table of value for the recurrence 
equation, using these va lues for x: 0, 5, I 0, 
15, 20, 25,30,35, 40. 

Here is a function di agram for the recurrence 
equation. 

40 

20 

0 

This function di agram can be repeated to show 
what happens over the long run . The linked 
di agrams show how they-values for one 
become the x-values for the next. 

7. Use the diagram to predict what happens 
in the long run if Shine takes 10 mg a day 
of the drug aft er an initi al dose of: 

a. 10 mg; b. 25 mg; 

c. 40 mg. 

8. Check your predicti ons by calc ul ation. 

445 .& 
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1. Year Lean County Cool County end up with the same number of 
0 4500 5500 trees. {This can be confirmed by 
1 4750 5450 extending the table a few more 
2 4925 5415 years.) 
3 5048 5391 3. Y= 0.70x+ 1600 
4 5134 5374 
5 5194 5362 4. Lean: 5332; Cool: 5335 

6 5236 5353 5. Her body will still have 60% of 
7 5265 5347 the drug left when she adds 1 0 
8 5286 5343 milligrams. 
9 5300 5340 6. X 0.6X+ 10 
10 5310 5338 0 10 

2. The number of trees in Lean County 5 13 
is increasing, but the amount of the 10 16 
increase decreases every year. The 15 19 
number of trees in Cool County is 20 22 
decreasing, but the amount of the 25 25 
decrease decreases every year. In 30 28 
the long run, it looks as if they will 35 31 

40 34 

.. 12.7 
Iterating Linear Functions 

Core Sequence: 1-21 

Suitable for Homework: 5-13, 21-25 

Useful for Assessment: 13-14, 17-18, 20-21 

What this Lesson is About: 

• Iterating linear functions 

• Recurrence equations 

• Convergence 

• Fixed points 

The ideas in this lesson were previewed 
in Chapter 3, Lesson 1, and Thinking/ 
Writing 3.C. In more advanced classes 
students may study an extension of these 
ideas to nonlinear functions. This is the 
essential core of the science of chaos and 
dynamical system . 

This lesson was inspired by an article in 
the Mathematics Teacher, vol. 83, no. 9, 
December 1990: "The difference equation 
X11 = ax11 - 1 + b," by Lawrence E. Spence. 

A hands-on experiment to bring this topic 
to life in the classroom with water and 
food coloring is de cribed in the Mathe
matics Teacher, vol. 85 , no. 2, February 
1992: "Drugs and Pollution in the Algebra 
Class," by James T. Sandefur. In the exper
iment an empty glas container represents 
the body, a quart of water represents the 
blood in the body, and 16 m1 of food color
ing represents 16 mg of medicine. The 
elimination of 25% of the medicine in a 
four-hour period is modeled by removing 
one cup of the mixture, and replacing it 
with a cup of clear water. 

TREE HARVESTING 

These three problem introduce the basic 
idea of the lesson. Calculators are essential , 
and programmable calculators or computer 
spreadsheets are particularly convenient. 

DRUGS 

SAVINGS 

Function diagrams help students vi sualize 
what happens in the long run. In particular, 
students should see a major difference 
between the drugs and the savings prob
lems, in that the in-out lines converge in 
the first case and diverge in the other. 

Note that in the case of the drug problem, 
if one uses the equation y = 0.6(x + 10), 
the numbers will converge to a different 

-
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number. Thi i becau e, in thi s ca e, the 
formula describes the amount of the drug 
in the body j ust before taking the next 
do e. The eq uation in the text refl ect the 
amount in the body ju t after taking a dose. 

R oblem 14 should remind students about 
the analysis of the focus of fu nction di a
gram for linear fu nction (from Chapter 8, 
Lesson 2). We deli berately ignore the 
case where m ~ 0 for the purpo es of thi s 
lesson. They can be analyzed in roughl y 
the arne way. 

There i a reproduci ble page of linked 
function diagram to u e with this le on 
on page 568. 

THE FIXED POINT 

/ n the long run , the equence of inpu ts and 
output gradual ly get clo er and clo er to, 
or farther and farther from, the function' s 
fixed point, depending on whether m < I 
or m ~ 1. 

/ t i intere ting that the initia l input does 
not affect the outcome that much. The onl y 
thing that matters is whether the init ial 
input i above or below the fixed point. 

Mte that a fi xed point will have the same 
x- and y-coordinate . Hence, on a Cartesian 
graph, any fixed poin t li e on the line 
y = x. So you can imagine where the fix ed 
point of a linear function is by visuali zing 
where the fu nction inter ect the li ne 
y = x. However, it i much ea ier to ee 
convergence on a function diagram than 
on a Carte ian graph. 
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7. Both the table and the function dia
gram suggest that she will end up 
with 25 miligrams in her body over 
the long run , regardless of the initial 
dose. 

8. The predictions can be checked by 
iterating the function y = 0.6x + 10 
with the starting values given in #7. 

9. 0.5%, or 0.005 

10. $53.08, if the interest is compounded 
monthly. 

11 . y= 1.005x 

12. 

51 .00 

50.50 

50.00 

12.7 

Remember that instead of linked diagrams like 
in the figure, you could use a single function 
diagram of the fu nction. Just follow an in-out 
line, then move horizontally aero s back to the 
x-number li ne; then repeat the proce s, u ing 
the in-out line that starts at that point. 

Gli nda puts $50 a month into a savings 
account paying yearly compound interest of 
6%. 

9. What is the interest per month? 

10. How much money will she have at the end 
of one year? 

11. Write a recurrence equation for problem 
10, expressing the amount in the account 
at the end of each month as a function of 
the amount the previous month. 

12. Make a function diagram. 

13 • ._ How does what happens in the long 
run for problem I 0 differ from the prob
lems in the previous sections? Explain . 

I Definition: To iterate a function means to 
use ns output as a new on put. 

All the problems in this lesson in volve iterat
ing linear functions. We wi ll use function dia
grams and algebraic symbols to get a more 
general understanding of this kind of problem. 

14 . ._ Describe the difference between 
function diagrams for y = nLr + b for the 
following: 
a. O < m < I 
c. m > I 

b. m = I 

THE FIXW POINT 

I Definition: A fixed point of a function is 
one in which the output is the same as the 
input. 
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51 .00 

50.50 

50.00 

linked function diagrams for the 
recurrence equation y = 1.005x 

13. The amount always increases. It 
does not get closer and closer to a 
fixed number. 

14. a. The focus is to the right of the 
y-number line. 

b. The in-out lines are parallel. 
c. The focus is to the left of the 

x-number line. 

I Example: For the function y = ?x - 12, 
when the input i 2, the output is also 2. 

15. What is the fi xed point for each of the 
functions in problems 3 and 5? Why was it 
important in understanding the problems? 

16. Find the fi xed points. 
a. y = 3x - 6 b. y = 3x + 5 

c. y = 3x d. y = X 
e. y = x + 3 f. Q y = ~ - 2 

17 . ._ Function diagrams may help you 
think about these questions. 
a. There is a linear function that has more 

than one fi xed point. What is it? 
Explain. 

b. What linear functions have no fixed 
points? Explain. 

ts.I§§U§Hff¥1® 
a. Find a formula for the fi xed point for 

the function y = nu + b. (Hint: Since 
the output is the same as the input, sub
stitute x for y and solve for x.) 

b. Explain why m = I is nor acceptable in 
the formula you found. What does that 
mean in terms of the existence of the 
fi xed point for equations of the forrn 
y = X+ b? 

ANAL \ZINC, THE \EQUENC'ES 

When iterating a func tion, you get a sequence 
of numbers. 

19.0$@@® Start with the equation 
y = 2x + 3. Change one number in the 
equation so that when iterating the fu nc
tion, starting with any input, you get 
a. an arithmetic sequence; 
b. a geometric sequence; 
c. a sequence where the values get closer 

and closer to a fi xed point. 
Compare your answers with other 
students' answers. 
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15. The fi xed points were 5333 and 25. 
The fixed points were important 
because in each case the situation 
reached a steady state, regardless of 
the starting point. 

16. Note: The fixed points can be found 
by iterating the functions or by 
replacing y with x in the equation and 
solving for x. 
a. x = 3 
b. X = -5/2 
C. X= 0 
d. Every point is a fixed point. 
e. No point is a fixed point. 
f. x= 2orx = -1 

17. a. The function y = x has an infinite 
number of fixed points, since the 
output is always the same as the 
input. 



20.13§U§f!®k.M When iterating y mx + b, 
different things may happen, depending 
upon the value of the parameters. Find the 
values of m and b which lead to the 
following situations: 

a. arithmetic sequences; 

b. geometric sequences ; 

c. sequences where the values get farther 
and farther from the fixed point; 

d. sequences where the values get closer 
and closer to the fixed point. 

fiJ4ti•lfi;Ji TWO RULERS 

Alice's ruler 

I! I I ~ f I 4 i ~ ! I T~ \ 1~ I ';2:, 114 I? I 
Oliver's ru ler 

Alice and Oliver lined up her inch ruler against 
hi s centimeter ru ler, as in the above figure. 
This yielded the following table of numbers. 

X y 

0 6.0 

2 5.2 

4 4.4 

6 3.6 

12.7 Iterating Linear Functio11s 

12.7 

21.iiliCia Summarize what you know about 
iterating linear func tions. Include, but do 
not limit yourself to these topi cs. 

• real-world applications 

• use of function diagrams 

• the fixed point 

• these special cases: 

0 b = 0 
O O< m < l 
0 m =I 

0 m > I 

22. a. Graph these data. 

b. What is the equation for y in terms 
of x? 

c. Interpret the slope and y-i ntercept in 
terms of the rulers. 

Place an inch ruler and a centimeter ruler 
agai nst each other so that they run in opposite 
directions. 

23. Using the ruler arrangement you made as 
a source of (x, y) pairs, make a table li ke 
Alice's and Oliver's. Then make a graph . 

24. Write an equation for the function that 
shows the relationship between the num
bers in your table. 

25. Interpret the slope and y-intercept in your 
equation and graph in terms of your rulers 
and their positions. 
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ANAlYZING THE SEQUENCES 

This section pulls together everything that 
was discovered in thi s lesson. 

••Uii•lf#;J• TWO RULERS 

This is the third appearance of the two-ruler 
problem. (The first two were in Chapter 5, 
Lesson 1, and Chapter 11 , Lesson 8.) 

B e sure to compare the different equations 
obtained by students for their own rulers 
setup. If they followed the instructions cor
rectly, the slope should be close to -2.54, 
or -112.54, depending on which rul er is 
used for x and which fo r y. The intercept 
will refl ect the different positions of the 
zeros. 

12.7 S 0 L U T I 0 N S 

b. Linear functions of the form 
y = x + b (where b "' 0) have no 
fixed points. It is impossible for the 
output to equal the input if you add 
a nonzero number to the input to 
get the output. In other words 
x "' x + b unless b = 0. 

18. a. Solve x= mx + bfor xto get 
x= b/(1 - m), where m io 1 

b. Substituting 1 for m in the equa
tion would make the denominator 
0. Division by 0 is undefined . 
There are no fixed points in this 
case, except in the special case 
where m= 1 and b= 0. 

19.a.y=x+3 
b. Y= 2x 
c. y = 0.2x + 3 (Answers will vary .) 

20. a. m = 1 
c. m > 1 

b. b = 0 
d. 0 < m < 1 

21. Reports will vary. Of special impor
tance are the conclusions from #19 
and #20. 

22. a. 

b. y= -0.4x + 6 
c. The slope is the ratio of the two 

scales. It is negative because the 
ru lers are arranged so that one 
increases as the other decreases. 
The intercept is 6 because 6 on 
one ruler corresponds to 0 on the 
other. 

Answers will vary for problems 
23-25. 

-
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... 12.8 
Representing Functions 

Core Sequence: 1-23 

Suitable for Homework: 5-23 

Useful for Assessment: 3, 5, 9-10, 15 , 
18-19, 22-23 

What this Lesson is About: 

• Review of linear functions 

• Review of linear function foci in 
function diagrams 

• Review of simultaneous equations 

• Families of linear function 

We u ed function diagrams to introduce 
functions early in the course, and we use 
them again , thi s time to review basic ideas 
about linear functions, and to point out an 
in teresting dua lity between points and 
lines. Some students will appreciate the 
deeper, more theoretical ideas in the le -
on, but everyone will benefit fro m the 

opportunity to review basic ideas. 

POINTS AND liNES 

FOCUS ON SIMULTANEOUS EQUATIONS 

We first encountered the focus in Chapter 
8, Lesson 2. As it turns out, there is a one
to-one corre pondence between foci and 
linear functions with m * 1. Each function 
has a unique focus, and each foc us corre
spond to a unique function. 

1. a. y = (5/2)x - 4 
1. - 2. 5 

0 

-5 

X y 
y= (5/2)x - 4 

2. See the function diagram. 

448 

LESSON 

• ii.liiiji!MI ...... . ... . . . .. . . . . . : 

graph paper D ; ······································ o · 
function diagram paper 
······························································· 

co lored pens 

POINTS AND li NES 

As you know, an (x, y) pair is represented as 
a point on a Cartes ian graph and as an in-out 
line on a function diagram. In thi s section we 
will review how an equati on of the fo nn 
y = mx + b is represented in these fo rmats. 

l. For the function represented by this 
Cartesian graph. 

a . write the eq uation: 

b. draw a function di agram. 

5 

-5 5 

2. Extend the in-out lines in the function dia
gram you made in problem I . They should 
meet in one point. ca lled the foc us. 

3. .... What is the min imum number of 
lines you need to draw to fi nd the foc us? 
Explain . 

4 448 

3. Two lines are the minimum. They will 
intersect in a point, which must be 
the focus since all lines for that func
tion must pass through the focus . 

4. a. Answers will vary. Four possible 
in-out pairs are (-3, -3) , (3, -1 ), 
(-5, -3.67) , (0, -2) . 

b. y= (1/3)x - 2 

5. Two. Two points determine a line. 

Actually, a function of the fonn y = mx + b 
can be repre ented by j ust the focus, as you 
wi ll see in the nex t problem. 

5 5 

0 0 

- 5 - 5 

x -----'~ y 

4. The fig ure shows the focus of a certa in 
functio n of the form y = mx + b. 
a. Place a ruler on the focus, and find 

three in-outlines. Do not draw the 
lines, but keep a record of the (x, y) 
pairs. 

b. Find the equati on. 

5. .... If you were to make a Cartesian 
graph of this function. what is the 
minimum number of points you would 
need to plot? Explain. 

This table shows how points and lines appear 
in the two representations. Notice how point 
and lines are switched when going from one 
representation to the other. 

Representation 

Object on Cartesian on function 
graph diagram 

(x. y) 
one point 

one line 
pair ( in-out) 

linear 
one line 

one point 
equation (the focus) 
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FOCUS ON SIMULTANEOUS EQUA liONS 

This graph shows y = -3x and y = -x + 2. 

-5 

6. What point do the two lines have in 
common? 

The function diagram shows the foci of 
y = -3x and y = -x + 2. (Foci is the plural 
of focus.) 

5 5 

0 0 

-5 -5 

x ---,.. y 

7. Check that the foci are placed correctly. 

5 

a. Place a ruler on the focus and find three 
in-out lines for each function. Do not 
draw the lines, but keep a record of the 
(x, y) pairs. 

b. Check that the (x, y ) pairs you found 
atisfy the equations. 

12.8 Representing Functions 

12.s'Y 
8. If you were to draw an in-out line contain

ing both foc i, what (x, y) pair would it 
represent? 

9. .,_ How is the solution of a system of 
linear equati ons represented on: 

a. a Cartesian graph? 

b. a function diagram? 

10 . .,_ Explain how to solve thi s system by 
using a function d iagram. (Hint : First find 
each focus, then fi nd the solutions.) 

{ y = 0.5x + 2 
y= 2x- 1 

Because two lines meet in a po int, the solution 
to a system of simultaneous equati ons is repre
sented on a Cartesian graph by a point. 
Because two points determine a line, the solu
tion to a system of linear equations is repre
sented on a function diagram by a line (an 
in-out line). 

FAMILIES OF FUNCTIONS 

I Definition: A family of functions is a group 
of functions that share a certain attribute. 

11. All functions having equations of the form 
y = 5x + b belong to the m = 5 family. 

a. Sketch the graphs of two members of 
the family. 

b. What do all graphs for this family have 
in common? 

12. All functions having equations of the form 
y = lltx + 7 belong to the b = 7 family. 

a. Sketch the graphs of two members of 
the famil y. 

b. What do all graphs for this family have 
in common? 

All functions in the same b-famil y have foc i 
that lie on the same in-out line. 

449 ... 

For problem 1, student shou ld have no 
trouble fi nding the slope and intercept 
from the graph, but for problem 4 they 
may not th ink of looking for the m and b 
parameters directl y in the di agram. After 
they have found the equation , it would be 
intere ring to compare strategie . 

The most effective way i to fi nd the in
out line through the foc u and the po int 0 
on the x-number line . That will give they
intercept (0, -2) , o b = -2. Then one can 
look fo r the magnifica tion m by looking 
for one other in-out line, preferably one 
having integral coord inate , and fi nding 
the ratio between the change in y-va lue 
and the change in x-va lue . Though other 
choices are possible, the in-out line (-3 , -3) 
i convenient. It allow u to ee that when 
x change by 3, y change by I. Therefore 
the magni fication mu t be l/3. (However, 
you may hold off on pre enting thi 
approach until after having done the next 
ection, where the fun cti on di agram repre
entation of m and b i reviewed.) 

R oblems 6-10 review fa mili ar mate ri a l in 
a new etting. 

R ob! ems 3, 5, 9, and the clo ing 
paragraphs of both ecti on addre the 
point-line duality that i inherent in these 
representati ons. The idea of po in t- li ne 
duality is not important fo r tudent t 
master at this level, but those who appreci
ate thi ae theti call y hould be en uraged 
to ti ck with mathemati c . Duality i fun
damental to projecti ve geometry, a branch 
of mathematics they will ha e a chance to 
rudy in college. 

12.8 S 0 L U T I 0 N S 

6. (-1' 3) 

7. Answers will vary. 

8. (-1, 3) 

9. a. a point 
b. an in -out line 

1 0. Draw two in-out lines for each func
tion in order to find its focus. Then 
draw the in-out line that passes 
through both foci. The (x, y) pair 
corresponding to this in-out line 
is the solution to the system. 

11 . a. 12. a. y = -2x + 7 Y= 2X + 7 
y = X+ 7 

1. Y= 5x - 4 
2. y= 5x - 2 
3. y= 5x 
4. y= 5x+ 2 
5. y= 5x+ 4 

b. They have the same slope. b. They all have the same y-intercept. 



FAMILIES OF FUNCTIONS 

You may u e the idea in problem 23 as a 
moti vation in the real world for the con
cept of fami lie of function . However, we 
concentrate on m and b fami lies, wruch 
help us review once again the significance 
of those parameters. 

To speed up the maki ng of the functio n 
diagrams in thi s ection, remind the stu
dents that al l they need i to find the focu , 
which can be done by ketching two in-out 
line . (A third one can be u ed as a check.) 

R oblem 18 review the previous section, 
ince all y tern where both equation are 

of the form y = mx - 2 will have (0, -2) 
for a solution. 

When discussing m fami li es, you may 
have a class di cu ion of how the po ition 
of the focu i related to the value of m, 
and of how m i the magnification from the 
x- to the y-number line. (See Chapter 8, 
Les on 2.) 

Mte that problem 21 add an important 
footnote by reminding tudents that some 
linear fu nction do not have a focus, 
because their in-out lines are parallel. 
Alternately, for tho e functions , we think 
of the focu being a poi nt at infinity, which 
makes it possib le to preserve the duality. 
(All the point at infin ity make up the line 
at in finity.) 

13. 

x ---~y 

14. b = -2 

15. They all share the point (0, -2) , so 
their foci must lie on this in-out line. 

16. They all share the point (0, -3), so 
their foc i must lie on this in-out line. 

T12.s 

13. These four functions are in the arne 
b-family. For each one, draw in-out lines 
to find the focus and mark it with a 
colored pen or pencil. Do all four on the 
same diagram. 

a. y = 0.5x- 2 
c. y = -2x - 2 

b. y = 2x -2 
d. y = -o.sx - 2 

14. What is the family name for the functions 
in problem 13? 

IS . .... Why do all the foci of the functions 
in problem 13 lie on the arne in-out line? 
Which in-out line is it? Explain. 

16. The foci for all func tions in the family 
b = -3 also lie on one in-out line. Which 
line? Explain how you know. 

Many m-families also have foci that lie on the 
same in-out line in a function diagram. 

17. a. On a function diagram, find and mark 
the focus for y = -2x + 3. 

b. On the same function diagram, find and 
mark the focus for y = -2x + I . 

c. Find and mark the focus for everal 
other graphs of the form y = -2x + k. 
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17. 5 5 

0 0 

-5 -5 

x ----+Y 

18. They are in the m = -2 family. Since 
they have the same magnification , or 
slope, their foci are the same dis
tance from the x-number line. The 
foci all lie on a vertical line between 
the two axes. 

18 . .... What i the family name for all the 
functions in problem 17? Explain why 
the foci are all on the arne line. Describe 
the line. 

19 . .... If two functions both have a focus on 
the same vertical line, what would their 
Canesian graph have in common? 

20. f What is the fam ily name fo r all 
functions hav ing focus half-way between 
the two number lines? 

21. There is one m family for which the func
tion diagrams have no foc us, becau e the 
in-out lines do not meet. Which m family 
is this? 

22. f)IU.! .. fi,il On a function diagram, what is 
true of the foci of all linear functions in the 
same 

a. m family? b. b family? 

23 . .... The functions representing Charles's 
Law fo r gases in the graph in Lesson 4 
form a family that is neither an m nor a b 
family. If you were to make function dia
grams for them, the foci would all be on a 
cenain in-out line. Which one? Explain . 
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19. slope 

20. m = -1 

21 . m = 1 

22. a. They all lie on a single vertical 
line. 

b. They all lie on the in-out line (0, b). 

23. They will all lie on the in-out line 
(-273, 0), which represents absolute 
zero. From the graph in Lesson 4, 
we can see that all the lines on the 
Cartesian graph go through the point 
(-273, 0), so on a function diagram 
this will be an in-out line common to 
all the functions. 
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THE SQUARE ROOT OF x' 

As you know, the radical sign means the non· 
negative square root of. 

1. Make a table of values, and a graph, for 
the function y = .fx2. Use at least six val
ues for x, including positive numbers, neg
ative numbers, and zero. 

2. Find a linear function that has the same 
graph as y = .fx2. when 

a. xis positive; b. xis negative. 

3. ... True or False? ,Jx2 = x. Explain. 

ABSOlUTE VALUE 

As you may remember, the absolute value of a 
number is the distance between that number 
and zero. 

4. Repeat problems 1-3 for the function 
y = lxl. 

Graph the functions in problems 5 through I 0. 
Use separate axes for each one. Write each 
equation on its graph. 

5. y =lxl+2 

7. y = -lxl 

9. y = lx + 21 

12.8 V-S/wptd Graphs 

6. y=lxl-2 

8. y = 2lxl 

10. y = lx- 21 

n.®Mfl® Find equations of the form 
y = Alx - HI + V for these four graphs. 

a. 

-5 

b. 

-5 

c. 

-5 

d. 

-5 

-5 

5 

5 

5 

5 

5 

5 
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2. a. Y= x 
b. Y= -x 

3. False. This is true only when x ~ 0. 

rn@@~t~ 12.8 
WRJTJN ; V-Shaped Graphs 

Core Sequence: none of the assignment 

Suitable for Homework: 12-18 

Useful for Assessment: 3, 12-14 

What this Assignment is About: 

• Review of domain and range 

• Absolute value graphs 

o Preview of radical expressions involving 
variables 

o Preview of quadratics in the form 
y = a(x- h)2 + k 

• Applications of absolute value graphs 

THE SQUARE ROOT OF x2 

In Chapter 9, we deliberately avoided 
problems requiring simplification of 
expressions such as R. In problems of 
this type, traditional textbooks emphasize 
that x must be nonnegative, but students 
rarely understand (or even notice) the need 
for this restriction. In more advanced 
courses, however, students will need to 
understand the concept of the domain and 
range of functions of this type, and we pre
view it here via a graphical exploration of 
y=R. 

Students are likely to understand the idea 
better if you begin by using tables and pen
cil-and-paper graphing, but you may wish 
to introduce the graphing calculator during 
a class discussion of problem 3. A wrap-up 
of that problem might include having stu
dents explain when R is equal to x and 
when it is equal to the opposite of x. 
Encourage students to say "the opposite of 
x" instead of "negative x" to avoid confu
sion, or at least to bring attention to that 
issue. 

ABSOLUTE VALUE 

Students may be surprised to see that the 
graph of y = lxl is the same as the graph of 
y=R. 

Beginning with problem 5, you may wish 
to have students use a graphing calculator 
again. It will be especially useful in prob
lem 11. 

Note that this section serves to preview 
work with graphing quadratic expressions 
in the form y = a(x- h)2 + k. 



If you ass ign problem 12 as a written 
report, you may lead a class discussion 
about it beforehand, hav ing groups share 
their fi ndings from problems 5 through 11 . 
The di cussion should include a review of 
the meaning of domain and range. 

A ROUNDTRIP 

Thi s is an application of absolute value 
graphs that connects with previous work 
on motion in this chapter. 

diflii• LIKE TERMS 

Students often find the e manipulations 
di fficult. This reflect a weak grasp of frac
tions, and/or a weak grasp of the distribu
tive law. These exerci es should help. 

lJi cu problem 18 if necessary. You can 
suggest either using a common denomina
tor, or start by distributing the di vision by 
5 in the first fraction. 

Tn.B 

12. 1ii1l1Di Write an illustrated report describ
ing graphs of the fo rm y = Alx - HI + V. 
Describe how each of the parameters A, H, 
and V affects the graph. What are the 
slopes? Where is the vertex? What are the 
domai n and range? Gi ve examples, includ
ing both negati ve and positive values of all 
the parameters. 

A ROUND TRIP 

This graph shows a plane's trip. It was sighted 
passing over Alaberg at time 1 = 0. 

-;;;-800 
..!1 
]_ 700 

~600 
..0 

~ 500 
§400 
~ 

1l300 
c:: 

"' "' 200 
:0 

i;#jjiiJI• LIKE TERMS 

2.5 3.0 3.5 4.0 
time (hours) 

When combining terms involving fractions, it 
is sometimes useful to write the fracti ons with 
common denominators. However, it is often 
more convenient to use the method that is 
demonstrated in the following example. I Example: x ll x 

6o - 70 
I II 

= 60 x- 10 x 

A. 452 

13 . ..... Describe the plane's trip. 

14. The equation of the graph is of the form 
y = Alx - HI + V. What areA , H, and V? 

15 . .,_ If the plane were going at 300 miles 
per hour, 

a. how would the graph be di fferent? 

b. how would the equation be di fferent? 

I =(~ - ~)x 
= -<J.I4x 

(A calculator wa used for the last tep.) 

Combine like terms. 
2x 

16. 3 - 4x 

3x + 2 x 
18. - 5- -2 
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452 
I 

7. 

8. 

y = - lx l 

Y= 2lxl 

9. y = lX+21 

10. y=lx - 21 

11 . a. y = 3 I xi - 3 
b. y = lx - 21 + 1 
c. y = -lx - 21 + 1 
d. y = -2 1x + 11 

12. Reports will vary. Some key ideas 
follow: The graphs will be V-shaped, 
composed of two half-lines of slopes 
-A and A. The vertex of the graph is 
(H, V) . The domain is all real num
bers. If A < 0, the range is y :s V. If 
A > 0, the range is y ;:::: V. 

13. The plane traveled at a constant 
speed of 400 mph for 2 hours. Then 
it turned around and flew back at the 
same speed for 2 hours. It was 
sighted again over Alaberg at t = 4. 

14. The equation would be y = -4001x - 21 
+ 800, so A = -400, H = 2, V = 800. 

(Solutions continued on page 529) 



~ Essential Ideas 

FIRST CLASS STAMPS 

This table shows the costs in cents of first-class 
stamps over the past sixty years. The dates 
indicate the year when there was an increase in 
the fi rst-class rate. 

Year Cost Year Cost 

1932 3 1975 13 

1958 4 1978 18 

1963 5 1981 20 

1968 6 1985 22 

197 1 8 1988 25 

1974 10 1991 29 

Interpolation is not relevant since all the data 
are Icnown within the given period. However 
extrapolation may be possible. 

1. Graph the data as a step function . For 
example, the cost was 3 cents from 1932 
to 1957. 

2. ln 1985 Barbara wanted to use the average 
cost increase in the period 1932- 1985 to 
predict the cost of stamps in 199 1. 

a. What was the average yearly increase? 
b. Based on this, what cost did she predict 

for 199 1? 

3. ln 1985 Sue used a computer to find the 
average percent increase over the 53-year 
period. The computer indicated that on the 
average, the cost went up by 3.8% a year. 
Based on this, what cost did she predict 
for 1991 ? 

ln 1991 they used the same methods to find the 
average increases over the 59-year period. 
Barbara found an average increase of 0.44 
cents a year, and Sue found an average percent 
increase of 3.9% a year. 

+ Essential Ideas 

4. Make a prediction for the cost of stamps in 
the year 1999 and 2032. Explain. 

THE MIL E RUN 

Year Time Year Time 

1868 4:29.0 1942 4:04.6 

1868 4:28.8 1943 4:02.6 

1874 4:26.0 1944 4:0 1.6 

1875 4:24.5 1945 4:01.4 

1880 4:23.2 1954 3:59.4 

1882 4 :2 1.4 1954 3:58.0 

1882 4: 19 .4 1957 3:57.2 

1884 4 :18.4 1958 3:54.5 

1894 4:18.2 1962 3:54.4 
---·-

1895 4:17.0 1964 3:54. 1 

19 11 4:15 .6 1965 3:53.6 

19 11 4:15.4 1966 3:51.3 

19 13 4:14.6 1967 3:5 1.1 

19 15 4:12.6 1975 3:5 1.0 

1923 4:10.4 1975 3:49.4 

193 1 4:09.2 1979 3:49.0 

1933 4:07.6 1980 3:48.8 

1934 4 :06.8 198 1 3:48.53 

1937 4:06.4 198 1 3:48.40 

1942 4 :06.2 198 1 3:47.33 
--
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THE MILE RUN 

There is a reproducible graph to use with 
this section on page 576. 
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1. 

~ 
c: 
Q) 

~ 
c. 
E 

~ 
Ill 
Ill 
111 

C3 -~ 
u::: 
0 
iii 
0 
() 

30 

25 ....., 
....., 

20 o--<> 

....., 

15 ....., 

10 ., 
....., 

5 
....., .........., .........., 

1932194219521962197219821992 
Year 

2. a. 19/53 = 0.36 The average yearly 
increase was 0.36 cents per year. 

b. 22 + (0.36). 6 = 22 + 2.16 = 24.16 
or about 24 cents 

3. 22(1.038)6 = 27.5 or about 27 to 28 
cents 

4. Linear Exponential 
Prediction: Prediction: 

Year 2~ + Q.44x 2~(1 .0~~)x 
1999 about 33 cents about 39 cents 
2032 about 47 cents about $1.39 

The prediction was made by using 
1991 as the starting point and the 
rate of increase from 1932-1991. 
The variable x represents the num
ber of years after 1991 . 

5.-6. 

f" H--H-1-+-++-H-+-+-+-+-+-H-1-+-+-+-H-+-+--H 

,.,ffimmWii§iiiim 

,,·-
"' 

~--1860 1170 1880 1890 1900 1910 1920 1930 1940 19~ 1960 1910 1980 1990 
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5. The table shows the world record for the 

mile run from I 868 to I 98 I. Plot the time 
in seconds as a function of year. 

6. Use the median-median line method to fit 
a line. 

7. What is the equation of your fitted line? 

8. Richard Webster of Great Britain ran the 
mile in 4:36.5 in I 865. How does thi 
compare with the time for I 865 predicted 
by your fitted line~ 

9. Steve Cram of Great Britain ran one mile 
in 3:46.3 I in I 985. How does thi s compare 
with the time predicted by your fitted line? 

10. a. According to your model , when would 
the mile be run in 0 seconds? 

b. For how many more yea rs do you think 
your fitted line will be a good predictor 
of the time? 

WIRES 

When a metal wire changes temperature, it 
expands or contracts, according to the equati on 

L = l..o(l + kT), 

where Lis the length of the wire, Lois its 
length at 0°C, Tis the temperature, and 
k depends on the metal. For copper, 
k = 1.8(1 o-5). 

11. A copper wire is I 00.05 meters long at 
40°C. If it is cooled to - I 0°C, how much 
will it shrin k? (Hint: First find its length 
at 0°C.) 

12. Two pole are I 00 meters apart. They are 
connected by a I 00.05-meter copper wire 
in the ummer, when the temperature i 
40°C. In the winter the temperature drops 
to - 10°C. 

a. Explain why the wire breaks. 

b. f How long should the wire be so as 
not to break in the winter? 

A 4s4 

A nickel-iron alloy is created. Measurements 
are made in a Jab on a wire made of the alloy. 
It is found that a wi re that is I 0 meters long 
at 0°C expands by one half a millimeter at 
I 00°C. The alloy is called ln var. 

13. Find the value of k for Jnvar. 

14. f Would an ln var wire that measures 
I 00.0 I meters at 40° C work to connect 
the poles in problem I 2? Explain. 

EQUA liONS FROM DATA 

a. b. c. 

X y X y X y 

0.4 15 0.4 0.667 0.4 -4.4 

0.6 10 0.6 1.00 0.6 -2.6 

0.8 7.5 0.8 1.33 0.8 -o.8 

I 6 I 1.67 I I 

15. Find an equation for each table. Hint: One 
is a direct variation, one an inverse varia
tion, and one a linear function. 

THE CAR TRIP AND THE BICYCLE TRIP 

Reread T hinking/Writing 2.8 (Chapter 2). 
The function diagram is shown below. 

miles 

400 
6 PM . 

3 P.M. 

200 

noon 

9A.M. 0 

time ~ distance 

Car T rip 

Chapter 12 Math ematical Modeling 
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7. Answers will vary . One possible solu
tion is given . 
The line seems to go through the 
points (1954, 238) and (1895, 257). 
Use these points to get the line 
y = -0.322x + 867.18. 

8. y= -0.322(1865)+ 867.18 
Y= 266.65 
This underestimates Webster's time 
of 276.50 seconds by about 1 0 
seconds. 

9. y = -0.322(1 985) + 867.18 
Y= 228.01 
This is within 2 seconds of Cram's 
time of 226.31 . 

10. a. 0 = -0.322x + 867.18 
X= -867.18/(-0.322) = 2693 
The mile would be run in 0 
seconds in the year 2693! 

b. Answers will vary. (It certainly 

won't be a good predictor in 
2693!) 

11 . Its length at 0 degrees is 99.98 m. At 
-10 degrees, it will be 99.96 m. 

12. a. It shrinks to less than 100 m, as 
shown in #11 . 

b. First find the length at 0 degrees, 
based on the fact that in order not 
to break it must have been 100 m 
at -10 degrees. Its length at 0 
degrees would have been 100.018, 
which means that it should have 
been 100.09 m at 40 degrees. 

13. The wire is 10 meters long at 0 
degrees C. It expands by 1/2 mm = 
0.5 mm or 0.0005 mat 100 degrees 
C. Using the formula: 
L = Lo( 1 + k · 1) 
Substituting: 1 0.0005 = 1 0(1 + k · 1 00) 
10.0005 = 10 + 1000k 

0.0005 = 1 OOOk 
5 . 1 0-4 = 1 03 • k 
k = 5. 10-7 

14. Use k and the length of the wire at 40 
degrees to find Lo. 
L = Lo( 1 + kT) 
100.01 = Lo[1 + 5 ·10-7 • (40)] 

100.01 = Lo 
1.00002 

100.008 = Lo 
We can use Lo to find the length of 
the wire at -10 degrees. 
L = 1 00.008[1 + 5 · 10-7 • (-1 0)] 
L = 100.0075 
The length at -10 degrees will be 
1 00.0075 em, which is greater than 
1 00 em, so it will not break. 

15.a. xy =6 
b. Y= (5/3)x 
c. Y = 9x - 8 

-



16. Make a Cartesian graph for the car trip, as 
best you can from the informat ion given. 

17. What is the car 's average speed, 

a. if you include the time the car was 
stopped in the midd le of the day? 

b. if you incl ude only the dri ving time? 

Reread Thinking/Writing 4.A (Chapter 4). 
The graph is shown below. 

80 ------~ 

70 -·-- --, 

~60 ------··-· 
"' " 

--- --- . 
\ 

~ 50 ·- -· . ·- ------·-· 5 () .5, 37.5) 
E3 40 ______ , ___ _ 

z 
~ 30 
Cll 
iS 20 \ 

\ 

\ 
\ 

2 3 4 
TIME (hours) 

- Sall y - Neil - - Train 

18. Repeat problem 17 for the van Neil drove. 

19. If Neil were to make the return trip in the 
same length of time, but traveling at a con
stant speed and never stopping, what 
would be his speed? 

20. a. Wri te an equation for Sally 's graph dur
ing the leg of the trip when she and the 
train passed each other. 

b. Solve the system of equations consist
ing of the equations representing Sall y's 
and the train' motion. 

c. Interpret the point of intersection. 

+ Essential Ideas 

• 
ASTHMA 

For her asth ma Lynne takes 360 mg of the 
drug theophylline twice a day. After 12 hours, 
60% of the drug has been eliminated from 
her body. 

21. Assume Lynne has Xa mg of the drug in her 
body immediately after taki ng the dose. 
Explain why Ya = 0.4xa + 360 is the 
recurrence equati on that ays how much 
will be in her body immediately after 
taking the next dose. 

22. Assume she has xb mg of the drug in her 
body immediately before taki ng the dose. 
Explain why Yb = 0.4(xb + 360) is the 
recurrence equation that ays how much 
will be in her body immediately before 
taking the nex t dose. 

The amount of theophyll ine in Lynne's body is 
constantly changing, but the lowest amount 
(ri ght before taking the drug) and the highest 
amount (ri ght after) event uall y approach a 
stable level. 

23. Find that level, using tab les . function di a
grams, or equations. What is the level 
before taking the dose? What is it after? 
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16. 
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17. a. Total time from 9 A.M . to 5 P.M . is 8 
hours. Total distance is 360 miles. 
Average speed is 360/8 = 45 mph. 

b. Total travel time is 7 hours. 

Average speed is 360/7 "' 51 .4 
mph. 

18. a. Neil's total time was 2.75 hours. 
The total distance he traveled was 
70 miles. His average speed was 
70/2.75 or about 25.5 mph. 

b. Neil 's total driving time can be 
found by adding the three legs of 
his trip: 45 min + 30 min + 15 min 
= 1.5 hours. His total distance is 
70 miles, so his average speed is 
70/1.5 = 46 2/3 miles per hour. 

19. If the time used is 2.75 hours, his 
speed would be about 25.5 mph. If 
the time used is 1.5 hours, the speed 
would be about 46 2/3 mph. In other 
words, it is the same as the average 
speed . 

20. a. This segment has endpoints 
(2.25, 37.5) and (3.25, 57.5). 
Using these points, the equation 
of Sally's motion can be found to 
be 0 = 20T - 7.5. 

b. The equation of the train 's motion 
is 0 = -40T + 160. (This was given 
in the lesson.) Solving this simul
taneously with the equation of 
Sally's motion gives the point 
(2.79, 48 .4) . 

c. This means that Sally and the 
train passed each other about 2 
hours and 48 minutes after Sally 
left the staging area. She had 
gone a little less than 48 and 1/2 
miles. 

(Solutions continued on page 529) 
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Chapter 13 
MAKING DECISIONS 

Overview of the Chapter 

This chapter starts with a set of real-world 
problems which we analyze with the help 
of linear and quadratic functions . In partic
ular, the question of optimization leads us 
to pay attention to the vertex of parabolas 
and to its position in relation to the x-inter
cepts. In this context we also meet the zero 
product property and the use of factoring 
to solve some quadratic equations. 

/ n the second part of the chapter (Lessons 
6-8) we zero in on quadratic expressions in 
the form x2 + bx + c and (x - H)2 + V. 
This is more technical and will be difficult 
for some students. However our presenta
tion makes this material much more acces
sible than the traditional treatment does, 
first of all because of the use of the Lab 
Gear and Cartesian graphs to throw light 
on the symbol manipulations. 

Much of the work in thi s chapter serves 
to preview Chapter 14, where we work 
with quadratic expressions in the form 
a.x2 + bx + c where a is not necessari ly I , 
and to introduce the quadratic formula. 
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CHAPTER 

The spiraling vortex or a whirlpool 

Coming in this chapter: 
IJ!1!iflijltifij You want to make pens for Stripe, your pet zebra, 
and Polka Dot, your pet leopard. You have I 00 feet of fencing. 
If you use all of it to make two pen of equal area, what is the 
biggest area possible? 

--



MAKING DECISIONS 
1. New Uses for Tools: 

• Combining the Lab Gear and 
Cartesian graphs for a better under-
standing of quadratic functions 

2. Algebra Concepts Emphasized: 

. Parabolas through the origin 
• Quadratic functions in the form 

13.1 Rectangular Pens: Constant Perimeter 

13.2 Advanced Penmanship 

y = a(x - p)(x - q) 
• The zero product property 
• Solving quadratic equations by 

13.3 The Zero Product Property 
factoring 

• Symmetry of parabolas 

13.4 Rectangular Pens: Constant Area 

13.A THINKING/WRITING: 
Business Applications 

• Vertex of parabolas 
• Intercepts of parabolas 
• Completing the square 
• Translations of the graph y = x2 

13.5 Packing and Mailing 

13.6 Solving with Squares 

• Quadratic functions in the form 
y = (x- H)2 + V 

• Quadratic functions in the form 

13.7 Finding the Vertex y = ~ + bx + c . Vertex methods of solving 

13.8 Quadratic Equations: x2 + bx + c = 0 quadratics 

13.8 THINKING/WRITING: 3. Algebra Concepts Reviewed: 

Find the Dimensions • Constant sum graphs 

• Essential Ideas • Constant product graphs 
• Factoring 
• Equal squares 
• Simultaneous equations 

4. Algebra Concepts Previewed: 

• The quadratic formula 
• Equations that lead to quadratic 

equations 
• Graphs of rational functions 
• Cubic functions 

5. Problem-Solving Techniques: 

• Using diagrams 
• Using graphs and tables 
• Using equations 

6. Connections and Context: 

• Optimization 
• Constraints 
• Area and perimeter 
• Volume and surface area 

-
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T 13.1 Rectangular Pens: 
Constant Perimeter 

Core Sequence: l -22 

Suitable for Homework: 2- 12,23-26 

Useful for Assessment: 4-6, 9-12, 15 , 
18,20 

What this Lesson is About: 

• Using graph and tables to analyze a 
real-world problem 

• Optimization 

• Review of con tant urn graphs 

• Parabola through the origin 

• Preview of the quadratic formula 

• Review of fixed points 

R oblem 1 po e the question that is 
explored in problems 2- 12. Any method 
tudent use to solve it is acceptable. The 

most likely approach is trial and error. You 
may deepen the di cuss ion of the problem, 
wi th the book clo ed, by asking these 
que tions: 

• What i the width of the pen as a fu nc
tion of its length? 

• What i the area of the pen as a function 
of its length? 

Let tudent (working in groups) take the 
initiative about how to proceed. You may 
hint that table , graph , and equation may 
be helpfu l in providing a full understand
ing of the pro ble m . ttl dent m ay even find 

a use fo r fu ncti on diagrams or geoboards. 

LESSON 

Rectangular Pens: Constant Perimeter 

~i!ililiiiMI ..... Effii .......... ~ 
: ?.r.a..~~.P.~P.E!.r. oo 00 I±±P' ~ 

a graphing calculator 
• (oP'iio'iiail'" · · 0000 000000 00 000000 

• .................................. 
1. Mm!iffi1N You want to make a rectangu

lar pen for Stripe, your pet zebra. Even 
though Stripe takes many walks around 
town, you want to make sure she has as 
much space as possible inside the pen. You 
have 50 feet of fencing available. If you 
use all of it to make the pen, what is the 
biggest area possible? Find out by trying 
various dimensions for the pen. 

IVII>TH AS ,\ FU~( liON Of LLN<.HI 

You have 28 feet of fencing to make a rectan
gular pen. There are many possible dimensions 
for this pen. One possible pen, I 0 feet wide by 
4 feet long, is shown below. In this section you 
will investigate how the length and width 
change in relation to one another if you keep 
the perimeter constant. 

1-:5 

·~ " 

5-

0 5 
Length 

.A. 4sa 

2. a. On graph paper, draw axes and at least 
six pens having a perimeter of 28. 

b. The upper right comer of the pen in the 
figure has been marked with a • and 
labeled with its coordinates. Do this for 
the pens you drew. Then connect all the 
points marked with a •. Describe the 
resulting graph. 

3. a. Make a table showing all the coordi
nates on your graph. Look for a pattern 
and make three more entries in the 
table. 

b. Write an equation for the function 
described by your graph and table. 

4. The point whose coordinates are 
{4, 10) is on the graph. 

a. What does the sum of these numbers 
represent in this problem? 

b. What does the product represent? 

5. a. What is the greatest possible length of 
a pen? How can you see this on your 
graph? 

b. How many rectangles are possible if the 
dimensions are whole numbers? How 
many are possible otherwise? 

c. Explain why the graph should not be 
extended into quadrants II and IV. 

6. If you increase the length by one foot, 
does the width increase or decrease? Does 
it change by the same amount each time? 
Explain. 

Clrapter 13 Making Decisions 

13.1 S 0 L U T I 0 N S 
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1. Answers wi ll vary . See solutions to 
#11 and #12. 

2. a. 
15 

~ (2, 12) 
1-~ (4, 10) 

(~/~ 9) 
1~,8) 

.18, 6) 
K.110,4) 

K./13,1) 

5 

length " 
b. The graph is a straight line. It is a 

constant sum graph. 

3. a. w L 

I 13 

2 12 

3 II 

4 10 

5 9 

6 8 

7 7 

8 6 

9 5 

10 4 

II 3 

12 2 

13 I 

b. L + W= 14 or W= 14- L 

4. a. one-half the perimeter 
b. area 

5. a. The x-intercept is (14, 0). The 
length must be less than 14. 

b. There are 7 whole number possi
bilities and an infinite number of 
other possibilities. An 8-by-6 pen 
is the same as a 6-by-8 pen , and 
a 9-by-5 pen is the same as a 
5-by-9 pen, etc. 

c. Length and width cannot be 
negative. 

6. The width will decrease by one foot 
each time. (The slope of the line 
is -1.) 

-



•\RLA •\\ A FUN< l iON Of llN(, 1 H 

In the previous section you may have noticed 
that the area of the rectangles changed even 
though the perimeter remained constant. In 
thi s section you will investigate how the area 
changes as a function of length , if you keep the 
perimeter constant. 

7. Wri te the area of the corresponding rectan
gle next to each of the points marked with 
a • on the graph from problem 2. 

8. Make a graph of area as a fu nction of 
length. Show length on the x-axi and area 
on the y-axis. Connect the points on your 
graph with a smooth curve. What kind of 
curve is it? 

9 . ... 

a. Label the highest point on your graph 
with its coordinates. Interpret these two 
numbers in terms of this problem. 

b. Where does the graph cross the x-axis? 
What do these numbers mean? 

c. If you increase the length by one foot, 
does the area increase or decrease? 
Does it change by the same amount 
each time? Explain . 

to.f''''''''F'N 
a. Describe in words how you would fi nd 

the area of the rectangular pen having 
perimeter 28 if you knew its length . 

b. If the perimeter of a rectangular pen is 
28 and its length is L, write an algebraic 
expression for its area in terms of L. 

c. lf you had 28 feet of fencing and 
wanted to make the largest possible rec
tangular pen, what would its length, 
width, and area be? Explai n. 

13.1 Rectangular Pens: Constant Perimeter 

13.1 

13§ri§61®M 
11. Say the perimeter of a rectangle is P and 

its length is L. Write the following expres
sions in terms of P and L. (A sketch may 
help.) 
a. an expression for the width 
b. an expression for the area 

12. Explain how to find the length that gives 
the maximum area. Write an algebraic 
expression for it in terms of P onl y. 

PARABOLAS THROU<.H THE OR IGI ·" 

13. Graph each of the fo llowing fu nctions, 
using graph paper. Since you will want to 
compare your graphs in the end, use the 
same pair of axes for all your graphs. Use 
a scale that will show values from -5 to 20 
for x and fro m -20 to 100 for y. This will 
allow you to see all fo ur graphs clearly. 
a. y = x(8 - x) b. y = x(l5 - x) 

c. y =x( l2 -x) d. y=x(20 -x) 

14. For each of the four parabolas in 
problem 13, 

a. label the graph with its equati on; 

b. label the x-intercepts; 
c. label the vertex. 

a. Describe the graph of a parabola hav
ing equation y = x(b - x). Write 
expressions for the coordinates of its 
intercepts and vertex in terms of b. 

b. Do these expressions work for negative 
values of b? Explai n, using examples. 

16. Graph. 
a. y = x(x - 8) b. y = x(x - 15) 

c. y = x(x - 12) d. y = x(x - 20) 

459 ... 

WIDTH AS A FUNCTION OF LENGTH 

AREA AS A FUNCTION OF LENGTH . 

After having done problem 1 tudent can 
be a igned the e ection for homework, 
a plenty of guidance i provided. How
ever, ome student may have difficulty 
maki ng the generalization to vari able , so 
be ure to have a clas di cus ion on prob
lems 9-12 after tudents have had a chance 
to try them on their own. 

R oblem 6 should alert tudent to the po -
ibi lity of noninteger values for the ide 

of the rectangle. 

R oblem 7 shows an intere ting way to 
repre ent data when three variable are 
involved, but problem 8 help focu on the 
variables we are concerned with in thi 
section. 

PARABOLAS THROUGH THE ORIGIN 

Thi section should be done in class. 
Graphing calculator would help. If they 
are not avai lable, the student should work 
in group , haring the work on making the 
graph . Otherwi e, graphing many parabo
la wou ld get tedious. 

Thi section starts work that will lead to 
equations of the type y = a(x- p)(x - q). 
Thi was started in Chapter 5, L e on 5 
and wi ll continue in Le on 2 and 3. We 
will look at other form of the equation of 
parabola in Chapter 14. 

13.1 S 0 L U T I 0 N S 

7. See the figure for #2. 

7. 15 

length 

8.-9. A= L(14 - L) 

(7, 49) 

length 

parabola 

y-unit = 5 
x-unit = 1 

9. a. This gives the length and the area 
of the largest rectangle. 

b. (0 , 0) and (14, 0) . If the length 
were 0 or 14, the area would be 0. 

c. It does not increase or decrease 
at the same rate. This would be 
true only if the graph were a 
straight line. 

10. a. Subtract the length from 14 to get 
the width . Then multiply length 
times width to get the area. 

b. A= L(14 - L) 
c. L = 7, W= 7, and A= 49. This is a 

square, which gives the greatest 
possible area. 

11. a. (P - 2L)/2 
b. A= L(P - 2L)/2 

12. The length that gives the maximum 
area will be the length that makes a 
square. This can be found by dividing 

the perimeter by 4 . The length will be 
P/4 and the area P2/16. 

13.-14. 

.-..:!E---'1-- (7.5, 56.25) 

~!E--'1:--r- (6, 36) 

lJV ......... +-~,.....--l~- (4, 16) 

15. a. These are ''frown" parabolas with 
one x-intercept at the origin. The 
intercepts are (0, 0) and (b, 0). 
The vertex is (b/2, b 2/4) . 

b. Yes, they will work. If b is nega
tive, one x-intercept will be to the 
left of the origin. For example, 
y= x(-15 - x) looks just like 

,_ . 
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We start with an equation of the form 
y = x(b - x), becau e that i where the 
applied problem from the previou sections 
led us. Carefu l discu ion will be nece -
ar y to manage the tran ition to the form 

y = x(x - q), but such di cussion hould 
be producti ve. 

N oti ce that in problems 15 and 18, 
tudents are a ked to wri te ex pres ion for 

the vertex in term of band q. Thi begin 
a preview of a graphical under tanding of 
the quadratic formul a, which will be com
pleted in Chapter 14. 

t;Jifiii• FIXED POIN TS 

Do this section only i f you have done 
Chapter 12, L esson 7. In that lesson we 
saw fi xed points in the f unction di agram 
representation. Here we look at them in the 
Carte ian repre entati on. 

y = x(15 - x) except that one 
intercept is (-15, 0) instead of 
(15, 0) and the x-coordinate of the 
vertex is -15/2 instead of 15/2. 
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16. 

y-unit = 10 
x-unit = 2 

a. Y= x(x - 8) 
b. y = x(x - 12) 
c. Y = x(x - 15) 
d. y= x(x - 20) 

d 

13.1 

17. How do the graphs di ffe r fro m the ones in 
problem 3? Discu s the venex and the 
intercepts. 

Is.1rl§"§fH¥m 
a. Describe the graph of a parabola hav

ing equation y = x(x - q). Write 
expressions for the coordinates of its 
intercepts and venex in terms of q. 

b. Do these expression work for negati ve 
values of q? Explain , using examples. 

19. Graph y = ax(x - 3) for: 
a. a = I b. a = - 1 

c. a= 2 d. a = -3 

20 . .... What is the effect of a on the 
position of: 

a. the venex? 

b. the x-intercepts? 

23. Find the fi xed point for the function 
y = 6x + 8. 

{y=6x+8 
24. Solve the system: y=x 

A 46o 

17. The intercepts are the same, but the 
vertex is the reflection over the x-axis 
of the vertex of the corresponding 
parabola in #13. These parabolas are 
"smiles"; those in #13 are "frowns. " 

18. a. The parabola with equation 
y = x(x - q) has intercepts at the 
origin and the point (q, 0) . It is a 
smile parabola with vertex 
(q/2, -q2/4) . 

b. Yes. If q is negative, the x-inter
cept is to the left of the origin , but 
the vertex is still below the x-axis. 
(Note that the expression -q2/4 is 
always negative. ) 

Find equations of the fo rm y = ax(x - q) for 
parabolas through the origin, with the given 
x-intercept and the venex with the given 
y-coordinate. 

y·coordinate 
x-interce~t of vertex 

21. a. 4 4 
b. 4 8 

c. 4 2 

d. 4 -6 

22. a. 8 4 
b. 2 4 

c. -4 4 

d. -6 -6 

25 . .... Explain the tatement : To find the 
fixed poims of a Junction, find the imersec
tion of its graph with the line y = x. 

26. Test whether the tatement is true by find
ing the fi xed point of y = x'l 

Chapter I J A1akinf.: D ecisions 

b 

a. y= x(x - 3) 
b. y= 2x(x - 3) 
c. y= - x(x - 3) 
d. Y= - 3x(x - 3) 

20. a. moves it up or down 
b. none 

21 . a. Y= -1x(x - 4) b. y= -2x(x - 4) 
c. y= -o.5x(x - 4) d. y= 1.5x(x - 4) 

(Solutions continuied on page 529) 

-



LESSON 

Advanced Penmanship 

~iii"lii':!. ·;~·;;r.· ·.· i ....... : 
.................................. 

l'f'< P.\RTITIO,_S 

Assume that you have 50 feet of fenc ing to 
build a rectangular pen. You plan to use the 
garage wall as one side of the pen, which 
means you need to use your fencing for 
only three of the four sides. Since you are 
considering adopting more pets, you want to 

investigate what happens when you use some 
of the fencing to d ivide the pen into two or 
more parts by building part itions inside the 
pen, at a ri ght angle to the wall. 

I. Make a rough sketch of what this pen 
might look like, 

a. having no internal parti tions; 

b. divided into two sections. 

2. With no partitions, is it possible to get a 
square pen? If so, what are its dimensions? 

3. With one partition, is it possible to get two 
square sections? If so, what are their 
dimensions? 

Call the side of the pen paralle l to the wall the 
length, and the distance between the wall and 
the side opposite the wall x. 

4. Imagine you are dividing the pen into two 
parts. Make a table having three columns: 
x, the length , and the total area of the pen. 

iij§U§f!l!fhR.bfj 
5. Look for patterns in your table. Express 

algebraically as func tions of x, 
a. the length ; b. the area. 

I 3.2 Advanced Penmanship 

6. What is the equation that expresses the 
length as a function of x, if the pen is 
divided into the given number of parts. 
(Make sketches. If you need to, make 
tables li ke those in problem 4.) 

a. I b. 3 

C. 4 d. 0 II 

7. Repeat problem 6, but thi s time fi nd the 
area as a function of x. 

GRAPHS OF ,\REA FUr-;CTIONS 

This section is about the graphs of fu ncti ons 
like the ones you found in problem 7. 

8. Using graph paper, graph each of the fo l
lowing functions. To make comparison 
easier, use the arne graph, or at least the 
same calc, for all your graphs. To see all 
four graphs clearl y, use a scale that wi ll 
show values from -5 to 15 for x and from 
-50 to 50 for y. When making a table of 
values, use both negative and positi ve val
ues for x. Keep these graphs, because you 
wi ll need them in the nex t section. 
a. y =x( l 2 - x) 

b. y = x( l 2 - 2x) 

c. y = x( 12 - 3x) 

d. y = x( 12 - 4x) 

9. For each graph, 

a. label the graph with its equation; 

b. label the x-intercepts; 

c. label the vertex. 

10. ~ Write a brief description comparing 
the four graphs. Describe how the graphs 
are the same and how they are different. 
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T 13.2 
Advanced Penmanship 

Core Sequence: l-22 

Suitable for Homework: 1-7, 18-22 

Useful for Assessment: 5-7, 10, 13, 22 

What this Lesson is About: 

• U ing sketche and tables to analyze a 
real-world problem 

• Optimizati on 

• Review of parabola through the ori gin 

• Role o f a and q in y = ax(x - q) 

• Rev iew of fac tori ng 

• Preview of the quadratic formul a 

PEN PARTITIONS 

The i ues explored here clo e ly paralle l 
tho e addre ed in Le son I. The e 
ection can therefore be a signed as 

homework if students eemed comfortable 
with the original pen problem. However, 
you may want to introduce the homework 
with a cia di cu ion to make ure tu
dent understand what is being a ked. 
Encourage the u e of labeled sketche . 

For prob lem 6-7 students may be ab le to 
move more directl y to an equation , by 
looking carefully at a sketch of the pen, 
and rea oning to come up with an ex pr -
ion. If they are unable to do that, th y can 

alway u e table of value a a help in 
findin g the algebraic expre ion. 

13.2 S 0 L U T I 0 N S 

50 - 2x 

2. Yes. Divide the total amount of fenc
ing by 3. Make a pen whose length 
and width are both 50/3 feet. 

3. Yes. With one partition , there would 
need to be 5 segments of fencing of 
equal length. (See the figure .) Each 
one would have length 50/5 or 1 0, 
so the two square pens would be 
10by10. 

4. Answers will vary. A sample table 
is given. 
x length area 
2 44 88 
4 38 152 
8 26 208 
10 20 200 
15 5 75 
16 2 

5. a. length = 50 - 3x 
b. area = x(50 - 3x) 

6. a. length = 50 - 2x 
b. length = 50 - 4x 
c. length= 50 - 5x 

32 

d. length = 50 - (n + 1 )x 

7. a. area= x(50 - 2x) 
b. area = x(50 - 4x) 
c. area = x(50 - 5x) 
d. area = x[50 - (n + 1 )x] 

8.-9. 

a. y= x(12 - 4x) 
b. y= x(12 - 3x) 
c. y= x(12 - 2x) 
d. Y= x(12 - x) 

(0, 0) 

(3, 0) 

y-unit = 5 
x-unit = 2 

abc d 

10. Answers will vary. They are all frown 
parabolas passing through the origin. 
The other x-intercept varies. 

-
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Functions li ke the ones fo und in problem 
7 will be graphed in the next section. 

GRAPHS OF AREA FUNCTIONS 

DIFFERENT FORMS 

These sections continue the work on 
parabolas through the ori gin that was 
started in Lesson I. We start out with func
tions in the fo rmat they are likely to have 
appeared in the applicati on in the previous 
section. A graphing calculator would be 
helpful in olving problem 8. 

Then we review the form we learned 
about in Lesson 1, and rev iew factoring, 
which prov ides a way to convert functions 
into that fo rm. 

/n problem 13 we continue our preview of 
a graphical interpretation of the quadratic 
fo rmula. 

MAXIMIZING AREA 

This section can be used li ke a Thinking/ 
Writing as ignment. It gives student a 
chance to apply and extend what they have 
learned so far. 

As an added challenge, you may sugge t 
considering whether making the internal 
partitions paral lel to the garage wall yields 
a larger maximum area. 

Tn.2 
11. f Without graphing, guess the vertex on 

the graph of y = x( 12 - 6x). Explain how 
you arrived at your guess. 

DtFffRENT FORMS 

As you learned in Lesson I the equations of 
parabolas through the origin can be written in 
the form y = ax(x - q). 

12. For each parabola described in (a-d), find 
a func tion of the form y = ax(x- q): 

a. x-intercepts: 0 and 12. vertex: (6, 36) 

b. x- intercepts: 0 and 6, vertex: (3, 18) 

c. x-intercepts: 0 and 4, vertex: (2, 12) 

d. x-intercept : 0 and 3, vertex: ( 1.5, 9) 

13 . ._ How are the intercepts and the vertex 
related to the values of a and q in the 
equation y = ax(x - q)? 

The equat ions in problems 8 and 12 have the 
same graphs . You can verify this by checking 
that they have the same vertices and intercepts, 
and in fac t that for any x they yield the same y. 
In other words, the equations are equivalent. 
We can use the distributive law to confirm this. 
For example, for problem Sa: 

y=x( l2 -x)= 12x- 2 

And for problem 12a: 

y = -x(x - 12) = -_..2 + 12x 

14. Show that the other three pairs of equa
tions in problems 8b-d and 12b-d are 
equivalent. 

It is possible to convert equations like the ones 
in problem 8 to the form y = ax(x- q) by fac
toring. For example: 

x(24 - 6x) = 6x(4 - x) = -6x(x - 4) 

15. Fill in the blanks: 
a. x(24 - 2x) = 2x( __ ) 

b. x(24 - 3x) = -3x( __ ) 

c. x(24 - 4x) = _(x - 6) 
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16. Write in the form y = ax(x- q) and find 
the vertex and the intercepts. 

a.y=x(12-6x) 

b. y = x(50 - Sx) 

c. f y = x(50 - 3x) 

d. f y = x(50 - (n + I )x) 

MAXIMIZING AREA 

17. If you have to use part of the 50 feet of 
fencing for a partition to divide the pen 
into two equal parts, what is the largest 
total area you can get for the enclosure? 
Explain how you got your answer, includ
ing a sketch and graph if necessary. 

18. Solve problem 17 if you want to divide the 
pen into three equal parts. 

19. f Solve problem 17 if you want to divide 
the pen into n equal parts. 

20. Look at your so lutions for problems 17, 
18, and 19. In each case look at the shapes 
of the ubdivi sions of the pen having the 
largest area. Are they alway quares? Are 
they ever squares? Does the answer to this 
depend on the value of n? Explain. 

21. Look at your solutions for problems 17, 
18, and 19. ln each case look at how much 
of the fencing was u ed to construct the 
side parallel to the garage for the pen hav
ing maximum area. What fraction of the 
fencing was used to construct this side? 
Does the answer depend on the value of n? 
Explain. 

22.ilitiim Imagine you are the representative 
of a fencing company presenting informa
tion to a customer. Write a complete illus
trated report , making clear who the 
customer is and what the pens are needed 
for. Explain how to maximize the area of 
the pens for a given amount of fenc ing. 
Discuss both divided and undivided pens . 

Chapter /3 Making Decisions 

13 .2 S 0 L U T I 0 N S 
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11. No solution necessary. 

12. a. Y = -x(x - 12) 
b. y = -2x(x - 6) 
c. Y = -3x(x - 4) 
d. Y= -4x(x - 3) 

13. The intercepts are (0, 0) and (q, 0). 
The vertex is (-aq2)/4. 

14. Answers will vary. (Those found in 
#12 are the factored form of those 
in #8. Students will see this more 
clearly after doing the next few 
problems. ) 

15. a. x(24 - 2x) = 2x(12 - x) 
b. x(24 - 3x) = -3x(x - 8) 
c. x(24 - 4x) = -4x(x - 6) 

16. a. y = -6x(x - 2) 
intercepts: (0, 0) and (2 , 0) 
vertex : (1, 6) 

b. y = -5x(x - 10) 
intercepts: (0, 0) and (1 0, 0) 
vertex : (5, 125) 

c. y = -3x(x - 50/3) 
intercepts: (50/3, 0) and (0, 0) 
vertex: (25/3, 625/3) 

d. y = ax(x - q) 
intercepts: (0, 0) and (50/(n + 1 ), 0) 
vertex: (25/(n + 1 ), 625/(n + 1 )) 

17. Find the vertex of y = x(50 - 3x) . 
The y-coordinate of the vertex 
is 208t, and this is the largest pos
sible area. 

18. This involves finding the y-coordinate 
of the vertex of y = x(50 - 4x) , which 
is 156.25. 

19. This involves fi nding they-coordinate 
of the vertex of y = x[50 -
(n + 1 )x], which is 625/(n + 1 ). 

20. They are never squares. They have 
dimensions 25/n by 25/(n + 1 ). 

21. The answer is independent of n. It is 
always 1/2. 

22. Reports will vary . 



LESSON 

The Zero Product Property 

iiiiiiiJIIMI' · · · · · · · · · · · · · · · · · · ·: 
0 

graph paper 

or a graphing ca lc ul ato r 

: 0 0 OZoJ!i!~~-~iL· o· ::· : · ::: : : ·: ·: 0 0 0 0 0 0 0 0. 

1. Given that you have 50 feet of fe ncing and 
that you can use the wall of the garage for 
the fourth side of your pen, what dimen
sions should you choose to make a rectan
gular pen hav ing area 200 square feet? 
Solve by trial and error or by graphing. 
(There is more than one solution.) 

This problem can be solved by writing the 
equation x(50 - 2x) = 200, where x is the di s
tance fro m the wall to the side opposite it. One 
way of doing it is to fi nd the intersection of the 
graphs of y = x(SO - 2x) and y = 200. 

y 

320 
y = x(SO - 2x) 

\ 

13.3 The Zero Product Property 

X 

2. Use this method to fi nd the dimensions for 
the following areas : 
a. 300 b. 250 

Another method of solving this kind of prob
lem is to write a quadratic equation and factor 
it, as explained in the following sections. 

/fRO I' ROillJC TS 

3. .... lf ab = 0, which of the fo llowing is 
impossible? Explain. 

a. a * 0 and b * 0 
b. a * 0 and b = 0 
c. a = 0 and b * 0 
d. a = 0 and b = 0 

Zero Product Property: When the product of 
two quanti ties is zero, one or the other quantity 
must be zero. 

An equation like (x + 6)(2x- I ) = 0 can be 
solved using the zero product property. Since 
the product in the equation is zero, you can 
write these two equations. 

x + 6 = 0 or 2x - I = 0 

4. You know how to solve these equations. 
Write the solutions. 

5. There are two solutions to the equation 
(x + 6)(2x - I) = 0. What are they? 

Solve these equations. 

6. (3x + l)x = 0 

7. (2x + 3)(5 - x) = 0 

8. (2x - 2)(3x - I) = 0 
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... 13.3 
The Zero Product Property 

Core Sequence: l -23 

Suitable fo r Homework: 6-24 

Useful for Assessment: 3, 2 1 

What this Lesson is About: 

• The zero product property 

• Solving quadratics by factoring 

• The form y = a(x - p)(x - q) 

• Symmetry of parabolas 

• Vertex and intercepts of parabolas 

• Preview of the quadratic formula 

• Two definjti ons of abso lute value 

T he openjng problem can be olved in 
many ways. The most likely solution for 
most students will be by tri al and error. A 
graphic solution i pre ented, reviewing 
the method introduced in Chapter 7, 
L esson 6. 

ZERO PRODUCTS 

SOLVING QUADRATIC E UATIONS 

T his i s standard material. Solving quadrat
ics by factoring is not important as a skj ll , 
and we do not empha i ze this aspect of i t. 
However, it does throw light on some 
important ideas, such as the zero product 
property, and later, the Fundamental 
Theorem of A lgebra. 

13.3 S 0 L U T I 0 N S 

1. Two solutions: Make the side parallel 
to the garage 1 0 feet and the other 
two sides each 20 feet, or make the 
side parallel to the garage 40 feet 
and the other two sides each 5 feet. 

2. a. Determine graphically where the 
line y = 300 intersects the 
parabola y = x(50 - 2x). The 
intersections a re at x = 1 0 and 
x = 15. These correspond to pens 
of dimensions 1 0 by 30 and 15 by 
20 respectively . 

b. Determine graphically where the 
line y = 250 intersects the para
bola y = x(50 - 2x). The intersec
tions are approximately at 
x = 6.91 and x = 18.09, which cor
respond to pens of dimensions 
6.91 by 36.18 and 18.09 by 13.82. 

3. It is impossible for a and b both to 
be unequal to zero. If the product is 
zero, at least one of the factors must 
be zero. 

4. x = -6 and x = 1/2 

5. x=-6andx=1/2 

6. x= -1/3andx = O 

7 . x = -3/2 and x = 5 

8. x= 1 and x = 1/3 

-
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In this lesson, we concentrate on using the 
zero product property along with property 
of parabolas to solve a variety of problems 
about quadratic functions and equations. 
This helps set the stage for a graphical 
treatment of the quadratic formula, which 
will be done in Chapter 14. 

SYMMETRY 

VERTEX AND INTERCEPTS 

More standard material. The work of the 
past two lessons on parabolas is wrapped 
up here. More work on quadratics will be 
done in the next chapter, using other forms 
for the equations. 

13.3 

SOlVING QUADRATIC EQUA liONS 

Some quadratic equations can be solved using 
the zero product property. 

Example: Find the values of x for which 

_; + 6x = -5. 

First rewrite the equation so you can apply 
the zero product property. 

_;+6x+ 5 = 0 

In factored form , thi s is wri tten: 

(x + 5)(x + I ) = 0. 

Since the product is 0, at least one of the fac 
tors must be 0. Sox + 5 = 0 or x + I = 0. 

9. What are the two solutions of the equation 
(x + 5)(x + I ) = o~ 

Example: 
Find the values of x for which 6x2 = 12x. 
First rewrite the equation so that you can 
apply the zero product property. 

6_,.2 - 12x=O 
In factored form, this is written: 

6x(x- 2) = 0. 

10. What are the two solut ions to the equation 
6x(x - 2) = 0? 

11. Factor and use the zero product property to 
solve these quadratic equations. 
a. _,-2 - x = 2 
b. 2L2 - L = 3 

c. W2 + l0W + l6 = 0 

d. 3M2 + 30M + 48 = 0 

To solve problem 2a, write the equation: 

x(50 - 2x) = 300 

-2x2 + SOx - 300 = 0 

2r2 - 50x + 300 = 0 

x2 - 25x + !50 = 0 

12. Explai n the four steps. 

13. Factor the tina! equation and use the zero 
product property to solve it. 

.A, 464 

Unfortunately, most quadratic equations can
not easi ly be solved by factoring. ln the next 
chapter you will learn a way that always works 
to solve quadratic equations. 

y 

320 

40 

SYM.\IETR\ 

y = x(50- 2x) 

\ 

equal distances 

20 

The vertical line through the vertex of a 
parabola is called its axis of symmetry. 

14. How far is each x- intercept from the ax is 
of symmetry in the preceding graph? 

The x- intercepts are equidistant from the axis 
of symmetry. (They are at an equal distance 
from it.) As you can see in the figu re, this is 
also true of any pair of points of the parabola 
that lie on the same horizontal line as each 
other. 

15. Refer to the graph for problem I. 

a. Show that the two solutions to prob
lem I are equidi stant from the axis of 
symmetry. 

b. Is this also true of the two solutions to 
problem 2a? What about problem 2b? 
Show your work. 

X 

Chapter I 3 Maki11g Decisions 

13.3 S 0 L U T I 0 N 

9. x = -5 and x = -1 

10.x=Oorx=2 

11 . a. (x - 2)(x + 1) = 0 
x=2orx = -1 

b. (2L - 3)(L + 1) = 0 
L = 3/2 or L = -1 

c. (W+8)(W+2)=0 
W= -8 or W= -2 

d. 3(M+ 8)(M+ 2) = 0 
M= -8 or M= -2 

12. First step: Distribute the x. Subtract 
300 from both sides. 
Second step: Multiply both sides 
by -1. 
Third step: Divide both sides by 2. 

13. (x - 15)(x - 1 0) = 0. Therefore, by 
the zero product property, x = 15 or 
X= 10. 

14. 12.5 units 

15. a. The solutions are 5 and 20. They 
are both 7.5 units from the axis of 
symmetry, which is at x= 12.5. 

b. This is true for 2(a). The solutions 
are both 2.5 units from the axis of 
symmetry. It is also true for 2(b) . 
The solutions are both 5.59 units 
from the axis of symmetry. 

16. At the y-intercept, x = 0 and y = -24. 

17. At the x-intercepts, y = 0 and x = -3 
or x = 4, by the zero product 
property. 



VFRHX ANIJ INTERCEPTS 

In an equation like y = 2(x + 3)(x - 4), you 
can quickly fi nd the intercepts and the vertex. 

16. What is the value of x at the y·intercept? 
Substitute this value for x in the equation 
and find they-intercept. 

17. What is the value of y at the x-intercepts? 
Substitute this value for y in the equation 
and fi nd the x-intercepts with the help of 
the zero product property. 

18. If you know the x-intercepts, how can you 
fi nd the x-coordinate of the vertex? Find it. 

19. If you know the x-coordinate of the vertex , 
how can you find its y-coordi nate? Find it . 

20. Find the intercepts and vertex for: 

a. y = 0.5(x - 0.4)(x - I) 

b. y = 2(x + 3)(x + 4) 

fiUfit)p#;Ji TWO DEFINITIONS 

I Definition: The absolute value of a number 
is the di stance between that number and 
zero. 

Browsing through Ginger's calculus book, 
Mary and Martin noticed this definition: 

I D fi . . lxl {x for x > 0 
e Jrutlon: = -x for x < 0 

"That -x must be a misprint," Mary commen
ted. "Absolute value can't be negative." 

13.3 The Zero Product Property 

13.3'Y 

21. ,._ Explain how you would find the 
intercepts and vertex for a function of 
the fo rm 

y = a(x- p)(x- q) . 

22. Find the equation and the vertex for a 
parabola having the following intercepts: 

a. (3, 0), (6, 0), (0, 36) 

b. (3 , 0), (6, 0), (0, 9) 

c. (-3, 0) , (-6, 0) , (0, -9) 

d . (-3 , 0) , (6, 0), (0, 6) 

23. The vertex and one of the two x-intercepts 
of parabolas are given. Find the equation 
and they-intercept. 
a. vertex: (2 , -2); x-intercept: ( I , 0) 

b. vertex: ( I, -12); x-intercept: (- 1, 0) 

c. vertex: (3 , 4.5); x-intercept: (6, 0) 

24.1i1CD Write a letter to Mary explaining 
everything you know about absolute value. 
Restate the two definitions presented 
above in your own words. Using exam
ples, explain why they are equivalent, and 
why Mary was wrong about the misprint. 
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Roblems 16-19 guide students through the 
process that would lead to finding inter
cepts and vertex from the equation, by 
using what they should know about the 
meaning of those words and by taking 
advantage of the symmetry. Then, in prob
lem 20, students have to apply this method. 

If these sections are done as homework, 
make sure to spend some class time the 
next day discussing them. Problems 21-23 
in particular are a real test of understand
ing. Don ' t expect mastery of problems 22-
23. Some students may not be able to do 
this algebraically, or may not know how to 
get started. Encourage group work and dis
cussion. For problem 23, you may give the 
hint that they should start by finding the 
other x-intercept, which can be done easily 
on a graph. 

••J6i•1fi;J• TWO DEFINITIONS 

While the second definition is more com
monly seen, it is less general than the first 
one, which generalizes to complex num
bers, for instance. Furthermore, the second 
definition is very difficult to understand. 

13.3 S 0 L U T I 0 N S 

18. The x-coordinate of the vertex is 
halfway between the x-intercepts. 
It is at X= 1/2. 

19. Substitute x= 1/2 into the equation 
y= 2(x + 3)(x - 4) to get y= -24.5. 

20. a. X- intercepts: x = 0.4 and x = 1, 
y-intercept: (0, 0.2), 
vertex: (0.7, -o.045) 

b. x-intercepts: x = -3 and x = -4, 
y-intercept: (0, 24), 
vertex: (-3.5, -o.5) 

21. The x-intercepts are (p, 0) and (q, 0) , 
so the x-coordinate of the vertex is 
(p + q)/2. To find they-coordinate of 
the vertex, substitute the x-coordi
nate into the equation. The y-coordi
nate is -a(p - q)2/4. 

22. a. y= a(x - 3)(x - 6) 
36 = a(O - 3)(0 - 6) 
a=2 
The equation is y = 2(x - 3)(x - 6). 

b. 9 = a(O - 3)(0 - 6) 
9 = a(O - 3)(0 - 6) 
a= 1/2 
The equation is y = ( 1 /2)(x - 3) 
(x - 6) . 

c. y= a(x+ 3)(x+ 6) 
-9 = a(O + 3)(0 + 6) 
a= -1/2 
The equation is y = (-1/2)(x + 3) 
(x+6). 

d. y= a(x+ 3)(x- 6) 
6 = a(O + 3)(0 - 6) 
a= -1/3 
The equation is y = (-1/3)(x + 3) 
(x- 6) 

23. a. The other x-intercept must be 
(3, 0). The equation must be of the 
form y = a(x - 1 )(x - 3). Then 
-2 = a(2 - 1 )(2 - 3) , so a= 2. The 
equation is y = 2(x - 1 )(x - 3) . 

b. The other x-intercept is (3, 0). The 
equation is y = 3(x + 1 )(x - 3). 

c. The other x-intercept is (0, 0). The 
equation is Y = (-1/2)x(x - 6). 

24. Reports will vary. 



T 13.4 
Rectangular Pens: Constant Area 

Core Sequence: 1-16 

Suitable for Homework: 2-20 

Useful for Assessment: 4-5, 14-1 6, 20 

What this Lesson is About: 

• Review of constant product and con tant 
um graphs 

• Preview of graph of rational function 

W e conclude our Exploration of the pen 
problem by reversing it; thi time the area 
is constant and the perimeter varies . 
Students should be able to carry out the 
Exploration on their own. 

You can ex tend the Exploration, with the 
book closed, by asking the e question : 

• What i the width of the pen as a func
ti on of its length? 

• What is the perimeter of the pen as a 
function of i ts length? 

WIDTH AS A FUNCTION OF LENGTH 

PERIMETER LINES 

Thi s reviews constant product and con
rant sum graph , which were seen in 

Chapter 5, L esson 1, 2, and Thinking/ 
Writing S.A. 

lESSON 

• 
Rectangular Pens: Constant Area 

ii.IIiilii!MI. · · · · · · · · · · · · · · ..... : 

;;~~~;~;,,! I 
.................................. 

1. MMfj'M You bought 45 square feet of 
anificial turf for the floor of Stripe's back
yard. You can cut it up any way you like, 
but you want to use all of it. Since you' re 
almost broke (anificial turf is expensive) 
you would li ke to spend as little money 
as possible on fencing. What's the least 
amount of fencing you could buy and still 
make a rectangular pen that surrounded 
the anificial turf on all four sides? Find 
out by trying various dimensions for 
the pen. 

WIDTH A~ A FUNCTION OF lENGT H 

Suppose you want to make a rectangular pen 
hav ing area 36. 

' 

0 

0 

f) 

2 
Length 

.& 466 

2. a. On graph paper draw a pair of axes and 
show fi ve rectangular pens that would 
have an area of 36 square feet. The 
lower left comer should be at the 
origin. An example is shown in the 
figure. 

b. Mark with a • the upper right comer of 
each rectangle you drew. Then write in 
the coordinates of each of these points. 

c. Connect the •s. Do they lie in a straight 
line or on a curve? Describe any 
patterns you notice. 

3. Make a table showing some of the coordi
nates on your graph. Look for a pattern in 
your coordinates and make three more 
entries in the table. 

4. .,_ Write an algebraic equation that 
expresses the width as a function of the 
length. 

5 . ... 
a. Would it be possible to have a pen hav

ing length greater than 30? 32? 36? 
Explain your answers, giving examples. 

b. Explain why your graph will never 
touch the x-axis or the y-axis. 

c. If you increase the length by one foot, 
does the width increase or decrease? 
Does it change by the same amount 
each time? Explain. 

PERIMETER LINES 

In the previous section you probably noticed 
that the perimeter of the rectangles changed 
even though the area remained constant. In this 
section you will investigate how the perimeter 
varies as a function of length if you keep the 
area constant. 

Chapter 13 Malcing Decisions 
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1. Answers will vary . See the solutions 
to #14-#16. 

2. The graph will be a constant product 
curve. 

20 

.c 
15 10 
-~ 

3. Answers will vary. 

10 

length 

20 

L w 
I 36 

2 18 

3 12 

4 9 

6 6 

9 4 

12 3 

18 2 

36 I 

4. W= 36/L 

5. a. Yes, the length can be {theoreti
cally) as long as you want. For 
example, if the length is 72, the 
width is 1/2. If the length is 144, 
the width is 1/4. 

b. The product of the length and the 
width is 36. If the product is 

nonzero, both of the factors must 
be nonzero. 

c. Decrease. No, this wou ld be true 
only if the graph were a straight 
line. 

6.-8. 
20 

15 

.c 
15 10 
-~ 

5 10 

length 

15 

7. The intercepts are (15, 0) and 

20 

(0, 15). They represent the extremes 
of length and width . 



6. Write the perimeter of the corresponding 
rectangle next to each • you marked on the 
graph. Look for patterns. 

Your graph should show pairs of points that 
correspond to the same perimeter. For exam
ple, (3, 12) and ( 12, 3) both correspond to the 
perirr.eter 30. 

7. Connect (3, 12) and (12, 3) to each other 
by a straight line. Extend it to its 
intercepts. Interpret the intercepts in terms 
of this problem. 

8. On your graph find two points that both 
correspond to a perimeter of 26. Repeat 
problem 7 for these points. Then find 
other pairs of points that both correspond 
to the same perimeter and repeat problem 
7 for each of these pairs. What patterns do 
you see? 

9. Use the graph to estimate the dimensions 
of a rectangle having area 36 and perime
ter 36. 

I'IRIMIIfH A'> A FlJN(li()N 0 1 IINC,TH 

10. Make a graph of perimeter as a function of 
length. Show length on the x-axis and 
perimeter on the y-axis. Connect the points 
on your graph with a smooth curve. 
Describe the shape of the curve. 

11. Label the lowest point on your graph with 
its coordinates. Interpret these two num
bers in terms of the problem. 

I Note: The graph is not a parabola, and its 
lowest point is not called a vertex. 

12. Explain why your graph will never touch 
the x-axis or y-axis. 

13. If you increase the length by one foot, 
what happens to the perimeter? Can you 
tell whether it will increase or decrease? 
Does it increase or decrease by the same 
amount each time? Explain. 

13.4 Rec/Qngular Pens: Constant Area 

13.4T 

14.fiii,,l,6'11 
a. For a fixed area of 36 square feet, 

explain in words how you would find 
the perimeter of the rectangular pen if 
you were given the length. 

b. If the area of a rectangular pen is 36 
and its length is L, write an algebraic 
expression for its perimeter. 

c. If you had to enclose a rectangular area 
of 36 square feet and wanted to use the 
least amount of fencing, what would the 
length, width, and perimeter be? 
Explain. 

i§§U§f!t®M 
15. If the area of a rectangular pen is A and its 

length is L, 

a. write an algebraic expression for its 
width in terms of A and L; 

b. write an algebraic expression for its 
perimeter in terms of A and L. 

16. Explain how to find the length that gives 
the minimum perimeter. Write an algebraic 
expression for it in terms of A only. 

NlJMHIR l'lJI/lf'> 

17. Find two numbers x and y whose product 
is 75 and whose sum is 20. Explain your 
method. 

18. Graph the equations xy = 75 and 
x + y = 20 on the same pair of axes. 
Find their point of intersection. How is 
this point related to your answer to 
problem 17? 

19. Find two numbers whose product is 75 
and whose sum is 23.75. 

20 • .,_ If two numbers have a product of 
75, what is the smallest value their sum 
could take? What is the largest? Explain. 
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8. The lines are parallel constant sum 
lines. 

9. This involves graphically estimat
ing the intersection of xy = 36 with 
x + y = 36. The (x, y) pairs are 
approximately (1.03, 34.97) and 
(34.97, 1.03) . 

10.-11 . 

11. The lowest point is (6, 24). It means 
that the length that gives the mini
mum perimeter is 6, and the corre
sponding perimeter is 24. 

12. Explanations will vary. 

13. Answers will vary. Reasoning, using 
a table like the one below, may be 
helpful. 

L w p 

I 36 74 

2 18 40 

3 12 30 

4 9 26 

6 6 24 

9 4 26 

12 3 30 

18 2 40 

36 I 74 

(Solutions continued on page 529) 

PERIMETER AS A FUNCTION OF LENGTH 

This section would be enriched by the use 
of graphing calculators. 

Students should already have the key 
insights about minimizing perimeter from 
the previous section, where the symmetry 
of the graphs was a powerful hint. So the 
focus in this section is a more open-ended 
exploration of new mathematical territory. 
The function we study is a rational func
tion, not one traditionally studied at this 
level. However, it is not too difficult in the 
context of this activity. 

It is useful for students to see a function 
having a minimum that is not a parabola, 
and in fact does not have mirror symmetry. 
It is also an opportunity to see a graph 
having asymptotes that is not an inverse 
variation. 

/n problem 13 you may extend the discus
sion by considering large values for x. 
Then the answer to the question is that 
for an increase of one foot in the length, 
the perimeter increases by almost two 
feet. This is true because for large enough 
values of the length, the width does not 
contribute much to the perimeter. For 
example: 

Length Perimeter 

]()() 200.18 

101 202.178 

102 204.176 

Algebraically, this is because as x gets 
large, the function gets closer and closer to 
y = 2x, and its slope gets closer and closer 
to 2. 

Students enjoy discussions of infinity and 
of asymptotes, and you may even use the 
latter word here, as long as you don' t 
expect them to master the idea. 

NUMBER PUZZLES 

These ask the same questions without the 
context of the pen problem. 



rn@i&i~t~ 13.A 
WRITIN; Business Applications 

Core Sequence: none of the lesson 

Suitable for Homework: 1-8 

Useful for Assessment: 8 

What this Assignment is About: 

• Optimization 

• Using tables, graphs, and equations to 
make decisions 

This optional assignment covers the same 
mathematical ground as the first four 
lessons, but in a different context. 

~iii@$!@(~ 13.A Business Applications 
_WR/riNQ_ 

M,\XIMUM PROF IT 

The Widget Company was trying to sell a 
widget for $24, but no one was buying. They 
decided to try to attract customers by reducing 
their prices. They fou nd that for every $ 1 they 
lowered the price, they attracted ten customers. 

Price 
Price 

#or Gross 
Reduction Customers Profit 

$0 $24 0 $0 

$i $23 10 $230 

$2 $22 20 $440 

1. a. Copy and extend the table for at least 
eight possible price reductions. 

b. If the price is $14, how many people 
will buy a widget? What will the gross 
profit be? 

c. If the price is lowered by $x, how many 
people will buy a widget? What will the 
gross profit be? 

d. Make a graph showing how the gross 
profit depends on the price reduction. 
Put the price reduction on the x-ax.is 
and the profit on the y-axis. 

e. Interpret your graph. What price gives 
the most profit? Explain. 

f. Write an equation for your graph. 

The Widget Company was trying to sell an 
item for P dollars, and no one was buying it. 
They found that for every $1 they lower the 
price, they gain C customers. 

2. If they lower the cost by x and the gross 
profit is y, write an equation for y in terms 
of x. 

3. Write an algebraic expression for: 

a. the amount by which the price should 
be reduced in order to maximize the 
profit: 
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b. the maximum profit possible. 

MI"I.\IUM ( OST 

The Widget Company would like to ship 2000 
widgets. They must be packaged in boxes of 
equal weight. (Each widget weighs one 
pound.) The L.A. Barge Company charges a 
basic rate of $1 00 per box for shipping. It also 
adds a surcharge to the total cost of the ship
ment that depends on the weight of the 
individual boxes, at the rate of $1 per pound. 

I Example: If the widgets are packed in I 0 
boxes, each will weigh 200 lbs. 

Basic charee Surcharee Th1ill 
10 boxes · $ 100 per box $200 $1200 

4. Explain, using examples of possible ways 
to package the 2000 widgets, how the L.A. 
Barge Company's policy guarantees that 
customers will not ship their goods in too 
many boxes, or in boxes that are too 
heavy. 

5. Write an algebraic expression for the cost 
of shipping the 2000 widgets, in terms of 
the number of boxes. 

6. What is the number of boxes that would 
be the cheapest way to ship the widgets? 
Explain how you get your answer. (Hint: 
You may use trial and error or graphing.) 

7. Using the cheapest way, how much does it 
cost per widget? 

8. llillim Imagine you work for the Widget 
Company. Prepare an illustrated report to 
other employees about: 

a. the pricing of widgets and how to maxi
mize profits, and 

b. the shipping of widgets and how to 
minimize cost. 

Clrapler /3 Making Decisions 
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1. a. Tables will vary. A sample is 
given. 

Price Price #of Gross 
Reduction Customers Profit 

$0 $24 0 $0 

$ i $23 iO $230 

$2 $22 20 $440 

$3 $2 i 30 $630 

$4 $20 40 $800 

$5 $ 19 50 $950 

$6 $ i8 60 $ 1080 

$8 $ i6 80 $ 1280 

$ 10 $14 100 $1400 

$12 $12 120 $1440 

$14 $ 10 140 $1400 

b. If the price is $14, the price reduc
tion was $10, so there will be 100 
customers. The gross profit is the 

price multiplied by the number of 
customers, or $14(100) = $1400. 

c. If the price is lowered by $x, the 
number of people who will buy is 

d. 

1 Ox and the price is 24 - x, so the 
gross profit is 1 Ox{24 - x) dollars. 

y-unit = 150 

x-unit = 4 

Y= 10x{24- x) 

e. The highest point on the graph is 
(12, 1440). This means that if the 
price is reduced by 12, the gross 
profit is $1440, and this is the 
maximum gross profit possible. 

f. Y= 10x{24 - x) 

2. Y= Cx(P - x) 

3. a. P/2 b. C(P/2)(P/2) = CP2/4 

4. Answers will vary. Consider the 
extremes. If you were to use 2000 
one-pound boxes, the basic charge 
would be $1 00(2000), or $200,000. 
The surcharge would be very small 
(only $1) but the total cost would be 
high ($200,001). If you were to use 
one 2000-pound box, the basic 
charge would be only $100, but it 
would be offset by a huge surcharge 
of $2000, for a total charge of $2100. 

(Solutions continued on page 529) 



LESSON 

Packing and Mailing 

iiiiiiiji!MI' ·' · ..... ' ... · .... '.: 
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You can make cardboard trays to hold l-cm3 

cube . Start with an 18-cm-by-18-cm piece of 
grid paper. Cut a square out of each comer and 
fold up the sides to form a tray. 

0,..------, 

I 
cut out squares 

\ fold up 

1. lm@N Work wi th other students to 
make as many different trays as you can 
by cutting square comers out of an 
18-cm-by- 18-cm piece of paper or 
cardboard. Figure out which tray holds 
the most cubes. 

2. Make a table howing the side of the 
square comer that was cut out, the area of 
the base, and the number of cubes the tray 
would hold . (For example, if a 2-by-2 
square is cut out at each comer, the area of 
the base should be 196 cm2, and the tray 
hould ho ld 392 cubes.) 

13.5 Packing and Mailing 

3. ._ If the side of the sq uare cut out of the 
comer is x, 
a. what is the area of the base? 

b. what is the volume of the tray? 

4. Make a graph of the volume of the tray as 
a function of x. Include some fractional 
values of x. 

5. What is the height of the tray that will give 
the maximum volume? 

6. What are the x-intercepts of the graph? 
Interpret them in terms of this problem. 

7. Draw a vertical line through the highest 
point on the graph. Are the x-inte rcepts 
equidistant from it ? 

8. Extend the graph in both directio ns by 
using a few more values for x beyond the 
x-intercepts . 

9. ._ Explain why the points you added 
in problem 8 do not represent the tray 
problem. 

10 . ._ Is the graph a parabola? Explain, 
giving as many reason as you can for 
your answer. 

n J%1§fl@i!Mij Find the height which wo uld 
give the max imum volume if the initi al 
piece of paper had the fo llowing 
dimensions. Yo u may want to use tables o f 
values. 

a. 12 by 12 b. s by s 
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1. Answers will vary. See solution to #5. 4.-8. 

2. 

Helght (x) Dimensions Area of Base 
of Base 

I 16 by 16 256 

2 14 by l4 196 

3 12 by 12 144 

4 10 by 10 100 

5 8 by 8 64 

6 6 by 6 36 

7 4 by 4 16 

8 2 by 2 4 

3. a. {18- 2x)(18- 2x) 
b. V=x(18-2x)(18-2x) 

#of Cubes 
(Volume) 

256 

392 

432 

400 

320 

2 16 

11 2 

32 

(3, 432) 

Y= x{18 - 2x) 2 

5. 3cm 

6. 9 and 0. If the side of the cut-out square 
is 0, the tray will have no height, so its 
volume will be 0. If the side of the cut
out square is 9, there will be no card
board left to form the base. 

T 13.5 
Packing and Mailing 

Core Sequence: 1-11 

Suitable for Homework: 4-19 

Useful for Assessment: 3, 9-10, 18 

What this Lesson is About: 

• Three-dimensional optimization 
problems 

• Constraints 

• Preview of cubic functions 

This lesson takes the geometric optimiza
tion problems of the first half of the chap
ter into three dimensions. 

MAXIMIZING VOLUME 

It is important to start with the hands-on 
Exploration in problem 1, so students 
understand what the problem is about. Of 
course, you will not actually have enough 
cubes to fill the trays, but physically mak
ing the trays will be very important to stu
dents being able to understand the rest of 
this section. 

Note that in problem 3, the focus moves 
away from the unit cubes and towards a 
more general question of volume, allowing 
the introduction of fractional dimensions. 

Students may expect the patterns to be 
identical to the ones in the pen problems, 
but since the equation is a third-degree 
equation, the graph is not a parabola. This 
is to a great extent what this section is 
about, and the question is asked directly in 
problem 10. 

For problem 11 students need not cut and 
fold papers, nor do they need to make 
extensive tables and graphs. A graphing 
calculator would help, but it is not neces
sary, as students may notice that the maxi
mum volume occurs for a height that is one 
sixth of the ide of the original square. 

The tray problem can be generalized to 
start with a rectangle, but then a pattern is 
harder to detect. 

-
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STORING CUBES 

POSTAL REGULATIONS 

Do not a ign both of these sections in one 
sitting. They each require a substanti al 
amount of exploration. Either is sui table 
for use as problem of the week. They could 
al o be worked on by pairs of sntdents or 
groups. 

F or problems 12- 14 "the least cardboard" 
refers to the cardboard in the fi nal tray, but 
one could also research the dimen ions that 
require the least cardboard in the original 
quare or rectangle, prior to cutting off the 

corners. The resul ts of such an investiga
tion would be di fferent. 

For problems 15-19 there may be many 
divergent approaches and interpretations. 
Make sure groups present their interpreta
tions and olutions to the class . 

13.5 

STORil';(, CUBES 

Suppose you want to make a cardboard tray 
fo r storing 100 centi meter cubes. The base 
does not have to be quare. 

l2.@Mfl® What should the dimension 
of the tray be so it will contain the least 
cardboard? Explain. 

13. Repeat problem 12 for: 

a. 50 cubes; b. 200 cubes; 

c. 500 cubes; d. I 000 cube . 

14. lliii!lillll Write an illustrated report explai n
ing a trategy for solving this problem for 
N cubes. 

1'0\TAL REGUL,\TIQl';S 

The U.S. Postal Service wi ll not mai l by 
Priority Mai l™ anyth ing that weighs more 
than 70 pounds or exceed I OS inches in com
bined length and girth . (The girth is the 
distance around, as shown in the fig ure.) 

""" """ 
~ ~.,.~:·. ]1 
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1S. @Mfll@l Find the dimensions for a box 
that would satisfy the Priority Mail™ 
requirements and would hold as large a 
volume as possible. 

16. Suppose you want to mai l a box full of 
20-inch-long dowels. What are the dimen
sions of the rectangul ar box having the 
largest volume that would sati sfy po tal 
regulati on and would accommodate the 
dowel ? 

17. Repeat problem 16, this ti me for 12-inch
long dowels. 

l S. iliU!ld A lumber company needs to pack 
dowels in boxes that can be sent by 
Priori ty Mail"'. Boxes need 10 be 
designed to ship dowels of each length . 
Explain, with examples, how to find 
di mensions for such boxes that will al low 
the packing of the max imum number of 
dowels. 

19. A sh ipping company has the following 
rules: 

• maximum length: 108 inches 

• maxim um length plus girth: 130 inches 

In additi on, they recommend two inches 
cushioning on all sides for fragile item . 
What i the largest volume possible for 
the contents of the package in the case of 
fragi le items? 

Chapter I 3 Making Decisions 
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7. no 

8. See the answer for #4. 

9. The maximum value of xis 9 and 
the minimum is 0, for the reason 
given in #6. 

10. No. The function is of degree 3 
in x, and parabolas are graphs of 
quadratic (degree 2) functions. The 
highest point is not halfway between 
the x-intercepts. (Students may have 
additional reasons .) 

11 . a. x = 2 (This gives a volume of 128.) 
b. x = S/6 (This gives a volume of 

25 3/27.) 

12. The solution can be found by trial 
and error. From the work in two 
dimensions, we know that the rectan
gle of minimum perimeter for a fixed 
area is a square. Here, we might 

expect the minimum surface area for 
a fixed volume to be a cube. How
ever, a cube in this case would not 
allow us to pack 100 centimeter 
cubes because it would not have 
integer dimensions. Instead, we 
search for three integers whose 
product is 1 00, such that the differ
ences among the integers is mini
mized . By trial and error, this can be 
found to be 5 by 5 by 4. Just to be 
sure, we might want to check some
thing like 5 by 10 by 2. The tray 
would not necessarily have a top, so 
we might expect to save some card
board by making the base as large 
as possible, since this piece would 
not be duplicated on top. A 5 by 5 by 
4 with no top would have surface 
area 1 05. A 5 by 1 0 by 2 would have 

surface area 11 0, so the original idea 
was correct. 

13. a. 5by5by2 b. 8 by 5 by 5 
c. 10 by 10 by 5 d. 1 0 by 1 0 by 1 0 

14. Answers will vary. 

15. Note: Answers to #15-#19 will 
depend partly on assumptions stu
dents make. We have given our best 
answers, but your students' answers 
will vary. 
A 36-in.-by-18-in.-by-18-in . box will 
have a volume of 11 ,664 cubic 
inches. 

16. A 40-in.-by-17-in .-by-17-in. box wi ll 
have a volume of 11 ,560 cubic 
inches, as will a 34-in.-by-17-in.-by-
20-in. box. 

(Solutions continued on page 529) 
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Solving with Squares 
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the Lab Gear . . .................................. 

In thi chapter you have used quadratic func
tions to solve problems involving finding a 
maximum area. In the next chapter you wi ll be 
faced with problems for which it will be useful 
to solve quadratic equations. In thi s lesson we 
start to prepare for thi s. 

EQU.\1 SQUARES 

In Chapter 7, Lesson 7, you solved quadratic 
equations using the equal square method . 
Some problems are easy to solve thi s way. 
For example, 

2- - I Ox + 25 = 16 

can be written 
(x- 5)2 = 42 

with a perfect square on each side. 

1. Solve thi s equation. (Remember: There are 
two solutions.) 

It is not necessary for the number on the right 
to be a perfect square, since you can take the 
square root of any nonnegative number. 

2-- lOx+ 25 = 7 

(x- 5)2 = 7 I Example: 

X - 5 = .fi OR X - 5 = -.fi 
X = 5 + .fi OR X = 5 - .fi 

Using your calculator, you can find dec imal 
approximations for the two solutions: 

x = 7.646 or x = 2.354. 

13.6 SoMng with Squares 

Solve these equations u ing the equal square 
method. Fir t give exact answers (using radi 
cals if necessary) ; then fi nd decimal approx i
mations. ot all are possible. 

2. -~- lOx + 25 = 8 

3. / + 6x + 9 = 15 

4. 2-- 24x + 144 = 12 

5. 4?- 4r + I = 6 

6. 9s2 + l2s + 4 = 2 1 

7. l - l4y - 49 = -20 

COMPtETI~G THE '>QUARE 

In this section you will learn how to turn cer
tain quadratic equations into equal squares 
equations that you know how to solve. 

8. Write the equation shown by this fi gure. 

We will add the same quantity to both sides, 
so that the left side is a perfect square. This is 
ca lled completing the square. 

9. a. What number wa added to both sides 
of the fi gure on the nex t page to make 
the left side a perfect square? 

b. Write the result ing equation. 
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1. x=9, x=1 9. a. 9 

2. X=5±ffl b. (X+ 3)2 = 4 

Approximation: x = 2.17 or 7.83 10. (x+ 3)2 = 22 

3. X= -3 ± f15 x + 3 = -2 or x + 3 = 2 

Approximation: x = -6.87 or 0.87 x= -1 or x= -5 

4. X= 12± f12 11. x = 1 or x = -3 

Approximation: x = 15.46 or 8.54 12. x= -1 or x= -11 

5. X= 0.5[1 ± ffl) 13. X= 0 or X= -4 
Approximation: x = 1.72 or -Q.73 14. X= 1 or x= -11 

6. X= (1/3)[-2 ± J21) 15. x= -10 or x= 2 
Approximation: x = 0.86 or -2.19 

no solution 
16.x=2orx= -8 

7. 

8. x2 + 6x= -5 

T 13.6 
Solving with Squares 

This lesson starts our concentrated work 
on quadratic equations, which will extend 
into the next chapter. The main point of 
this work is not efficient solving of qua
dratic equations, and therefore we are not 
interested in deciding which method is the 
"best" one to teach students. In fact, it is 
by using multiple approaches and seeing 
the relationships between them that 
students will develop an understanding of 
quadratic equations and expressions. 

/n Lessons 6-8 we limit our elves to qua
dratic expressions in the form J? + bx +c. 
We present a varied approach, including 
manipulatives, graphing, and symbol 
manipulation. In Chapter 14 we will tackle 
the more general case of ax2 + bx + c, 
including the introduction of the quadratic 
formula. 

If you are interested solely in solving qua
dratic equations efficiently, with no regard 
for developing the students ' grasp of alge
braic structure, you do not need to do 
Lessons 6-8. Instead, if you have access to 
graphing calculators, continue to use the 
graphical method di cussed in Chapter 7, 
Lesson 7, and skip to Thinking/Writing 
13.B, and then the beginning of Chapter 
14. (For example, you may feel that the 
symbolic work in these lessons is best left 
to a future course, and that you would 
rather u e what time you have left to rein
force more basic ideas by going back to 
parts of the book that you skipped.) 

Core Sequence: 1-35 

Suitable for Homework: .17-37 

Useful for Assessment: 17 

What this Lesson is About: 

• Review of equal quares 

• Completing the quare 

• Review of factoring to solve quadratic 
equation 

• Preview of the quadratic formula 

This lesson is critical , because it 
introduces completing the square, which is 
the key technique for understanding much 
about quadratic expressions. 

EQUAL SQUARES 

Equal squares equations were introduced 
in Chapter 7, Lesson 7. Here we extend the 
idea to include numbers that are not perfect 

-. 
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squares. Of course, this previews the qua
dratic formula, since we end up with ex-

pressions in the form !!. :±: .[:. (There is 
2 

no need to dwell on this now; we will re
turn to it.) 

COMPLETING THE SQUARE 

It is worthwhile to bring out the Lab Gear 
for this section even if you have not used 
the blocks in a long time. Actually seeing 
and building the square that is being com
pleted does wonders for students ' under
standing of the procedure. We limit our
selves to positive, even values of bin this 
section. 

This was previewed in Chapters 5 and 6 in 
Make a Square Lab Gear activities and in 
Chapter 7, Lesson 5, when working with 
binomial squares. 

Roblem 17 is very important and deserves 
a full class di scussion, with examples. 

SQUARE PRACTICE 

Here students get a chance to expand 
what they have learned to negative and 
odd values for b. There are many prob
lems here, and you may want to spread 
this work out over a couple of days, per
haps combining it with puzzles or applica
tions you may have skipped in previous 
lessons or chapters. 

QUADRATIC EQUATIONS CHECKPOINT 

Roblems 30-33 can all be solved by com
pleting the quare, but we ask tudents to 
choose two to solve by factoring. (Problem 
30 is certainly easier to olve by factoring. 
Problem 33 can be factored, but if students 
do not see it, let them u e any method they 
choose.) 

Roblem 34 is easiest to solve by using the 
form (x - p)(x - q). Problem 35 could be 
solved the same way, but student are more 
likely to try to reverse the proces of com
pleting the quare. 

Roblem 36-37 could make for a good 
class discussion. For problem 36, an alter
nate approach goes like this: 

(x- (4 + D))(x- (4 - /3)) 
= (x - 4 - D)(x - 4 + 13) 
= ((x - 4) - D)((x - 4) + /3) 
= (x - 4)2 - 3 

Roblem 37, of course, requires no work, 
since the solutions can be read in problem 
36, by the zero product property. 
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10. The right side can be simplified. The 
resulting equat ion is shown in the next fig
ure. Write and solve thi s equation using 
the equal square method. You should get 
two solutions. 

EB 
Complete the square to solve the e equations. 
You will need to rearrange blocks and add or 
subtract the same amount on both sides in 
order to get equal squares. 

1t. .,-2+ 2x - 3 = 0 12 . . .-2+ 12r=- ll 

13. Xl + 4x = 0 14. x2 + lOx - 6 = 5 

IS . . .-2 + 8x = 20 16 . . .-2 + 6x + 9 = 25 

17.i§§.!§fitMk.jij Explain how to figure out 
what number to add to both sides of an 
equation of the form Xl + bx = k in order 
to get an equal squares equation. Use 
sketches and examples. 

'iQliMf I' RA< TIC f 

Solve these equati ons by completing the 
square. Show all your work. Include a sketch 
showing the equal syuares. 

18. Xl + 8x = 33 

20. _; + 6x = 55 

19. Xl + 4x = 96 

21. Xl + lOx = 56 

Solve these equations. Show your work. 

22. Xl - 8x = 33 23. Xl - 4x = 96 

24. Xl - 4x = -96 2s • .; + x = 6 

Solve these equations. Show your work. Give 
exact answers, then find decimal approxima
tions to the nearest hundredth . 

26. _; - 8x + 3 = 0 27. r - 5x- 8 = 0 

28. Xl - 4x + l = 6 29. Xl - ?x - 4 = 0 

QUAI>R •\l l( EQUATIO'l'> < HECKPOI!\T 

Solve two of these equations by factoring 
(and the zero product property), and two by 
completing the square. 

30. Xl + 18x = 0 31. Xl + 5x = 2.75 

32. _; + 2x - 8 = 0 33. r + ?x + 12 = 0 

While it is somewhat cumbersome, completing 
the square is an important technique when 
dealing with quadratic expressions. Unlike fac
toring, you can use it to olve any quadratic 
equation. In addition, we will use completing 
the square repeatedly to get more understand
ing of quadratic functions and to develop more 
efficient ways to solve quadratic equations. 

34. Find a quadratic equation having solutions 
5 and -2. 

35. 0 Find a quadratic equation having solu
tions 2 + f5 and 2 - f5 . 

36. Multiply. (x- (4 + D))(x- (4 - D)) 
(Hint: Carefully remove the inside paren
the es and then set up a three-by-three 
multiplication table.) 

37. You should have obtained a quadratic 
expres ion in problem 36. Set it equal to 
zero, and solve the equation. 

Chapter 13 Making Decisions 

13.6 S 0 L U T I 0 N S 

17. Divide bin half. Square it to find the 
amount that must be added to com
plete the square. Examples will vary. 

IIIII I x 2 + 4x t split middle term in half 

t complete the square 

Add (2) 2 = 4 

t split the middle term in half 

t complete the square 

Add (3) 2 = 9 

(Solutions continued on page 529) 
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Finding the Vertex 

gra ph ing ca lcu la tor 
(o.iJiioii.ah· · 

In this le son you will learn how to find the 
vertex o f graphs of quadratic functions. This 
will he lp you so lve quadratic equati ons. 

TRANSlAT ING A PARABOlA 

Graph these functi ons on the same pair of 
axe . Use graph paper, even if you have a 
graphing calcul ator. For each one: 

a. Graph the parabola. 

b. Indicate the ax is of symmetry with a 
dotted line, and labe l it with its 
equati on. 

c. Labe l the vertex with its coord inates. 

t. y= .,-1-s 2. y = ,,-1 - 4x + 4 

3. y = .! - 4x - I 

I Definition: The graphs obtained by shifting 
the location of a given graph without chang
ing its hape are called translations of the 
original graph. 

The graphs you drew in problems I through 3 
are all tran lation of the graph of y = .!. 
4. Which of the graphs you drew in problems 

I through 3 was obtained by shifting 
y =.! 
a. hori zonta lly? b. verticall y? 

c. both hori zontall y and verti ca ll y? 

VERTEX FORM 

The vertex of the graph of y = ,,-1 is (0. 0). 
When the graph is shifted. the vertex is (H . V). 

I 3. 7 Finding the Vertex 

~~~n-~~:~~-~~~~ 

(2. -3) 

• If Vis positive, the parabola y = x2 has 
been shi fted up; if V is negative. it has 
been shifted down. 

• If His positi ve, the parabo la y =.! has 
been shifted to the ri ght : if H is negative, 
it has been shifted to the left. 

The graph of each functi on be low is a transla
tion of y = .!. For each functi on: 

a. Make a rough sketch of the graph . 

b. Show the trans lation wit h arrows. as in 
the preceding fig ure . 

c. Label the vertex with its coordinates . 

( If you have a graphing ca lcul ator. use it for 
these problems. However. you shoul d record 
the graphs with sketches on graph paper.) 

5. y =.! + 4 

7. y = (x + 6)2 - 4 

9. y=(x-6f 

6. y = (x - 6)2 - 4 

8. y = (x + 6)2 + 4 

10. y = (x- 6)2 + 4 
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13.7 S 0 L U T I 0 N S 

1. 3. 

r= x2 - 4x - 1 

(2 , -5) 

2. 4. a. #2 
b. #1 
c. #3 

X= 2 

~ 13.7 
Finding the Vertex 

Core Sequence: 1-29 

Suitable for Homework: 1-4, 29 

Useful for Assessment: 12-14, 17- 18, 21, 
24, 26, 28-29 

What this Lesson is About: 

• Translations of the graph of y = ~ 

• Vertex form and the parameter H and V 

• The position of the vertex for the 
parabola with equation y = x2 + bx + c 

• Rev i w of y = (x - p)(x - q) 

• Preview of the quadratic formula 

If you di d not do Thinking/Writing 12.B, 
con ider doing it before thi le on. 

Thi s le son requires a great dea l of both 
graphing and discuss ion. We recommend 
you do not assign any of it as homework, 
except perhaps the fi r t section and the 
final Report. As usual for lesson of thi 
type, if graphing calculator are not avail
able, students should hare the graphing 
work, or you should display the graphs on 
tran parencies. 

To motivate thi s le on, you may remind 
student of the importance of the minimum 
or max imum of a function when olving 
applied optimization problem . 

We limit our elve to t.ran lations of the 
graph of y = x2, or in other word to equa
tion y = ax2 + bx + c with a = l. We 
wi ll addre s the more general ca e in 
Chapter 14. This le on and the fo llowing 
serve a a prev iew of that chapter. 

TRANSLATING A PARABOLA 

If you have graphing ca lculator , you may 
precede thi ection by challenging the tu 
dents to find equation of quadratic who e 
graph are tran lation of y = x2 

a. horizontally only ; 

b. vertically only. 

Of course th i wou ld have to be done 
before open ing the book. 

VERTEX FORM 

The main point of thi ection i to famil 
iari ze student w ith the parameter Hand 
V. (We u e these letter in tead of the more 
traditional h and k becau e they are ea. ier 
to associate with the horizontal and vertica l 
hi fts.) 

-. . 
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The idea has been previewed in the con
text of absolute value graphs, in Thinking/ 
Writing 12.B. 

R oblem 13 i intended to bring tudents' 
attention to the sign preceding the Hand 
the V. How they explain it is not important 
at thi s stage, so accept any an wers here. 

R oblem l4 help prev iew Le son 8, where 
we turn our attention to the x-intercept . As 
it turn out, H has no influence on the 
number of x- intercept , but V doe . 

SITTING ON THE x-AXIS 

STRADDLING THE y-AXIS 

The e ections help prepare tudent to 
ee how to see H and V in the quadrati c 

ex pres ion if it is in standard form. They 
also prepare tudent to see the relation hip 
between completing the square and the 
algebraic transformation of standard form 
into vertex fo rm. (This will be done in 
Le on 8.) 

The rea on for the Lab Gear illu tration 
i to give an additional visual foundation to 
H and V. You may use blocks on the over
head when lead ing a discu sion of the e 
section . 

/n a way, both H and V are related to the 
arranging of Lab Gear block into a square, 
or if that i impossible, into an anange
ment that i as clo e to a quare a po i
ble. V mea ure how far the quadratic 
expres ion i from being a perfect quare. 
In fact it i the difference between c and 
the con tant term in the corTe ponding per
fect quare trinomial. 

y = x 2 + 4 

6. 

(6, -4) 
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8. 

13.7 

II. Write the equation of a parabola that is a 
translation of y = Xl and has 

a. a vertical distance of 8 and a horizontal 
distance of -3 (H = -3, and V = 8); 

b. a vertical distance of -4 and a horizontal 
distance of 5; 

c. 6 units to the left and 5 units down; 

d. 3 units to the right. 

Earlier in this chapter you looked at equa
ti ons of parabolas having the fonn 
y = a(x- p)(x- q). That form was 
convenient for finding x-i ntercepts. 

12 . ..,_ Ex plain why the equations in prob
lems 5- 10 are in a form that makes it con
venient to find the vertex by just looking 
at the equation. 

The quadratic function y = (x - H)2 + Vis 
said to be in vertex form. 

13 • ..,_ Explain why the H in the vertex form 
equation is preceded by a minus, while the 
Vis preceded by a plu . 

14 . ..,_ The graph of y = .1 meets the x-axis 
in one point. Give examples of translations 
of y = Xl that meet the x-axis in the given 
number of points. Include explanati ons of 
how you chose different values of H 
and/or V. 

a. 0 points b. I point 

c. 2 points 

SITTING ON l H E ,. 1\XIS 

The quadratic function y = Xl + bx + c i said 
to be in standard form. 

For problems 15-2 1, consider these five 
equations: 

y=Xl+ 6x 
y=Xl+ 6x +8 
y=il+ 6x + l2 
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y=il+6x+ 5 
y=x2 + 6x+9 

Y= x2 

(-6, -4) y= (X+ 6)2 - 4 

Y= (x+ 6)2 + 4 

10. 

a 

c 

IS. Match each Lab Gear figure with an equa
tion from the li t of five. 

- 10 

- 10 

16. Match each parabola with an equation 
from the list of five. 

10 

17 . ..,_ Explain how to identify the parabolas 
wi th the help of: 

a. the y-intercept ; 

b. the Lab Gear figures, combined wi th 
the x-i ntercepts and the zero product 
property. 

18 . ..,_ Explain why the graphs of perfect 
square quadratic equations have their 
vertices on the x-axis. (Hint : What is V?) 

Chapter 13 Maki11g Decisio11s 

Y= (x - 6)2 

Y= (x - 6)2 + 4 



19. Match each Lab Gear figure with the cor
responding equation from the five given 
earlier. 

20. Find V for each equation of the five . 

21 . .... Explain how you can find V, 

a. by looking at the Lab Gear figure; 

b. by looking at the equation. 

STRMJilliNG THE •·•\XIS 

For problems 22-27, consider these four 
equations: 

y=r+4 
y=r+4x+4 

y=r+2x+4 
y= r+6x+4 

22. Match each Lab Gear figure with the cor
responding equation from the four. 

13.7 Finlling the Vertex 

13.7 ... 

a 

23. Match each equation with the correct 
graph. 

5 

24 . .... Explain why the graphs of equations 
of the form y = r + c have their vertex 
on they-axis. (Hint: What isH?) 

25. Find H for each equation in the list of four. 

26 . .... Explain how you can find H, 
a. by looking at the Lab Gear figure; 

b. by looking at the equation. 

27. a. What is H for any graph of an equation 
of the form y = r + 16x + c? 

b. What is H for any graph of an equation 
of the form y = r - l6x + c? 

28 13§U§bltMttfflj Explain why, for graphs of 
equations in the form y = r + bx + c, 
H = -(b/2). 

29Jil!ilWI Write an illustrated report explain
ing how to find the vertex of a parabola if 
the equation is in: 

a. the form y = (x - p)(x - q); 

b. vertex form ; c. standard form . 
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In problem 20 tudent should ee that for 
a given b, the parameter V depends on c. 
In fact, for a given b, the perfec t square re
quires a con tant term equal to (b/2)2. V 
represents how far the expre sion is from 
being a perfect square, o it is equal to 

(~J - c = b
2 ~ 4c· Do not di scu s thi s with 

your students now, except perhap as an 
extra credit problem. (We will ave thi 
kind of di scussion for Chapter 14.) 

In problem 23 note that all the parabola 
have the same y-intercept. 

In problem 26 and 28 student may have 
trouble seeing that Hi the oppo ite of the 
number of x's needed in each dimen ion to 
arrange the block into a (po ibly incom
plete) quare. This makes H equal to the 
oppo ite of half of the coefficient of x, or 
-(b/2). Note that c is not involved. 

Clas di scu ion i e entia] prior to 
a igning problem 29. ote that the 
Report includes a review of equations of 
the form y = (x - p)(x- q), which was 
analyzed in Lesson 3. 

13.7 S 0 L U T I 0 N S 

11 . a . y = (x + 3)2 + 8 
b. y = (x - 5)2 - 4 
c. y = (x + 6)2 - 5 
d. y= (x - 3)2 

12. They are in the form y = (x - H)2 + V, 
so the vertex can be read directly 
from the equation. 

13. Answers will vary . This problem is 
intended to raise this issue for dis
cussion . Students should have a bet
ter understanding of this idea after 
finishing this lesson. 

14. Answers will vary. Sample answers 
are given. To get zero x-intercepts, 
use a parabola that opens upward 
and has V > 0. To get one x-inter
cept, use V = 0. To get two x-inter
cepts, use a parabola that opens 
upward and has V < 0. In all three 

cases, the choice of H does not 
affect the number of x-intercepts . 
a. y = (x - 5)2 + 4 
b. y = (x - 5)2 

c. y = (x - 5)2 - 4 

15. a. y = x 2 +6x 
b. y = X2 +6X+8 
c. y = x 2 + 6x + 9 
d. y = X2 +6X+5 

16. a. y= x 2 + 6x+ 12 
b. y= x2 + 6x+ 9 
c. y = x2 + 6x + 5 
d. Y=X2 +6X 

17. a. They-intercept is the value of c. 
b. The Lab Gear figures show the 

factored form of the expression on 
the right side. This allows us to 
find the x-intercepts easily. 

18. A perfect square can be written in the 
form y = (x - H)2, so V = 0 and the 
vertex is (H, 0) . 

19. a. y = x 2 + 6x + 9 c. y = x 2 + 6x + 5 
b. y = x 2 + 6x d. y = x 2 + 6x + 12 

20 . Fory = x2 +6X, V = -9. 
Fory = x 2 + 6X + 8, V = - 1. 
For y = x 2 + 6x + 12, V = 3. 
For y = x 2 + 6x + 5, V = -4. 
For y = x 2 + 6x + 9, V = 0. 

21 . a. By looking at the Lab Gear figure , 
you can see how far it is from a 
perfect square. For example, if it 
needs 4 more one-blocks to make 
a perfect square, V must be -4. If it 
has 3 more one-blocks than is 
necessary to make a perfect 
square, V must be 3. 

(Solutions continued on page 530) 
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T 13.8 Quadratic Equations: 
x 2 + bx + c = 0 

Core Sequence: 1-25 

Suitable for Homework: I 0-25 

Useful for Assessment: 8- 10, 13, 18 

What this Lesson is About: 

• Graphic prev iew of the quadratic 
formula 

• Vertex methods of solving quadratics 

• Prev iew of the quadrat ic formula 

• Review of al l quadratic olution 
methods to thi s point 

This les on applies what wa learned in 
the last two lessons to the olving of qua
dratic equati ons. It serve to review all the 
work on thi s subject that we have done so 
far and to preview the next chapter. 

FINDING THE x-INTERCEPTS 

This is a Cartes ian representation of the 
quadratic fo rmula, at least in the special 
case where a = 1. We will return to 
work of thi type in the general case in 
Chapter 14. 

R oblem I is challenging, but it provides a 
good review of the work of the past few 
lesson . It should definitely be worked 
on in group and then perhap as a cia 
di cu ion. 
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1. Answers will vary. See the solution 
to #9. 

2. a. 

b. H=O, V= -9 
C. X= 3, X= -3 
d. 0=3 

3. a. 

iiliii{!ii!MI···················· 

: graph paper lffil . . ..................................... lfEP' 
graphing calculator 
tCii:JiiCi.iiaTi ................................. 

f iNDING Til E \ · INTFRCl i'TS 

Earlier in this chapter you learned how to find 
the vertex after finding the x-intercepts. In thi s 
section you will learn how to find the x-inter
cepts after finding the vertex. 

-10 

- 10 

y = (x- 5)2 - 8 

I 
I 
I 
I 
I 
I 

10 

I. @@!Mil As the figure shows, the 
x-intercepts are equidistant from the axis 
of symmetry. How can you tell how far 
they are from it? That distance is indicated 
by Don the figure. Is it possible to know 
the value of D by looking at the equation? 
Try several values for Hand V in equa
tions having the form y = (x - H)2 + V. 
Look for a pattern. 
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Y= (x - 5)2 - 9 

b. H = 5, V= -9 
C. X= 2, X= 8 
d. 0 = 3 

The graph of each of the following quadratic 
functions is a translation of y = :?-. For each 
function: 

a. Make a rough sketch of the graph. 
Draw and label the axis of symmetry. 

b. Find Hand V. 

c. Find exact values, not approximations, 
for the x-intercepts. (Set y = 0 and use 
the equal squares method.) 

d. Find D, the distance of each x-intercept 
from the line of symmetry. 

2. y = :?- - 9 3. y = (x - 5)2 - 9 

4. y = (x - 9)2 - 5 

6. y = (x + 9)2 + 5 

5. y = (x + 9)2 - 5 

7. y = (x- 9)2 

8. ._ Use patterns in problems 2-7 to 
explain how D and V are related. 

This figure shows D and Von a parabola that 
was translated from y = :?-. In this example, V 
was a negative number, and the translation wa 
in a downward direction. The arrows repre
senting D and V are also shown on the original 

Chapter /3 Making Decisions I 

4. a. 

Y= (x - 9)2 - 5 

grid unit= 2 

b. H= 9, V= -5 
c. x= 9 ± rs 

Approximation: x = 11 .24 
or X = 6.76 

d. o= rs 



parabola. (On y = :x?, the direction of the 
arrow for V was reversed. What is shown is 
actually the opposite of V. This is indicated 
by the label - V. Since V is negative, -V is 
positive.) 

9. .,_ Use the fi gure to ex plain why 
- V = D2, and therefore D = .f-V. 

to.fii!,f,€',1 Explai n why the x-interc~s, 
when they ex ist, are equal to H - J-v and 
H + .f-V. 

.,Ol\INC. QUADRATIC EQUATIONS 

One way to solve the equation 
:x? + bx + c = 0 is to fi nd the x-intercepts of 
y = :x? + bx + c. You can use a graphing ca l
culator to fi nd an approx imate answer that 
way. For a precise answer, you can use what 
you learned in the previous section about how 
to fi nd the x-intercept fro m the vertex. 

I Example: Solve :x? + 4x + I = 0. 

The solutions to the equation are the x-intercepts 
of y = :x? + 4x + I. We have shown that they 
are equal to H - .f-V and H + .f-V. So a ll 
we have to do is fi nd the values of H and V. 
There are two ways to do that, outlined as 
follows: 

First method: Find H and V by rewriting the 
equation y = :x? + 4x + I into vertex form. 
This can be done by completing the square. 

y = :x? + 4x + I = (a perfect square) - ? 

y = :x? + 4x + I = (:x? + 4x + ... ) - ? 
y = :x? + 4x + I = (:x? + 4x + 4) - 3 

11. a. Explain the algebraic steps in the three 
preceding equations. 

b. Write y = :x? + 4x + I in vertex form. 

c. Give the coord inates of the vertex. 

Second method: Find H and V by fi rst remem
bering that H = -(b/2). In this case, b = 4, so 
H = -(4/2) = -2 . H is the x-coordinate of the 

13.8 Quadratic EquaJio11s: x 1 + bx + c = 0 

13.8'Y 

vertex. Since the vertex is on the parabo la, we 
can find its y-coordinate, V, by substituting -2 
into the equation. 

12. a. Find V. Check that it is the same value 
you found in problem II . 

b. Now that you have H and V, solve the 
equation. 

13 . .,_ What are the advantages and the dis-
advantages of each method? Explain . 

For each equation, fi nd H and V for the corre
sponding function. Then solve the equations. 
There may be zero, one, or two solutions. 

14. y = :x? + 6x - 9 

16. y = :x? - 6x - 9 

15. y = :x? - 6x + 9 

17. y=:x?+ 6x + l2 
18 . .,_ How does the value of V for the cor

responding function affect the number of 
solutions? Explain. 

QUADRATIC EQUATIONS CliECKPOI NT 

As of now you know five methods to 
so lve quadratic equations in the form 
:x? + bx + c = 0. They are listed below. 

1. On Graphing Calculators: Approximate 
so lutions can be found by looking for the 
x- intercepts of y = ,; + bx + c. 

U. Factoring and the zero product property 
can sometimes be used. 

IU. Equal Squares: First complete the square, 
then use the eq ual squares method. 

IV. Using Vertex Form: Complete the square 
to get into vertex form, then use the fact 
that the solutions are equal to H - .f-V 
and H + .f-V. 

V. Using the Vertex: Remember that fo r the 
fu nction y = ,; + bx + c, H = -b/2 . 
Substitute into the equation to fi nd V. 
Then use the fact that the solutions are 
H - .f-V and H + .f-V. 

477 .A, 

R oblems 2-8 guide students by experi
mentati on to discover that D = FV. 
Problem 9 provides a geometric argument 
ba ed on the translation of the par abola 
y = .x?-. The methods complement each 
other. 

R ·oblem 10 is a preliminary version of the 
quadratic formula and the key idea of this 
lesson. 

SOLVING QUADRATIC EQUATIONS 

The two method presented here both 
depend on the previous secti on, but they 
also bring into play informati on from 
Lesson 6 (completing the square) and 
Lesson 7 (H expre ed in terms o f b; 
effect of Von the number of solutions). 

13.8 S 0 L U T I 0 N S 

5. a. 

Y= (X+ W - 5 

b. H= -9, V= -5 
C. X = -9 ± .f5 

Approximation: x = -11.24 
orx = -6.76 

d. 0= .[5 

6. a. 

y= (x + 9)2 + 5 

b. H= -9, V= 5 
c. no x-inte rcepts 
d. no x-intercepts 

7. a. 

b. H=9, V=O 
C. X= 9 
d . 0=0 

8. If V :s 0, it seems to be true that 0 = 
-Pl. If V > 0, then -PI is undefined. 
However, in this case, there are no 
x-intercepts. 

9. The graph is y= x 2. Since -V= yand 
0 = x, then - V must equal 0 2 . 
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QUADRATIC EQUATIONS CHECKPOINT 

This is a review of all the work on qua
dratic equations o far. 

T1J.s 

I Caution: In the next chapter you will learn 
another way to solve quadratic equations in 
the more general form a:l- + bx + c = 0. 
Meanwhile you can solve them by dividing 
every term by a. 

I Example: Find an exact ~lution for: 
.~- 6x + 2-0. 

This does not seem to factor easil y, which 
ru les out Method II , and an exact solution is 
requ ired , which rules out Method L Lucki ly, 
Methods III-V always work on problems of 
thi s type. Using Method I]] : 

:l--6x+2=0 
(:l- - 6x + 9) - 7 = 0 

(x- 3)2 - 7 = 0 
(x- 3)2 = 7 

Sox- 3 = .f7 or x- 3 =-fl. and the solu
tions are 3 + .f7 and 3 - fi. 
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19. Solve the same equation with Method IV 
or V. Check that you get the same answer. 

Solve these equations. Use each of Methods Il 
V at least once. Give exact answers. The equa
tions may have zero, one, or two solutions. 

20. :l- - 4x + 2 = 0 

21. :l- + Sx - 20 = 0 

22. :l- - l4x + 49 = 0 

23. :l- - l6x + 17 = 0 

24. :l- + 9x = 0 

25. :l- + 9 = 0 

Clrapter 13 Making Decisions 

13.8 S 0 L U T I 0 N S 

10. The axis of symmetry is x = H. To 
find the x-intercepts, move an equal 
distance to the right and to the left of 
the axis of symmetry. This distance 
is D. Since we showed above that 
D = .J-1/, the x-intercepts must be at 
H±.J-11. 

11 . a. To write the equation in vertex 
form, first complete the square. 
Since b = 4, the amount needed to 
complete the square is (4/2)2, or 4. 
This differs from the constant term 
by 3. 

b.y=(X2 +4X+4) - 3= 
(x+ 2)2 - 3 

c. The vertex is (-2, -3) . 

12. a. y = (-2)2 + 4(-2) + 1 = 4 - 8 + 1 = 
-4 + 1 = -3 
This confirms the solution to #11 c. 

b. The solutions are H ± .J-11 = 
-2 ± .J3. 

13. Answers will vary. 

14. H = -3, V = -18, X = 3 ± 3.J2 

15. H = 3, V= 0, x = 3 

16. H = 3, V = -18, X = 3 ± 3.J2 

17. H = -3, V = 3, no x-intercepts 

18. For parabolas of the form y = x2 + 
bx + c, the number of x-intercepts will 
be two if V < 0, one if V = 0, and 
none if V > 0. 

19. By Method IV: H = 3 and V = -7, so 
the solutions are 3 ± .f?. 
By Method V: b = -6. so -b/2 = 3. 
Substitute 3 into the expression x 2 -

6x + 2 to get V, which is -7. Hence 
the solutions are H ± .J-11 = 3 ± .[7. 

20. X= 2 ± J2 
21 . x= -10, x = 2 

22. X = 7 

23. 8 ± ..[47 

24. X = 0, X = -9 

25. no solution 



rd@l$1@[~ 13.8 Find the Dimensions 
_WRITINq_ 

You have 40 square feet of artificial turf and 
28 feet of fencing. Is it possible to use a ll your 
materi als to build a rectangular pen? 

l. Find the dimensions of a rectangle hav ing 
area 40 and perimeter 28. (Hint: You may 
use trial and error, tables, or graphs.) 

Problems like th is one can be solved using 
algebra. The fi rst step is to write some equa-
lions. 

{ LW = 40 

2L +2W=28 

2. Explain how these equations express the 
given conditions for the pen. 

3. Di vide all the terms in the second equati on 
by two, to make it simpler. 

4. Use algebra to show how the equations 
can be combined into one of the following 
equati ons having just one vari able: 

a. L( l4- L) = 40, or 

b. L+~= J 4 

5. Explain the following steps lO transfonn 
the equation in problem 4b: 

L +~= 14 
L 

L2 +40 = J4L 

L2 - J4L + 40 = 0 

13.8 Find the Dimensions 

6. a. Use algebra to transform the equation 
in problem 4a into the same equation. 

b. Solve the equati on. 

7. a. The perimeter of a rectangle is 50. 
Write the area in terms of the length . 

b. The area of a rectangle is 60. Write the 
perimeter in terms of the width . 

For each problem, 8- 11 , fi nd the dimensions of 
the rectangle. Show your work and ex plain 
your method. Include a sketch labeled with the 
variables you use. 

8. A rectangle has area 180 and perimeter 64. 

9. A rectangle has area 126. The length is 25 
more than the width . 

10. A rectangle has perimeter 35, and its 
length is 4 times its width . 

11. A rectangle has area 25, and its length is 4 
times its width . 

12. llilallill Hyru has 40 square feet of artifi
cial turf. Valerie has 40 feet of fencing. 
They dec ide to use all their materials to 
build a rectangular pen. Write them a letter 
explaining as many methods as possible 
for fi nding appropriate dimensions for 
such a pen. 
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13.8 S 0 L U T I 0 N S 

1. Solution methods will vary. The 
dimensions of the rectangle are 4 
and 10. 

2. The first equation says that the 
length times the width is 40, which is 
a statement about area. The second 
equation says that twice the width 
plus twice the length is 28, which is a 
statement about perimeter. 

3. The resulting equation is L + W = 14. 

4. a. We can rewrite the equation in #3 
as W = 14 - L. Then substitute 
14 - L for Win the first equation 
to get L(14 - L) = 40. 

b. Solve for Win the first equation to 
get W = 40/L. Then substitute 40/L 
for Win the equation from #3 to 
get L + 40/L = 14. 

5. First step: Multiply both sides by L. 
Second step: Subtract 14L from both 
sides. 

6. a. Distribute the L: 14L - L 2 = 40 
Subtract 40 from both sides and 
rearrange terms: 
-e + 14L - 4o = o. 
Multiply both sides by -1: 
L2 - 14L+40 = 0 

b. One easy method for solving the 
equation is by factoring . 
L2 - 14L+40=0 
(L - 1 O)(L - 4) = 0 
L = 10 or L = 4 

7. a. If the perimeter is 50, L + W = 25. 
The width can be written in terms 
of the length: W = 25 - L. Hence 
A = L(25 - L) . 

(Solutions continued on page 530) 

r0@191~r~ 13.8 
WRITIN; Find the Dimensions 

Core Sequence: 1-12 

Suitable for Homework: 1-12 

Useful for Assessment: 12 

What this Assignment is About: 

• Using equations to sol ve a real-world 
problem 

• Review of the substitution method for 
simultaneous equations 

• Simultaneous equations that lead to a 
quadratic equation 

• Equations involving f ractions that lead 
to a quadratic equation 

This lesson ties together the beginning 
and the end of the chapter, by applying 
equation-sol ving techniques to the perime
ter/area problems of fencing and artificial 
turf. 

R oblem 1 is not too difficult to solve by 
trial and error. The main point of problems 
2-7 is to prepare students to ol ve tougher 
ones like problems 8 and 12, in a problem 
where the final answer is already known. 

It you have graphjng calculators, you may 
approach problems like 1, 8, and 12 in 
other ways. 

• Graphing length as a function of width 
in two ways, one based on the area 
equation, and the other on the perimeter 
equation- The intersection of the graph 
provide the answer. 

• Graphing the perimeter as a function of 
length, and perimeter as the given num
ber- The intersecti on of the graph pro
vides the answer. 

• F inally, graphing the area as a function 
of length, and the area as the gi ven num
ber-The intersection of the graph pro
vides the answer. 

-
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~ Essential Ideas 

I'FRI\IETER A"D .\Rf \ 

1. A rectangle has width 2x + 5 and length 
3x + I. What is the area. when the perime
ter is 30? 

2. The widlh of a rectangle is five less than 
the length. Write a formula for: 

a. the length in terms of !he width: 

b. the widlh in terms of the length: 

c . the area in terms of !he width; 

d . the perimeter in terms of the length . 

3. The perimeter of a rectangle is 50. 

a. Find the dimensions !hal will give an 
area of 46. 

b. Find the dimensions thai will give !he 
largest possible area. 

4. The circumference of a circle is 50. What 
is the area? (Hint First find the radius.) 
Is il bigger or smaller than the area of the 
largest possible rectangle having perimeter 
50? 

5. C) 
a. Find the dimensions and the area of the 

largest possible rectangle !hal can be 
made with P feel of fencing . 

b. Find !he area of !he circle !hal is 
surrounded by P feel of fencing . (Hint: 
Start by expressing the radius in terms 
ofP.) 

c. Which has greater area, the rectangle or 
the circle? Explain. 

"ll \KI I'~\! II< I 

6. A bus company lakes people from a small 
town 10 and from a large city where they 
work. The fare is $4.00 per day, round !rip. 
The company wants lo raise its fare and 
has done a survey to find oul if this will 

.&4so 

cause people 10 slop riding !he bus. They 
estimate !hal for every 50 cents !hal !hey 
raise !he fare, !hey will lose approximately 
1000 customers. They now have 14,000 
customers. Do you lhink they should raise 
!heir fare? If so, by how much? Explain. 

7. A spaceship company charges ils 
customers a basic fare of $50 million per 
light year for !rips outside the solar 
system. However, 10 encourage long !rips, 
il reduces the fare by $1 million for every 
light year a customer travels. For example, 
if a 10uris11ravels five light years, her fare 
is reduced by $5 million. Her cost will be 
$45 million per light year for five light 
years, or $225 million. Whal is the most 
a person could ever pay for a !rip on !his 
spaceship? Explain. 

1'\R\ROI \\\'I> I'\;THH fPT\ 

8. Which graphs have !he same x-imercepls? 
Explain. 

a. y = x(8- x) 

c. y = x(2 -x) 

e. y = 3x(8 - 4x) 

b. y = 2x(8 - x) 

d. y = x(8 - 2x) 

f. y = x(l6- 2x) 

9. Graph the following three functions on !he 
same axes. Label x-inlercepls, y-inlercepl. 
and the vertex of each parabola. 

a. y = x(25 - 2x) b. y = x(25 - x) 

c. y = 2x(25 - x) 

10. Pick one of !he three functions in problem 
9 and describe a real situation !hal would 
lead 10 !he function . Tell what the 
variables represent Make up al leas! two 
questions about !he real situation !hal 
could be answered by looking al !he graph 
you made in problem 9. 

Chllpter 13 Making Decisions 

+ S 0 L U T I 0 N S 

1. 2(2x + 5) + 2(3x + 1) = 30 
4x + 10 + 6x + 2 = 30 
10X+ 12 = 30 
X= 1.8 
Hence the width is 8.6 and the length 
is 6.4, so the area is 55.04. 

2. a. L= W+5 
b. W= L- 5 
c. A= W(W+ 5) 
d. P= 2(L- 5) + 2L = 

2L-10+2L=4L-10 

3. Solution methods will vary. 
a. length = 23, width = 2 
b. A square of side 12.5 will give the 

largest area, which is 156.25. 

4. C= 27tr 
21tr= 50 
r= 25/7t 
Area = 7t(25/7t)2 = 625/7t = 198.94 
approximately 

This area is larger than that of the 
largest rectangle, whose area was 
found in #3b. 

5. a. The rectangle with largest area 
will be a square with side P/4 and 
area p2f16. 

b. The circle will have radius P/27t 
and area 7t(P/27t)2 = 7tp2/(47t2) = 
P2/(47t). 

c. To answer this we must compare 
P2/16 with p2f(47t). The expres
sion with the smaller denominator 
has the larger value. Since 16 = 
42, it is larger than 47t. Therefore, 
the area of the circle is larger. 

6. One approach is to make a table. 
The table shows that the gross profit 
increases until the fare is $5.50. 
Then it begins to decrease. 

Fare Fare #of GnJSS 
Increase Customers Proftt 

$0 $4 14,000 $56,000 

$0.50 $4.50 13,000 $58,500 

$1.00 $5.00 12,000 $60,000 

$1.50 $5.50 11,000 $60,500 

$2.00 $6.00 10,000 $60,000 

$2.50 $6.50 9,000 sss.soo 
$3.00 $7.00 8,000 $56,000 

$3.50 $7.50 7,000 $52,500 

Another approach is to write an 
equation for the gross profit (P) as 
a function of the number of $0.50 
increases (x) . The graph of the equa
tion P= (4 + 0.50x)(14,000- 1000x) 
has x-intercepts at x = -8 and x = 14. 
The x-coordinate of the vertex is 
(-8 + 14)/2 = 3. This means that the 
maximum profit would occur with 3 
fare increases of $0.50. This would 
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11. Wri te the equation of a parabola hav ing 
x-intercepts at: 

a. (0, 0) and (2, 0); b. (-4, 0) and (0, 0); 

c. (-4, 0) and ( I. 0). 

12. Compare the graphs of y = 4x(x - I), 
y = 2x(2x - 2), and y= x(4x - 4). 
Ex plain what you observe. 

13. a. Find the equation of a parabola that has 
no x- intercepts. 

b. Fi nd the equation of a parabola that has 
only one x-imercept. 

c. Find the equation of a graph that has 
three x-i ntercepts. 

14. How many x-intercepts? Ex plain . 

a. y = 2x + I b. y = x(4 - x) 

c. y = _..2 + I d. y = 3(x + I )2 

15. How many x-intercepts? Explain . 

a. y = 8x - _..2 b. y = x2 - x + 2 

c. y = u + 12x + 18 

16. How many x-imercepts? Expla in . 

a. y = a(x - H)2 b. y = a(x - Hi + 3 

c. y = a(x - H)2 - 3 

THE VERTEX 

17. a. Write the equation of any parabola that 
crosses the x-ax is at (2, 0) and (4. 0). 

b. Write the equation of any other 
parabola that crosses the x-ax is at these 
two points. 

c. Find the coordinates of the veni ces of 
both parabolas. Compare them. What is 
the same? What is different? 

18. a. Write the equation of any parabo la that 
crosses the x-axis at (0, 0) and (3, 0). 

b. Write the equation of a parabola that 
cro ses the x-axis at (0, 0) and (3. 0) 
and has 9 as the y-coordinate of its 
vertex. 

+ Essential Ideas 

• 
c. Find an equation of any other parabola 

that has 9 as the y-coordinate of its 
venex. 

d. Compare the three equations. What is 
the same? What is different? 

19. Write three equi va len t equations for the 
parabola that crosses the x-ax is at (2, 0) 
and (0 , 0) and has 6 as they-coordinate 
of its ven ex. 

20. Find the equation of a parabo la having: 

a. intercepts: (6, 0). (-2, 0), (0. 4); 

b. vertex (- 1, -4): one intercept at ( I, 0); 

c. vertex (-2 , 0); one intercept at (0, 2) . 

21. Find the coordinates of the vertex of the 
graph of: 

a. y = -2(x - 5)(x + 8); 

b. y = (x + 3)2 - 6: 

c. y = .r'l + 4x - 7. 

22. Find the equati on of a parabo la that has a 
ve rtex having the fo llowing coordinates: 

a. (2 , 8) b. (8. 64) 

23. ' 
a. Write the equation of a parabola that 

has x-in tercepts (p. 0) and (-r, 0). How 
can you check that your answer is 
correct? 

b. What are the coordinates of the vertex? 

QUADRATIC EQUATIONS 

24. Solve. 

a. (x - 8)2 + 6 = 0 b. (x - 8)2 - 6 = 0 
c. (x + 8)2 + 6 = 0 d. (x + 8)2 - 6 = 0 

Solve. 

25 . . r'l- 6 = 0 

27 . . r'l- 6x = -9 

26 . • r'l- 6x = 0 

28 . . r'l + 6x = -9 

29 . . r'l + 6x- 4 = 0 30. -4x + 2 = -x2 

31. -_..2 = 8x + 7 32. 8x - r = 7 
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result in a fare of $5.50, which is the 
same result obtained by making a 
table. If the bus company's only 
objective is to maximize profit, they 
should raise the fare to $5.50. How
ever, they may want to maximize the 
number of people they serve and 
figure out ways to cut costs. Maxi
mum profit should probably not be 
their sole criterion for making 
decisions. 

7. One approach is to make a table. 

Trip Fa re Fare per 
Distance Reduction Light Yea r Total Fare 
(Light- (Millions) 
years) 

(M illions) (Millions) 

I $ 1 $49 $49 

5 $5 $45 $225 

10 $ 10 $40 $400 

14 $ 14 $36 $504 

16 $ 16 $34 $544 

18 $ 18 $32 $576 

20 $20 $30 $600 

22 $22 $28 $6 16 

25 $25 $25 $625 

26 $26 $24 $624 

27 $27 $23 $62 1 

Another approach is to write the fare 
(F) as a function of the trip distance 
(d) . F = (50 - d)d. The graph of this 
function is a parabola, whose axis of 
symmetry is at d = 25. The maximum 
fare is $625 mil lion dollars, a real 
bargain. 

8. The graphs of y = x(8 - x), 
y = 2x(8 - x), and y= x(16 - 2x) all 
have the x-intercepts (0, 0) and (8, 
0) . They can al l be written in the form 
y = ax(8 - x) . The graphs of 
y = x(2 - x) and y = 3x(8 - 4x) have 
the same x-intercepts because they 
can both be written in the form 
y= ax(2 - x) . 

(Solutions continued on page 531 ) 



Chapter 14 
RATIOS AND ROOTS 

Overview of the Chapter 

This chapter begins and ends with prob
lems involving similar rectangles. The 
dynamic rectangle problems in Lesson I 
can be solved without too much trouble. 
The following two lessons concentrate on 
algebraic fractions. Then in Lessons 4-7 
we continue the work on quadratics that 
has been started in Chapter 13. Finally, 
with Lesson 8 and Thinking/Writing 
14.B we see applications of fractions and 
quadratics. 

Much of the chapter covers somewhat 
technical work with algebraic fractions and 
the quadratic formula. You may prefer to 
postpone some of this material until a more 
advanced course. If so, you can still try to 
do Lessons I, 8, and Thinking/Writing 
14.A and 14.B. These lessons are applica
tions that can be done with other tech
niques, such as the use of graphing calcula
tors to solve equations, or with the use of 
the quadratic formula as a black box. 

The last section of Lesson 7 also does 
not require a heavy technical background. 
It provides an interesting end-of-course 
discussion. 

On the other hand, if you successfully 
covered Lessons 6-8 in Chapter 13, you 
will probably want to try to assign as much 
of this chapter as you have time for, as it 
completes the work we started there. The 
quadratic formula constitutes the endpoint 
of the chapter and, in a sense, of the book. 
This is because it affords the opportunity 
to do some interesting work that ties 
together many ideas in the course: interpre
tation of intercepts, geometric connections, 
equation solving, real-world applications, 
and so on. 

CHAPTER 

A fu turistic spiral 

Coming in this chapter: 
®Mi\iftffli Make a paper rectangle that is similar to the 
smaller rectangle obtained by the following method: 

a. cutting the original rectangle in two equal parts; 
b. cutting off a square from the original rectangle. 

What is the exact ratio of length to width for each of your 
rectangles? 

482 . 
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RATIOS AND ROOTS 

14.1 Rectangle Ratios 

14.2 Simpl ifying Algebraic Fractions 

14.3 Fractions and Equations 

14.4 Finding the Vertex 

14.A THINKING/WRITING: 
In the Gutter 

14.5 A Famous Formula 

14.6 Translations of y = ax2 

14.7 Equations and Numbers 

14.8 The Golden Ratio 

14.8 THINKING/WRITING: 
Up and Down Stream 

• Essential Ideas 

1. New Uses for Tools: 

• Cartesian graphs to help derive the 
quadratic formula 

2. Algebra Concepts Emphasized: 

• Equivalent algebraic fractions 
• Simplifying algebraic fractions 
• Common denominators 
• Solving quadratic equations 
• The role of the parameter a 
• Finding the vertex 
• Derivation of the quadratic formula 
• Completing the square 
• Number of x-intercepts of a 

quadratic function 
• Number of solutions of a quadratic 

equation 
• The discriminant 
• The sum and product of the solutions 

to a quadratic equation 
• The golden ratio 

3. Algebra Concepts Reviewed: 

• Similarity and proportional thinking 
• Square roots 
• Division by zero 
• Fractions 
• Eliminating fractions from equations 
• Equal squares 
• Geometric sequences 
• Fibonacci-like sequences 
• Distance, rate, time 

4. Algebra Concepts Previewed: 

• From natural numbers to complex 
numbers 

• Limits 

5. Problem-Solving Techniques: 

• Trial and error 
• Using an equation 

6. Connections and Context: 

• Art and design 
• Optimization of area 
• Area computation techniques 
• Diagonal of a square 
• Up and down stream, head wind and 

tail wind problems 



T 14.1 
Rectangle Ratios 

Core Sequence: 1-13 

Suitable for Homework: 11 -20 

Useful for Assessment: 6-7, 11 , 13-14 

What this Lesson is About: 

• Review of similarity 

• Review of square roots 

• Connection to a1t and design 

• More work with reciprocals 

HALF RECTANGLES 

THE INTERNATIONAL PAPER STANDARD 

Roblem 1 is intended to provide an oppor
tuni ty to review the idea of similar rectan
gles. The diagonal test for similar rectan
gles, as well as the calculator divi sion test, 
were introduced in Chapter 3, Lesson 12. 

Students may want to try to do problem 2 
by using trial and error with actual pieces 
of paper. If anyone finds a reasonably 
accurate an wer that way, have him or her 
show the procedure to the cia s. Most 
likely, thi s problem will be solved by the 
method suggested in the hint: trial and 
error on a calculator. By problem 7, how
ever, students shou ld be able to see that 
an exact answer can be obta ined by solving 
an equation. 

N ote that problem 5 could be tediou . The 
work should be di stributed among the 
member of a group. 

lESSON 

• 
Rectangle Ratios 

@.lii{ji!MI····················: 

scissors 

g rap~p~fl~r . . ........... IW 
HALF RECTANGLES 

1. Take two identical rectangular pieces of 
paper. Fold one in half. Place it on top of 
the other piece. Is the folded half-rectangle 
similar to the original rectangle? Check 
wi th the diagonal test. 

.· ,· 

1------:r'. 

similar not similar 

2. @li'Jt!j!M Make a paper rectangle, 
such that the rectangle you get by fo lding 
it in half is similar to the origi nal rectan
gle. What are the dimensions of your 
rectangle? (Hint : Remember that if two 
rectangles are similar, their length-to
width rati o mu t be the same. You may 
use trial and error on your calcu lators for 
different sizes .) 

3. a. Sketch a 16-unit-by- 12-unit rectangle 
on graph paper. What is the length-to
width ratio? 

b. Divide the rectangle in half to get one 
having length 12 and width 8. (The 
wid th of the original rectangle becomes 
the length of the new rectangle.) What 
is the length-to-width rati o? 

.4484 

c. Continue to di vide the rectangle in half, 
calculating the ratio of length to width. 
Make a table like this one to record 
your data. 

Length Width 1/w Ratio 

16 12 -

12 8 -

4. Describe any patterns you noti ce in your 
table. 

5. a. Repeat problem 2 for three more 
rectangles. Keep a careful record of 
your data in tables. Look for patterns. 

b. Find some rectangles for which the 
length-to-width ratios do not change 
when you cut them in half. 

6. ._ A rectangu lar sheet of paper is I foot 
wide and x feet long. It is cut into two rec
tangles, each of which is ( 112)x feet wide 
and I foot long. 

a. Illustrate this in a diagram. 

b. What is the length-to-width ratio in the 
origi nal rectangle? 

c. What is the length-to-width rati o in 
each of the two new rectang les? 

d. If the rectangle are simi lar, we can 
write an equation sett ing the origi nal 
ratio equal to the new ratio. Do thi s, 
and find the value of x. Show your 
ca lcul ations. 

7. iilitlld Summarize you r findi ngs from 
problems I through 6. Include sketches 
and examples. Describe any patterns you 
noticed. For the rectangles you fou nd in 
problem 5b, what was the common ratio? 
What was the common ratio for the rectan
gle you found in problem 2? 

Chapter 14 Ratios ami Roots 

14.1 S 0 L U T I 0 N S 

1. Answers will vary . 

2 . Answers will vary . 

3. a. 4/3 
16 

12 

b. 3/2 
c. 

Length Width 1/w Ratio 

16 12 413 

12 8 3/2 

8 6 4/3 

6 4 312 

4 3 4/3 

4. Answers will vary. The most striking 
pattern is probably that the ratios 
alternate between 4/3 and 3/2. 

5. a. Answers will vary . 
b. Answers will vary , but all will have 

a length-to-width ratio of ..f2. 

6. a. 112x 1/2x 

1 .....__I ---1....-.,___J 

b. x to 1 
c. 1 to 0.5x 

d. !!. = _1_ 
0.5x 

0.5x2 = 1 
X= ..f2 

7. Reports will vary . All rectangles for 
which the length-to-width ratio does 
not change will have a length-to
width ratio of ..f2. 



THE INTERN!\ TIONA! PAPER ST .\NIJARD 

In 1930 an international standard was 
established for paper sizes, called the A-series. 
The basic size is AO, whi ch is one square 
meter in area. If you fo ld it in half, you gel 
paper of size A I. You can fo ld A I in half to 
get A2, fo ld A2 in half to get A3 , etc. The 
dimensions of AO were chosen so that all 
paper sizes in the series are similar to each 
other and to AO. 

A2 

A I 
A4 

A3 -

AO 

8. f Find the dimensions, to the nearest mil 
limeter, of AO and A I. 

DYNAMIC RECT ,\NGLES 

The special rectangles you discovered in the 
previous section each have the property that 
half of the rectangle is similar to the whole. 
They are examples of a group of rectangles, 
called dynamic rectangles, that are very use ful 
to arti sts and designers. Dynamic rectangles 
have the property that when you cut them into 
a certain number of equal parts. each of the 
parts is similar to the whole. 

The rectangle below is di vided into three parts, 
each one of which is si milar to the original 
rectangle. 

14.1 Rectangle Ratios 

14.1T 

We can express this similarity by writing two 
equal rati os. 

L _ W 

W - ~ L 

Multiplying both sides of the equati on by W: 

w(1v) = w(~~") 
w' 

L = !L 
3 

and then by 5 L, we get the equation: 

5 L2 = w2 

9. Show how to find L, the length of the 
ori ginal rectangle, if the width is the 
fo ll owing: 

a. I b. 2 c. w 
10. What is the ratio of length to width in 

each of the rectang les in problem 9? 

Dynamic rectangles are named for their ratio 
of length to width . These two rectangles are 
both ca lled rs rectangles because the ratio of 
length to width in each of them is .fs. 

11 . .... Into how many equal parts would you 
divide a rs rectang le in order to make 
each of the parts similar to the original 
rectangle? Explain how you flgured thi s 
out, showing your work. 

4ss .A 

Students may need help with the symbol 
manipu lation in problem 6d. Stress that the 
equati on allows us to find an exact value 
for the ratio ( .fi). In problem 8, student 
must apply there ults of problem 6d. They 
can use trial and error and their calcul ators, 
and/or et up an equation. The unknown is 
not the same as in prob lem 6. Instead of I , 
the short ide of the rectangle should now 
be x, and the long side xf5.. Students may 
be intimidated by the need to take the 
square root of a square root, but with a 
calcul ator it 's straightforward. 

DYNAMIC RECTANGlES 

Thi s section general izes the work in the 
previous one . 

For problem 14, one good book about the 
connection between art and mathematics is 
Universa l Patterns: The Golden Relation
ship Book 1, by Martha Boles and Rochelle 

ewman (Pythagorean Press, 1990). 

14.1 S 0 L U T I 0 N S 

8. Solution strategies will vary. An 
algebraic solution is given. 
LW = 1 
W= 1/L 
_b_ _J..!i_ 
1/L - 0.5L 

0.5L2 = 1/t2 
L4 = 2 
L = 1.1 89 approximately 
Since the area is one square meter, 
W = 0.841 approximately. 
The dimensions of AO are approxi
mately 118.9 em by 84.1 em. The 
dimensions of A 1 are approximately 
84.1 em by 59.5 em. 

9. Using the equation (1 /3l L 2 = W2, we 
can conclude that L = .J3 W. 
a. L = .J3 
b. L = 2.J3 
c. L =.J3W 

10 . .J3 

11 . Divide it into five parts. An algebraic 
argument is given . 

.l=~ 
W 0.20L 

o.2L2 = W2 

L2 = 5W2 

L = .JS w 



4.J6i•lfi;Jt INTERESTING NUMBERS 

Let students try to solve these problems 
by trial and error with their calcul ators. If 
some students write an equation and solve 
it, have them compare their solutions with 
those who used tri al and error. The answer 
to both problems i the golden ratio, which 
will be the subject of Les on 8. 

T14.1 

12. A rectangle is divided into seven parts, 
each of which is similar to the ori ginal 
rectangle. 

a. Give poss ible dimensions (length and 
width) for the rectangle. 

b. Gi ve another set of possible 
dimensions. 

c. What is the rati o of length to width? 

13 . .... A rectangle having width one un it is 
divided into n equal parts, each of which is 
similar to the ori ginal rectangle. 

f•Ufit}pi;Jj IN TERESTING NUM BERS 

15. Find a number that is one more than its 
reciprocal. 

16. Find a number that is one less than it 
square. 

.& 486 

a. To fi nd the length x of the origi nal rec
tangle, Tara wrote: 

X I 
, -~ 

Explai n why Tara wrote thi s proportion. 

b. Solve this equati on for x. 
c. Summarize your resul ts in words. 

14.1;141*1131 Many artists and designers use 
mathematics. Do some research to find out 
why dynamic rectangles are so useful in 
art and design. Then make your own 
design based on dynamic rectangles. 

f;/jjfjSJ NUMBERS AND THEIR 
RECIPROCA LS 

If possible, find or estimate the number 
described. Explain how you found it. (If there 
is more than one number that fits the descrip· 
tion, try to fi nd as many as possible.) 

17. The number equals its reciprocal. 

18. The number is four more than it 
reciprocal. 

19. The number is one more than twice its 
reciprocal. 

20. The number does not have a rec iprocal . 

Chapter 14 Ratios and Roots 

14.1 S 0 L U T I 0 N S 

12. a. W = 1 and L= 17 
b. W = 2 and L = 217 
c. 17 

13. a. The rectangle was divided into n 
equal parts, each of wh ich has 
length 1 and width xln. Its length· 
to-width ratio is the same as that 
of the original rectangle. 

b. x2 = n 
X = .Jn 

c. The rectangle is a .Jn rectangle. 
The length-to-width ratio for the 
original rectangle and its subdivi 
sions is .Jn. 

14. No solution is necessary. 

15. Solve the equation 1 + 1/x= x, or use 

trial and error. Solution : x = 1 ±2 .J5 

16. Solve the equation x2 - 1 = x or use 

trial and error. Solution: X= 1 ±2 .J5 

17. Solve the equation x= 1/x ; 
solution: x = 1 or -1 

18. Solve the equation X= 4 + 1/x; 
solution: 2 ± .f5 

19. Solve the equation 1 + 2/x = x ; 
solution : x = -1 or 2 

20. 0 



l E S S 0 

• 111111s1im!!!!l!lp11if11y11in1g11A1111g11eb11r11a11ic111111F r11a11c11ti11o 11nsl!l!!!!l!!l!!!!!!l 

iililiiiii!MI · · · · · · · · ............ : 

Lab Gear 

MJOI'<G OR SUBTRACTI'<G EQUAl A\IOUI\;TS 

I. Mm@® What happens if you add or 
subtract equal amounts to or from the nu
merator and the denominator of a fraction? 
How can you tell whether the value of the 
fraction will increase, decrease, or remain 
the same? Make up several examples to 
see what happens, then make a 
generalization. 

To model fractions with the Lab Gear, you can 
use the workmat turned on its side. Instead of 
representing an equals sign, the straight line in 
the middle now represents the fraction bar. 

Edith and Anna modeled the fraction 4x ~ 16 

with the Lab Gear, as shown below. 

----
D 

CiliiJ 
CiliiJ 
CiliiJ 

----
"This is an easy problem," said Edith. "There's 
a 4x in both the numerator and the denomi na-

14.2 Simplifying Algebraic Fractions 

tor, so I can get rid of them. The simpli fied 
fraction is 16." ' 

Anna didn ' t think Edith 's method was right. 
She decided to check Edith's answer by 
substituti ng. 

2. Calculate the value of the expression 
4x + l6 fo r several different values for x . 

4x 

Do all values of x make thi s fraction equal 
to I 6? Does any value of x make it equal 
to I 6? Explain. 

3. .... Explain why you cannot simpli fy a 
fraction by subtracting the same num ber 
from the numerator and the denominator. 
Give examples . 

COMMO" DIME,..SIONS AND DIVISION 

As you know, to simplify a fraction, you divide 
numerator and denominator by the same lllllll 

ber. This is still true of algebraic fractions. 

1 
487 .A, 

T 14.2 
Simplifying Algebraic Fractions 

Core Sequence: 1-7, 9- 13 

Suitable for Homework: 9-26 

Useful for Assessment: 3, 9, 18- 19 

What this Lesson is About: 

• Equi valent algebraic frac ti on 

• Simplify ing algebraic fractions 

• Review of di vi ion by zero 

At thi s stage in the course, many students 
may be able to do the work without actu
all y using the Lab Gear. everthele , they 
will still gai n from an expo ure to the Lab 
Gear method which will provide a vi ual 
anchor to their understanding. 

ADDING OR SUBTRACTING 
EQUAL AMOUNTS 

Thi s secti on take head-on a common tu
dent mistake of impli fy ing frac tions. 
Another approach to the ame question 
was taken in Chapter 5, Le son 3. 

Or course, tudents hould use their calcu
lators for problem I . You may hint that 
they should con ider fraction in three 
groups: less than I , eq ual to I, and greater 
than I . You can at o encourage di scussion 
of what happen to the frac ti on when 
the amoun t added or ubtracted become 
very large. 

14.2 S 0 L U T I 0 N S 

1. Generalizations will vary. See 
Teacher's Notes. 

2. Only one value will make the two 
expressions equal. This can be found 
by trial and error or algebraically , by 
solving the equation as shown. 
4X + 16= 16 

4x 

4x+16 = 64x 
X = 4/15 

3. Answers will vary. See Teacher's 
Notes. 
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COMMON DIMENSIONS AND DIVISION 

SIMPLIFYING FRACTIONS 

These sections show two (equi valent) Lab 
Gear methods for simplify ing fractions. In 
the second Lab Gear method especiall y, it 
appears that, when simplify ing the frac
tions, we are ubtracting from numerator 
and denominator. And in fact we are, but 
we are not subtracting equal amoun ts, 
which would not lead to an eq ui valent 
fraction. We are subtracting proportional 
amounts. Algebraically: 

a c a a-c 
If b = d' then b = b- d 

(This need not be discussed with the class, 
but it can be if the question comes up.) 

'Y14.2 

! I I I 

4. Study the previous figure. 

a. What are the numerator and the denom
inator div ided by? 

b. What is the simplified fraction? 

Sometimes, as in the fig ure below, the nu mera
tor and denominator rectangle are seen to have 
a common dimension, which is the common 
factor we divide by to get the simplified 
fracti on. 

5. Study the precedi ng figu re. 

a. Wri te the original fraction. 

b. Show what the numerator and denomi
nator must be divided by to simplify the 
fraction. 

c. Write the simplifi ed fraction . 

.A 4ss 

Repeat problem 5 for the following figures. 

6. 

7. 

8. 

SIMPLIFYING FRACTIONS 

Sometimes it is necessary to factor the nu mer
ator and the denominator in order to see the 
common factors. 

. ' f x' + 3x + 2 
I Example: Sunp l1 y: _.2 + Sx + 6 

(x+2)(x+l) 
Factor: (x + 2)(x + J) 

Divide both numerator and denomi nator by 
the common factor, (x + 2). The implified 
f · · X+ I ractwn ts: ;+) . 

Chapter 14 Ratios and Roots 

14.2 S 0 L U T I 0 N S 

4. a. 4 

b. X+4 
X 

5. a. (X+ 6)(2x - 1) 
(x+ 6\x 

b. X + 6 

c. 2x - 1 
X 

6. a. 2~x+ 5) 
(x+ 1)(X+ 5) 

b. X+ 5 

c. 2x 
X+ 1 

7. a. ~ 
3x 

b. X 

c. 2x - 1 
3 

488 

B. a. 4x(3x - 2) 
(x - 1)(3x - 2) 

b. 3x - 2 

c. 4x 
x - 1 



The following example is done with the 
Lab Gear. 

~ --/ 

9. .,_ Explain the process shown in the fig
ure, using words and algebraic notation. 

If possible. simplify these fractions. 

10. 3x + 12 
T+4x 

12. 7x + 5 
1x 

11. x' + lOx+ 25 
2x + 10 

1J.2d+ 3 
d+3 

ZHI:O I' TH! Df~0\11~\10~ 

When we substitute 2 for x in the fraction 
3x- I 
x - 2 , the denominator has the value zero. 

Since division by 0 is undefined, we say that 
the fraction is undefined when x = 2. 

14.2 Simplifying Algebraie FroeliDIIS 

14.2 ... 

For what value or values of x (if any) is each 
fraction undefined? 

14. ~ 
x-6 

16.-3-
2x + 6 

15. X- 6 
x+6 

17. x' + 2 
x' 6x+8 

Al\\ "' '0\11 11\11,, '<1\lR 

Since x' + xl~ 2+ 20 can be written 

(x + IO)(x + 2) 
x+2 

we can write: 

x' + 12x + 20 = + 10 
X+ 2 X 

18 • .,_ Explain why the preceding equality 
is not true when x = -2. 

19 • .,_ Explain why it 's true when x * -2. 

20. For what value(s) of xis 
a. 2x-3 *!? 

8x- 12 4. 

x'- 9 
b. X_ 3 =X+ 3? 

Tell whether each equation 21-23 is always 
true or only sometimes true. If it is only some
times true, give the values of x for which it is 
not true. 

8x 
21. 4= 2x 

22. x'- I_ (x +I) 
Sx - 8- 8 

23. 5 - 5x _ --.2_ 
2X'-2- 2x+ 2 

Tell whether each equation 24-26 is always, 
sometimes, or never true. If it is sometimes 
true, give the values of x that make it true. 
1A 5x- 5 = 5 ..,.., 5 X 

25. Sx;5 =x-5 

x'- 10 26.-5-=x'-2 

489A 

ZERO IN THE DENOMINATOR 

ALWAYS, SOMETIMES, NEVER 

These sections serve mainly as preview 
for future courses. 

14.2 S 0 L U T I 0 N S 

9. The original fraction is 
;x2 +7X+10 

xy+2y- X2- 2x ' 

The blocks in the numerator are 
made into a rectangle having length 
x + 2 and width x + 5. The blocks in 
the denominator are made into 
another rectangle of length x + 2 and 
width y - x. The common dimension 
is x + 2. When both numerator and 
denominator are divided by x + 2, the 

result is ;~ ~· 

10. ~ 
X 

11. x;s 

12. cannot be simplified 

13. cannot be simplified 

14. X= 6 

15. X= -6 

16. X= -3 

17. x2- 6x+ 8 = (x- 4)(x- 2) The 
fraction is undefined if x = 4 or x = 2. 

18. If x = -2, the denominator is 0. 

19. This can be shown by substitution, or 
by reasoning that both sides can be 
multiplied by (x + 2) to get an identity. 

20. X= 3/2 

21 . X= 3 

21. always 

22. not true if x = 1 

23. not true if x= 1 or x= -1 

24. true if x= -1/4 

25. never true 

26. true if x= 0 

- - . ~ -
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T 14.3 
Fractions and Equations 

Core Sequence: 1-24 

Suitable for Homework: 14-24 

What this Lesson is About: 

• Equivalent algebraic fractions 

• Common denominators 

• Solving quadratic equations by trial 
and error 

• Review of eliminating fractions from 
equations 

• Review of solving quadratic equations 

The frrst two sections of this lesson con
centrate on the manipulation of algebraic 
fractions, and the last two make a connec
tion with quadratic equations. 

Roblem I gives students a chance to think 
about fractions, both algebraic and numeri
cal. Making the connection between the 
two through substitution should help make 
it easier to work with algebraic fractions, 
but only for students who have some 
understanding of numerical fractions. 

COMPLICATING FRACTIONS 

This section is a necessary prerequisite to 
common denominators, and therefore to 
adding and subtracting algebraic fractions, 
which we will need to do more than once 
in the rest of Chapter 14. 

Be sure to have a class discussion of 
problem 3, comparing different students' 
solutions. 

COMMON DENOMINATORS 

This section gives students an opportunity 
to practice with common denominators, 
with examples that look a little bit like the 
a's, b's, and c's that come up in the deriva
tion of the quadratic formula. 

490 

LESSON 

.!!I!I!F~ra~c1t1io~n~s~a1n~d~E~qiu~a1ti1o1n1s ~~~~~~!!!II 

1. iffi®N Wanda always enjoyed the 
math tests Mr. Stevens gave every Friday. 
She especially liked the tests on fractions. 
Here is the test she took on Friday the 
13th. Try to find the problems she did 
wrong. If necessary, substitute numbers. 
If you can, show her how to do them 
correctly. 

a. ~ - ~=~ 
5 3 2 

b.~ + ~=~ 
5 5 10 

c. ~ - ~ = £ 
5 5 25 

d. ~ ·~ = 1 
5 2x 

e. ~ +~ = 2 
5 X 

f. J!._lOM 
5- 50 

g. 2M+ 4 = 2 
M+ 2 

< 0'11'111 •\ 11 "1 , I R \1 110~' 

Sometimes it is useful to complicate fractions 
instead of simplifying them. For example, here 
are some more complicated fractions that are 

. al 2x eqmv ent to 5 . 

a. 4.l b. ~ c. 8x + 2.l 
lOx 5y 20 + 5x 

2. What was ¥ multiplied by to give each 

one of the fractions? Sketch a Lab Gear 
fraction for part (a). 

3. Write three fractions that are equivalent to 
2/(x - 3). Check the correctness of a 
classmate's fractions. 

x +2 
4. Write a fraction that is equivalent to - 5-

that has the following: 

a. a denominator of I 0 

b. a denominator of Sx + 15 

.A, 490 

c. a numerator of 4x + 8 

d. a numerator of 3r + 6x 

5. If possible, write a fraction that is equiva-
~ lent to 4x that has the following: 

a. a denominator of 8xy 
b. a denominator of 6XZ 
c. a numerator of -2y - 2x 

d. a numerator of 3y + x 

6. Write a fraction equivalent to 2 that has 
5a2 as a denominator. 

7. Write a fraction equivalent to I that has b 
as a denominator. 

8. Write a fraction equivalent to b that has b 
as a denominator. 

9. Write a fraction equivalent to x that has XZ 
as a denominator. 

To add or subtract fractions having unlike 
denominators, you frrst have to find a common 
denominator. 

10. a. Write a fraction equivalent to ~ having 
a denominator of 6a2 • 

b. Add j + ~ · 
11. Write two fractions whose sum is 

2x + 5 
liiX . 

12. a. Write a fraction equivalent to ~ 
having a denominator of Sac. 

b. Add~+~ . 

13. Find a common denominator and add 
or subtract. 
I I 5 I 

a. 4x + ~ b. :ry - 7-

14.3 S 0 L U T I 0 N S 

1. a. Get a common denominator. b. y/y 
6x 5x x c. (4 + x)/(4 + x) 
15-15=15 

3. Answers will vary. 
b. Use the common denominator 

instead of adding the denomina- 4. a. 2x+4 
tors. The sum is 2x/5. 10 

e. Get a common denominator. b. x2+5K+6 

x2 25 x2+ 25 
5X+ 15 

5X + 5x = ---sK C 4x+8 
' 20 

2. a. 2x/2x 
d. 3x2+6X 

0 
15x 

5. ~ a. axy 

b 1 .5~+ 1.5x2 
. sX2 

0 C. -2y- 2x 
-8x 

d. impossible 

6. 10a" 
57 



I ROM !}UADRMIC ~TO FRACTIONS 

Tara was trying to solve :?- + 4x - 6 = 0 with 
the zero product property. She couldn't figure 
out a way to factor the trinomial. Then she had 
an idea. She wrote: 

:?- + 4x = 6 
x(x + 4) = 6 

Tara was still thinking about the zero product 
property. She wrote: 

x =6or x+4=6 

14 • .,_ Explain why Tara's reasoning is 
incorrect. (Why does this method work 
when one side of the equation is 0?) 

When Tara saw her mistake, she tried another 
method. She divided both sides by x. 

x(x + 4) = 6 

x+4=~ 
X 

Then she was stuck. Her teacher suggested that 
she use trial and error, so she made this table. 

x+4 6 ... 
X 

I 5 6 

2 6 3 

1.5 5.5 4 

1.25 5.25 4.8 

1.1 3 5.1 3 5.31 

14.3 Fractions and Equations 

IS. Continue the table and find a value of x 
that, when substi tuted into both sides of 
the equation, will give the same value 

a. to the nearest tenth; 

b. to the nearest hundredth. 

16. The quadratic equation that Tara was solv
ing has two roots. Approximate the other 
root to the nearest hundredth. 

17. Solve the equation :?- + 5x - 3 = 0 using 
trial and error. (You do not need to do it in 
the same way as Tara.) Approximate each 
solution to the nearest hundredth. 

18. Confinn your solution by using a method 
you learned in Chapter 13. 

FROM FRACTIONS TO QUADRATICS 

Rewrite each equation as an equivalent 
quadratic equation. Then try to solve it. Show 
each step. 

19. x + 4 + ~ = 0 20. 2m + i = 9 
x m 

I 
21. 4x = x 

I 
23.-x=x+ l 

22.L - 4=?f} 

24. ~=x+ l 
X 

491 A 

FROM QUADRATICS TO FRACTIONS 

Thi section tarts by addressing common 
tudent attempts at olving quadratic : the 

misuse of fac toring and the limitations of 
linear equation techniques. 

/n add ition, student are a ked to u e u·ial 
and error. Organized trial and error i help
ful in developing students' en e of what's 
happening in a problem like thi s. Of 
cour e, it is quite inconvenient a an every
day approach to olvi ng quadrati c equa
tion . The use of a programmable calcul a
tor or appropriate computer software ( uch 
as the Logo language or a pread heet) 
make it po ible to make trial and error 
more efficient. 

If you have acce to graphing calcul ators, 
you may have the tudents graph the two 
sides of the equation Tara was working on, 
in both form : first x 2 + 4x - 6 = 0, and 

then x + 4 = ~. 
X 

FROM FRACTIONS TO QUA ORA TICS 

This ection offer extra practi ce with 
frac ti on and with olving quadrati c . 
Refer back to Thinking/Writing 13.B for 
imilar problems. For problem 20, after 

putting the equation in standard form, 
tudents can either factor or di vide through 

by 2. 

14.3 S 0 L U T I 0 N S 

7. b 
b 

8. tl 
b 

10 2a2b . a. 682 

11 . ~+ ~ 
10x 10x 

12.a.bc2 

Sac 

b. bc2 + 10a = bc2 + 10a 
Sac Sac Sac 

13 a ~ + _4 __ 10x+4 _ Sx+2 
· · 40x2 40x2 - 40x2 - 20x2 

14. It works for zero because of the Zero 
Product Property. There is no such 
property about products for numbers 
other than zero. 

15. 
.r .r + 4 6 

.r 

I 5 6 

2 6 3 

1.5 5.5 4 

1.25 5.25 4.8 

1.13 5.13 5.31 

1.14 5.14 5.26 

1.15 5. 15 5.2 17 

1.16 5.16 5.172 

1.162 5.162 5. 1635 

a. U5or 1.16 
b. 1.162 

16. X = -5.16 

17. approximate solutions: x= 0.542 
or x = -5.542 

18. Methods will vary. 

19. x2 + 4x + 3 = 0 
x = -3 or x = -1 

20. 2m2 - 9m + 4 = 0 
m = 0.5 or m = 4 

21 . X =± 0.5 

22. X= 2 ± 2{6 

23. X= -1 ± .f5 
2 

24. X= -1 ± if7 
2 

,_ 
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T 14.4 
Finding the Vertex 

Core Sequence: 1-20 

Suitable for Homework: 1- 16, 18-20 

Useful for Assessment: 5-6, 8, ll -1 2, 
14-15 , 18-2 1 

What thi Lesson is About: 

• The role of the parameter a 

• Review of f inding the vertex in 
intercept form 

• Finding the vertex in standard form 

Thi s lesson continues the work we started 
in Chapter 13, which w ill eventually l ead 
to the quadrati c formula. 

DIFFERENT SHAPES 

While the main point of the section is to 
clarify the role of the parameter a in affect
ing the shape of the parabola, a econdary 
and vital point is the review of the relation
ship between the fac t that a point is on the 
graph on the one hand, and the fact that it 
coordinates sati sfy the equation, on the 
other hand. 

Since a determines whether the parabola is 
a frown or a smile, one student called a the 
mood of the parabola. 

INTERCEPT FORM 

This ection rev iews materi al from the 
beginning of Chapter 13. 

LESSOr-. 

• 
Finding the Vertex 

i'ii!ll\ji!MI · · · · · · · · · · · · · · · · · · · ·: 

.s.r~?.~.e~P.~ r ...... D ea : 
i~Pa.~~inna~? 1~u.1 .a..t?..r.s ......... • . . .................................. 

Knowing more about quad ratic functi ons and 
their graphs will help you understand and 
solve quadratic equations. In particular, it is 
useful to know how to fi nd the vertex and the 
x- intercepts of quadratic functions in the fol
lowing two forms: 

• l11tercept fo rm: y = a(x - p)(x- q) 

• Sw11dard form: y = ax2 + bx + c 

DIFFERENT SHAPES 

5 

J. The figure shows several parabolas whose 
x- intercepts, y- intercepl, and vertex are all 
(0, 0) . Match each one with an equation: 

y = x2 )' = 0 .5~ )' = U 
y = -~ y = -o.5x2 y = -Y 

2. What is the val ue of a fo r the parabolas on 
the following fig ure? 

4 492 

a 

5 

( 1, -3) 

d. 

3. Which among the parabolas in problems I 
and 2 is most open? Most closed? How is 
this related to the value of a? 

4. Write the equation of a parabola that li es 
entirely between parabolas I a and I b. 

5. ._ Describe the graph of: 

a. y = -0.0 1 ~; b. y = 1 00~. 

6 J.1i!..!,gJZj E I . h ff f h . -. ........ xp am t e e ect o t e para-
meter a, in the function y = a~. on the 
shape and ori entation of the graph. 

INTERCEPT FORM 

As you learned in Chapter 13, when the equa
tion is in intercept form, you can find the ver
tex from the x-intercepts, which are easy to 
locate. 

7. Try to answer the fo llowing questions 
about the graph of y = 2(x - 3)(x + 4) 
without graphing. 

a. What are the x- and y-intercept ? 
b. What are the coordinates of the vertex? 

Chapter 14 Ratios and Roots 

14.4 S 0 L U T I 0 N S 

1. a. y= 0.5x2 6. A very large (or very large in 
b. y = x2 absolute value) value of a will make 
C. y = 2X2 the graph very closed. A very small 
d. y = -2x2 (or small in absolute value) value of 
e. Y = -x2 a will make it very open. As the value 
f. y = -o.5x2 of a increases in absolute value, the 

2. a. Y = 0.75x2 graph becomes steeper. As it 

b. y = 3x2 decreases in absolute value, the 

c. y = -3x2 graph becomes more open. Negative 

d. y = -0. 75x2 values of a make the graph open 

3. The most open are y = 0.5x2 and 
downward into a "frown ." Positive 
values make it open upward into a 

y = -0.5x2. The most closed are "smile. " 
Y= 3x2 andy = -3x2. 

Y = 0.75x2 
7. a. The intercepts are (3, 0) , (-4, 0) 

4. and (0, -24) . 
5. a. below the x-axis , very open , b. The vertex is (-0.5, -24.5) . 

almost coinciding with the x-axis 
b. above the x-axis , very closed, 

almost coinciding with the y-axis 

-
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8. i§§.!§b'@i® 
a. What are the x- and y-intercepts of 

y = a(x - p)(x- q)? Explain. 

b. Explain in words how to fi nd the vertex 
if you know the intercepts. 

9. <j The fig ure shows the graphs of several 
parabolas. Write an equation fo r each one. 
(Hint: To fi nd a, use either the y-intercept 
or the vertex and algebra or trial and 
error.) 

10. For each equation , te ll whether its graph is 
a smile or a frow n parabola, without 
graphing. Ex plain your reasoning. 

a. y = 9(x - 8)(x - 7) 

b. y = -9(x - 8)(x - 7) 

c. y = 9(8 - x )(x - 7) 

d. y = 9(8 - x)(7 - x) 

11 . ._ tf you know all the intercepts and the 
vertex of y = 3(x - p)(x- q), explai n 
how you would fi nd the intercepts and the 
vertex of y = -3(x - p)(x- q). 

\l \'-'ll\~lliON\1 

' When the equation is in standard form, 
)' = or + bx + C, it is more difficult tO find 
the location of the vertex. One particularly 
easy case, however, is the case where c = 0. 

14.4 Finding the Vertex 

14.4. 

12 . ._ Explain why when c = 0, the 
parabola goes through the origin . 

13. Find the vertex of y = 2.l + 8x. 
(Hint: Factor to get into intercept form.) 

10 

14 . ._ How are the two graphs related? 
Compare the ax is of symmetry and the 
y-intercept. 

10 

15 . ._ How is the graph of y = 2.l + 8x - 3 
related to them? 

16. Find the equation of any other parabola 
whose vertex is direct ly above or below 
the vertex of y = 2~ + 8x. 

ll"l>IN(, II .\'-'l> I 

I Example: Find the coordinat;s (H, V) of the 
vertex of the graph of y = 3..r - 18x + 7. 

• y = 3.i - 18x is the vertical translation 
for which V = 0. By factoring, we see it is 
equal to y = x(3x - 18). 

• To fi nd the x-intercepts of y = 3.i - 18x, 
we set y = 0. By the zero product 
property, one x- intercept is 0. To find the 
other, we solve the equation 3x - 18 = 0, 
and get x = 6. 

• Since the x-i ntercepts are 0 and 6, and the 
ax is of symmetry for both parabolas is 
halfway between, it must be 3. So H = 3. 
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Student are likely to have trouble with 
i sues of igns in problem I 0. Be sure you 
di scuss thi s in class. 

STANDARD FORM 

FINDING HAND V 

The idea of graph through the origin was 
first seen in Chapter 4, Lesson 4. Parabolas 
through the origin were the subject of 
much of Chapter 13, Lessons I and 2. Here 
we use the fac t that parabolas through the 
ori gin have equations that are easy to put 
in intercept form (thr ugh fac toring). Thi 
turn out to be the key to a trategy that 
lead to finding H, the x-coordinate of the 
vertex , fo r any parabo la in tandard form . 

14.4 S 0 L U T I 0 N S 

8. a. The vertex is halfway between the 
x-intercepts, sox= (p + q)/2. To 
find y, substitute this into the 
expression a(x - p)(x - q) . The 
value of y is -a(p - q)2/4. 

b. Find the x-intercepts . Add them 
and divide by 2. This is the x-coor
dinate of the vertex . Substitute the 
result for x and solve for y to find 
the y-coordinate of the vertex. 

9 . a. y = 0.25(x + 2)(x + 6) 
b. y = -0.5(x + 5)(x - 3) 
c . y= 2(x - 2)(x - 5) 

10. a. smile . It can be written in the form 
y= a(x - p)(x - q) where a > 0. 

b. frown. It can be written in the form 
y= a(x - p)(x - q) where a < 0. 

c. frown . Factor - 1 out of the factor 
(8 - x) and rewrite as 
y = -9(x - 8)(x - 7). 

d. smile . Factor -1 out of the factor 
(8 - x) and also out of the factor 
(7 - x) and rewrite as 
y = (-1 )(-1 )9(x - 8)(x - 7), which 
simplifies to y = 9(x - 8)(x - 7) . 

11. The x-intercepts are the same. The 
y-intercepts are opposites. The ver
tex has the same x-coordinate, but 
the y-coordinates are opposites. 

12. If c = 0, the equation is y = ax2 + bx. 
Substituting 0 for x in this equation 
gives the value of 0 for y. 

13. In intercept form, the equation is 
y= 2x(x+ 4). The x-intercepts are 0 
and -4, so the x-coordinate of the 
vertex is H = -2. Substituting x = -2, 
find that the y-coordinate of the ver
tex is V= -8. 

14. They have the same axis of symme
try, but y = 2x2 + 8x + 5 has a y-inter
cept of (0, 5) , compared to a y-inter
cept of (0, 0) for the first equation . 

15. It will have the same axis of symme
try, but they-intercept will be (0, -3) . 
The graph is a vertical translation 
(down 3) of the graph of y= 2x2 + 8x. 

16. Answers will vary. Any answer of the 
form y = 2x2 + 8x + k is correct. 

-
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The procedure outlined in the example 
preceding problem 17 may seem daunting, 
but it is based on very strong visual foun
dations, and for students who under tand 
the material about intercept fo rm, verti cal 
translation, and symmetry, it should not 
require any memorizing or present any 
conceptual difficulties. 

SAME SHAPE 

You hould di cus the idea in thi ection 
even if you do not assign problem 21, 
which is challenging, and probably 
best done at the overhead projector or 
chalkboard. 

17. Strategies for solving these problems 
will vary. One approach is to find the 
vertex of the graph of the related 
equation with c = 0, and then move it 
5 units up. Students may use other 
strategies from Chapter 13 as well. 
a. (-3, -4) 
b. (-1.5, 0.5) 
c. (1 ' 2) 
d. (0.5, 3.5) 

18. Y= ax2 + bx 

19. a. Strategies will vary. One approach 
follows: Factor to get y = x(ax + b) . 
The intercepts are x = 0 and 
x = -bla. Average these to find 
that H = -b/(2a) . Substitute to get 
the y-coordinate of the vertex, 
V = -b2/(4a) . 

b. (b!(2a), -b2/(4a)) 

'Y14.4 

• Substitute 3 into the original equati on to 
see that the y-coordinate of the vertex is: 

v = 3(3)2 - 18(3) + 7 = -20. 

So the coordinates of the vertex for the 
ori ginal parabola are (3, -20). 

17. For each equati on, find H and V. It may 
help to sketch the vertical translation of 
the parabola for which V = 0. 

a. y = XZ + 6x + 5 
b. y = U + 6x + 5 

c. y = 3XZ - 6x + 5 
d. y = 6x2 - 6x + 5 

13§.i§i:!fij1¢.fltJ 
J 8. What is the equation of a parabola through 

the origin that is a vertical translation of 
y = d + bx + c? 

19. Show how to find the ax is of symmetry of: 

a. y = d + bx; 

b. y= d- bx. 

20. Ex plain why the x-coordinate of the 
vertex of the parabola having equation 
y = d + bx +c is 

b 
H = -2{;· 

SAME SHAPE 

The parameter a determines the shape of the 
parabola. The graphs of a ll equati ons in stan
dard fo rm that share the same value for a are 
translations of the graph of y = d. 
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20. It is a vertical translation of 
y = ax2 + bx, so it has the same 
value for H. 

21 . a. The vertex of y = 0.25x2 is (0, 0). 
By substitution, we can show that 
(4, 4) satisfies the equation . The 
vertex of y = 0.25x2 - 2x - 2 is 
(4, -6) . By substitution , we can 
show that (8, -2) satisfies the 
equation. 

b. The point (2, 1) is on the graph 
of y = 0.25x2 If the graph of 
y = 0.25x2 - 2x - 2 has the same 
shape, we should be able to get 
from the vertex to another point on 
the parabola by moving over 2 
and up 1. This would get us to the 
point (6, -5) . By substituting , we 
can confirm that this (x, y) pair 
satisfies the equation 
y= 0.25x2 - 2x - 2. 

For example, the two parabolas in the figure 
have equations with a = 0.25. Therefore they 
have the same shape, as the following exerci e 
shows. 

21. .... 
a. Show algebraically that starting at the 

vertex, and moving 4 across and 4 up, 
land you on a point that sati sfies the 
equation in both cases . 

b. Lf you move 2 across from the vertex , 
show that you move up the same 
amount to get to the parabola in both 
case . 

Chapter 14 Ratios a11d Roots 



~W@ijl§t~ 14.A In the Gutter 
_WR/ffN~ 

You have a long rectangular heel of metal, 
having width L inches. You intend 10 fo ld it to 
make a gu tter. You want 10 fi nd out which of 
the folds shown in the figure wi ll give the 
maximum fl ow of water. This depends on the 
area of the cro - ection of the guner; a bigger 
area means better fl ow. 

I u 4 I 
d.""-/ 

14.A In the Gutter 

1. a. 0.125L2 

b. 0.111 L2 

c. 0.134L2 

d. 0.120L2 

e. 0.145L2 

b. 

LJL/3 

2. The following are our solutions. 
Better ones may be possible for (d) 
and (e) . 
b. This is identical to the problem of 

the pen against the garage. The 
best answer is with a width of L/2 
and a height of L/4. It yields an 
area of 0.125L2. 

c. L/4 for the bottom side, and 3L/8 
for the other sides, is close to the 
optimal solution. Area: 0.137L 2 

d. L/6 for the vertical sides, and L/3 
for the others gives an area of 
0.134L2 . 

l. Find the area of the cross-secti on for the 
examples hown in the figure. (All angle 
are 90 or 135 degrees. All sides in each 
cross-section are of equal length . Hint : 
Divide the areas into rectangles and right 
tri angles that are half-sq uares.) Which 
cro - ection has the greatest area? 

2. You may try the arne shapes with differ
ent dimensions. For example, for cross
secti on b, you could have a height of U4, 
and a width of U2 . Try to increa e the 
areas for cross-sections b, c, d, and e by 
choosing different values for the different 
segments. (Remember that the sum of all 
the lengths must be L. ) 

3. ilit!!4l Figure out the best design for a 
gutter. Write an illustrated report on your 
re earch, explai ning clearly how you 
arrived at your conclu ion . You need not 
limit yourself to the shapes given here. 
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e. L/8 for the vertical sides, and L/4 
for the other ones gives an area of 
0.151 L2. 

3. Changing the angles makes the 
problem too difficult to work on with
out trigonometry. A good analysis is 
possible based solely on the given 
shapes: cross-section e as described 
in the solution to #2e gives the best 
solution we found with rectilinear 
sides and angles of 90 and 135 
degrees. It can be improved upon 
with a semi-circle, which yields an 
area of 0.159L 2. 

rn@l91~t~ 14.A 
WRITIN; in the Gutter 

Core Sequence: none of the lesson 

Suitable for Homework: 3 

Useful for Assessment: 3 

What this Assignment is About: 

• Optimization of area 

• Review of area computation techniques 

• Review of the diagonal of a quare 

• Review of fractions 

These problems are di fficult, as they entail 
working with the variable L, and with area 
calculati on without the upport of dot or 
graph paper. (You could make the lesson 
more access ible by choosing a value for L, 
for example 60 em.) 

You may consider having students work in 
group on thj a ignment, and/or giving 
them everal day to complete it. 

To do these problems, students w ill need 
to remember how to f ind the length of the 
ru agonal of a quare when the side i 
known. Y ou may review thi s with the help 
of the Pythagorean theorem or by u ing the 
area approach we used in Chapter 6, 
Lesson 12. 

The best olution to the problem i actu
ally a semi-circular cro s-section. Do not 
give thi s away, or even hint at it, becau e it 
would undercut tudent ' exploration of 
the given figure . (Be ide , it might be ea -
ier to build cro - ection e phy ica lly than 
to build a semi-circular one with only a 
5% los in area.) 



T 14.5 
A Famous Formula 

Core Sequence: l-19 

Suitable for Homework: l-4, 15-22 

Useful for Assessment: 5-7, 19 

What this Lesson is About: 

• Solving quadrati c equati ons 

• Graphic deri va ti on of the quadratic 
formula 

• Symbolic deri vati on of the quadratic 
formula 

• Rev iew of rectangles 

STANDARD FORM OF A QUADRATIC 

This rev iews materi al from Chapter 13, 
Lessons 6-8. 

FINDING THE x-INTERCEPTS 

Note that di viding by a is legitimate in the 
case of an equati on, but not in the case of a 
fun cti on. This is because the solutions of 
the equation are not changed when di vid
ing all term by the same amount, but all 
points on the graph except for the x-inter
cepts move when the terms are di vided. 

This section foll ows the same approach as 
Chapter 13, Lesson 7, but of course the 
olution i diffe rent because a i= I . 

LESSON 

• 
A Famous Formula 

'"l";:a::!;~r· .. 0 .......... = 

gra phing ca lc ul ators 

• "(optio na i) • .................................. 
STANDARD FORM OF ,\ QUADRATIC 

I Definition: A quadrati c equati on is said to 
be in srandard form if it is in the form: 

ax2 + bx + c = 0. 

In Chapter 13 you learned several methods to 
solve quadratics in the case where a = I . If 
you di vide all the terms of a quadratic equation 
in standard form by a, you can solve it with 
those methods. 

Example: Solve 3~ + Sx - 4 = 0. 
Divide both sides by 3: 

? 5 4 0 
x-+3x-3=3 

2 5 4 
X +]X- J = 0. 

Since a = I. the solutions are H ± ~- In 
thi s case: 

H = -b/2 = -516. 

Find V by substituting H for x in the equation. 

v = (i)' + (i)(i) - T 
25 25 4 

=36-18-3 
25 50 48 

=36-36-36 
-73 

=36 

A 496 

So the solutions are: 

5 {IT 5 {IT 
-6+V36or-6-Y36 

The two so lutions can be wrinen as one 
ex pression: 

_1. + fJl 
6-V36 

where the symbol ::!:: is read plus or minus. It i 
also poss ible to write it as a single fraction: 

_1_+ ?1=_1_+.ff3_-5:'::..ff3 
6-36 6-6- 6 

Solve. (Hint: You may di vide by a, then use 
any of the methods fro m Chapte r 13.) 

l. z.t2 + 4x - 8 = 0 

2. -.-.2 + 4x + 8 = 0 

3. 3.~ + 4x - 4 = 0 

4. -3.-.2 + 8x + 8 = 0 

FINDING 1Hf , .1'-HRC"EPTS 

You already know how to fi nd the vertex of 
a quadratic function in standard form. In 
thi s section you will learn how to find the 
x- intercepts from the vertex. 

The fo ll owing fi gure shows the graph of the 
function y = d + bx + c, which is a transla
ti on of y = d, whose graph is also shown. 
The coordinates of the vertex are (H, V). 
D is the distance from the x-intercepts to the 
ax is of symmetry. When a = I, we found 
that D = ~- What is D in the general case? 

Chapter 14 Ratios and Roots 

14.5 S 0 L U T I 0 N S 

1 . X= 1 ± .J5 

2. x = 2 ± m 

3. x = -2 or x = 2/3 

4. X=4 ± 20 
3 
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10 

10 

D 

The fi gure shows D and Von a parabola that 
was translated from y = CLr'l . In this example, 
V was a negati ve number, and the translation 
was in a downward direction. The arrows rep
resenting D and V are also shown on the origi
nal parabola. (On y =.?, the directi on of the 
arrow for V was reversed. What is shown is 
actually the opposite of V. This i indicated 
by the label -V. Since V is negati ve, - V is 
positive.) 

5. .... U e the fi gure to explain why 
-v = aD2 

6. .... Express Din terms of V and a. 

7. .... This fo rmula is different from the 
one we had fo und in the case where a = I. 
Explain why thi s formula works whether 
a= I ora * I . 

SOL VIN(, QUI\ ORA Jl( EQlli\ liONS 

The x-intercepts, when they exist, are equal to 
H :!:: D. It follow from the value of D fo und in 
the previous secti on th at the solutions to the 
quadratic equation d + bx + c = 0 are given 
by the formula: 

14.5 A Famous Formu la 

14.5 

Therefore, one way to solve a quadratic equa
tion in standard form is first to find H and V. 
In Lesson 2 you learned how to ex press H in 
terms of a and b. Then V can be found by sub
stituting H into the equation . 

I Example: Solve U + Sx - 7 = 0. 
H = -b/(2a) = -8/4 = -2 

v = 2 (-2)2 + 8 (-2)- 7 =- IS 

Solutions: 

H :!:: [-¥ = -2 :!:: ~- -~s = -2 :!:: m 
Solve. 

8. 2.? + 6x - 8 = 0 

9. -.? + 6x + 8 = 0 

10. 3.? + 6x + I = 0 

11. -3x2 + 6x + 8 = 0 

H!F QUAORI\TIC FORMUlA 

As'you know, H = -b/(2a). The fo ll owing 
problem uses that fact to find a formula for V 
in terms of a, b, and c. 

12. f Substitute -b/(2a) into a.? + bx + c to 
find the y-coordinate of the vertex as a sin
gle fraction in terms of a, b, and c. 

Lf you did problem 12 correct ly, you should 
have found that: 

V = -b2 + 4ac 
4a · 

13. f To find a formula for the solutions of 
the quadratic equation in standard form in 
terms of a, b, and c, substitute the expres
sions for H and V into the expression 

H:t {-¥. 
If you did thi s correctly, you should have 
found that the solutions are: 

_.!!_+ b - 4ac 
2a- ~ 

49 7 ... 

SOLVING QUADRATIC EQUATIONS 

This section extend the work from the 
previous secti on and the prev ious le son. 
At the same time, it help prev iew the next 
ection by giving students ex peri ence with 

numbers, in a process that will be done 
with letter . 

THE QUADRATIC FORMULA 

This section is very difficult and hould 
definitely be done in clas . Many students 
will have trouble working strictl y at the 
symbolic level, though comparisons with 
the previous ection ' work with numbers 
shou ld help. 

N ote al o that this derivation of the 
quadratic formula is preferable to the 
traditional approach based on completing 
the quare, which we will see in the nex t 
lesson. It is preferable for two rea ons: on 
the one hand it is more meaningful , as it is 
based on a graphical representati on; and on 
the other hand the symbol ic manipulation 
is ub tantially easier. 

14.5 S 0 L U T I 0 N S 

5. The equation of the quadratic is 
y= ax2 . Since y= - Vand X= 0 , as 
shown in the figure , - V = a02. 

6 . 0 = J- VIa 

7. If a= 1, o = PI 
8. x =-4orx= 1 

9. x=3 ± m 
10.x= -1 ± ~ 

11 .x= -1 ±.J33 
3 

12. a ( ;~ t + b ( ;~ ) + c 

afil -If 
4a2 + 2a + C= 

1)2 -2b2 4ac 
4a + 4a+ 48 = 

-b2 + 4ac 
4a 

13. H= :E_ 
2a 

V= -b2 + 4ac 
4a 

H ± 
2 ~(-fi2+ 4ac\ 

:J:::: = :E._ ± __ 4_a_J 
a 2a a 

-b = - ± 
2a 



T14.s 

14. f Show that this simplifies to: 

-b±~ 
2a 

This expression is the famo us quadratic 
formula. It gives the solutions to a quadrati c 
equati on in standard form in terms of a, b, and 
c. You wil l find it useful to memorize it as fol
lows: "The opposite of b, plus or minus the 
square root of b squared minus 4ac, all over 
2a." 

Solve these equations. (If you use the qua
dratic formu la, you are less likely to make 
mistakes if you calcu late the quanti ty 
b2 - 4ac first. ) 

f,JffitlfijJj A TOUGH INEQUALITY 

On Friday night when Mary and Martin 
walked into the G. Ale Bar, Ginger gave them 
a challenging inequality. "This stumps some 
calculus students," she said, "but I think you 
can figure it out ." 

20. Solve Ginger 's inequality: 3 < llx. Check 
and explain your solution. 
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15. 22 + 6x - 4 = 0 

16. -:J + 6x + 4 = 0 

17.3x.'2+6x - 4=0 

18. -3x.'2 + 7x-4 = 0 

19.iil!I!Wii What are all the methods you 
know for solvi ng quadratic equations? Use 
examples. 

21. The length of a rectangle is I 0 more than 
the width . Write a formula for: 

a. the width in terms of the length; 

b. the area in terms of the length; 

c. the perimeter in terms of the width . 

22. A rectangle has width 3x + I and length 
6x + 2. Find the perimeter when the area 
is 200 . 

Chapter 14 Ratios and Roots 

14.5 S 0 L U T I 0 N S 

14 . .::£ ± ~-ti - 4ac = .::£ ± , T:? - 4ac 
2a 4a 2 2a --w-

-b , /i - 4ac -b ± ,~ 
= 2a ± --2-a- = 2a 

15. x = ·3 ±.Jf7 
2 

16. x= 3 ±fi3 

17. x= -1 ±m 
3 

18. X = 1 or X= 4/3 

19. Reports will vary. Students should 
include at least the five methods 
listed in Lesson 13.8 as well as the 
quadratic formula. 

20. This can be solved by graphing 
y= 1/xand y = 3 on the same axes. 
The solution is 0 < x < 1/3. 

21 . a. W=L - 10 
b. A=L(L - 10) 
c. P= 4W + 20 

22. Solve the quadratic equation 
(3x+ 1)(6x+ 2) = 200 to get X= 3. 
The perimeter when x = 3 is 
2(1 0) + 2(20) = 60. 
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In Chapter 13 you learned that the parameters 
H and V in the equation y = (x - H)2 + V 
represent the coordinates of the vertex of a 
parabola which is a translation of the one with 
equation y = ~.This is easy to generalize to 
any equation in the form y = a(x - H)2 + V, 
even when a * I. 

The two parabolas shown in the figure have 
the same vertex. 

1. Write the equation of a parabola havi ng 
the same vertex as both in the figure that is 

a. more open than either; 

b. more closed than either; 

c. between the two. 

/4.6 Translalions o[y = a.r 1 

2. ~ 
a. Explain why the lowest value for the 

quantity (x - 4)2 is 0. 

b. Explain how it follows that the lowest 
point for both parabolas must be for 
X= 4 . 

3. Write the equation of the parabola that 
has the same shape as y = 0.25~ having 
vertex (-3, 2). 

4. Find the equation of a parabola that is 
a translation of y = 5x' having vertex 
(4, -2). 

5. The following questions are about the 
function y = 6(x + 5)2 - 4. 

a. What are the coordinates of the vertex 
of its graph? 

b. What is the equation of the parabola of 
the same shape having the vertex at the 
origin? 

c. What is the equation of the frown 
parabola having the same shape, and 
the vertex at the origin? 

d. What is the equation of the frown 
parabola having the same shape and 
vertex? 

6. fii!,i,F!ii What do you know about 
the shape and vertex of the graph of 
y = a(x - H)2 + V? 

MORI ON I!)Uill SQl/>\IU'> 

Use the equal squares method to solve each 
equation. Notice how the solutions of the first 
equation in each pair differ from the solutions 
of the second equation. 

7. a . ~ - 9 = 0 
b. 4~ - 9 = 0 
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... 14.6 
Translations of y = ax2 

Core Sequence: 1- 11 

Suitable for Homework: 1-11 , 16-22 

Useful for Assessment: 2, 6, 11 

What this Lesson is About: 

• Vertex form 

• Review of the role of the parameter a 

• Review of equal squares 

• Derivation of the quadratic formula by 
completing the square 

• Patterns with frac ti ons 

VERTEX FORM 

Thi section genera]jzes some of the work 
done in Chapter 13, Lesson 7, while 
reviewing the effect of djfferent value of 
the parameter a. 

MORE ON EQUAL SQUARES 

Thjs section serves to rev iew the equal 
squares technique fro m Chapter 13, Lesson 
6, and the approach to the quadratic fo r
mula from Chapter 14, Lesson 5. 

14 .6 S 0 L U T I 0 N S 

1. Answers will vary. 
a. Any equation of the form 

y= a(x - 4)2 - 6 where 
0 < a < 0.25. 
Example: y= 0.125(x - 4)2 - 6. 

b. Any equation of the form 
y = a(x - 4)2 - 6 where a > 1. 
Example: y = 3(x - 4)2 - 6. 

c. Any equation of the form 
y = a(x - 4}2 - 6 
where 0.25 < a < 1. 
Example: y= 0.5(x - 4)2 - 6. 

2. a. A square must have a nonnega
tive value. 

b. When 4 is substituted for x, the 
value of the expression (x - 4)2 is 
0, which is the smallest possible 
value of that expression. 

3. Y = 0.25(x+ 3)2 + 2 

4. y = 5(x - 4)2 - 2 

5. a. (-5, -4) 
b. y = 6x2 

c. y = -6x2 

d . y = -6(x + 5}2 - 4 

6. The shape is the same as y = ax2 . 

The sign of a determines whether the 
parabola opens up or down. The ver
tex is (H, V). 

7. a. X=± 3 
b. X=± 3/2 
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COMPLETING THE SQUARE 

THE QUADRATIC FORMULA, AGAIN 

These sections present the traditional 
approach to the quadratic formul a. It is 
here for completeness and does not need to 
be assigned, especially if your students 
have done Lesson 5. 

'Y14.6 

8. a . .x2 - 6 = 0 

b. 9.xl- 6 = 0 

9. a. (x - 3)2 - 5 = 0 

b. l6(x - 3)2 - 5 = 0 

10. a. (x + 2)2 - 7 = 0 

b. 3(x + 2)2 - 7 = 0 

lt. I§§U§fit®M 
a. Describe how the roots of the second 

equation in each pair differ from the 
roots of the first equation . 

b. Use the equal squares method to find a 
genera l formula for the solutions of the 
equation a(x - H)2 + V = 0. Explain. 

If you did problem II correctly, you should 
have found the same formu la as in Lesson 5. 

H :+:)~ 

COMPLETING THE SQUARE 

You can change a quadratic equati on from 
standard form to vertex form by completing 
the square. When a * I , it is more difficult, 
but it can still be done. 

Example: Write y = 3.xl + 6x - 9 in 
vertex form. 

Start by factoring out the 3: 
y = 3(.xl + 2x - 3) 

Then complete the square for the quantity 
inside the parentheses: 

y = 3(2 + 2x + l - I - 3) 
=3((x + 1)2 - 4) 

Finally, distribute the 3: 

y =3(x + 1)2 - 12 

So H = - I and V = - 12. You can check that 
this was done correctl y by findi ng H and V 
using the method fro m Lesson 4: 

H = -b/(2a) = -6/6 = - I 

v = 3(-1)2 + 6(- 1) - 9 = - 12 

.A, soo 

The same method for completing the square is 
used even when a is not a common factor. 

Example: Write y = 3.xl + 5x - 7 
Factor the 3: 

y = 3 (r +~X-~) 
Complete the square: 

( 5 25 25 7) 
y = 3 r + 'ix + 36- 36- 3 

= 3((x + ~)' - 13~) 
Distri bute the 3: 

( 5)' 109 y =3x+6 -12 

SoH = -516 and V = - 109/12. 

12. Check that H and V were found correctly. 

Complete the square. 

13. y = 32 + 6x + 9 

14. y = -u + 5x + s 
15. y = 2x2 - 5x + 3 

THE QUADRATIC FORMUlA, AGAIN 

Let us write y = a.!· + bx + c in vertex fo rm 
by completing the square. 

Factor the a: 

( , b c) y= ax- +- x +-
" a 

Complete the square: 

( b b2 b' c) Y =ax'+- x +--- + -
a 4a2 4a2 a 

= a~x + M + -b'.:;,24ac) 
Distribute the a: 2 

( +b)+ ·b2 + 4ac y= a x 2Q _ 4_a_ 

Chapter 14 Ratios and Roots 

14.6 S 0 L U T I 0 N S 
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8. a. X= ± f6 
b. X= ± f613 

9. a. x = 3 ± ..f5 
b. X= 3 ± ..f514 

10. a. x = -2 ± ..f7 
b. X = -2 ± .J713 

11. a. In each pair, the roots of the first 
equation are of the form x = H ± 
R. (In #7 and #8, H = 0.) The sec
ond equation has roots of the form 
X= H± Rlf8. 

b. a(x - H)2 + V = 0 
a(x - H) 2 =-V 
(x - H)2 =-VIa 
x - H= ± ~- VIa 
X= H± ~- VIa 

12. H = -bl(2a) = -516 
v = 3(-siW + s(-516) - 7 = 2s112 -
2516 - 7 = (25 - 50 - 84)112 = 
-109/12 

13. Y= 3(X+ 1)2 + 6 

14. y = -2(x - 1 .25)2 + 11 .125 

15. y = 2(x - 1 .25)2 - 0.125 



-b -b2 + 4ac 
SoH = 2a , and V = ~ as we saw in 

Lesson 5. 

Finally, if we solve the equation 
2 

a(x + t;) + -b'::;, 4ac = 0 

by the equal squares method, we get: 
2 

a(x + t;) = b' ~ 4ac 

(x + t;)2 
b' ~a:Oc 

So: 

X+ .!!...- +~b'-4ac 
2a-- 4a2 

-b Jb'- 4ac 
x= 2;:!:: --2a-

x= 
-b:!:~ 

2a 

14.6T 
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fiJ4fi1lfijii EGYPTIAN FRACTIONS 

The ancient Egyptians used only those 
fractions having I for the numerator. 

16. Find the sum. Look for patterns. 
a. _!__ + _!__ = _!__ b. _!__ + _!__ = _!__ 

520? 36 ? 

I I I 
c. 4+12=? 

17. Use the above pattern to predict these 
missing denominators. 

a. + + + = -i- b. + + io = + 
I I I 

c. 10+ 90 =1 

18. Write three more problems having the 
same pattern as above. 

14.6 Translati<Jns ofy - ax 1 

t9Jri§.i§Fit¥M 
a. Write an algebraic statement to 

describe the pattern you found in # 16. 
Use expressions in tenns of D form 
and n in the equality. 

_!__+_!__=_!__ 
m n D 

b. Use algebra to check that your state
ment is an identity. 

20. Find x. Look for patterns. 
a._!__+_!__+_!__=_!__+_!__ 

2 3 6 X X 

b. _!__ + _!__ + _!__ = _!__ + _!__ 
4 5 20 X X 

21. Use the above pattern to express the fol
lowing fractions as a sum of Egyptian 
fractions. Check your answers. 

2 2 a. 5 b. 

22.134·1§61tmm 
a. Write an algebraic statement to describe 

the pattern. 
b. Use algebra to check that your state

ment is an identity. 

SOl A 

14.6 S 0 L U T I 0 N S 

16. a. 1/4 
b. 1/2 
c. 1/3 

17.a. 42 
b. 6 
c. 9 

18. Answers will vary. 

19. a. - 1- + --1- =!.. 
0+1 0(0+1) 0 

b. Get a common denominator. 
0 1 0+ 1 1 

0(0+ 1) + 0(0+ 1) = 0(0+ 1) = D 

20. a. X= 2 
b. X=4 

21. a . ..!. + ..!. + ..!.. = ~ 
5 6 30 5 

b..!.+..!.+..!..=~ 
'7 8 56 7 

22 . ..!. + _1_ + _1_ = ~ 
a a+1 a(a+1) a 
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... 14.7 
Equations and Numbers 

Core Sequence: 1-11 , 17-22 

Suitable for Homework: 1-11 , 17-20, 23 

Useful for Assessment: 2, 10-11 

What this Lesson is About: 

• Number of x-intercepts of a quadrati c 
function 

• Number of solutions of a quadratic 
equation 

• The discriminant 

• The sum and product of the solutions to 
a quadratic equation 

• From natural numbers to real numbers 

HOW MANY x-INTERCEPTS? 

HOW MANY SOLUTIONS? 

/n thi s section students use what they 
know about a, c, and V to predict the num
ber of x-intercepts of a parabola, and there
fore the number of solutions of the corre
sponding equation. 

For problem 1 students will need to 
remember that c is they-intercept and that 
a determines whether the parabola is a 
frown or a smile. 

Roblems 3-9 provide reasons for the sig
nificance of the ign of the di scriminant. 
Of course, a simple explanation ba ed on 
the quadra tic formu la is poss ibl e, as indi 

cated in problem I 0. 

LESSON 

• 
Equations and Numbers 

In thi s lesson we will discuss quadratic 
functions and equations in standard form, 
y = a2 + bx + c and d + bx + c = 0. 

HOW MANY •· INTERCEPTS! 

A quadratic equati on may have 2, I, or 0 real 
number soluti ons, depending on the number of 
x- intercepts on the graph of the corresponding 
function . 

1. Sketch a parabola for whose equation: 

a. a > 0 and c < 0 

b. a < 0 and c > 0 

2. ...... Explain why a parabola for whi ch a 
and c have opposite signs must intersect 
the x-ax is. 

3. Sketch a parabola to explain why if a > 0 
and V < 0 there are two x-intercepts. 

4. Fill the table with the number of x-inter
cepts for a quadratic function with the 
given signs for a and V. Justify each 
answer with a sketch. 

V < O V = O V > O 

:::1 ~ I I I 
(We do not consider the case a = 0, since then 
the functi on is no longer quadratic.) 

5. How many x-intercepts are there if: 

a. V = 0? 
b. V and a have the same sign? 

c. V and a have opposi te signs? 

In Lesson 6 you found that V = -b' + 4ac 
4a 

A. so2 

I Definition: The quantity b2 - 4ac, which 
appears under the radical in the quadratic 
formu la, is called the discriminant, which is 
sometimes written tJ. (the Greek letter delta). 

6. Explain why we can write V = -6./(4a). 

HOW MANY SOLUTIONS! 

It turns out that the discrim inant al lows us to 
know the number of solutions of a quadratic 
equation. Refer to the table in problem 4 to 
answer the following questions. 

7. If!'!. = 0, what is V? How many solutions 
are there? 

8. If tJ. > 0, 
a. and a > 0, what is the sign of V? How 

many solutions are there? 

b. and a < 0, what is the sign of V? How 
many solutions are there? 

9. If!'!. < 0, 

a. and a > 0, what is the sign of V? How 
many solutions are there? 

b. and a < 0, what is the sign of V? How 
many solutions are there? 

The quadratic formula can be written: 
-b :!: .fiS. 

2a 

to. f'IU.!,f!D Using the quadratic formula, 
explain why, 

a. if tJ. = 0 there is only one solution ; 

b. if tJ. < 0 there are no real solutions; 

c. if!'!. > 0 there are two real solutions. 

11 . ...... Explain why if a and c have opposite 
signs, the discriminant cannot be negati ve. 

Chapter 14 Rat;os and Roots 

14.7 S 0 L U T I 0 N S 

1. a. 2. If a < 0 and c > 0, the parabola has 5. 
a y-intercept above the x-axis and 
opens down, so it must cross the 
x-axis. If a > 0 and c < 0, the para-
bola has a y-intercept below the 
x-axis and opens up, so it must cross 
the x-axis. 

3. 

b. 

grid unit= 2 
V= 0, a > 0 

4. V < O V=O V > O 

a > Oj 2 0 

0 2 a < O 
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'>LIM AND PROIJLJ( T 01 THF SOlUT IONS 

12. In theca e where there are two solutions 
-b+ /6. -b- 16. 

Xt = ~and x2=~ 

a. what is x 1 + x2? 
b. what is the average of x1 and x2? (How 

is thi re lated to the axis of symmetry?) 

c. what is x1 • x2? 

The urn o f the solutions of a quadratic equa
tion i S = -b/a, and the product i P = cia. 
This provides a qui ck way to check the 
correcme s of the olutions to a quadratic . 

Example: Phred solved the qu adratic eq ua

ti on U + 5x - 8 = 0 and got -5 :!: 189 . 
2 

To check the correctness of the answer, he 
added the two root , hoping_!9 get S = -bla 
= -5/2. Conveniently, the ~89 di sappeared: 

-5 + 189 -5 - 189 - 10 
--2- + --2-=T 

Since - 10/2 * -512 , Phred must have made a 
mi take. 

Solve, and check the correctness of your 
answers, with the help of Sand P (or by substi
tuting in the origi nal equation). 

13. 2x2 + 5x - 8 = 0 

14. U - 8x + 5 = 0 

ts. -sr + 3x + 5 = o 
16. -u - 5x - 1 = o 

KINDS OF NUMHFRS 

The fi r t number people used were whole 
numbers. It took many centuries to discover 
more and more types of numbers. The discov
ery o f new kinds of numbers is related to the 
attempt to solve more and more equations. 
The following equations are examples. 

a. X + 2 = 9 b. X + 9 = 2 
c. 2x = 6 d. 6x = 2 
e. ~ = 9 f. ~ = I 0 
g.~= -9 

14.7 Equations and Numbers 

14.7 

17. Pretend you know about only the narura / 
numbers. (These are the positi ve whole 
numbers.) List the equations a-f thai can 
be solved. 

18. Pretend you know about only the integers. 
(These are positi ve and negati ve whole 
numbers and zero.) List the equati ons a-f 
that can be solved. Find one that has two 
so lutions. 

19. Pretend you know about onl y the rational 
numbers. (These are all fractions, positi ve, 
negati ve, and zero. Of course, integers are 
included, since for example 3 = 6/2 .) Li st 
the equati ons a-f that can be solved. 

20. The rea/numbers incl ude all rational and 
irrational nu mbers. Which eq uations can 
be solved if you know abo ut a ll the rea l 
numbers? 

Natural numbers, integers, rational numbers, 
and real numbers can a ll be found on a one
dimensional number line. However, to solve 
eq uation (g), you need to get off the nu mber 
line. The solution is a complex number, and it 
is written 3i. The number i is a number one 
unit away fro m 0, but off the number line. It is 
defi ned as a number whose square is - I: 

;2 = - I. 

Complex numbers cannot be shown on a line. 
They require a two-di mensional number plane. 
You will learn more about them in futu re math 
classes. 

21. Create an equation whose solution is 

a. a natural number; 

b. an integer, but not a natural number; 

c. a rational number, but not an integer; 

d. an irrational number. 

22. Create an equation that has no real number 
solution. 

23 l@§@jl Find out about complex 
numbers. 

SOJ A 

SUM AND PRODUCT OF THE SOLUTIONS 

Thi section lead to a u eful method to 
check the correctne of solutions to qua
dratic equation . It requires le calcul ation 
than sub tituting the an wer in the original 
equation. However u ing a programmable 
calculator or computer program to check 
the solutions is even easier. 

It is interesting to note that i f S is the sum 
of the solution , we have H = S/2, which 
makes ense, ince the x-coordinate of the 
vertex i equal to the average of the x-coor
dinate of the x-intercepts, and therefore 
half their sum. 

KINDS OF NUMBERS 

T hi i s the bas i f r an intere ting di scu -
sion at the end of the year, as it provides a 
bird 's eye view of students' mathematical 
career , from the point of view of equa
tions and their olutions. Problem 23 
points to the future. 

14.7 S 0 L U T I 0 N S 

V > O, a > O v V > 0, a < 0 

V= 0, a < 0 

V < 0, a < 0 

a. 1 b. 0 c. 2 

6. -(b 2 - 4ac) = -b2 + 4ac, which is the 
numerator in the expression for V. 

7. V = 0. There is 1 solution . 

8. We can find the sign of Vby using 
the expression for V in terms of 6 
and a that was given in #6. We can 
find the number of solutions by using 
the chart made in #4. 
a. Since a > 0 and V < 0, there are 

two solutions. 
b. Since a < 0 and V > 0, there are 

two solutions. 

9. a. Since a > 0 and V > 0, there are 
no solutions. 

b. Since a < 0 and V < 0, there are 
no solutions. 

(Solutions continued on page 531) 

,_ 
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T 14.8 
The Golden Ratio 

Core Sequence: 1- 17 

Sujtable for Homework: 12- 18 

Useful for Assessment: 4, 9-10, 13 

What this Lesson is About: 

• Review of similar rectangles 

• The golden rati o 

• App lication of quadratic equations 

• Review of geometric equences 

• Review of Fibonacci-Like sequences 

• Preview of limjts 

Thi s le son reviews many ideas from the 
course. 

THE GOLDEN RECTANGLE 

Thjs acti vity is somewhat simjlar to the 
one that opened the chapter in Lesson I . 

LESSON 

• 
The Golden Ratio 

"-- -- --- //-- - '/ --- - ~ /-=-
"' .:- - '"" ~ • ; -?--.- ~.. ,;:; ~........ ---

ii:!ii{!iiiMI. · .................. : 

sc isso rs 

graph pape r . - . D .................................. 
THE GOWEN RECTANGLE 

1. Take two identical rectangular piece of 
paper. Cut a square off one end of one of 
them, as shown in the figure. Is the 
remaining rectangle similar to the original 
one? Check with the diagonal test. 

ori gi nal rectangle 

~--~~~ ~\~--~ 

square 
to cut off 

-

/' 

\ J 
remaining rectangle 

\ 
diagonal 
(for test) 

2. Mm@fiM Make a paper rectangle, such 
that the rectangle that remains after cutting 
off a square is similar to the ori ginal rec
tangle. What are the dimensions of your 
rectangle? (Hi nt : Remember that if two 
rectangles are similar, their length-to
width rati o must be the same. You may use 
trial and error on your calculators fo r dif
ferent sizes, or write and solve equations.) 

I Definitions: 

• A golden rectangle is one that sati sfi es the 
fo llowing propert y: If you cut a square off 
one end of the rectangle, the remaining 
rectangle is simi lar to the ori ginal one. 

A so4 

I• The ratio of the longer to the shorter side 
of a golden rectangle is called the golden 
ratiO. 

Golden rectangles and the golden ratio are 
used frequentl y in art, design, and architecture . 

3. What is the length-to-width ratio of the 
rectangle you found in problem 2? 
Compare your answer with your 
classmates ' answers, 

]' ' 
' X 

j,- I 
' 

This fi gure shows a golden rectangle (on the 
left). To find the exact value of the golden 
ratio, we wi ll write and solve an equation 
about the similar rectangles shown (on the 
right). 

x - I I 
4. .,_ Ex plain why - 1- = x 
5. Solve the equation. 

There should be two solutions. The positive 
one is the golden rati o. 

6. What is the exact value of the golden 
ratio? 

7. What is the golden ratio, rounded to the 
nearest one thousandth? 

8. What is the reciprocal of the golden ratio, 
rounded to the nearest one thousandth? 

I otation: The golden ratio is oft en 
represemed by the Greek letter <p (phi). 

Chapter 14 Ratios and Roots 

14.8 S 0 L U T I 0 N S 

1.-2. Answers will vary . If the rectangles 
are simi lar, they will have the same 
diagonal. 

3. Answers will vary. It should be about 
1.6. 

4. The triangles are similar, by the diag
onal test. One has L = 1 , W = x. The 
other has L = x - 1 , W = 1 . The ratio 
of width to length is the same 
because they are similar_ 

5. 

6 . 

1 ± f5 
2 

1 + f5 
2 

7. 1,618 

8. 0.618 



A SPECIAL SEQlJfN( E 

A Fibonacci-like sequence is one in which 
each lenn is Lhe sum of Lhe previous two. A 
geometric sequence is one in which the ratio of 
consecutive terms is constant. We will try 10 

create a sequence that is geometric and 
Fibonacci-like at the same time. 

9 • .,_ Consider the sequence I, k,J!, i? , 
Explain why it is a geometric sequence. 
What is its common ratio? 

10 . .,_ Explain why, if I, k,l!, i?, ... were a 
Fibonacci-like sequence, we would have 
I + k = J!. 

II. Find a number k Lhat satisfies the equation 
I + k = 1!. Explain your reasoning. 

In problems 9-1 1, you have shown that the 
sequence I , <p , <p2, <p3, .. . is geometric and 
starts out as a Fibonacci-like sequence, since 
its third tenn is the sum of the first two. It 
remain to show that if you add the second and 
third tenns, you get the fo urth, if you add the 
third and fourth, you get the fifth , and so on. 
More generally, we need to show that if you 
add the (n + I)th term and the (n + 2)'h term, 
you get the (n + 3)m tenn. 

12. Use algebra to explain why if I + k = 1!, 
Lhen k + I! = i?. 

13 . .,_ Multiply bolh sides of I + k = I! 
by k". Use the result to show that Lhe 
sequence I, <p , <p2, <p3, . . . is Fibonacc i
li.ke. 

14.8 The Golden Ratio 

14.8T 

GOLDEN W INDOWS 

Some architects think Lhat rectangular 
windows look best if their sides are in the ratio 
of approximately <p. 

14. Imagine that you must make "golden win
dows" out of square panes. Since the sides 
must he whole numbers, you will not he 
able to have an exact golden rectangle, 
so try to find the dimensions of a few 
wi ndows having whole number sides in 
a ratio close to <p. 

Many architects use consecuti ve numbers in 
the Fibonacci sequence: I, I, 2, 3, 5, 8, 13, ... 
as the dimensions of windows and olher rec
tangles. (Example: 3 by 5, or 5 by 8.) 

IS. Make a sequence of the ratios of consecu
tive Fibonacci numbers: Ill , 2/1 , 3/2, 5/3, 
8/5, 13/8, .. .. Are the ratios greater or less 
Lhan the golden ratio? What is the trend in 
the long run? 

16. a. Plot the points ( 1, 1), ( 1, 2), (2, 3), 
(3, 5), (5, 8), (8, 13), . ... 

b. Graph Lhe line y = <px. 

c. Describe the position of the points in 
relation to the line. 

17. Plot the points ( I , <p) , (<p, <p2) , (<p2, <i>\ .. . 
and the Une y = <px . Compare the graph 
with Lhe one in problem 16. 

Js.I;IB§@j Read about the golden ratio, 
the golden rectangle. and the Fibonacci 
sequence. Write a report on what 
you learn. 
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A SPECIAl SEQUENCE 

GOlDEN WINDOWS 

The e ections show the intimate relation-
hj p between the golden ratio and the 

Fibonacci equence. Another relation hjp 
i that the nth Fibonacci number is given by 
the formula: 

-~ Fn- 5 

where c.p i the golden ratio and <P i the 
other solution to the arne quadratic: 

1 - J5 . (Thjs formula i too di fficult to 
2 

derive at thjs level.) 

There are many po sible reference for 
problem 18, including the book mentioned 
in the notes to Lesson I . 

14.8 S 0 L U T I 0 N S 

9. k 

1 0. The third term of a Fibonacci-like 
sequence is obtained by adding the 
first two terms. 

11 . This is the same as solving the 
quadratic equation 1 + x = x2 , or 
x2 - x - 1 = 0. By a remarkable 
coincidence, this is the same equa
tion we solved in #5, so the two 

solutions are 1 + 5 . 
2 

12. Multiply both sides by k. 

13. k"(1 + k) = (k2)k" 
k" + !(' + 1 = k" +2 
This means that each term is the 
sum of the two previous terms. 

14. Answers will vary. (See #15.) 

15. Some are greater, some are less. 
However, they converge quickly to 
the golden ratio. 

16. a&b. 

(8, 13} 

(5, 8} 

c. The points get closer and closer to 
the line. 

17. These points are on the line. The 
ratio of y to x is the golden ratio for 
every point. 

-
505 



rn@•tmt~ 14.8 
WRITJN; Up and Down Stream 

Core Sequence: 1-9 

Suitable for Homework: l-9 

Useful for Assessment: 9 

What this Assignment is About: 

• Applying fractions and quadratic equa
tions to a real-world problem 

• Review of distance, rate, time problems 

This lesson allows students to apply 
the ideas of this chapter to real-world 
problems. 

Roblems 1-4 involve solving problems 
with numbers. Problems 5 and 6 introduce 
the use of variables. In problem 7 and 8 
students must set up and solve equations. 
You may need to remind them of the work 
in From Fractions to Quadratics (Lesson 
3) and the techniques learned in Thinking/ 
Writing 13.B. 

~d@liji@t~ 14 B Up and Down Stream 
WR ITI NG • 

UOATS AND ( URRENTS 

The L.A. Barge Company operates boats on 
canals, lakes, and rivers. One of their boats, 
the Huck Finn , moves at a maximum rate of 
I I mi!hr in sti ll water. The boat regularly does 
a round trip on the Leu mas Ri ver, going 32 
miles upstream, and returning. The river flows 
at a rate of 2 mi/hr. 

To calculate the total time for the round trip, 
you need to use the formula 

distance = rate · time. 

Assuming the boat goes at its maximum rate, it 
goe upstream at a rate of (II - 2) milhr, and 
it goe downstream at a rate of (I I + 2) mi/hr. 

1. What is the total time for the round trip? 
Assume a one-hour stop before heading 
back. 

2. What is the average speed 

a. with a stop? 

b. without a stop? 

3. True or False? Since the boat goes up
stream on the way there, and downstream 
on the way back, the effect of the current 
is cancelled, and the trip takes as long as it 
would on a lake. Explain. 

4. How long does the upstream portion of 
the trip take? How about the downstream 
portion? 

.A so6 

For problems 5 and 6 assume the boat moves 
at a rate of r miles per hour in still water. 

5. What would its rate be in terms of r, 

a. going upstream if the river is moving at 
2 miles per hour? 

b. going downstream if the river is mov
ing at c miles per hour? 

6. If the river is moving at 3 miles per hour, 

a. how long does the upstream portion of 
the trip take in terms of r? 

b. how long does the downstream portion 
of the trip take in terms of r? 

c. how long does the whole trip take in 
terms of r? 

7. How fast should the boat go (still water 
rate), if the L.A. Barge Co. wants to con
serve fuel, but needs to make the round 
trip (including a one-hour stop) in: 

a. 13 hours? b. 8 hours? 

AIRPlANES ANU WINDS 

An airplane flies from Alaberg to Bergala with 
a headwind of 20 miles per hour and returns 
with a tailwind of 20 miles per hour. The plane 
stopped in Bergala for an hour. The whole trip 
took 4 hours. The towns are 500 miles apart. 

8. How long did each portion of the trip 
take? 

YOUR OWN PRORLEM 

9. Create a problem involving currents, 
winds, or moving sidewalks that requires 
solving a quadratic equation. Solve your 
problem . 

Chapter /4 Ralios a11d Roots 
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1. 32/9 + 32/13 + 1 = 7 hours and the downstream portion would The positive solution to this qua-
(approximately) take 32/(r + 2) hours. dratic is 6. This checks in the origi-

2. The total distance is 64 miles. 5. a. r - 2 nal equation. (The boat would go 

a. With the stop, the total time is b. r+ c 4 mph upstream and 8 mph down-

about 7 hours, so the average 6. a. 32/(r - 3) 
stream.) 

speed is 64/7 or approximately b. 32/(r+ 3) 
b. This can be solved using the 

9.14 miles per hour. c. 32/(r - 3) + 32/(r + 3) 
same reasoning as in part (a) . 

b. Without the stop, the total time is _g_+_g_=7 
6 hours, so the average speed is 7. a. Excluding the one-hour stop, the r - 2 r+ 2 

64/6 or about 10 and 2/3 miles total time is 12. This consists of Solving the resulting quadratic 

per hour. two parts, the upstream portion yields a possible solution of about 

(during which the boat travels at 9.56 miles per hour. 
3. False. In still water, the total time r - 2 miles per hour) and the 8. The total flying time of 3 hours can 

would be 64/11 , or approximately downstream portion (during which be divided into the time with the head 
5.82 hours (5 hours, 49 minutes). it travels at r + 2 miles per hour). wind and the time with the tail wind. 

4. The upstream portion takes 32/9 _g_ + _g_ = 12 500 + 500 = 3 
hours and the downstream portion r - 2 r + 2 r - 20 r +20 

takes 32/13 hours. If the maximum 32(r + 2} + 32(r - 2) = Multiplying both sides by 
rate in still water were r, the upstream 12(r - 2)(r + 2) (r + 20)(r - 20) yields the quadratic 
portion would take 32/(r - 2) hours 12? - 64r - 48 = 0 equation 3? - 1 OOOr - 1200 = 0. 



~ Essential Ideas 

WINDOWS ANIJI'ANES 

1. The A.B. Glare Window Store sell s a two
pane window, e peciall y designed so that 
the panes have the same dimensions as 
each other, and the whole window has the 
same proportions as each pane. If the hori 
zontal dimen ion of the window is 36 
inches, what is the vertica l dimension , to 
the nearest inch? Make a sketch and show 
your work . 

2. The A.B . Glare Window Store sell s two 
models of two-pane windows, such that 
one pane is square and the other is rectan
gular. The rectangul ar pane has the same 
proportion as the whole window. Both 
model have a hori zonta l dimension of 36 
inche . Make a ketch and how your 
work as you answer the fo llowing 
que tion: What are the dimensions of the 
rectangular pane, if it longer dimension is 

a . horizontal? b. vertical? 

A!GEHRAIC FRACTIONS 

3. Dwight was simplifying x + 2 . He said, 
X 

" I can' t get rid o f the x's in the numerator 

and denominator." He wrote x + 2 = 2. 
X 

Did Dwight correctly s implify x + 2 ? Is 
X 

hi s statement a lway , ometimes, or never 
true? 

If pos ible, implify the fraction . 

4. :2'..:!:.1 5. ~~~ y 

6. 3a + 3b 7. 6 
4a + 4b 6x- 6 

8. .\.2 + 5x 9. 2x + 2y 
x'+ 4x 3x + 3y 

+ Essefllia/ /deas 

ALWAYS, SOMETIMES, NEVER 

Tell whether each ex pression is always, sorne
ti mes, or never true. 

10. 3x+ 5 = 5 
3x 

12. 3x+3y = 3 
x+y 

11. 3x+3y= 6 
x+y 

13. 3x + Y = 3x 
y 

EQUIVALENT FRACTIONS 

14. Wri te a frac ti on having a denominator of 
6y that i equi valent to: 

a. 1/6 b. x 

15. Write a frac ti on hav ing a denominator of y 
that is equi valent to: 

a. 6x b. 6xy 

16. a. Write a fraction equivalent to 3/x hav
ing A)' as a denominator. 

b. Write a fraction equi valent to 5/y hav
ing A)' as a denominator. 

c. Add 3/x and 5/y. (Hint : To add, you 
need a common denominator. ) 

J 7. a. Write a fracti on th at is equi va lent to x 
having x as a denominator. 

b. Add x + 1/x . (Hint : Find a common 
denominator. ) 

Put on the same denominator. 

b' c 19. ---; +-
4a~ tl 

DIVISION BY lEROI 

On a test Joel o lved the quadratic equation 
6.xl = 12x u ing thi s method: 

12r 6x' Di vide both s ides by x: 
X X 

Simplify fracti ons: 6x = 12 

Di vide both side by 6: 6x 12 
6=6 

The answer is X= 2. 

so7A 
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(14.8 Solutions continued) 

It has 334.53 as a positive solution. 
This can be substituted to find the 
time for each portion of the trip . 

500 
334.53 _ 20 = 1.59 hours, or about 

1 hour and 35 minutes 
500 

334 + 20 = 1.41 hours, or about 1 hour 

and 25 minutes. 

9. Answers will vary . 

1. As shown in the figure: 

.z::_~ 
X- 2y 

If x = 36, y = 25.46, approximately. 
Hence the vertical dimension, to the 
nearest inch , is 51 inches. Note that 
the ratio 51 /36 is approximately the 
square root of 2. 

X 36 yn 25.5n} 51 

YD 25.50 

2. a. Solve the equation 3;; Y = 7 
The positive solution is 22.25, so 
the rectangular pane is 36 by 
22.25. Note that the ratio 36/22.25 
is approximately the golden ratio. 

rectangular B36 

~pane 

22.25 

longer dimension 
horizontal 

b. Solve the equation ___L_36 
36 

- y y 
The positive solution is 22.25, so 
the rectangular pane is 22.25 by 
{36 - 22.25) , or 22.25 by 13.75. 
Note that the ratio 22.25/13.75 is 
approximately the golden ratio. 
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• 
Joel's teacher, Mr. Letter, wrote thi s on hi s 
paper: 

There are two solutions to this 
equation. You missed one of 
them because you divided by 0. 

Joel was puzzled. " l di vided by x, and then by 
6," he thought. " l never di vided by 0." 

20 . .,_ Can you explain what Mr. Letter 
meant? Can you solve the equation 
correctl y? 

MYSTERY PARAHOt AS 

Make a rough sketch showing two parabolas 
having the features described. Some of your 
parabolas should be frow ns and others smiles; 
some should be more open, some less . Label 
each parabola with : 

a. its equation; 

b. its axis of symmetry; 

c. its x- intercepts (exact values); 

d. its vertex. 

21. The parabola has x-intercepts at 2 and -4. 

22. The parabola has vertex (3 , -5). 

23. The parabola has an x- intercept at .f5 
and is symmetri c with respect to the 
y-ax is. 

24. The parabola has an x- intercept at I - J6 
and has the line x = I as its ax is of 
symmetry. 

25. The parabola has an axis of symmetry at 
x = 5 and y-intercept 3. 

A. sos 

PARAHOt A FEAllJRI\ 

26. Give the vertex, x-, and y-intercepts of: 

a. y = 2(x + 3 )2 - 9 

b. y = 4(x - 5)(x + I ) 

c. y = 6~ - 7x - 8 

27. How many x-intercepts? 

a. y = -2(x + 3)2 - 9 

b. y = -4(x - 2)2 

c. y = 6~ + 7x + 8 

FROM FRACTIONS TO QlJADRA II( o; 

Rewrite each equation as an equi valent 
quadratic equation. Then solve the equation. 
Show your work . 

28. w + 9=J_Q 
IV 

30. L - 4 = ¥ 
6 

29. L + 3 = 2 + l. 

31 . .!. =X- I 
X 

Solve these equations. They have zero, one, or 
two solutions. 

32. ~ + X= -4 33. !.. + ~ = l 
X X X X 

WRIIE AN EQUA TION 

35. Write a quadratic equation that has the fol
lowing solutions: 

a. 4 and -2 

b. .f5 and -./5 
c. I + .f5 and I - .f5 

36. Write a quadratic equation that has the 
solution -6. 

37. Write a quadratic equation that has no real 
number solutions. 

Chapter 14 Ratios and Roots 
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22.25 _...,13.75 

22_25 OJ rectangular 
pane 

36 
longer dimension 

vertical 

3. He did not simplify it correctly. His 
statement is true only when x = 2. 

4. X+ 1 

3 
5. x - y 

6. 3/4 

7· x - 1 

8. X+5 
X + 4 

9. 2/3 

1 0. sometimes true (true when x = 5/12) 

11 . never true 

12. always true 

13. sometimes true-true for any (x, y) 

pair such that x = ~ 

14. a.~ 

b ~ . 6y 

~ 15. a. Y 

b . ~ 
y 

16. a.~ 
xy 

b .' ~ 
xy 

6x 
y 

C. ~ + ~ = 3y + 5x 
xy xy xy 

17. a. x2 

X 

b. X2+ 1 
X 

18_ ax2 +~+£=ax2+bx+c 
a a a a 

1 9 ~ + 4ac _ 4ac - b2 

· 4a' 4a2 - 4a2 

20. One of the possible values of xis 0. 
Since Joel divided by x, he was 
assuming implicitly that X* 0. Mr. 
Letter meant that since x can be 0, 
Joel was dividing by 0 when he 
divided by x. The equation can easily 
be solved by factoring : 
6x2 - 12x= 0 
6x(x - 2) = 0 
X= 0 or X= 2 

(Solutions continued on page 532) 

--
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1.A (Solutions for page 14 continued.) 

7. Answers will vary. 

• The graph of x-by-x rectangles is 
a curve, whereas the graphs of 
the other rectangles are diagonal 
lines going up from left to right. 

• The area for the x-by-x rectangles 
increases very fast (it's an expo
nential function) but the areas for 
the other graphs increase by a 
constant number. 

• The first three are lines with differ
ent steepness. The steeper the 
line, the faster the area grows. 

• The graphs do intersect and the 
intersections represent where the 
rectangles have the same area. 
These rectangles will be the same 
squares or they will have their 
lengths and widths interchanged. 

• If the graphs are extended, they 
will all cross the origin. This 
means that the rectangle will have 
one side of zero. 

• The fourth graph crosses the oth
ers when the rectangles have their 
lengths equal to their widths. 

• The area of the x-by-x grows the 
fastest since it is>?. 

2.9 (Solutions for page 68 continued.) 

15. Since the coordinates are switched, 
the lines on the mirror image 
diagram are literal mirror images of 
the original function. If y = mx + b is 
the original function, then the mirror 
image function will be y = (x- b)lm. 

16. Analyzing y = x + b: If b = 0 then the 
lines are all horizontal. If b < 0 then 
the lines are all parallel going down 
from left to right. If b > 0 then the 
lines are all parallel going up from 
left to right. 

We can analyze y = x - b in the 
same way as above except we 
switch b < 0 with b > 0 in reference 
to describing how the lines go. See 
#8 for a description of y = mx. 

If m < 0, 
the function 
diagram looks 
something like: 

0 0 

x---Y 
y=mx 

If 0 < m < 1, the 
function diagram looks 
something like: 

If y= xlm and m is an 
integer, we have the 
same case as y = mx 
when 0 < m < 1. 

lfm>O, 
the function 
diagram looks 
something like: 

0 0 

x---•Y 
y=mx 

If y = xlm and 0 < m, 
we have the same case 
as y= mxwhen m > 0. 

x---y 
y=xlm 

We can now analyze y = x/m. If 
m > 1 then this function is just like 
y = mx when 0 < m < 1. If 0 < m < 
1 then this is like y = mx when m > 
1. If -1 < m < 0 then this is like y = 
mx when m < -1. And finally, if m < 
-1 then this is like y = mx when 
-1 < m < 0. 

17. An example of y= b- xand 
y = x - b when b = 3. 

10 10 10 

0 0 0 

-10 -10 -10 

x---Y x---Y 
y=3- X Y=X- 3 

2.10 (Solutions for page 71 continued.) 

19. Figure II 

I 

2 

3 

4 

10 

100 

n 

Surface Area 

4x + 2 

6x +4 

8x+6 

lOx + 8 

22x + 20 

202x + 200 

2nr+2n + 2x 

This is a similar 
explanation to 
#18, except we 
have 
n(4x+ 2) 
- (n- 1)(2x) = 
2nx+2n+ 2x. 

20. Figure# Surface Area 

I 12x + 10 

2 24x + 10 

3 36x + 10 

4 48x + 10 

10 120x + 10 

100 1200x + 10 

n 12nx + 10 

21. Figure# Surface Area 

I 12x + 10 

2 24x + 14 

3 36x + 18 

4 48x + 22 

10 120x + 46 

100 1200x + 406 

n l2nx+4n + 6 

22. xy-block. 

Similar expla
nation to #18, 
except we 
have 
n(12X+ 10)
(n-1)(10) 
= 12nx+ 10. 

Similar expla
nation to #18, 
except we 
have 
n(12x + 10) -
(n- 1)(6) 
= 12nx+ 4n+ 
6. 

2.E.I. (Solutions for page 79 continued.) 

20. Figure# Perimeter 

I 2t+ 10 

2 4x + 12 

3 6x+ 14 

4 8x + 16 

10 20x + 28 

100 200x + 208 

n 2nx+2n +8 

The explanation is similar to #16 except 
we have n(2x+ 10)- (n- 1)8 = 2nx+ 
2n+8. 

21 . Figure #44. 

22. a. Problems 17 and 18 
b. Problem 16 
c. None 

23. a. 2x+ 2y 

b. y Perimeter 

I 2x + 2 

2 2x + 4 

3 2x + 6 

4 2x + 8 

10 2x + 20 

c. It's the same as #17. This is true 
since 2x + 2y corresponds exactly 
to problem #17 when you substi
tute y = 1, 2, ... into this formula. 

24. Answers will vary. 
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25. Answers will vary. One possible 
answer is given. 
• • • • • • • • • • • • • . . . . . . . . . . . . . 
. . . . . 
• • • • 

. . . 
. . . . . . . . . . . 
• • • • • 
• • • • • 
• • • • • 

3.1 (Solutions for page 83 continued.) 

11. Answers will vary. 
e.g., 99.01 and 1 OO.Q1 , 99.99 and 
100.99 
At the end of 6 months, the balances 
will be $64 apart. Because the in
vestments differ by $1 and are dou
bled every month for 6 months, the 
result is 26 dollars. If the investments 
differ by $y and they multiply by A 
times each month, in M months the 
result is y · AM dollars. 

12. People who invest more than $100 
will benefit, and people who invest 
less than $100 will lose their money 
or be in debt. Those who invest $100 
will neither gain nor lose money. 

13. a. They should invest more than 
$50. 

b. They should invest more than 
$200. 

14. For #12, people who invest more 
than $200 will benefit, and people 
who invest less than $200 will lose 
their money or be in debt. Those who 
invest $200 will neither gain nor lose 
money. 
For #13b, same as above, except the 
threshold amount is $400. 

15. Answers will vary. 

3.8 (Solutions for page 105 continued.) 

5. b. 5 5 

0 0 

-5 -5 

X y 

6. a. y decreases. 
b. Yes, at 1 and -1 

7. a. y is a negative number close to 0. 
b. y moves down slowly towards -1. 
c. y moves down fast from -1 to 

smaller negative numbers. 
d. y moves down faster and 

approaches extremely large 
negative numbers. 

e. y moves down fast from a large 
positive number. 

f. y moves down slowly approaching 
1. 

g. y moves down slowly approaching 
0. 

h. y is a small positive number close 
to 0. 

4.1 (Solutions for page 126 continued.) 

14. i250 
e 
";'200 
0 
c: 

(100, 25o) 

~ 150 
i:5 .(50, 125) 

100 
.(30, 75) 

50 .(25, 62.5) 
(1~. 25) 
• 8, 20) 

20 40 60 80 100 
(4, 10) Speed (mph) 

15. If travel time were greater the line 
would be steeper. Each speed (for 
example 50 mph) would be paired 
with a greater distance. 

16. Number 4 graphs speed vs. time, #6 
graphs time vs. distance, and #14 
graphs speed vs. distance. 

17. S= 0/T; ST= D; T= DIS. 

18. a. Student drawing 
b. The frame is 4 in. by 5 in. 
c. No. The side corresponding to the 

2 in. side is doubled to 4 in. but 
the side corresponding to the 3 in. 
side is not doubled. 

19. The new height of the photo is 10 
inches. The height of the original 
photo is 3 inches. 3 • (10/3) = 10. So 
we multiply the original width by 10/3 
as well, to get 2(10/3) = 20/3. Width 
of the new frame is 20/3 + 2 = 26/3. 

20. No, the new frame is not similar to 
the new photo. The dimensions of 
the new frame are 26/3 in. by 12 in. 
and the new photo's are 20/3 in. by 
10 in. The ratio of heights is 

12/10. The ratio of the widths is 
(26/3)/(20/3), which is not equal to 
12/10. 

4.2 (Solutions for page 128 continued.) 

3. d. y=-x 
"(-4. 4) 

•(·2.2) 

(0,0) 

•(2, ·2) 

(4, -4)• 

e. y= x 2 

. (-3. 9) (3, 9) 

(27 4) 

(0,0) 

4. See the equation on each of the 
graphs for problem 3. 

5. a. One possible table of values is: 
X y 
-3 9 
-1 7 
0 6 
2 4 

X+y=6 

d. X+ Y= 6 

6. a. One possible table of values is: 
X y 

1/2 5.5 
2.6 3.4 

Yes, they lie on the line. 
b. Sample point (1, 1 ). No, 1 + 1 is 

not equal to 6. 
c. Sample point (4, 7). No, the point 

is not on the line. 
7. a. Square the x-value and subtract 9 

to get the resulting y-value 
b. One possible table of values is: 

X y 
-2 -5 
1 -8 
3 0 

c. y= x2 - 9 
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8. a. Add 3.5 to each x-value to get the 
resulting y-value. 

b. One possible table of values is: 
X y 
-1 2.5 
1 4.5 
2 5.5 

c. Y=X+ 3.5 

9. a. The product of x and y is 36. 
b. One possible table of values is: 

X y 
-1 -36 
1 36 
2 18 

c. xy= 36 or y= 36/x 

10. a. y is always 1.25 no matter what 
value of x is given. 

b. One possible table of values is: 
X y 
4 1.25 
1 1.25 

-1.25 1.25 

c. y= 1.25 

11. No, (7, 32) is not on y = 4x + 5 
because 4(7) + 5 = 28 + 5 = 33, 
which is not equal to 32. 

12. y= 17 because when x= 3, 
Y= 4(3) + 5 = 12 + 5 = 17. 

13. X= 1/4 because when y= 6 we have 
6 = 4x + 5 = 4(1/4) + 5 = 1 + 5 = 6. 

4.3 (Solutions for page 130 continued.) 

8. a. y= 2x3 

i. A sample table of values is: 
X y 
-2 -16 

-1 .5 -6.75 
-1 -2 

-o.5 -o.25 
0 0 

0.5 0.25 
1 2 
2 16 

ii. y= 2x 3 (2, 16) 

b. Y= X3 + 1 ii. y= x2 - 1 
i. A sample table of values is: 

X y 
-2.5 -14.625 

(2, 3) 

-2 -7 
-1.5 -2.375 
-o.5 0.875 

0 1 
0.5 1.125 
1 2 
2 9 

b. y= -3x2 

i. A sample table of values is: 
ii. y = x3 + 1 (2, 9) X y 

-2 -12 
-1 .5 -6.75 
-1 -3 

-o.5 -o.75 
0 0 
1 -3 

1.5 -6.75 
2 -12 

ii. y= -3x 2 

c. y=-x3 - 2 
i. A sample table of values is: 

X y 
-2 6 (-2. 12) 

-1 .5 1.375 
-1 -1 
-o.5 -1 .875 
0 -2 c. y= -x2 + 2 

0.5 -2.125 i. A sample table of values is: 
1 -3 X y 
2 -10 -2 -2 

ii. y=-x 3 - 2 -1 .5 -o.25 
-1 1 

-o.5 1.75 
0 2 

0.5 1.75 
1 1 
2 -2 

ii. y=-x 2 + 2 

9. a. y= x2 - 1 
i. A sample table of values is: 

X y 
-2 3 

-1 .5 1.25 
-1 0 

-o.5 -o.75 10. y= 5x 

0 -1 
0.5 -o.75 
1 0 
2 3 
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b. Y=X 

c. Y= -2X+ 1 

11 . a. y= 4 

b. Y= -3 

c. Y=O 

Graph is x-axis. 

12. a. Zero or first degree 
b. Second or third degree 

13. a. Zero, first, second, or third degree 
b. Zero or second degree 
c. Impossible. Zero, first, second, 

and third-degree polynomial func
tions all cross the y-axis. 

14. a. First or third degree 
b. First or third degree 
c. Zero or second degree 

15. Ideas to look for: Zero and first
degree polynomial functions are 
straight lines where second- and 
third-degree functions are curves. 
Zero-degree polynomial functions 
are horizontal lines which pass 
through quadrants I and II , Ill and IV, 
or are on the x-axis. Second-degree 
polynomials are parabolas passing 
through all four quadrants or just I 
and II, or Ill and IV. First-degree 
equations are straight lines passing 
through quadrants I and Ill and the 
origin, or II and IV and the origin, or 
through any three quadrants. Third
degree equations are curves which 
have the same quadrant properties 
as first-degree equations. 

16. a. Y= 24/x 

b. No, this is not a polynomial func
tion because the variable x is in 
the denominator of 24/x. 

17. a. Possible: -3- (-10) = 7 
b. Possible: -7- (-3) = -4 
c. Possible: 10- (-5) = 15 
d. Impossible: The result is always 

positive. Subtracting a negative 
number has the same result as 
adding the negative number's 

opposite. For example, 
10- (-5) = 10 + 5 = 15. So, sub
tracting a negative number from 
a positive number has the same 
result as adding a positive number 
(the negative's opposite) to a 
positive number. 

e. Possible: -10 - 1 = -11 
f. Impossible: The result is always 

negative. Subtracting a positive 
number has the same result as 
adding the positive number's 
opposite. For example, 
-10- (5) = -10 + (-5) = -15. So 
subtracting a positive number 
from a negative number has the 
same result as adding a negative 
number (the positive number's 
opposite) to a negative number. 

4.4 (Solutions for page 132 continued.) 

d. (0, 8) 

9. a. See graph on #Sa. 
b. Yes, they intersect at (4, 0) 

10. a. One possible table for each func
tion is given: 
y=2x 

X 

-2 
-1 
0 
1 
2 

0.5 

y= 0.5x 

y 
-4 
-2 
0 
2 
4 

X y 
-2 -1 
-1 4).5 
0 0 
1 0.5 
2 1 

0.5 0.25 

c. (0, 0) 
d. Answers will vary. One possible 

solution is (2, 2). 
e. Answers will vary. One possible 

solution is (2, -1). 
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11 . a. One possible table for each func
tion is given. 
Y=X 

X y 
-2 -2 
-1 -1 
0 0 
1 1 
2 2 

0.5 0.5 

Y=X+2 
X y 
-2 0 
-1 1 

-o.5 1.5 
0 2 
1 3 

1.5 3.5 

c. None 
d. Answers will vary. One possible 

solution is (0, 1 ). 
e. Answers will vary. One possible 

solution is (0, -2) . 

12. a. One possible table for each func
tion is given. 
y::::x2 

X y 
-3 9 
-2 4 
-1 1 
0 0 
1 1 
2 4 

0.5 0.25 

y=i1-3 
X y 
-3 6 
-2 1 
-1 -2 
0 -3 
1 -2 
2 1 

0.5 -2.75 

c. None 
d. Answers will vary. One possible 

solution is (0, -1 ). 
e. (0, -5) 

13. Answers will vary. One possible solu
tion for each problem is given. 
#10: y= 0.75x. #11 : y= X+ 1. 
#12: y= x2 - 1. 

14. y= x2 

15. y= x2 + 1 

16. y= x3 - 1 

17. y=x 

18. a. y= X+ 1 
b. y= x2 + 1 

Intersection points: (0, 1) and (1 , 2) 

19. a. One can choose a value for one of 
the variables, substitute it into the 
equation and solve for the second 
variable. This results in the coordi
nates for one point on the graph of 
the equation. Repeating this pro
cedure produces a set of points 
which lie on the graph. 

b. When a pair of x- and y-values 
are substituted into an equation 
resulting in a valid equation, then 
the point with those coordinates 
lies on the graph of the equation. 
When the substituted values of 
x and y do not satisfy the equa
tion, then the point does not lie on 
the graph. One can also graph the 
equation and point. 

20. The origin has coordinates (0, 0). If 
substituting these coordinates into 
the equation results in a valid equa
tion then the graph goes through the 

origin. 
a. No b. Yes c. No 

21 . Answers will vary. Some possible 
solutions are given. 
a. y= x, Y= x2, y = x3 

b. y = x + 1, y = x2 + 1, y = x 3 + 1 

22. Answers will vary. Some possible 
solutions are given. 
a. y=x 
b. xy= 1 

23. Substitute coordinates (0, 0) into the 
equation. If a valid equation results, 
then the graph goes through the 
origin. 

4.A (Solutions for page 133 continued.) 

3. a. Sally rode about 25 mph on the 
first leg, which implies the second 
leg had the slowest speed of 20 
mph, so she may have gone uphill 
there. The final leg must have 
been downhill because she trav
eled at about 50 mph. 

b. Sally may also have been tired 
during the 20 mph leg. Perhaps 
she ate lunch during her 11 :30-
12:15 break and was feeling slug
gish. Perhaps she did not eat 
lunch and was low in energy. 
During the last 50 mph leg, she 
might have been so excited to be 
nearing the end of the trip that she 
gave her best effort. 

4. Neil drove 50 mph for the first 37.5 
miles, 40 mph during the next 20 
miles, and 50 mph for the final 12.5 
miles. 

5. The train began its trip 80 miles 
away from the staging area at noon. 
It traveled 40 mph for 2 hours until it 
arrived at Chapley. It passed Berkhill 
at 12:15 P.M., Sally at about 12:50 
P.M., when they were 48 miles away 
from the staging area, and Neil at 
about 12:55 when they were 44 
miles away from the staging area. 

6. Sally was on her second leg and 
about 42 miles away from Chapley. 
Neil was on a break 37.5 miles away 
from Chapley. The train was about 
60 miles away from Chapley. 

7. Sally was 20 miles away from the 
staging area at about 10:50 A.M., Neil 
at about 11 :25 A.M. and the train at 
1:30 P.M. 

8. a. Sample: (2, 80) (3, 40) (4, 0) 
One example of a check by taking 
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the point (2, 80): 80 = 
160- 40(2) = 160- 80 = 80. 

b. Sample: Sally at (2.75, 48) and 
Neil at (2.9, 44). 
44 = 160 - 40(2.9) = 
160-116=44. 

9. a. A horizontal line represents a par
ticular distance away from the 
staging area. Two points are on 
the same horizontal line when 
they represent the same distance 
away from the staging area. Two 
points are on the same vertical 
line at the same time represented 
by the vertical line. 

b. The parts of the graph that go up 
show the position and time of 
someone traveling away from a 
chosen place (such as the staging 
area). The horizontal segments 
show that the person is not mov
ing but has stopped. The parts 
that go down show the position 
and time of someone traveling 
toward the chosen place (such as 
the staging area). A vertical seg
ment is impossible because it 
would show someone moving a 
certain distance without any 
elapsed time. It takes time to 
travel so time must change when 
position changes. 

c. A point that is shared by two dif
ferent people shows that they are 
the same distance away from a 
chosen place at the same time. If 
they are on the same path or 
road, it means they meet one 
another. 

10. Students might consider these possi
bilities: Was Sally thirsty and hungry 
and growing impatient while she 
waited 15 minutes for Neil's arrival 
on the sweep vehicle? Did she speak 
about it to Neil because he arrived at 
the next stopping point at exactly the 
same time as Sally? Or did Sally 
have an accident at 1 :25? So Sally 
and Neil stopped for 15 minutes 
while Neil patched up Sally's 
scratches? Is this why he stuck close 
to her for the final leg? Why did 
Sally's speed slow down after her 
45-minute stop? Was she sluggish 
after lunch or preoccupied and dis
tracted by her 15-minute wait for Neil 
in the sweep vehicle? Was it uphill? 
Why was her speed the fastest of the 
whole trip at the very end? Was it 
downhill? Was she excited to be 
nearing her destination? 

4.5 (Solutions for page 136 continued.) 

19. See equations on lines in graphs for 
problems 15 and 18. 

20. a. An example of a speed is 65 miles 
per hour. This represents the ratio 
of 65 miles to 1 hour. Speed is 
given by a distance divided by the 
time it took to travel that distance. 
Speed is therefore a ratio of dis
tance to time. 

b. By finding each traveler's 
distance-to-time ratio one can find 
each traveler's speed. The larger 
ratio is the faster speed. On a 
graph, the steeper the line, the 
faster the speed. 

21. The seventeen happy two-digit num
bers are 10, 13, 19, 23, 28, 31, 32, 
44,49,68, 70, 79,82,86,91,94,97. 

22. Answers will vary. 

4.7 (Solutions for page 141 continued.) 

14. About 17% 

15. No. The percentage varies. The low
est value seems to be 15% but for a 
bill of $2.00, the percentage would 
be 25% and for a bill of $0.01, the 
percentage would be 5000%. 

16. a. $3.10 
b. 15% 

17. Yes. 10% of the bill plus 20% of the 
bill is 30% of the bill. Half of 30% of 
the bill is 15%. 

18. Answers will vary. One possible 
explanation is: The first method 
varies the percentage of the tip. For 
bills above $5, the tip is in the 15% 
to 21% range. The second method 
always gives 15% and because of its 
reliability and less complicated calcu
lation is probably the preferred 
method. 

19. 15% is an appropriate tip, 20% for 
exceptional service. One method for 
figuring 15% is divide the bill by 10 to 
get 1 0% then divide that 1 0% by 2 to 
get 5%. Add the 10% and the 5% to 
get 15%. 

4.8 (Solutions for page 145 continued.) 

18. No, it is not an example of direct vari
ation because the diameter to area 
ratio is not a constant (or because 
the graph is not a straight line 
through the origin). 

19. Answers will vary. The following is 
one possible table: 

20. 

Diameter 
(em) 
3.9 
6.8 
7.8 

Area of circle Area of 
(em) square (cm2) 

9 
10 
0 

........ 

12 3.8 
38 11.56 
48 15.21 
66 20.25 
83 25 
0 0 

E y-unit = 10 
~ 
co 
1!? • 
co 
_0 • 
Q) 

~ . 
·u • 
.r; 

~ w • x-unit = 5 

Each square's area (cm2) 

21. Answers will vary. The relationship of 
the area of the circles to the area of 
the squares is a direct variation rela
tionship because the circle area to 
square area is always approximately 
3.2. The equation is C = 3.2S where 
Cis the area of a circle and Sis the 
area of a square. 

22. Yes. The data gives a graph approxi
mating a straight line through the 
origin. The circle area to square area 
ratio is close to a constant. 

23. Answers will vary, but should be 
close to 3. 

24. Answers will vary in the constants 
used. The relationship between the 
area of a circle and the square of 
its radius is a direct variation func
tion.The equation for #21 is C = 3.2S 
which could be rewritten C = 3.2(R2) . 

The graph of data for #20 is a straight 
line through the origin showing that 
the square of the radius and the 
area of the circle have a constant 
ratio and are in a direct variation. 
(Of course we are aiming for 
C = 3. 14R2.) The relationship 
between the area of a circle and the 
square of its diameter is not a direct 
variation function. A is not equal to 
mD but A = 0.802 

25. Some calculators truncate digits. 
Others round off correctly to fit the 
display screen. 

26. The grandfather was right because 
the product of 7 and its reciprocal 
should be exactly 1. 

---
27. The reciprocal is 0.142857 



S 0 L U T I 0 N S 

28. Letters will vary but may include 
the following: Students can explore 
many more questions using a calcu
lator because long division is time 
consuming and tedious. Using a cal
culator, students can discover pat
terns and formulas more easily 
because they can compute many 
calculations in less time than it would 
take with just a pencil and paper. 
One must work through related solu
tions several times to recognize a 
pattern or formula. There is always 
the question: What is close enough? 
Both Lyn's and Phil's answers give 
products very close to 1. By using a 
calculator carefully you can look for 
repeating decimals. Rather than 
writing the calculator's answer of 
0.333333333 .. . , for example, one 
can interpret it and write 1/3 to give 
the exact answer. In the example of 
Phil's or Lyn's reciprocal of 7, Phil's 
answer gives a product closer to 1 
than Lyn's answer. 

29. The horizontal axis is the numer
ator, and the vertical axis is the 
denominator. (see table below) 

30. The repeating digits are the same 
digits in much the same order 
142857, 285714, 428571 , 571428 .... 
Digits of 142857 that are dropped 
appear at the end. For example 
285714 has the digits 1 and 4 at the 
end rather than the beginning. 

31. Student investigation 

0 1 2 3 4 
0 - - - - -
1 0 1 2 3 4 
2 0 0.5 1 1.5 2 
3 0 0.3 0.6 1 1.3 
4 0 0.25 0.5 0.75 1 
5 0 0.2 0.4 0.6 0.8 
6 0 0.16 0.3 0.5 0.6 

5 
-
5 

4.C. (Solutions for page 159 continued.) 

11. i. a. y 
b. yz 
c. yz 

ii. The elements of the yz group are 
e, y, yy, z, yz, and zy. 

iii. a. yz 
b. zy 
c. yy 

iv. a. yz 
b. yy 
c. yz 

v. All powers of y above f can be 
simplified toy, f, or e. 

vi. e is the only power of e. The 
powers of yare y, f, and e. The 
powers of yy are f , y and e. The 
powers of z are z and e. The 
powers of yz are yz and e. The 
powers of zy are zy and e. 

vii. a. y 
b. yz 

viii. e y yy z yz zy 
eey yyz yz zy 
yyyyeyzzy z 
yyyye y zy z yz 
zzzyyze yy y 
yzyzz zy y e yy 
zyzyyz z yy y e 

ix. The element e works like 1 for 
multiplication, because e com
bined with any element of the 
group results in that element. 

x. The reciprocal of e is e. Y and yy 
are reciprocals of one another. Z 
is its own reciprocal. Zy and yz 
are reciprocals of one another. 

12. Should include each group's rules, 
elements, powers, table, identity ele
ment, reciprocals for each element, 
and a discussion of commutativity. 

6 7 8 9 10 
- - - - -
6 7 8 9 10 

2.5 3 3.5 4 4.5 5 
1.6 2 2.3 2.6 3 3.3 

1.25 1.5 1.75 2 2.25 2.5 
1 1.2 1.4 1.6 1.8 2 

0.83 1 1.16 1.3 1.5 1.6 
7 0 0.142857 0.285714 0.428571 0.571428 0.714285 0.857142 1 1.142857 1.285714 1.428571 
8 0 0.125 0.25 0.375 0.5 0.625 0.75 0.875 1 1.125 1.25 
9 0 O.l O.l! 0.~ 0.4 0.5 0.!1 0.7 O.l! 0.9 1.1 
10 0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0 

4.E.I. (Solutions for page 162 
continued.) 

18. b. Paul drove his car away from 
home and may have turned 
around and come back (because 
he forgot something?). He drove 
at about the same speed going 
and returning. He then drove to a 
destination on a route which at 
first took him away from home and 
then closer to home. (Did he drive 
around a lake or mountain?) 
Paul's speed was a little slower on 
the second part of his trip. 

c. Paul drove away from home. At 
first he drove one speed, then he 
increased his speed, and then 
slowed down to his first speed. 

d. Paul drove a distance from home 
and stopped for a while. He then 
continued to drive away from 
home. 

19. 5 ~width~ 11.5 

20. a. width = 5; height = 3.5; 
area= 17.5 

b. width = 11 .5; height = 6.125; 
area = 70.4375 

c. width = 5; height = 6.125; 
area = 30.625 

d. width = 11 .5; height = 3.5; 
area= 40.25 

21. through 26. 

22. y = 6.125 and y = 3.5 are the hori
zontal lines. x = 11 .5 and x = 5 are 
the vertical lines. 

23. Answers will vary. One possible solu
tion is: Points inside the rectangle 
are (7, 4), (8, 4), and (9, 4). Points 
outside the rectangle are (5, 1 ), (4, 
4), and (2, 1). Points on the rectangle 
are (6, 3.5), (7, 3.5), and (11 .5, 4). 
Allowable dimensions are 
represented by points on or inside 
the rectangle because the widths are 
between 5 inches and 11 .5 inches, 
and the heights are between 3.5 
inches and 6.125 inches. 

24. 1.3 ~ (width/height) s 2.5 

515 
. - -· ...... ... ··--......... , ___ ,_,., __ , _____ , _______ __ 



S 0 L U T I 0 N S 

25. a. wlh = 1.43 
b. w/h = 1.878 
c. w/h = 0.816 
d. wlh= 3.29 

The first two letters (a & b) meet the new 
requirement. 

26. a. See graph for #21. Answers vary 
for coordinates of ordered pairs. 

b. Answers vary. Sample: (7.8, 6) & 
(5.2, 4). (7.8)/6 = (5.2)/4 = 1.3. 
The width to height ratio for each 
pair is 1.3. 

c. Answers will vary. Sample: (8.75, 
3.5) & (10, 4). (8.75)/(3.5) = (10)/4 
= 2.5. The width to height ratio for 
each pair is 2.5. 

27. Points used to check will vary. 
Sample: 
a. Between the two lines: (5, 2.5) . 

Ratio is 5/(2.5) = 2. 
b. Above the two lines: (6, 5). Ratio 

is 6/5 = 1.2. 
c. Below the 2 lines: (5, 1 ). Ratio is 

5/1 = 5. 

28. a. To satisfy all the rules choose 
dimensions that not only fall within 
or on the rectangle, but also on or 
between the two lines through the 
origin. 

b. To satisfy the first two rules 
choose points on or inside the 
rectangle. 

c. To satisfy the ratio rule choose 
points that fall on or between the 
two lines through the origin. 

29. The height to width ratio is the recip
rocal of 1.3 which is about 
0.7692308. 

30. The equations of the lines are 
h = (10/13)w and h = 0.4w. Since 
these equations are in the form 
y = mx, they are examples of direct 
variation. 

5.4 (Solutions for page 175 continued.) 

7. a. (x+ 12)(x+ 1) 
b. (X+ 2)(X+ 6) 

516 

c. (x+ 3)(x+ 4) 

8. There are no more trinomials if we 
consider only positive whole num
bers, since we have used all the 
positive whole number pairs whose 
product is 12. However, if we allow 
negative integers in the blank, these 
trinomials are possible: 
(x- 12)(x- 1) = x 2 - 13x+ 12 
(x - 2)(x - 6) = x2 - ax+ 12 
(x- 3)(x- 4) = x 2 - 7x+ 12 

Moreover, there is an infinite number 

of possibilities if we allow non inte
gers. Example: 
(x + 0.6)(x + 20) = x2 + 20.6x + 12 

9. a. y(x + 2)(x + 3) 
b. x(x + 2)(x + 3) 
c. y(y+ 2)(y+ 3) 
d. x(y + 2)(y + 3) 

10. Answers will vary. (Students will 
learn about factoring out a common 
monomial factor in Lesson 6.) 
Sample answer: Find a monomial 
that is common to all three terms. 
Divide this factor out of all the terms 
and factor the resulting second
degree trinomial. 

11. First rearrange this expression into 
two trinomials that are familiar: 
(x2y+ 5xy+ 6y) + (x2 + 5x+ 6) 
Then factor: 
y(x+ 2)(x+ 3) + (x+ 2)(x+ 3) = 
(y+ 1)(x+ 2)(x+ 3). 

(Another strategy is to use the Lab 
Gear to make a box.) 

12. a. 

b. one y 2-block, seven y-blocks, 
twelve one-blocks 

13. a. 

(y - 4)(y+ 3) 
=Y2 - 4y+3y- 12 
= y 2 - y- 12 

b. one y 2-block, seven y-blocks, 
twelve one-blocks 

14. One possibility is (y + 4)(y- 3), as 
shown in the figure. There is another 
possibility, (y- 4)(y- 3), which 
most students will not be aware of 
since they have not studied how to 
model this kind of expression with 
the blocks. You may want to raise 
the question of whether or not this is 
another possibility, and leave it unre
solved until Lesson 7. 

(y- 3)(y+ 4) 
=y2 - 3y+4y-12 
=y 2 +y-12 

15. Answers will vary. If only positive 
whole numbers are used, the possi
ble answers are: 
(x+ 1)(x+ 14) = x2 + 15x+ 14 
(x+ 2)(x+ 13) = x2 + 15x+ 26 
(x+ 3)(x+ 12) = x 2 + 15x+ 36 
(X+ 4)(X+ 11) = X2 + 15X+ 44 
(x+ 5)(x+ 10) = x 2 + 15x+ 50 
(x + 6)(x + 9) = x 2 + 15x + 54 
(x+ 7)(x+ 8) = x 2 + 15x+ 56 

16. Answers will vary. 

17. Answers will vary. 

18. (x- 7)(x- 1) = x2 - Bx+ 7. This is 
the only answer, if you specify that 
you can fill in the blanks with positive 
whole numbers only. If not, there is 
an infinite number of answers. 

19. If only positive whole numbers are 
allowed, #18 has only one answer 
since 7 is prime. However, if any 
numbers can be used, they all have 
more than one answer. 

20. a. (x + 2)(x + 3) 
b. (a+ 6)(a + 5) 
c. (m+ 10)(m+ 10) 
d. (p + 1 )(p + 1) 

21 . a. (x - 3)(x - 2) 
b. (x- 12)(x- 1) 
c. (X - 5)(x - 3) 
d. (x- 3)(x+ 3) 

22. a. (2X+ 1)(3X+ 1) 
b. (2x + 1 )(3x - 1) 
c. (2x - 1 )(3x + 1) 

23. a. (x2 - 5)(x2 - 3) 
b. (x2 - 4)(x2 - 4) = (x - 2)(x + 2) 

(x- 2)(x + 2) 

24. Answers will vary. 

5.A (Solutions for page 176 continued) 

5. 

1. XY= 36 
2. X+ Y= 13 

-----------·-·----~~·-~~·-111111111-111111-11 ---11-1 I IIIII 1111 I--- • - 1• . -·. I I I- . I II -~~-
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6. Answers will vary. The figure shows 
some possibilities. 

1. xy= 36 
2. X+ Y= 13 
3. X+ Y= 12 
4. x+y=-12 
5. X+ Y= 5 

7. Answers will vary. If only positive 
whole numbers are considered, the 
possibilities are 37, 20, 15, 13, and 
12. If negative integers are allowed, 
the possibilities are these numbers 
and their opposites. If any numbers 
are allowed, there is an infinite num
ber of possibilities. (All numbers 
except those between -12 and 12 will 
work. This can be seen graphically.) 

8., 9. 

9. c. xy= 20 

10. 

xunit = 2 
yunit = 2 

X+y=12 

xunit = 2 
yunit = 2 

1. X+ Y= 12 
2. xy= 20 

a. 3. xy= 10 
b. 4. xy= -10 
c. 5. xy= 30 

11 . Answers will vary. If you consider 
only positive whole numbers, the 
possibilities are 11, 20, 27, 32, 35, 
36. If positive noninteger values are 
allowed, any number less than 36 
will work. If negative integers are 

allowed, there is an infinite number 
of possibilities. This can be seen 
graphically, since all constant prod
uct graphs in the second and fourth 
quadrants will intersect x + y = 12. 

12. Answer will vary. (Some of the main 
ideas were given in #3, #7, and #11 . 
Most student reports will be more 
specific. Do not expect most 
students to give a general statement 
of these ideas.) 

5.5 (Solutions for page 179 continued.) 

12. Answers will vary. One possibility is 
y = x2 + 5x - 4. Substituting 0 for x 
gives a y-value of -4. 

13. a. b = -(p + q) and c = pq 

14. 

b. The x-intercepts are the values of 
x that make y equal to zero, so 
they are p and q. They are easily 
seen in the factored form. The 
y-intercept is the value of y when 
xis 0, which is c. 

c. The x-coordinate of the vertex is 
the number halfway between the 
two x-intercepts, that is (p + q)/2. 
Once this number is found, it can 
be substituted into the equation to 
find the y-coordinate of the vertex. 

Y=(x- 4)(x-1) 

15. 

y= -(x- 4)(x- 1) 

16. The graphs are mirror images, or 
reflections, of one another over 
the x-axis. They have the same 
x-intercepts. The x-coordinates of 
their vertices are the same, but the 
y-coordinates are opposites. The 
y-intercepts are opposites. 

17. Answers will vary. One possible 
answer is given for each part. 
a. Y= (x- 3)(x+ 2) 
b. y= -(x- 3)(x+ 2) 
c. Y= (x+ 3)(x+ 2) 
d. y = -(x + 3)(x + 2) 

18. Answers will vary. 

19. y= x(x- 5) andy= -x(x- 5) are two 
possible answers. Any parabola of the 
form y = ax(x - 5) will have these x
intercepts, since substituting either 0 
or 5 for x will make y equal 0. 

20. Answers will vary. One possibility is 
given for each problem. 
a. y = (x - 1 )(x - 3) 
b. Y= -(x- 1)(x- 3) 
c. y = -2(x - 1 )(x - 3) 

21. 

1. Y=X 2 +6X+5 
2. y = x 2 + 6x + 8 
3. Y=X 2 +6X+9 
4. Y=X 2 +6X+12 

22. The parabola in (a) has two x-inter
cepts, (-5, 0) and (-1, 0). The 
parabola in (b) has the x-intercepts 
(-2, 0) and (-4, 0). The parabola in 
(c) rests on the x-axis, having one 
x-intercept at (-3, 0). The parabola in 
(d) has no x-intercepts, and hangs 
three units above the x-axis. All the 
parabolas have the same x-coordi
nate of the vertex, which is -3. I 
might have been able to predict the 
number of x-intercepts before graph
ing if I had thought about these 
equations using the perfect square 
y = x2 + 6x + 9 as my reference 
point. Comparing the other equations 
to this one, I would expect those with 
c values greater than 9 to have no 
x-intercepts, and those with c values 
less than 9 to have two x-intercepts. 

,., 
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23.a. 4 
b. Any number less than 4 is a 

possible answer. 
c. Any number greater than 4 is a 

possible answer. 

24. Answers will vary. The main point is 
that the perfect square serves as a 
reference to which other parabolas 
are compared, as explained in #22. 

25. 1 dime, 2 nickels, 4 pennies 

26. 19 nickels, 4 pennies; 23 coins 

27. Since ab = 0, then either a= 0 or 
b= 0. Since be= 0, then b= 0 or 
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c = 0. Since ac = 1, neither a nor cis 
0. Hence b = 0. 

28. Since abc= 0, then a, b, or c must 
be 0. Since bed= 1, none of those 
three variables could be 0. Hence 
a=O. 

29.1-15,2-14,3-13, 4-12,5-11, 6·10, 
7-18, 8-17,9-16 

5.6 (Solutions for page 181 continued.) 

(6 + 4x)(1 + x) = 
4x2 + 10x+ 6 

Perimeter: 10x+ 14 

In #7 through #12, answers will vary. 
Some will be possible to show with the 
Lab Gear; others will not. Sample 
answers are given. (All those given here 
can be shown with the Lab Gear.) 

7. 24 = 1 • 24 = 2 • 12 = 3 • 8 = 4 • 6 = 
2·2·6=2·3·4 

8. 6y2 = 2y. 3y = 6y. y 

9. (2x + 4)(3x + 6) = 6 • (x + 2) · 
(x + 2) = 3 • (2x + 4) • (x + 2) 

10. 12x3 = 4x2 • 3x = 4x • 3x2 = 12x2 · 
x = 12x • x2 = 6x2 • 2x = 6x • 2x2 = 
6 • 2x3 = 2 • 6x3 

11 . 12x2 + 4x = 4x(3x + 1) = x(12x + 4) 
= 4(3x2 + x) 

12. 2x(6x + 18) = 6x(2x + 6) = 
12x(x + 3) = x(12x + 36) = 2(6x2 + 
18x) = 6(2x2 + 6x) = 12(x2 + 3x) 

13. 2x2(x+ 4 + y) 

14. 2x(x- 3) 

15. impossible 

16. x(3x+ 2 + 4y) 

17. 3xy(x- 1 + 2y) 

18. 3y(y+ 3- 2y2 + x2 + 2xy+ 3x) 

19. 6(X+ 3)(X+ 2) 

20. 4(x + 2)(x + 3) 

21 . 4(x+ 8)(x+ 2) 

22. 2(x + 2)(x + 2) 

23. 3(x + 2)(x + 5) 

24. 2(x + 9)(x + 4) 

25. x(x + 3)(x + 2) 

5.7 (Solutions for page 185 continued.) 

27. a. 12 12 

10 10 

8 8 

6 6 

4 4 

2 2 

0 0 

·2 -2 

-4 -4 

-6 -6 

-8 -8 

-10 -10 

-12 -12 

X y 
xy=-9 

b. No, the in-out lines do not meet at 
the same point. 

c. There are no horizontal lines. 
d. ymoves up as xchanges from -12 

to 12 and jumps at zero. y moves 
fast for values of x close to zero. 

28. X= 1.2, 1.5, 2, 3, 6 

5.9 (Solutions for page 191 continued.) 

7 . •• 

b. length = 7 units, width = 4 units, 
area = 28 square units. 

8. a. length = 133, width = 1 00. 
b. The number of tiles needed is 

(133 • 1 00)/2 = 6650 tiles 

9. a. 155 + ;> ·51 = 1530 tiles 

b. 1100 + ;> · 100 = 5050 tiles. 

10. (101 · 100)/2 = 5050. The last step is 
to divide by two since each pair of 
numbers gets added up twice. This is 
the same answer as 9b. 

I • 

11. Gauss's table would look like: 
1 2 3 4 5 6 7 8 9 10 

100 99 98 97 96 95 94 93 92 91 

In this case we would have 100 
columns and each sum would be 
101 , instead of having 101 columns 
and each sum being 100. Since mul
tiplication is commutative, the prod
uct would be the same. 

12. Answers may vary. Sample 
summary: In the rectangle method, 
find the length and width of the rec
tangle. The length equals 89 + 5 
which is 94 and the width equals the 
number of steps in the staircase 
which is 85. The sum of the staircase 
is simply the area of the rectangle 
divided by two which is (94 • 85)/2 
which equals 3995. Using Gauss's 
method, you will construct a table 
like the following: 

5 6 7 8 9 10 11 12 13 .. . 
89 88 87 86 85 84 83 82 81 .. . 

Each pair adds up to 94 and there 
are 85 columns. So Gauss's calcula
tions would look like: (94 • 85)/2 = 
3995 which is the same as the rec
tangle method. 

13. 4X+ 6 

14.a. 22 b. 402 

15. a. 27x+ 351 . We use Gauss's 
method to add 1 + 2 + 3 + ... 26 = 
(1 + 26) • 26/2 = 351 and we have 
27 xs. 

b. 84x + 3570 since we have 84 xs 
and (1 + 84)(84)/2 = 3570. 

16. a. (n + 1 )n/2 
b. (n+1)x+(n+1)n/2 
c. nx+(n+1)n/2 

S.C (Solutions for page 200 
continued.) 

9. C. tn 

• 

• 

• 

• 

• 

xunit = 1 
yunit = 2 

n 



10. a. 

b. 

c. 

11 . a. 
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• • 

• 

• 

• 

• 

• 

• 

x unit= T,l3 
yunit =% 

• 
• 

• 

• 

x units= V2 
yunits = 4 

• 
• 

• 
• 

xunit = 1 
yunit = 3 

xunit =% 
yunit =% 

• 

• 

• 

• 

• 

• 

n 

n 

n 

b. 

c. 

• 

xunit=% 
yunit = 4 

• 
• 

• 

• 

• 

• 

• 

• 

• 

n 

xunit = V2 
yunit = 4 

n 

12. Answers will vary. (The sequences 
are quadratic.) 

13. Reports will vary. Some key points 
follow: When an arithmetic sequence 
is graphed, the points will fall in a 
straight line. The common difference 
determines the steepness of this line . 
(The greater the common difference, 
the steeper the line.) The geometric 
sequences and the mystery sequen
ces have curved graphs. (Students 
may recognize that the graphs of the 
mystery sequences fall along a para
bolic curve.) If the common ratio in a 
geometric sequence is less then 1 , 
the terms decrease and the graph 
curves downward from left to right. 
However, if the common ratio is 
greater than 1, the terms increase 
and the graph curves upward from 
left to right. (Both these statements 
about geometric sequences assume 
that the first term is positive.) 

6.4 (Solutions for page 216 continued.) 

13. b. 

These two lines 
are parallel and 
never intersect. 

14. y= 5- xand y= -x- 5 from 12d do 
not have a point of intersection 
because they are parallel. 

15. For the same line, the tables will be 
identical. For parallel lines, the tables 
will be entirely different. No pairs of 
values will be on both tables. For a 
particular value of x, corresponding 
y-values will differ by the same con
stant. For two lines that intersect, the 
tables will have exactly one identical 
pair of values. 

16. a. This is never true since the equa
tion simplifies down to 5 = 1 . 

b. This is sometimes true since the 
equation simplifies down to -x = 0 
which is true for x = 0 . 

c. This is sometimes true since the 
equation simplifies to 1 Ox = 0 
which is true when x = 0 . 

d. This is always true since the 
equation simplifies to 7x+ 1 = 7x 
+ 1. 

17. # 16b is true when x = 0 and false for 
X= 1. 
#16c is true when x= 0 and false 
when x= 1. 

o • I I - I .. I.. II I I II I 11 I 
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18. a. 

b. Never true. The lines are parallel. 

19. a. 

b. Always true. The lines are the 
same. The expressions are equal for 
any value of x. 

20. a. 

b. Sometimes true. The lines inter
sect at (4, 0). When x = 4 the 
expressions both equal 0. 

~leH ... ..:i'lo:)l:ol:l I +l••*'' I :J: 

21. a. 

b. Sometimes true. The lines inter
sect at (6, 2). When x = 6 the 
expressions both equal 2. 

22. Reports will vary. Identity: an equa
tion that is true for all values of the 
variable. The left and right sides of 
the identity can be set equal to y to 
form two equations. When the two 
equations are graphed, they are the 
same line. Lab Gear shows that 
when both sides of the identity are 
simplified they are the same. 

Graphing: Given two linear equa
tions, one can graph each equation 
to see if they form the same line 
(always true), parallel lines (never 
true) , or intersecting lines 
(sometimes true). 

Lab Gear: Given two equations set 
equal to y, one can model the non-y 
sides with Lab Gear. One can see if 
each side simplifies to the same 
blocks (always true), blocks which 
establish one value for x (sometimes 
true), or blocks that could never be 
equal, such as 4 on one side and 6 
on the other (never true). 

23. a. -2x + 7 is always greater than -2x 
since the line y = -2x + 7 is paral
lel to and 7 units above the line 
y= -2x. 

b. 6x + 4 is always greater than 
6x- 4 since the line y= 6x+ 4 is 
parallel to and 8 units above the 
line y= 6x- 4. 

c. This depends on the value of x. 
When x is not equal to zero, x 2 is 
greater than -x2• x 2 is greater 
because it is positive whereas -x2 

is its opposite and always nega
tive. When x = 0, the two expres
sions are equal to zero. 

d. This depends on the value of x. 
When xis not equal to zero, (-x)2 

is greater than -x2 because (-x)2 

is positive and -x2 is negative. 

When x = 0, both expression are 
equal to zero. 

24. x2 + 1 Ox + 25 = (x + 5)2 

25. 4x2 + ax + 4 = (2x + 2)2 

26. 9x2 + 6x + 1 = (3x + 1 )2 

27. x2 + 2x + 1 = (x + 1 )2 

28. 4x2 + 12x + 9 = (2x + 3)2 

29. No. Evenly distributing the x-blocks 
on two sides of a square made of 
x 2-blocks determines a fixed number 
of yellow blocks. 

30. x 2 + 1 Ox + 25 = (x + 5)2 

31 . 4x2 + 20x + 25 = (2x + 5)2 

32. x 2 + 12x + 36 = (x + 6)2 

33. 9x2 + 6x + 1 = (3x + 1 )2 

34. x 2 + 6x + 9 = (x + 3)2 

35. No. The yellow blocks determine the 
number of x-blocks. By making a 
square out of the yellow blocks, one 
can begin to see how many x-blocks 
are needed because they line up 
with 2 sides of the yellow square. 

36. Note: Students may describe the pat
tern from the trinomial to the square 
of the binomial or vice-versa. 
Answers may vary. Sample: 

Lab Gear: Given a quadratic trino
mial, one first makes a square from 
the second-degree trinomial (or 
x2-blocks). Next one evenly distrib
utes half the x-blocks to the right of 
the square and half the x-blocks 
along the lower side of the square. 
Then one makes a square of the yel
low 1-blocks in the lower right corner 
to complete the square. Now given 
the square of a binomial, with one or 
more x2-blocks, make a square 
whose sides are the first term of the 
binomial. Multiply the second term of 
the binomial by itself and make a 
square of this many yellow 1-blocks 
so that its upper left corner (vertex) 
touches the lower right corner of the 
square made of x2-blocks. The 
x-blocks can be filled in above and to 
the left of the yellow square to com
plete the square. 

Algebraic Symbols: 
(x+ yf = x 2 + 2xy+ y 2 
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6.A (Solutions for page 217 continued.) 

5., 6.a., & 6.b. 

Month Balance on Balance on 
the first of the 15th of 
the month the month 

1 790 660 
2 750 620 
3 710 580 
4 670 540 
5 630 500 
8 510 380 
n 830- 40n 700- 40n 

7. Letters should include the fact that 
Lara will run out of money on the 
15th of the twentieth month because 
700- 40(20) = -$100. On the first of 
the twentieth month she has a 
balance of 830 - 40(20) = $30. 
Because she earns $260 a month 
and has a total of $80 + 220 = $300 
a month in expenses her balance 
dwindles to nothing during the twenti-
eth month. One suggestion might be 
to increase her work hours to cover 
the $80 per month cash expenses. 

6.8 (Solutions for page 230 continued.) 

5. Answers 
will vary. 

x - y = D and y - x = Dare parallel 
lines that slope up from left to right. 
The graph of y - x = D crosses the 
y-axis at (0, D) but x - y = D crosses 
the y-axis at (0, -D). 

6. X;t 0 

7. 

8. 

9. 

Answers 
will vary. 
Let R= 5 
X;tO 

Sample 
graphs 
x*O 

lfx= 5 

Let R= -3, 
-o.5, 1 

Let R= 3, 
-1, -o.5 

'Yr = -o.5 
Answers will vary. The graphs of ylx 
= Rand x/y = Rare lines through 
quadrants I and Ill or II and IV or 
they could also be the x-axis, ylx = o, 
or the y-axis, xly = 0. All graphs of 
y/x = Rand x/y = R have a hole at 
the origin, because (0, 0) does not 
satisfy the equation. For both, the 
farther D (Din the equation x - y = 
D or y - x = D) is away from zero, 
the steeper the line. 

10. Reports will vary. Constant 
Difference: y - x = D and 
x - y = D slope up regardless of the 
value of D. If D > 0, then y - x = D is 
in quadrants I, II, and Ill. Dis the 
y-intercept and -Dis the x-intercept. 
X- r= Dis in quadrants I, Ill, and 

Ill ... I I •• II ... I 

IV. -Dis they-intercept and Dis the 
x-intercept. If D = 0, then y- x = D 
and x - y = Dare equivalent equa
tions passing through the origin and 
quadrants I and Ill. This is (except for 
the origin) the constant ratio graph 
with R = 1. If D < 0, then y - x = D 
is in quadrants I, Ill, and IV. Dis the 
y-intercept. -D is the x-intercept. x -
y = Dis in quadrants I, II, and Ill. -D 
is the y-intercept and D is the x-inter
cept. 

Constant Ratios: y/x = Rand x/y = R 
are in quadrants I and Ill if R > 0. 
For R > 1, ylx = R is steeper than 
xly= R. ForO< R< 1, xly= Ris 
steeper than y/x = R. If R = 1 then 
the ratios become constant 
difference graphs as well (y - x = o 
and x - y = 0) as long as x ;t 0. The 
graphs of y - x = 0 and x - y = 0 
include the origin but y/x = 1 and xly 
= 1 have a hole at (0, 0). y/x = 1 is 
not defined at x = 0 because division 
by zero is undefined. x/y = 1 is not 
defined when y = 0 because division 
by zero is not defined. xly = 1 is not 
defined when y = 0 for the same rea
son. For R< 0, ylx= Rand xly= R 
are in quadrants II and IV. For 
R < -1, ylx = R is steeper than xly = 
R. When -1 < R < 0, xly= R is 
steeper than ylx = R. 

6.C (Solutions for page 241 continued.) 

inverse element: 0 does not have 
an inverse. (From the table, we 
can see that all the other elements 
do have inverses.) Hence the 
set is not a group under this 
operation. 

c. In part (b), we showed that the set 
satisfied the properties of a group 
except that 0 did not have an 
inverse. Since we have removed 0 
from the set, it is now a group 
under this operation. 

5. a. yes 
b. No. Most integers do not have 

inverses that are elements of the 
set of integers. For example, the 
multiplicative inverse of 7 is 1/7, 
but 1 17 is not an element of the 
set of integers. 

6. The rational numbers are not a group 
under multiplication since zero does 
not have an inverse. (That is, it does 
not have a multiplicative reciprocal.) 
If we remove zero from the set, then 
it will be a group. The set is closed, it 
has a multiplicative identity element, 
which is 1, and all elements have 

521 
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inverses which are members of the 20. both directions, as shown by the 
shaded region. There is one pane 
that overlaps, so the total number is 
2(N - 1) - 1 or 2N- 3. 7. 

set. (The inverse of an element is its 
reciprocal in this case.) 

(±) 0 I 2 3 

0 0 I 2 3 

I I 2 3 0 

2 2 3 0 I 

3 3 0 I 2 

@ 0 I 2 3 

0 0 0 0 0 

I 0 I 2 3 

2 0 2 0 2 

3 0 3 2 I 

From the tables, we can see that it is 
a group under the operation ~ but 
not under the operation @. The sec
ond table shows that under @ , there 
are two elements (2 and 0) that do 
not have inverses. (3 and 1 are their 
own inverses.) Hence, we could not 
make it a group by removing only 
one element. 

8. Answers will vary. 

6.E.I. (Solutions for page 243 continued.) 

19. Tables will vary. A sample is given 
for part (a) only. 

a. Sample table: 
X y 
1 5.56 

10 6.05 
20 6.60 
40 7.70 
90 10.45 
100 11 .00 
This table shows that the answer 
must be between 90 and 100, so 
another table can be made to get 
a more accurate answer: 
X y 

90 10.45 
91 10.51 
95 10.73 
96 10.78 
Therefore, if the customer makes 
more than 95 local phone calls a 
month, the Community Plan is 
better. 

b. If a customer makes more than 42 
local calls a month, the 
Community Plan is better. 

c. If a customer makes more than 27 
local calls a month, the 
Community Plan is better. 

d. If a customer makes more than 19 
local calls a month, the 
Community Plan is better. 

21 . y= 5.50 + [0.055 + 0.035(t- 1)]x 
y = 5.50 + (0.055 + 0.035t - 0.035)x 
y = 5.50 + [0.02 + 0.035t ]x 

22. a. 5.50 + (0.02 + 0.035~x = 10.77 
(0.02 + 0.035~x = 5.27 

5.27 
X = 0.02 + 0.035t 

b. Substituting the various values 
for t in the above equation and 
simplifying, confirms the answers 
obtained by making tables in 
problem 19. 

23. He can multiply the number of one
minute calls by 1, the number of five
minute calls by 5, the number of ten
minute calls by 10, and the number 
of thirty-minute calls by 30. He then 
finds the sum of these numbers to 
find the total number of minutes on 
the phone. He divides the total num
ber of minutes on the phone by the 
total number of calls made. The 
result is the average duration of the 
phone calls. 

7.2 (Solutions for page 250 continued.) 

10. She would have to add 4 edge panes 
and 1 inside pane. (These are the 
shaded panes shown in the figure.) 

EE~fij 
2x2 3x3 

11. a. 4 edge panes and 7 inside panes 
(shaded in the figure) 

m~ll 
5x5 6x6 

b. 4 edge panes and 13 inside panes 

12. 0 corner panes, 4 edge panes, and 
2N - 3 inside panes 
The figure shows the pattern. She 
would need to add an edge pane to 
each side, for a total of 4. (These are 
marked with an X.) She would also 
need to add a strip of length N - 1 in 

N-1 

An N + 1-by-N + 1 foot window 

13. 4M edge panes and M2 + 2MN -
4M new inside panes 
The figure shows the pattern. M 
edge panes need to be added to 
each side, for a total of 4M. (These 
are marked with an X.) A strip is 
added to increase both dimensions 
that will be of length N + M - 2. (The 
2 comes from subtracting the edge 
panes on either end.) This strip is of 
width M, so the total number is 
M(N+ M- 2) = MN+ M 2 - 2M. 
There are two of these strips, so we 
double this amount and subtract the 
amount of overlap, which is M by M: 
(2MN+ 2M2 - 4M)- M 2 = M 2 + 
2MN- 4M. 

M 

An N + M-by-N + M foot window 

Note that these formulas reduce to 
those in #12 in the case of M = 1. 

14. a. A 5-by-5 window requires 4 corner 
panes, 12 edge panes, and 9 
inside panes, so there would be 8 
corner, 0 edge, and 3 inside 
panes left over. 

b. A 2-by-2 window requires 4 
corner, 0 edge, and 0 inside 
panes so there would be 4 corner, 
0 edge, and 3 insides left over. A 
second 2-by-2 window could be 
made with 4 corner panes, leaving 
0 corner, 0 edge, and 3 inside 
panes left over. Hence, in total, 
one could make one 5-by-5 and 
two 2-by-2 windows with 3 inside 
panes left over. 

I•• • Ill I •:JI I II I I I • 
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15. a. There are 20 of each kind. Since 
we will need the greatest number 
of interior panes, figure out what 
the largest window is that can be 
made with 20 interior panes. We 
are looking for the largest value of 
n such that (n - 2)2 < 20. Solve 
(n - 2)2 = 16 to get n = 6. 
Therefore, we start with a 6-by-6 
window, which uses 4 C, 16 E, 
and 16 I. With the remaining 16 C, 
4 E, and 4 I, we can make a 
3-by-3 window which uses up 4 C, 
4 E, and 1 I. Since that used up all 
the remaining edge panes, we can 
make only 2-by-2 windows. We 
have 12 C, which is enough to 
make three 2-by-2 windows. 
There will be 3 I left. 

b. One 12-by-12 and twenty-four 
2-by-2 windows, leaving 60 edge 
panes left over. 

16. One solution is six 6-by-6, one 
3-by-3, and eighteen 2-by-2. Other 
solutions with three panes left over 
are possible. 

17. a. 
100 

G) 92 
lij84 
~ 76 
CD 
a. 68 

~ 60 as 
-;52 
:g44 
as 
a. 36 

~ 28 
(I) 

8 20 

~ 16 
- 8 

length 
of side 

2 
3 
4 
5 
6 
7 
8 
9 
10 
n 

• 

cost 
$4 
$9 • 

$16 
$25 • 
$36 
$49 
$64 • 
$81 

$100 • 
n2 

• 
• 

• 

• 

2 3 4 5 6 7 8 9 10 
length of side of window 

b. An n-by-n window costs n2 dol
lars. A 16-by-16 window costs 
$256, which is not 2 times $64. 

c. A 16-by-16 window costs 4 times 
as much as an 8-by-8 window. 

7.3 (Solutions for page 253 continued.) 

27. a. m = 7 and n = 5 
b. m = 2 and n = 33 
c. m=35andn=O 

28. Answers will vary. Sample answers: 
N= 100, m= 14 
N=30, m=4 
N=51 , m=7 
N must be 2 more than a multiple 
of7. 

7.A (Solutions for page 257 continued.) 

painted on 3 sides). So 12(n- 2) is 
the expression for blocks painted on 
2 sides. All cubes have 8 vertex 
blocks which are painted on three 
sides. The interior cube is made up 
of (n - 2)-by-(n - 2)-by-(n - 2) 
unpainted blocks. 

5. 8 

6. a. 64 
c. 8 

b. 27 
d. 1 

e. 100 

7. one-by-one-by-one: 53 = 125 
two-by-two-by-two: 4 3 = 64 
three-by-three-by-three: 33 = 27 
four-by-four-by-four: 23 = 8 
five-by-five-by-five: 1 
Total: 225 

8. Strategies will vary. 
Generalization: n-by-n-by-n has: 
n3 1-by-1-by-1 cubes 
(n - 1 )3 2-by-2-by-2 cubes 
(n - 2)3 3-by-3-by-3 cubes 
(n - 3)3 4-by-4-by-4 cubes 
and soon ... 
23 (n - 1 )-by-(n - 1 )-by-(n - 1) 
cubes 
1 n-by-n-by-n cube 
For a 7-by-7-by-7, there are: 
one-by-one-by-one: 73 = 343 
two-by-two-by-two: 63 = 216 
three-by-three-by-three: 53 = 125 
four-by-four-by-four: 4 3 = 64 
five-by-five-by-five: 33 = 27 
six-by-six-by-six: 23 = 8 
seven-by-seven-by-seven: 13 = 1 
Total: 784 cubes 

7.6 (Solutions for page 263 continued.) 

22. Y= x2- x 

y=6 

23. 

24. a. x = ·2 or x = -3 
b. Answers will vary. 

25. Graphs will vary. For example, the 
solution to (a) could be obtained by 
graphing and finding the intersection 
for any of these pairs: 
y= x2 andy= 3x+ 4 
y= x2 - 3xand y= 4 
y = x2 - 4 and y = 3x 
y = x2 - 3x - 4 and y = 0 
a. x = -1 or x = 4 
b. x = -5 or x = 1 
c. x = 3 or x = -3 

26.~ 
0100 

last digits 
0 

1100 
2100 
3100 
4100 
5100 
6100 
7100 
8100 
g100 

1 
6 
1 
6 
5 
6 
1 
6 

7.12 (Solutions for page 280 
continued.) 

5=22 +2° 
6 = 22 + 21 

7=22 +21 +2° 
etc. (Think about binary representa
tions of numbers.) This is also possi
ble for large numbers. 

19.1 =3° 
2 = 31 - 3° 
3=31 

4 = 31 + 3° 
5 = 32 - 31 - 3° 
6 = 32 - 31 

etc. This is also possible for large 
numbers. 

8.4 (Solutions for page 298 continued.) 

15. It is in slope-intercept form. 
a. m= 5, b=-6 
b. Not applicable (N/A) 
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16. It's not in slope-intercept form. 
a. N/A 
b. y = -4x + 28; m = -4, b = 28 

17. It's not in slope-intercept form. 
a. N/A 
b. y = (5/3)x - 2; m = 5/3, b = -2 

18. It's not in slope-intercept form. 
a. N/A 
b. y = (-1/4)x + 7/4; m = -1/4, b = 7/4 

19. It's not in slope-intercept form. 
a. N/A 
b. y= 15x- 18; m= 15, b=-18 

20. It is in slope-intercept form. 
a. m=-4,b=-7 
b. N/A 

21 . It's not in slope-intercept form. 
a. N/A 
b. y = x - 4; m = 1, b = -4 

22. It's not in slope-intercept form. 
a. N/A 
b. y=-x+4; m=-1, b=4 

23. a. When two lines have the same 
slope but different y-intercepts, 
then they do not intersect. These 
two lines have m = 2 and their 
y-intercepts are 8 and 10. So they 
are parallel and they do not 
intersect. 

b. These lines intersect because one 
slopes down through point (0, 8) 
and the other slopes up through 
point (0, 10). They must intersect 
at a point to the left of the y-axis. 

c. These two lines do not intersect 
because they are both horizontal, 
one through point (0, -2) and the 
other through point (0, 1 0). 

d. These lines do not intersect. They 
are parallel lines with slope of 1 /4 
(which equals 0.25). One goes 
through point (0, 0) and the other 
through point (0, 1 0). 

e. These lines do not intersect. They 
are parallel lines having slope 10. 
One goes through point (0, -6) 
and the other through point (0, 0). 

24. a. Answers will vary. Sample: 
y = x - 2. (y = mx - 2, m > 0) 

b. y = (-3/2)x 
c. Answers will vary. Sample: 

y=-1.5x(y =-1 .5x+b,b<:::O) 

25. Answers will vary for each of the 
three equations given. 
Y= X+ 4: 
a. 1 b. 5 c. K 
y= 2x+ 4 
a. 1/2 b. 5/2 c. K/2 
Y= -3X+ 4 
a. -1/3 b. -5/3 c. -K/3 

Note: When y = mx + b 
a. 1/m b. 5/m c. Kim 

26. The answers depended on the para
meter m. 

27. a. m s o, b s 0 
b. m<:::O, bs 0 
c. msO, b<=::O 
d. m<::: 0, b<=:: 0 

28. For Y= mx+ b: When X= 0, y= b. 
When x increases by 1, y increases 
by m. When x increases by d, y 
increases by md. If two lines are par
allel, they have the same m parame
ter. If two lines meet on the y-axis, 
they have the same b parameter. 
The slope-intercept form is useful for 
graphing lines quickly because one 
can graph without having to substi
tute values into the equation to cal
culate coordinates of points. One 
point on the line is (0, b). From there, 
a second point can be found by 
using the slope's rise and run. 

29. a. 

b. (0, 6) 
c. Y= -2X+ 6 

30. a. Answers will vary. Sample y = 2x 
+ b, b * -5. (y = 2x + 3) 

b. y= 2x 
C. y=2X+ 2 

Y=2X+3 
y= 2x+ 2 
y=2X 

y= 2x- 5 

8.5 (Solutions for page 302 continued.) 

18. a. When multiplying powers with 
the same base, keep the base 
and add the exponents. When 
dividing powers with the same 
base, keep the base and subtract 
the exponents. 

b. Answers will vary. Samples: 
1. 35-36=311 
2. (26)/(22) = 24 

c. No, the patterns described in part 
(a) do not work when bases are 
different. 35/~ = 24314 = 60.75 
which does not equal 33 or 23. 

19.a.5K+Y 
C. 3y- K 

e. 62K 

8.9 (Solutions for page 314 continued.) 

19. (45)3 = (45)(45)(45) = 415 

20. a. x6 b. (y2)2 

c. (y5)2 d. (y3)2 
e. x12 

21 . a.y2K 
c. x4r 

22. If the base is a power of a smaller 
number, then the power can be writ
ten with a smaller base and larger 
exponent. For example, 43 = (22)3. 
This uses the power of a power law 
of exponents. If the exponent is 
even, the power can be written with a 
larger base and smaller exponent. 
For example, 24 = (22)2 = 42. If the 
exponent is a multiple of n, then the 
power can be written with a new 
exponent (1/n)th as large. For 
example, if n = 3 then 721 = (73f or 
BnK = (BY when 8 * 0. 

8.11 (Solutions for page 319 
continued.) 

21 . Answers will vary. Some students 
may prefer the percentage method 
because all scores remain higher. 
Others may prefer the subtraction 
method because they know their 
schedules will prevent them from 
handing in early papers, so they 
want fewer points awarded to those 
who can submit early papers. 

22. Students will give one of these 
equations: 
Subtracting method: S= 100- 10x 
or 
Percentage method: S = 1 00(0.9)K. 

23. They are equal. 

24. (0. 70)(0. 70)x = 0.49x and x - 0.050x 
=0.50x. 
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When x > 0 then 0.50x is greater 
than 0.49x. For example, when 
x = 10, 0.49x = 4.9 and 0.50x = 5. 

When x = 0 then 0.49x and 0.50x 
equal zero. So they are equal. 

When x < 0 then 0.49x > 0.50x. 

25. (0.90)3x= 0.729xand x- 0.10x-
0.10x- 0.10x= 0.70x 

When x > 0 then 0.729x > 0.70x. 
For example, when x = 10 then 
0.729x= 7.29 and 0.70x= 7.0. 

When x= 0 then 0.729x= 0 and 
0.70x= 0, so they are equal. 

When x < 0 then 0.70x > 0.729x. 
For example, when x = -10 then 
0.70x = -7 and 0.729x = -7.29. 

26. a. x=36 
b. X= 200 
C. X=625 

27. X= 25 

28. X= 1 

29. a. m = 1; y = x + 1 
b. m = -20; y = -20x + 4 
c. m = 7.625; y = 7.625x + 7 

30. a. The y-intercept is the value of y 
when x is zero. Each question in 
#29 begins with coordinates 
where the x-value is zero so the 
corresponding y-value is the 
y-intercept. For example, given 
point (0, 4) on the line, they
intercept is 4. 

b. You find the slope by calculating 
the change in the y-values divided 
by the change in x-values. 

31. a. y= 0.9x- 2.8 
b. y= 3.4x- 13.78 

74 56 c. y= 57x- 657 

8.E.I. (Solutions for page 325 
continued.) 

term employment, which many first, 
post-graduation jobs are, the flat 
increase of $1200 added to the 
beginning salary of $22,000 yields a 
higher salary for the first 12 years. 

13. a. not possible 
b. 46 

d. 46 

14. a. not possible 
c. 614 

c. 43 

e. 45 

b. 65 

d. 6° 

15. a. 39 b. 39 

c. not possible d. 324 

16. a. -154a12 

b. Cannot be written as a single 
monomial 

17. a. Answers will vary. Any positive 
values of a, b, and c such that 
a > 1, b > 1, c > 1, and a > b 
will satisfy this inequality. 

b. Answers will vary. Sample: 
a = 1, b = 2, c = 3. 

c. Answers will vary. Sample: 
a= 1/2, b = 1/3, c = 2. 

18. a. 34 b. 53 c. 43 

19. a. 2 
b. 25 = 32 
c. The answers are different 

because in (a), 5 is the exponent 
whose base is x. In (b), 5 is the 
exponent whose base is 2x. 
(2x5) is 2 • x · x · x · x · x and (2x)5 

is 2x • 2x • 2x • 2x • 2x = 25x 5 

20. a. 25 b. 27 c. 210 

21. a. 35 

22. Answers may vary in form. 
a. 14-1x-3y-3 b. -3-1a-s c. 3b2 

23. a. 3 • 105 b. 102/3 
c. 3 · R5 d. 6y2/5 

24. a. sx+a b. 5-x- 3 

25. 46x 

26. The proton is 1.838 • 103 times 
heavier than the electron. 
(1.674 ·10-24)/(9.110 · 10-28) = 
1.838. 104 

27. a. 48 kilograms= 48 • 103 grams. 
(48 • 103g)/(9.11 • 10-28g) = 
5.27 • 1031 • So Ann weighs the 
same as 5.27 • 1031 electrons. 

b. (48. 103g)/(1 .674. 10-24g) = 
2.867 . 1028 

Ann weighs the same as 
2.867 • 1~8 protons. 

28. 1 AU/1 angstrom = 
(1.50 • 1011 m)/(10-10m) = 1.5 • 1021 

There are 1.5 • 1 ~1 angstroms in 
one AU. 

9.A (Solutions for page 339 continued.) 

5. These problems can be solved by 
looking at either algebraic or geomet
ric patterns in the table and extend
ing these patterns to the 20-by-20 
case. 
a. 20/2 
b. 1015 
c. 6fi0 

6. 

7. a. The table is symmetric with 
respect to the diagonal. 

b. One has slope 2/1 and the other 
has slope 1/2. In either case, roots 
of 5 are obtained because 
h 2 + 22 = 15. 

8. a. 3/1 and 1/3 
b. 4/1 and 1/4 

9. a . ..f26 and 2..f26 (Note that the slope 
is 5/1 , and ..f26 is obtained from 
J52 + 12. 

b. 5 and 1 01These are both multi
ples of -/25. The slopet 3/4, and 
.J25 is obtained from 32 + 42 • 

10. Reports will vary. 

9.7 (Solutions for page 347 continued.) 

17. Most calculators will respond with "E" 
for "Error." Negative numbers are not 
in the domain of the square root 
function. 

18. equal 19. equal 

20. 2../3 is greater 

21 . .J3 + .J3 is greater 

22. equal 

24. equal 

23. equal 

25. 49·5 = 7 

9.E.I. (Solutions for page 365 continued.) 

30. about 71% 

31 . Ris 6 
R2 is 36, so 36 times as much 
material 

32. R3 is 216, so 216 times as much 
food 

10.1 (Solutions for page 370 continued.) 

16. a. y= 2x 
b. Each adult's ticket costs twice as 

much as each child's ticket. 

17. Plot (1.88, 0.94) on the line 
6x+ 3y= 14. (This yields $14.10, 
so it will be slightly off the line.) 
Plot (2, 1) on the line 6x + 3y= 15 
Plot (2.40, 1.20) on the line 
6x+ 3y= 18 

1. 6X+ 3y= 18 
2. 6x+ 3y= 15 
3. 6x+ 3y= 14 

child's daily fare 
2 

The line passing through all the 
points is the line x = 2y. It means that 
each child's fare is twice as much as 
each adult's fare. 
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18. a. 4c = 6, so c = 1 .5. Use 1.5 cups of 
concentrate. 

b. 4c = 1 o, so c = 2.5. Use 2.5 cups 
of concentrate. 

19. 15p = 160, sop is 10 2/3 cups. Use 
4 times this amount (4p), or 42 2/3 
cups each of the iced tea, apple 
juice, and cranberry juice. Use twice 
this amount (2p), or 21 and 1/3 cups 
of orange juice. Use (p) 10 2/3 cups 
of lemon juice. (These amounts are 
awkward to use, so in real life one 
would probably convert to quarts or 
gallons and do a little rounding.) 

20. a. If you had 3/4 cup of lemon juice, 
you could use only 2(3/4) cups 
of orange juice and 4(3/4) cups 
of each of the three other 
ingredients. 
12/4 + 12/4 + 12/4 + 6/4 + 3/4 = 
45/4 = 11 .25 cups of Piano Recital 
Punch, which would be sufficient 
for a very small piano recital. 

b. If you had 3 cups of orange juice, 
one part would equal 1.5 cups, so 
the total amount would be: 
4(1 .5) + 4(1 .5) + 4(1 .5) + 3 + 1.5 = 
22.5 cups of PAP. 

21. a. 43x6 or 64x6 

b. 43x6y 3 or 64x6y 3 

22. a. 20 • 22 = 80 
b. 1/10 
c. 1/40 

23. For x = 1 , they are equal. For x < 1 , 
3 • 2 x is greater. For x > 1 , 2 · 3 x is 
greater. (Some students will do this 
using trial and error. If they cannot 
get a complete solution, they should 
at least be able to find a value 
of x satisfying each of the three 
conditions.) 

10.2 (Solutions for page 372 continued.) 

11 . Answers will vary for the last two 
rows. Two possible answers are 
given. 

Apple juice Cranberry-
apple Total 

apple cran apple cran apple cran 

15 0 2.5 2.5 17.5 2.5 

8 0 6 6 14 6 

6 0 7 7 13 7 

4 0 8 8 12 8 

I 0 9.5 9.5 10.5 9.5 

X 0 0.50y 0.50y x+0.50y 0.50y 

14 0 3 3 17 3 

10 0 5 5 15 5 

12. If Nelson used all cranberry-apple 
and no apple juice, he would have a 
mixture that is 50% of each juice, 
containing 10 cups of cranberry juice 
and 10 cups of apple. This is the 
minimum amount of apple and the 
maximum amount of cranberry. If he 
used any apple jwice at all, he'd have 
more than 1 0 cups of apple and Jess 
than 10 of cranberry. He could in
crease the amount of apple as much 
as he wanted, even to the point of 
using all apple juice. To summarize: 

minimum cranberry: 0 cups 
maximum cranberry: 1 0 cups 
minimum apple: 1 0 cups 
maximum apple: 20 cups 

13. The cranberry is 2.5/20 or 12.5% of 
the total mixture. 

14. Answers will vary for the last two 
rows. Two possibilities are given. 

Apple juice Cranberry-
apple Mixture 

apple cran apple cran apple cran %cran 

15 0 2.5 2.5 17.5 2.5 12.5% 

8 0 6 6 14 6 30% 

6 0 7 7 13 7 35% 

4 0 8 8 12 8 40% 

1 0 9.5 9.5 10.5 9.5 47.5% 

X 0 0.50y 0.50y x+0.50y 0.50y 25% of v 
or0.02Sy 

14 0 3 3 17 3 15% 

10 0 5 5 15 5 25% 

15. The smallest percentage of 
cranberry is 0%, since he could use 
all apple if he wanted to. The largest 
percentage of cranberry is 50%, 
which would come from using all 
cranberry-apple. The smallest per
centage of apple is 50%, and the 
largest is 1 00%. 

16. x = number of cups of pure apple 
juice 
y = the number of cups of cranberry
apple juice 
Since the cranberry-apple juice is 
50% cranberry, 0.50y represents the 
amount of apple juice in y cups of 
cranberry-apple. So, the total amount 
of apple juice in the final mixture is x 
(from the pure apple juice) plus 
0.50y (from the cranapple juice). 

17. The only cranberry juice in the mix
ture is the amount that is contributed 
by the cranberry-apple juice. Since 
50% of that is cranberry, the amount 
of cranberry in the mixture is 0.50y. 
Notice in the table that the amounts 
of apple and cranberry are equal in 
the column for cranberry-apple. 

18. The variables x and y represent the 
amount, in cups, of the two juices 
used in the mixture. Since Nelson is 
making 20-cup batches, x + y is 
always equal to 20. 

19. The equation x + 0.50y = 10 means 
that the total amount of apple juice in 
the mixture is 1 0 cups. The (x, y) pair 
that satisfies this is (0, 20), which 
corresponds to using no pure apple 
juice and all cranberry-apple juice to 
make the mixture. 

20. a. Half of the cranberry-apple juice is 
4 cups. 

b. y = 8. Since x and y add up to 20, 
X=12 

21. a. The amount of apple juice in the 
mixture is 15 cups. 

b. X= 10, Y= 10 
Note: Tables may help students 
find solutions to #19, #20b, and 
#21b. 

X y 20 

apple cran apple cran apple cran 

0 0 10 10 10 10 

12 0 4 4 16 4 

10 0 5 5 15 5 

X 0 0.50y 0.50y X+ 0.50y 0.50y 

22. a. There are 4 cups of apple juice in 
the total mixture. 

b. This is impossible. There would 
have to be 16 cups of cranberry 
juice in the final mixture to make 
20 cups. If there are 16 cups of 
cranberry, then 32 cups of the 
cranberry-apple mixture must 
have been used, which is too 
much. 

23. a. There are 11.5 cups of apple juice 
in the total mixture. 

b. X= 3, Y= 17. 

24. a. The apple juice is 75% of the total 
mixture. Another way of writing this 
is X+ 0.50y= 0.75(20) or X+ 0.50y 
= 15. This is the same as #21 . 

b. From #21b, X= 10 andY= 10. 

25. a. The apple juice is 25% of the total 
mixture. This equation is equiva
lent to x + 0.50y = 0.25(20), or 
X+ 0.50y= 5. 

b. This is impossible because there 
would have to be 30 cups of cran
berry apple juice (y) and there can 
be no more than 20 cups in the 
total mixture. 

26. #22 and #25 were impossible. To 
see if they would be possible to 
solve if the total mixture contained 
30 cups, we could make a table. 
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X y 30 

apple cran apple cran apple cran 

0 0 ? 26 4 26 

0 0 ? 25 5 25 

The table shows that these cases 
would also be impossible with 30 
cups total. If there were 4 cups of 
apple, there would have to be 26 
cups of cranberry. However, that 
would require 52 cups of cranberry
apple. Likewise, if there were 5 cups 
of apple in the final mixture, there 
would have to be 25 cups of cran
berry, which would require the use 
of 50 cups of cranberry-apple. 

10.A (Solutions for page 380 continued.) 

14. a. Nelson is now making 25-cup 
batches of juice. 

b. This is impossible to solve if 
x + y = 20. Nelson cannot simulta
neously make 20-cup batches and 
25-cup batches. 

15. a. There are 10 more cups of Fruity 
Flavor than Berry Blend in the 20-
cup mixture. 

b. (15, 5) 

16. Reports will vary. The amount of 
each kind of juice possible in the 
mixture is determined by the percent
age of each juice in each of the com
ponents (FF and BB) and the total 
amounts of FF and BB used. The 
percentage of each kind of juice pos
sible is determined by the minimum 
and maximum percentages in each 
of the components. To solve prob
lems like #4 and #6, first find the 
number of cups of each juice. For 
example, if the final mixture were 
45% cranberry, then this is (0.45)(20) 
or 9 cups. Write an equation that 
describes this in terms of the compo
nents, i.e., 0.50x+ 0.20y= 9. Write 
an equation that describes the total 
number of cups, i.e., x + y = 20. 
These can easily be solved 
simultaneously. 

10.5 (Solutions for page 383 continued.) 

graphs will vary 
Sample: 
1.3x+2y=5 
2. 5x + 2y= 5 
3. -x+ 2y= 5 
4.X+2y=5 

15. a. When A changed and 8 and C 
remained fixed at 2 and 5 respec
tively, the steepness and x-inter
cept changed, and the y-intercept 
stayed the same. The closer the 
value of A was to zero, the farther 
away the x-intercept was from the 
origin. 

b. In problem #14, graphs with posi
tive values of A had positive x
intercepts. Graphs with negative 
values of A had negative x-inter
cepts. 

c. When A = 0, the line is horizontal. 
When A is very large, the x-inter
cept is very close to the origin and 
the line looks vertical. It is not pos
sible to choose a value of A to 
make the line vertical. When 
8 = 0, the line is vertical. 

16. a. The line is close to being vertical. 
b. The line is close to being vertical. 
c. The line is close to being horizontal. 
d. The line is close to being horizontal. 

17. a., b. 

1. 2X+ 4y= 8 
2. 2X+ By= 8 
3. 2x- Y= 8 
4. 2x- 2y= 8 

18. a. When 8 alone was changed, the 
steepness and y-intercept 
changed while the x-intercept 
stayed the same. The closer the 
value of 8 was to zero, the farther 
the y-intercept was from the 
origin. 

b. In #17, graphs with positive values 
of 8 had positive y-intercepts. 
Graphs with negative values of 8 
had negative y-intercepts. 

c. No value of 8 can be found that 
will make the graph horizontal. 
(However, when 8 is very large, 
the y-intercept is close to the ori
gin and the line looks horizontal.) 
A horizontal line would have 
A = 0. When 8 = 0, the line is 
vertical . 

19. a. negative slope, close to horizontal 
b. positive slope, close to horizontal 
c. negative slope, close to vertical 
d. positive slope, close to vertical 

20. They do not intersect. Since A and 8 
are the same in both equations, the 
lines will have the same slope. 

21 . Graphs will vary. Some samples are 
given. 

1. 3x+ 2y= 6 
2. 3X+ 2y= 12 
3. 3x+ 2y= 1 
4. 3x+2y=-6 
5. 3x+ 2y= 0 

Conclusion: When Cis changed 
and A and 8 remain constant in 
3x + 3y = 6, the resulting line has the 
same slope but different x- and y
intercepts. If c > 0, the larger its 
value, the further the intercepts are 
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from the origin. If c < 0, the smaller 
its value, the farther the intercepts 
are from the origin. When c = 0, the 
line goes through the origin. 

22. Reports will vary. Some sample 
points that should be included: 
Changing A changes a graph's x
intercepts and slope. The y-intercept 
does not change. When A = 0, the 
graph is a horizontal line. 
Changing 8 changes a graph's y
intercept and slope. The x-intercept 
does not change. When 8 = 0, the 
graph is a vertical line. 
Changing C changes a graph's inter
cepts but not the slope. When C = 0, 
the graph goes through the origin. 

23. No solution necessary. See Notes to 
the Teacher. 

25. a. the second square 
b. the first square 

26. a. the square 
b. the square 

27. a. the square 
b. the square 

1 0.6 (Solutions for page 386 continued.) 

23. (1' 1) 

24. Begin with the first equation 
(2x + 3y = 5) and add to it -2 times 
the second equation. This will elimi
nate x and result in the horizontal 
equation y = 3. 

25. (-2, 3) 

26. Horizontal lines, of the form y = k, 
and vertical lines, of the form x = k, 
have only one variable. When solv
ing a system of equations, one elimi
nates one variable and solves for the 
other in the form y = k or x = k. This 

c. You are at (6, 3) which is also on 
the graph. Once again, you know 
that without graphing, either by 
reasoning about slope or showing 
algebraically that the point satis
fies the equation. 

d. The variable m must be 9. You 
can figure this out by trial and 
error, or find m such that 6/m 
equals 2/3. 

29. First plot they-intercept. Then move 
over and up from the y-intercept the 
amount specified by the slope. 
Example: To graph y= (3/5)x+ 2, 
first plot the y-intercept (0, 2). Then 
count up 3 and to the right 5 from the 
y-intercept to find a second point on 
the line. This will get you to (5, 5). 
Draw a line through (0, 2) and (5, 5). 

30. a. y = -(4/3)x + 8/3 
b. y= -3x+ 6 
c. Y= 3x- 2 
d. y = -(4/3)x + 2/3 

11.3 (Solutions for page 405 continued.) 

6. d. 

% 

one variable solution is either a hori- 6. e. 
zontal or vertical line through the 
point of intersection of the system's 
equations. 

27. a. infinite number- some solutions: 
7 and 3, 8 and 2, 9 and 1 

b. one solution, (8, -2) 
c. no solution 

28. a. at (0, -1) 
b. You are at (3, 1 ), which is a point 

on the graph. Since the slope is 
2/3, every time you move up 2 
units and 3 units to the right, you 
will be at another point on the 
graph. (Another way of showing 
this is to show that the point satis-
fies the equation.) 

Y= -2x(x- 3) 

Y= -2(x- 3) 

7. Answers will vary. Sample answers 
are given. 
a. rise: -7.5 run: 1 
b. rise: 2.5 run: -5 

8. a. y= (2/3)X+ 8 
b. Y= (2/3)x + 8 

9. Answers will vary. Sample answers 
are given. 
a. (1, 7), (2, 14) 
b. (3, 2), (6, 4) 
c. (2, 9), (4, 18) 
d. (100, 678), (200, 1356) 

10. a. (2, 3) and (-2, -3) 
b. All points of the form (2n, 3n), 

where n is an integer. 
c. y= (3/2)x 

11 . This problem is for discussion. 
Students will be able to answer it 
after completing Lesson 11.4. 

12. qlp 

13. All points of the form ( qn, pn), where 
n is an integer will be on the line. If p 
and q are not relatively prime, find a 
fraction r/s that is equivalent to p/q. 
All points of the form (sn, m), where 
n is an integer will also be on the 
line. 

14. Answers to the Exploration will vary. 
Students will be guided to the correct 
answer in the following problems. 

15. a. q - 1 horizontal 
b. p - 1 vertical 

16. a. none 
b. It crosses n - 1 lattice points 

between (0, 0) and (p, q). 

17. a. p+ q- 1 
b. p + q-(n+1) 

18. Reports will vary. They should use 
the results from #15- #17. 
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11.8 (Solutions for page 421 continued.) 

Measured Actual Estimated Actual 
number of number or speed in speed in Error 

seconds seconds milhr milhr 

43 45 83.72 80.00 3.72 

45 45 80.00 80.00 0 

47 45 76.60 80.00 3.4 

83 85 43.37 42.35 1.02 

85 85 42.35 42.35 0 

87 85 41.38 42.35 0.97 

The error is obviously higher if you 
are going faster. The maximum error 
for the speeds shown in the table in 
#7 is 3.7 miles/hour. 

10. If the car were going 80 miles per 
hour, the maximum error would be 
two seconds in starting and stopping 
the stopwatch. With the maximum 
error, the measured number of sec
onds would be 178 seconds in four 
miles. 178/4 = 44.5, so the 
estimated speed in miles per hour 
would be 3600/44.5 or 80.90 miles 
per hour, which would be off by 0.90 
miles per hour. 

11. Reports will vary. 

11 .E.I. (Solutions for page 423 
continued.) 

b. This is fair. There are 23 or 8 pos
sibilities in all. If necessary, make 
a table to show that there are 4 
possibilities with 0 or 2 heads and 
4 possibilities with 1 or 3 heads. 

c. fair 

23. 1 pound = 0.454 kg, so 1 kg = 
(1/0.454) pounds or about 2.2 
pounds 

24. a. 1/144 ff/in.2 

b. 144 in.2/ff 
c. (2.54)3 = 16.387 cm3/in.3 

d. (1/16.387) = 0.061 in.3/cm3 

25. 62.4 lbs/ft3 

12.8 (Solutions for page 452 continued.) 

15. a. The graph would be a V with a 
vertex at (2, 600). 

b. The equation would be y = -300 
lx- 21 + 600. 

16. (-10/3)x 

17. 3.083x+ 0.875 

18. 0.1x+ 0.4 

12.E.I. (Solutions for page 455 
continued.) 

21. The amount immediately before tak
ing the next dose will be 0.4xa. When 

she takes the next dose, the amount 
in her body will be 360 mg more than 
that, or 0.4xa + 360. 

22. The amount immediately after taking 
the dose is xb + 360. Just before tak
ing the next dose, 40% of the drug 
will remain in her body, or 0.40(xb + 
360). 

23. Using equations, solve for Xa in the 
equation X8 = 0.4x8 + 360. The high
est amount approaches the stable 
level of 600 mg. Solve for xb in Xb = 
0.40(xb + 360) to find the lowest 
amount, which is 240 mg. (Notice 
that these are 360 mg apart, which 
is exactly the dose.) 

13.1 (Solutions for page 460 continued.) 

22. a. y = -Q.25x(x - 8) 
b. Y= -4x(x- 2) 
C. y= -1x(X+ 4) 
d. y = (213)x(x + 6) 

23. x=-1 .6 

24. X= -1.6, y = -1.6 

25. The fixed point is the point for which 
the input equals the output. 
Therefore, y = x. 

26. The graphs of y = x2 and y = x inter
sect at (0, 0) and (1 , 1). These are 
indeed the fixed points of y = x2. 

13.4 (Solutions for page 467 continued.) 

We can see from the table that a 
1-unit increase in length leads to a 
different amount of increase or 
decrease in perimeter, depending 
on the length. The change is not con
stant. This is what might be expec
ted, since perimeter is not a linear 
function of length. 

14. a. Divide 36 by the length to find the 
width. Add the width and the 
length and double the result to 
find the perimeter. 

b. P= 2[L + 36/L] 
c. The length and width would be 6 

and the perimeter would be 24. 
This is a square. This figure is 
represented by the lowest point of 
the curve graphed in #1 0. 

15. a. W =AIL 
b. P= 2[L + AIL] 

16. The minimum perimeter can be 
obtained by making a square. The 
square will have side .fA and hence 
perimeter 4./A. 

17. 5 and 15 (Methods will vary.) 

18. They should have two points of inter
section: (5, 15) and (15, 5) . This is 
the same problem as #17, stated in 
terms of graphs. 

19. 20 and 3.75 

20. We can achieve the smallest sum by 
making the two numbers equal. The 
two numbers are m and m. so 
their sum is 2.ff5. 

13.A (Solutions for page 468 continued.) 

5. Let x be the number of boxes. 
y = basic charge + surcharge 

= 100x+ 2000/x 

6. By graphing or trial and error, the 
correct answer is found to be 
between 4 and 5. Check both: 
4 boxes: basic charge = 
4($1 00) = 400 
surcharge = $2000/4 = 500 
Total= $900 
5 boxes: basic charge = 
5($100) = 500 
surcharge = $2000/5 = 400 
Total= $900 
Either works. 

7. Per widget, the cost is $900/2000, 
or 45 cents per widget. 

8. Reports will vary. 

13.5 (Solutions for page 470 continued.) 

17. A 24-in.-by-24-in.-by-18-in. box 
will have a volume of 10,368 cubic 
inches. 

18. Solutions will vary. 

19. With 2 inches of cushioning, the 
maximum length plus girth would be 
116 inches. A box with dimensions 
19 by 19 by 40 would have volume of 
approximately 14,440 cubic inches. 

13.6 (Solutions for page 472 continued.) 

11111111· · · x2 + bx t split the middle term in half 

t complete the square 
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18. Add 16 to both sides. Sketch of 
equal squares should show (x + 4)2 

on one side and 72 on the other side. 
Then x + 4 must equal 7 or -7. The 
solutions are 3 or -11 . 

19. Add 4 to both sides. Sketch of equal 
squares should show (x + 2)2 on one 
side and 102 on the other side. Then 
x + 2 must equal 10 or -10. The solu
tions are 8 or -12. 

20. Add 9 to both sides. Sketch of equal 
squares should show (x + 3)2 on one 
side and 82 on the other side. Then 
x + 3 must equal 8 or -8. The solu
tions are 5 or -11 . 

21. Add 25 to both sides. Sketch of 
equal squares should show (x + 5)2 

on one side and g2 on the other side. 
Then x + 5 must equal 9 or -9. The 
solutions are 4 or -14. 

22. x = 11 or x = -3 

23. x = 12 or x = -8 

24. no solution 

25. Add 1/4 to both sides to get x2 + 
x + 1/4 = 6.25, so (x + 0.5)2 = 2.52 . 

Hence x = 2.0 or x = -3.0. 

26. Exact answer: 4 ± .f13 
Approximations: x = 7.61 or x = 0.39 

27. Exact answer: 2.5 ± ~14.25 
Approximations: x = 6.27 or x = -1.27 

28. Exact answer: x = -1 or x = 5 

29. Exact answer: 0.5[7 ± .J6s) 
Approximations: x = -o.53 or x = 7.53 

30. X= 0 and X= -18 

31. X= -5.5 and X= 0.5 

32. x = -4 and x = 2 

33. x = -4 and x = -3 

34. Answers will vary. Any equation that 
can be written in the form a(x + 2) 
(x - 5) = 0 will have roots -2 and 5. 

35. Answers will vary. One possible 
solution is (x - 2)2 = 5, or 
x2 - 4x- 1 = 0. 

36. x2- 8x+ 13 

37. x2 - ax+ 13 = o 
We know the solution, because we 
obtained the expression on the left 
side by multiplying a factored expres
sion. The solutions are x = 4 ± -13. 

13.7 (Solutions for page 475 continued.) 

b. Look at the value of c in the equa
tion and determine how far it is 

from 9, since 9 is the value that 
will make the expression a perfect 
square. V= c- 9 

22. a. y = x2 + 4 
b. y = x2 + 4x + 4 = (x + 2)2 

c. y = x2 + 2x + 4 = (x + 1 )2 + 3 
d. y = x2 + 6x + 4 = (x + 3)2 - 5 

23. a. y = x2 + 6x + 4 
b. y = x2 + 4x + 4 
c. r=x2+2x+4 
d. Y= x2 +4 

24. Since H = 0, the vertex is (0, c). 

25. y = x2 + 4 = (x + 0)2 + 4, so H = 0 
y= x2 + 4x+ 4 = (x+ 2)2, soH= -2 
y = x2 + 2x + 4 = (x + 1 )2 + 3, 
so H=-1 
y = x2 + 6x + 4 = (x + 3)2 - 5, 
so H=-3 

26. a. His the opposite of half the num
ber of x-blocks. 

b. His the opposite of half of b. 

27. a. H = -o.5b = -o.5(16) = -8 
b. H=8 

28. As the Lab Gear figures show, 
you must have half the number of 
x-blocks on each side to make a 
square. This corresponds to taking 
half the coefficient of the middle 
term. To see that it is necessary to 
take the opposite of b/2, compare 
the Lab Gear figures and the graphs. 

29. Reports will vary. The main ideas 
follow. 
a. The x-intercepts are p and q. 

The x-coordinate of the vertex is 
halfway between the x-intercepts, 
or (p + q)/2. To find the y-intercept 
of the vertex, substitute this num
ber into the equation for x and 
solve for y. 

b. The vertex can be read directly 
from an equation in vertex form. 

c. The x-coordinate of the vertex is 
-b/2. To find they-intercept of the 
vertex, substitute -b/2 for x in the 
equation and solve for y. 

13.8 (Solutions for page 479 continued.) 

b. If the area is 60, LW = 60. The 
length can be written in terms of 
the width: L = 60/W. Since 
P= 2L + 2W, we can write 
P= (120/W) + 2W. 

8. Solution methods will vary. One 
possible method is given: 

8. 32- w 

Area= 180 I w 

W(32- W) = 180 
(32- W)W= 180 
W2 - 32W+ 1ao = o 
H= 16, V= (16)2 - 32(16) + 180 
=-76 
The solutions are 16 ± ff6 = 
16 ± 8.72 = 7.28 or 24.72 
The dimensions of the rectangle are 
approximately 7.28 by 24.72. 

9. Solution methods will vary. One pos
sible method is given. 

25+ w 
Area=126 lw 

W(25 + W) = 126 
W2 +25W-126=0 
H= -12.5, V= (-12.5)2 + 25(-12.5)-
126 = -282.25 
The solutions are -12.5 ± ha2.25 = 
-12.5 ± 16.8. Only the positive solu
tion, which is 4.3, will work. The 
other dimension of the rectangle 
must be 25 + 4.3 = 29.3. Check by 
multiplying 4.3 by 29.3. The result is 
very close to 126. 

10. Solution methods will vary. One 
possible method is given. 

~~w 
4W 

Perimeter = 35 
The length is 4 W, so the perimeter is 
8 W + 2 W = 10 W. The perimeter is 
given to be 35, so 
10W= 35. 
W=3.5 
L = 4(3.5) = 14 

11. It is given that the length is four times 
the width, so we can write the equa
tion L = 4W. The area is 4W • W. 

4W 

Area=25 lw 4W2 =25 

4W· W=25 
W2 =25/4 
W=512 
Hence the width is 2.5 and the length 
is 10. 



S 0 L U T I 0 N S 

13.E.I. (Solutions for page 481 
continued.) 

9. x-unit = 4 
y-unit = 40 

1. X(25- 2x) 
2. x(25- x) 
3. 2x(25- x) 

10. Answers will vary. 

6 

1 3 2 

4. (6.25, 78.125) 
5. (12.5, 156.25) 
6. (12.5, 312.5) 

11. Answers will vary. Sample answers 
are given. 
a. y= 3x(x- 2) 
b. Y=-6x(X+4) 
c. Y= -99(x- 1)(x+ 4) 

12. The graphs should all be the same, 
since all the equations can be written 
in factored form as y = 4x(x - 1 ). 

13. Answers will vary. Sample answers 
are given. 
a. y=x2 +4 
b. y= (x- 3)2 

c. Y= (x- 3)(x+ 2)(4x+ 5) 

14. a. There is one x-intercept, since 
there is one solution to the equa
tion, 0 = 2x + 1. 

b. There are two x-intercepts, since 
by the zero product property either 
x = 0 or 4 - x = 0. 

c. There are no x-intercepts, since 
there is no real number such that 
x2 = -1 . 

d. There is one x-intercept, since the 
parabola sits on the x-axis on 
X= -1 . 

15. a. The equation can be written 
y = x(8 - x) in factored form, so 
by the zero product property x = 0 

or 8 - x = 0. Hence there are two 
x-intercepts. 

b. By completing the square, one 
can see that this can be written in 
the form y = (x - 0.5)2 + 1. 75, 
which has a graph that is entirely 
above the x-axis. Hence there are 
no x-intercepts. 

c. The equation can be written in 
factored form as y = 2(x + 3) 
(x + 3), so there is only one 
x-intercept, since the two factors 
are the same. 

16. a. If a > 0, there is one x-intercept, 
since the parabola sits on the 
x-axis at (H, 0). If a< 0, there is 
also one x-intercept, since the 
parabola hangs down from the 
x-axis at (H, 0). 

b. There are no x-intercepts if a> 0, 
since the graph is a smile para
bola with its vertex above the 
x-axis at (H, 3). There are two 
x-intercepts if a < 0, since the 
graph has a vertex above the 
x-axis but opens down into a 
frown. 

c. If a > 0, there are two x-inter
cepts, since the graph has a ver
tex below the x-axis at (H, -3), and 
opens up into a smile. If a < 0, 
there are no x-intercepts, since 
the graph has a vertex below the 
x-axis at (H, -3), and opens down 
into a frown. 

17. Answers will vary. Sample answers 
are given. 
a. y= 5(x- 2)(x- 4) 
b. y= -3(x- 2)(x- 4) 
c. The vertex of the first parabola is 

(3, -5). The vertex of the second 
parabola is (3, 3). The vertices 
have the same x-coordinate, but 
different y-coordinates. 

18. Answers will vary. Sample answers 
are given. 
a. y= x(x- 3) 
b. Y= -4x(x- 3) 
c. Y= x2 + 9 
d. Answer will depend on the form 

(standard, vertex, or factored) in 
which students have given their 
answers to (a), (b), (c). 

19. Answers will vary. Three possible 
equations are: y = -6x(x - 2), 
Y= -6x2 + 12x, Y= 3x(-2X + 4). 

20. a. The equation must be of the form 
Y= a(x + 2)(x- 6). Substituting 
(0, 4) into the equation, we can 
show that x = -1/3, so the equa
tion is Y= (-1/3)(x + 2)(x- 6). 

b. The other x-intercept must be at 
(-3, 0), since the vertex is halfway 
between the x-intercepts. The 
equation must be of the form 
y = a(x + 3)(x - 1 ). Substituting 
(-1, -4) into the equation, we can 
show that a = 1 , so the equation is 
y= (x+ 3)(x- 1). 

c. Since the vertex is on the x-axis, 
it is the only x-intercept. The 
equation is of the form y = a(x + 2) 
(x + 2). Substituting (0, 2) into 
the equation, we can show that 
a= 1/2, so the equation is 
Y= (1/2)(X+ 2)2• 

21 . a. Find the x-coordinate of the vertex 
by averaging the x-coordinates of 
the x-intercepts. The x-coordinate 
is (5 + -8)/2 = -3/2. Substitute for x 
in the equation to get the y-coordi
nate of the vertex. The vertex is 
(-1.5, 84.5). 

b. The vertex is (-3, -6). 
c. The x-coordinate is -b/2 = -2. 

The y-coordinate can be found by 
substituting: y = (-2)2 + 4(-2) - 7 = 
4 - 8 - 7 = -11 . The vertex is 
(-2, -11 ). 

22. Answers will vary. Sample answers 
are given. 
a. y = 3(x - 2)2 + 8 
b. Y= -4(x- 8)2 + 64 

23. a. Answers will vary. Any answer 
that can be written in the form 
y = a(x - p)(x + r) will work. 
Check by substituting p and -r 
for x. 

b. The x-coordinate is (p - r)/2, 
which was found by averaging the 
x-intercepts. The y-coordinate is 
-a(p + r)2/4. 

24. a. no solution 
b. X= 8 ± .f6 
c. no solution 
d. X= -8 ± .f6 

25. X=± .f6 
26. x = 0 or x = 6 

27. X= 3 

28. X= -3 

29. X= -3 ± .J13 
30. X= 2 ± .f2 

31 . x=-7orx=-1 

32. x = 7 or x = 1 

14.7 (Solutions for page 503 continued.) 

10. a. Sincev'O = 0, the number being 
added and subtracted is 0. 
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b. The number under the radical is a 
negative number, so there are no 
real solutions. 

c. The number under the radical is a 
positive number, so one solution 
is obtained by adding its square 
root and the other is obtained by 
subtracting it. 

11 . If a and c have opposite signs, the 
related parabola must cross the 
x-axis, as explained in #2. Therefore, 
there must be two solutions, which 
would mean that the discriminant 
would be positive. 

12. a. -bla 
b. -b/(2a) 
c. cia 

13. X= -5 :1:~ 
4 

sum of roots: -5/2 
product of roots: -4 

14. X= 4 ± v'6 
2 

sum of roots: 4 
product of roots: 5/2 

15. x= 1 or x= -518 
sum of roots: 3/8 
product of roots: -5/8 

16. X= -5 ~.[17 
sum of roots: -2.5 
product of roots: 1 /2 

17.a,c 

18.a,b,c,e 

19.a,b,c,d,e 

20. a, b, c, d, e, f 

21. a. 3x= 12 
b. 3x=-12 
C. 12X= 3 
d. x2 = 12 

22. x2 + 1 = 0 

23. No solution is necessary. 

14.E.I. (Solutions for page 508 
continued.) 

21 . a. Any equation of the form 
y = a(x - 2)(x + 4) is correct. 
b.x=-1 
c. (2, 0)(-4, 0) 
d. H=-1 V=-9a 

22. a. Any equation of the form 
y = a(x - 3)2 - 5 is correct. 
b. X=3 
c. (3 +.f5i8. 0)(3 - .f5i8, 0) 
d. (3, -5) 

23. a. Any equation of the form 
y = a(x + .f5)(x - .f5) is correct. 

b. X=O 
c. ( .JS, 0) and (-.J5, 0) 
d. (0, -5a) 

24. a. Any equation of the form 
y = a[x - (1 + .J6)][x - (1 - -/6)] 
is correct. 

b. X= 1 
c. (1 + -/6, 0) and (1 - -/6, 0) 
d. (1,6a) 

25. a. One possible equation is 
y= x2- 10x+ 3. 
Answers will vary. 

b. X=5 
c. Answers will vary. 
d. Answers will vary. 

26. a. vertex: (-3, -9) 

x-intercepts: -3 ± ~ 
y-intercept: 9 

b. vertex: (2, -36) 
x-intercepts: 5 and 
-1 y-intercept: -20 

c. vertex: (0.583, -10.041) 

x-intercepts: 7 ± 00 
12 

y-intercept: -8 

27. a. 0 b. 1 c. 0 

28. w2+9w-10=0 
solution: w = -1 0 or 1 

29. L2 + L - 6 = 0 
solution: L = 2 or -3 

3o. e - 4L - 32 = o 
solution: L = 8 or -4 

31. x2 - x- 1 = 0 

solution: 1 ±2 .J5 

32. X= -2 

33. identity 

34. X= 1 ±2 .J5 

35. Answers will vary. Sample answers 
are given. 
a. 3(x- 4)(x+ 2) = 0 
b. x2 = 5 
c. (x- 1)2 = 5 

36. Answers will vary. 
Sample answer: -5(x + 6)2 = 0 

37. Answers will vary. 
Sample answer: x2 + 1 = 0 



TOPICS COVERED IN THIS BOOK 
-· -- -- -· --·- .. ·- .. ·- .. ... .. ·- .. 

For the most part this book is not organized by topics. The most important ideas and 
techniques appear again and again in different chapters, instead of being confined to a small 
set of consecutive lessons. This allows students to see topics from many points of view, over 
a longer stretch of time, and leads to better retention of the central concepts of the course. 
The following list includes the main algebra topics in the book. Even though they play an 
essential role in the course, topics from geometry, probability, and number theory, as well 
as real-world applications, are not listed here. 

ALGEBRA TOPICS 

...,. Numbers 
•:• Fractions and decimals 

•:• Square roots 

•:0 Scientific notation: very large 
and very small numbers 

•:• Working with numbers 
between 0 and I 

•:0 Real numbers and their 
subsets: rational and irra
tional numbers, integers, 
natural numbers 

...,. Variables 
•:• Like terms 

•:• Substitution and evaluation 

•:• Polynomials 

...,. Functions 
•!• Input-output tables 

•!• Function diagrams 

•!• Cartesian graphs 
intercepts 
effect of parameters 
rate of change 
relationship of graphs, 

ordered pairs, and 
equations 

•!• Linear functions 
slope-intercept form 
standard form 

Topics Covered in This Book 

constant sum, constant 
difference 

•:• Quadratic functions 
intercept form 
standard form 
vertex form 

•:• Other functions 
exponential functions 
constant products 
rational functions 
step functions 
absolute value functions 

•:0 Iterating linear functions 

•:0 Definitions of function, 
domain, range 

...,. Sequences 
•:0 Arithmetic 

•!• Geometric 

•!• Fibonacci-like 

.... Structure 
•!• Operations 

order of operations 
geometric and graphic 

models 
for operations 

laws of exponents 
rules for radicals 

•!• The Distributive Law 
minus and parentheses 
identities 
multiplying 
dividing 
factoring 

•:• Inverses 
opposites and reciprocals 
inverse operations 
inverse functions 

•!• Algebraic fractions 
equivalent fractions 
lowest terms 

•!• Abstract algebra 

...,. Equations and 
Inequalities 
•:0 Solving equations graphically 

•:0 Solving equations by trial 
and error 

•:• Linear equations 

•:• Quadratic equations 
the zero product property 
completing the square 
the quadratic formula 

•:• Inequalities 

•!• Simultaneous equations 

•:0 Finding the equation of a line 

...,. Proportion, Ratio, 
and Slope 
•:0 Similarity and proportions 

•:• Direct variation 

•!• Slope 

...,. Working with Data 
<- Using graphs and tables 

•:0 Averages 

•:0 Fitting a line to data 
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INDEX OF SELECTED TOPICS AND TOOLS 
... -· -- -· --·- .. ·- .. ... .. ·- .. ... .. 

INDEX OF SELECTED TOPICS 

To help you navigate through the course, we 
provide the following index for selected top
ics. For each topic we provide a listing of 
some of the lessons where it appears. At any 
particular time when teaching or planning your 
course, this can help you get a sense of what's 
coming next in a given strand and of what has 
come before. Topics that appear in one or two 
chapters only are not listed here. Look for 
them in the index to the textbook. 

The lessons shown in bold type emphasize 
the given topic. Other lessons provide preview 
or review. 

Abstract algebra: 3.11, 4.C, 5.12, 6.C 

Arithmetic sequences: l.ll, 2.10, 5.8, 5.9-5.11, 5.C 

Averages: 5.11, 6.3, 6.10, 8.1 , 9.6, 9.C, 12.5 

Constant sum, product, difference, and ratio graphs: 
4.1, 5.1, 5.2, 5.A, 5.7, 6.8, 10.1, 10.5, 11.7, 12.2, 
12.3, 12.A, 13.1, 13.4 

Direct and inverse variation: 3.12, 4.1, 4.2, 4.5, 4.6, 
4.8, 4.9, 5.2, 5.7, 6.8, 10.8, 11.3, 11.8, 12.3, 12.A 

Distributive law: 1.5, 1.9, 1.10, 2.3-2.A, 3.3, 3.10, 5.3, 
5.4, 5.7, 5.8, 6.4, 6.5, 7.1, 7.3, 7.A, 7.7, 9.9 

Exponential functions: 2.5, 5.C, 7 .8, 8.5-8.8, 8.11, 
9.7, 9.8, 10.1 

Exponents: 2.5, 7.8, 7.9-7.11, 7.C, 8.5-8.C, 9.7, 9.8, 
10.1 

Factoring: 1.5, 1.10, 2.3, 2.4, 3.3, 5.4-5.6, 6.6, 7.4, 7.5, 
7.7, 13.2, 13.3, 13.6, 14.3, 14.4 

Fibonacci-like sequences: 1.8, 2.6, 11.7, 14.8 

Fitting a line to data: 4. 7, 8.1, I 0.8, 12.2 

Fractions, and algebraic fractions: 3.7, 3.8, 3.12, 5.3, 
6.8-6.10, 8.6, 8.10, 9.8, 9.9, 9.11, 11.2, 11.3. 11.8, 
13.8, 14.2, 14.3, 14.A, 14.8 

Geometric sequences: 2.5, 5.C, 7.8, 8.5, 8.6, 11.1, 
11.2, ll.A 

Graphical solution of equations and inequalities: 4.8, 
6.2, 6.4, 6.5, 7.6-7.8, 10.1, 10.5, 10.6, 12.5, 13.1-13.3 

Identities: 1.4, 5.7, 6.4, 7.1-7.4, 7.5, 9.9 

Inequalities: 3.5, 3.11, 6.1, 6.2, 6.4, 6.A, 6.5, 6.12, 7.8, 
8.7. 14.5 

4s34 

Like terms: 1.6, 1.7, 1.10, 2.2, 2.3, 2.A, 7.A 

Linear equations: 2.7, 2.10, 3.7, 3.9, 6.3-6.6, 6.8, 6.9, 
7.6, 8.7, 8.8, 12.4 

Linear functions: 1.7, 2.7, 2.9, 2.10, 3.A, 3.8, 3.10, 
4.5, 5.C, 6.1, 6.A, 6.6, 6.8, 8.1-8.A, 8.7-8.8, 9.6, 
12.1, 12.4, 12.A, 12.8 

Line (Finding the equation of a): 8.4, 10.5, 10.8, 10.8, 
12.1, 12.2 

Minus: 2.1, 2.2, 2.4, 3.3, 3.5, 3.6, 3.12, 5.4, 5.7, 7.3, 7.4 

Opposites and reciprocals: 1.3, 2.1, 2.2, 3.3, 3.7, 3.8, 
3.9-3.11, 4.C, 5.12, 6.4, 6.12, 6.C, 8.11, 8.12, 9.12, 
12.C 

Order of operations: 1.9, 2.A, 2.5, 3.5, 4.3, 5.7, 5.8, 
6.9, 7.1, 7.8, 8.11 

Quadratic functions and equations: 1.1, 2.A, 5.C, 6.5, 
7.2, 7.6, 7.7, 7.8, 13.1-13.8, 14.4-14.7 

Ratio and proportion: 3.12, 4.5, 4.8, 6.7, 6.9-6.11, 
7.11, 8.3, 8.5, 8.6, 8.10, 8.11, 9.7, 9.10, 9.12, 9.C, 
10.1, ll.l, 11.6, ll.8, 12.3, 12.A, 14.1, 14.8 

Scientific notation: 7.8, 7.9-7.C, 8.6, 8.8, 8. ll-8.C, 9.4 

Similarity: 3.12, 4.2, 4.5, 7 .2, 9.6, 9.10-9.C 

Simultaneous equations: 2.7, 5.4, 6.8, 7.6, 10.1-10.A, 
10.6-10.8, 12.8, 13.8 

Slope and rate of change: 2.9, 3.8, 4.4, 4.5, 4.8, 4.11, 
5.C, 6.8, 8.1-8.A, 8.8, 8.9, 9.2, 9.A, 9.C, 10.3, 10.6, 
10.8, 11.3, 12.A, 12.5, 12.8 

Square Roots: 5.2, 5.7, 6.12, 7.8, 7.12, 9.1-9.5, 9.7-9.9, 
9.C, 11.4, ll.A, 12.8, 14.1 

Substituting numbers into expressions: 1.4, 1.9, 3.5, 
6.4, 6.5, 7.3, 8.9 

INDEX OF SELECTED TOOLS 

While the Lab Gear, Cartesian graphing, and 
tables of values are used repeatedly in almost 
every chapter, the following two tools are used 
only sporadically. Since these tools play an 
essential role in the development of key ideas, 
you may want to use these lists as a reference. 

Function diagrams: 2.7-2.9, 3.2, 3.10, 3.C, 5.1, 5.7, 
8.2, 9.5, 12.7, 12.8 

Geoboards and dot paper: l.l2, 2.12, 3.12, 4.12, 5.12, 
6.12, 7.12, 8.3, 9.2-9.A, 9.9, 9.C, 11.2, 11.3, ll.A 
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COURSE PLANNING GUIDE 
- . - - . - - . - -·- .. ·- .. ·- .. ·- .. ·- •. 

COURSE OVERVIEW 

Chapters 1-4 are introductory. They serve to 
acquaint the students with the big ideas of the 
course, the tools, writing, and group work. (In 
a standard one-year course, you cannot afford 
to get bogged down here. Keep forging ahead!) 

Chapters S-8 develop the basic concepts for a 
first-year algebra course: the distributive law, 
equations and inequalities, linear and exponen
tial growth. This is the central and most impor
tant part of the course. 

Chapter 9 is where students learn about radi
cals, and key geometric connections are made. 
(Only the first two-thirds of the chapter are 
essential to do in a one-year course.) 

Chapters 10-14 consist of more advanced top
ics: simultaneous equations, mathematical 
modeling, and quadratics. In a standard one
year course you need to decide which of the 
topics you want to cover, and distribute the 
remaining days among them. Note that these 
chapters are shorter: 8 lessons and 2 Thinking/ 
Writing assignments, instead of 12 and 3 
respectively. 

PACING GUIDES 

The following tables provide a rough schedule 
for the course. The key to effective pacing is to 
plan ahead. Look over each chapter and set a 
rough chapter timetable. Select which core and 
noncore sections you want to cover, and esti
mate how much time you can afford to spend 
on each. Be aware that aU important ideas keep 
coming back, so that if you skip a certain sec
tion, you will probably get a chance to tackle 
those ideas later. Use the Notes to the Teacher 
and the Essential Ideas to determine when spe
cific skins and concepts need to be mastered, 
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and avoid trying to achieve mastery by giving 
lots of extra practice the first time a concept or 
skiH is introduced, since this will slow you 
down. Keep in mind that we preview difficult 
concepts early in the course and return to them 
several times before we expect mastery. 

The Standard Course timetable is appropriate 
for most algebra classes in grades 8 and 9. 

Standard Course 

Days per Chapter 

Chapter 
One-year Two-year 

course course 

1 12 20 

2 12 20 

3 16 24 

4 16 24 

5 16 30 

6 20 30 

7 16 30 

8 20 32 

9 16 32 

10 (12) 20 

11 (12) 20 

12 (12) 22 

13 (12) 20 

14 (12) 20 

Total 180* 344 

* assumes coverage of 3 of the last 5 chapters 
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Minimum Course 

Days per Chapter 

Chapter 
One-year Two-year 

course course 

1 16 25 

2 16 25 

3 16 25 

4 20 25 

5 20 35 

6 20 35 

7 20 35 

8 20 35 

9 20 30 

10 (12) (20) 

11 (12) (20) 

12 (12) (22) 

13 (12) (20) 

14 (12) (20) 

Total 180** 350*** 

** assumes coverage of 1 of the last 5 chapters 
*** assumes coverage of 4 of the last 5 chapters 
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END-OF-YEAR OPTIONS 

It is not likely that you will have time to com
plete the entire book in one year. After Lesson 
9.9, you can choose from among several 
options, depending upon what you want to 
emphasize. 

Geometric Connections 
(parts of Chapter 9): Lessons 9.1 0, 9.11, 9 .12, 
and 9.C concern perimeter, area, and volume 
of similar figures. Although there are only four 
lessons, they involve substantial hands-on 
exploration and can be time-consuming. These 
four lessons, combined with some of the 
optional geometric puzzles and challenges 
from other lessons in Chapter 9, can make a 
good two-week unit for the end of the year. 

Sequences 
(parts of Chapters 5, 11, and 12): Lessons 
5.9, 5.1 0, 5.11, and 5.C are an introduction to 
sequences. Lessons 11.1 and 11.2 concern geo
metric sequences. The issue of convergence 
can be further explored by work with iterating 
linear functions in Lessons 12.7 and 12.8. 
These last two lessons also wrap up the work 
with function diagrams. 

Simultaneous Equations 
(Chapter 10 and parts of Chapter 12): For a 
solid introduction to simultaneous equations, 
you will want to do most of Chapter 10. This 
chapter also covers finding the equation of a 
line and ends with a problem on fitting a line to 
data. If time permits, you may want to follow 
this with Lesson 12.2 on the median-median 
line and perhaps other applications from 
Chapter 12. 

Mathematical Modeling 
(Chapter 12 and parts of Chapters 10 and 
11): Chapter 12 gives students the opportunity 
to apply algebra in several interesting contexts. 
If you have time to do Chapter 10 before 
Chapter 12, that is best. If not, you should at 
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least do some work on finding the equation of 
a line (Lessons 10.8 and 10.8). Previous work 
on unit conversion (Lessons 11.8 and 11.8) 
will also be helpful, since students use this 
skill in the motion applications in Chapter 12. 

Ratios 
(Chapter 11 and parts of Chapters 5 and 
14): Chapter 11 presents several uses and inter
pretations of ratios, including an introduction 
to probability. Lessons 11.1 and 11.2 involve 
geometric sequences, so you will want to give 
a brief introduction to sequences by doing 
some of the lessons in Chapter 5 first. (See 
Sequences, above.) You can follow Chapter 11 
with some work on algebraic fractions in 
Lessons 14.1, 14.2, and 14.3. 

Quadratic Equations and Functions 
(Chapters 13 and 14): You can skip directly 
to these two chapters after Chapter 9. However, 
students might be more successful if they do a 
bit of work with simultaneous equations in 
Chapter 10 first, since they need to be comfort
able with the idea of substitution. If you want 
to emphasize the quadratic formula, you will 
need to do all of Chapters 13 and 14. If not, 
you can emphasize applications and skip some 
of the more theoretical lessons leading to the 
quadratic formula. This is especially feasible if 
students have access to graphing calculators to 
allow for graphical solutions of quadratics. 
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TEACHING WITH THIS BOOK 
. - . . . .; .. . .; .. .. .;., .. ... .. ·- . . . -

THE TEACHER'S ROLE 

As the teacher, you are the key to the success 
of this book. Your role is more that of "the 
guide on the side" than that of "the sage on the 
stage." In order to foster independence and 
self-confidence, you should as much as possi
ble help students by questioning, rather than by 
telling. When speaking to the whole class, you 
should model problem-solving techniques and 
attitudes. 

Because the book works very much in a dis
covery style, you should encourage risk-taking. 
Students should not be penalized for being 
wrong when discussing or exploring new 
material. Being wrong is a necessary part of 
the process. Conversely, those who venture 
conjectures should be praised whether or not 
they are right. 

On the other hand, be aware of the fact that 
unguided discovery of the concepts of algebra 
is not likely to happen. It took hundreds of 
years and the world's greatest minds to devel
op algebra, and your students are not likely to 
succeed at doing this unaided in the course of 
one school year. Your leadership is essential. 
Due to their lack of experience and under
standing, student explorations may or may not 
lead to better understanding. Sometimes stu
dents explore and are no clearer on the subject 
than they were at the beginning. 

However, with your leadership, a discovery
based classroom can be an exciting and 
empowering environment for learning. To 
provide the leadership that makes this possible, 
you can 

• introduce new topics with pointed 
questions 

• compare various answers to open-ended 
questions 
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• encourage students to come up with more 
solutions to open-ended questions 

• help students make connections between 
different representations of the same 
concept 

• encourage and help the process of 
generalization 

• encourage and help students to summarize 
what they have learned 

• provide hints if students are getting 
frustrated 

DISCOVERING AND INVESTIGATING 
.................... ..................................... 

.,. Using Explorations 

One way of promoting a discovery-oriented 
environment in your class is to make good 
use of the problems labeled Exploration. 
These problems stimulate exploration of a 
problem without providing too much struc
ture or guidance. Teachers should provide 
support and encouragement, or even hints, 
but should not completely structure that part 
of the lesson. Explorations are often large 
in scope and cannot usually be solved by a 
single student in a few minutes. They are 
geared to group work, followed and/or pre
ceded by whole-class discussion. 

Use your judgment as to how much time to 
allow for Explorations. On the one hand, it 
is usually wrong to stop students from 
exploring a question if they have gotten 
started and they are continuing to make 
progress. On the other hand, if students are 
having difficulty, it may be good to leave 
the Exploration unfinished and to come 
back to it after having done more structured 
work. 
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If an Exploration goes well (generates enthu
siasm, hard work, and interesting discover
ies) it may take a whole period. It may also 
lead to other questions, formulated by the 
class. Do not expect this, but be open to it. 

You may prefer to conduct the Explorations 
with the book closed, so as to remove the 
temptation to "look ahead" for a solution. 
Or you may develop a more flexible style 
which allows groups who get frustrated with 
the Exploration to go on with the more 
structured part of the lesson. 

Explorations serve as motivation for the 
work that follows. By grappling with them, 
even if they do not completely solve them, 
students start to understand what the ques
tion is that the lesson will answer, and why 
this particular algebraic question is impor
tant or interesting. This helps make the 
guided investigation that follows more 
meaningful and effective. 

...,. Emphasizing Problem Solving 

This book is designed to help students 
develop algebraic ideas through problem 
solving. Problem solving is an integral part 
of the course every day, not a once-a-week 
adjunct. 

To help your students become better 
problem solvers, you can 

• avoid teaching cookbook recipes for 
solving different types of problems 

• bring out different student solutions to 
the same problem 

• discuss whether other solutions exist 
for a given problem 

• lead discussions of difficult problems 

• model your own problem-solving 
strategies 

• encourage and model persistence -
not all problems can be solved at once. 
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...,. Using Guided Discovery 

While the big problems in the Explorations 
help put the lesson's question in focus, the 
small problems in the guided investigation 
help students take small steps in their under
standing of these questions. 

In some cases the investigations are simply 
a guide to one way of solving the preceding 
Exploration. If your class has been able to 
go far with the Exploration, you may be 
able to skip part of the next investigation. 
Or, you can assign problems from the inves
tigation as homework for reinforcement and 
to insure that more students get the idea. 

DISCUSSING, EXPLAINING, 
AND PRACTICING 

...,. The Importance of Discourse 

Part of the reason group work is important 
is that it allows students to verbalize mathe
matics. It is by talking that students separate 
what they understand from what they don't 
understand. It is by explaining a concept 
that they deepen their understanding of it. It 
is by learning to ask the right question that 
they prepare to understand the answer. 

The other vital verbalizing activity is writ
ing. Beyond a certain point, drill loses its 
effectiveness, as students are turned into 
unthinking automatons. At that point, they 
will learn more from writing than from 
continuing the drill. We often ask students 
to "explain" their answers. This goes 
beyond merely "showing work," and can 
include writing sentences, paragraphs, or 
drawing sketches. This is not easy for most 
students, and your coaching and coaxing is 
particularly important. It is worth the effort, 
because what they can explain they surely 
understand. 

Because writing is so important, we will 
discuss it at length a little later. 
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...,. Reading 

We have tried to write a book that students 
can read. If your students are not used to 
reading in math class, you will have to insist 
that they always read the problems and their 
introductions. Some students enjoy reading 
aloud to their groups, others prefer to read 
to themselves. Do not discourage either 
approach. Perhaps group assignments such 
as Explorations should be read aloud, while 
other problems are read individually. The 
important thing is that students read every
thing. 

If you have students who do not know 
English well, or are weak readers, make 
sure they get help. Remember: It is more 
important to learn to read and write than to 
Jearn algebra, and math class can help in 
this process. 

...,. Mastery and Skill Development 

Because learning is not smooth and linear, 
students need frequent repetition of impor
tant activities, and rethinking about impor
tant ideas. Mastery is not immediate. In fact 
for any important concept, the appearance 
of quick mastery often masks an underlying 
lack of understanding. Abstraction is a 
process that takes time. Rushing it leads to 
the memorization of poorly understood 
material as a substitute for understanding. 

Our belief is that practice is important, but 
that it is most effective in the context of 
worthwhile and interesting work. Even 
though it may not be obvious at first glance, 
the lessons of this book entail continuous 
application of the basic skills of algebra. On 
the other hand, we have tried to avoid long 
stretches of repetitive drill. We do provide 
short bursts of it here and there for those of 
you who feel that your students need more 
practice. However we discourage you from 
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using all of the drill at the expense of the 
more central material. 

One way to provide additional practice at a 
more interesting, less mechanical level is to 
ask students to create problems of the type 
you think they need to practice. The process 
of creating problems for each other does a 
Jot more than solving many problems of the 
same type, since it requires a better under
standing of the problems. 

In fact, you should be alert to the fact that 
the book often asks students to do just that. 
The basic idea is that students should be 
able to do everything in every possible 
direction. For example, they should know 

• not just how to simplify expressions, 
but how to complicate them; 

• not just how to solve equations, but 
how to create equations with a given 
solution; 

• not just how to graph a function, but 
how to recognize a function from its 
graph. 

This level of understanding is far more 
meaningful and durable than the mere abili
ty to follow a given algorithm in a narrowly 
defined situation, which is all that can be 
gained from repetitive drill. 

...,. Homework 

This book is written with the expectation 
that students will have daily homework. 
In some cases, students can simply move 
ahead in the text at home. But some work 
should be done in class, not as homework, 
for example: 

• new material 

• material that requires the use of 
manipulatives 

• material that is labor-intensive where 
the work should be shared 
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• material that is difficult enough to 
require group work or teacher guidance 

Such assignments are the ones omitted 
from the Suitable for Homework list in the 
Teacher's Notes. (However, keep in mind 
that even homework material may need 
some discussion in class the next day, and 
that one night's assignment may be more or 
less than the problems flagged as suitable in 
a given lesson.) 

When you cannot assign the next section 
for homework, be prepared to assign the 
Essential Ideas, below-the-line problems, or 
Thinking/Writing from previous chapters. 
For more ideas on organizing homework, 
see below, under Two Sequences. 

WRITING 

...,. Why Write in Math Class? 

Writing enhances thinking and learning. 
When students explain their ideas during 
group work and class discussion, they have 
to think more deliberately. Writing requires 
even more clarity. As students struggle to 
put their ideas in writing, they have to come 
to grips with what they don't understand. 
They find a need for new vocabulary. They 
look for good examples. They search for the 
combination of drawings, mathematical 
symbols, and words that will communicate 
what they know. 

Writing in math class can change the way 
students think about math as a discipline. 
Their daily routine in math class in the past 
might have consisted of providing answers 
to routine exercises. Both exercise and 
answer consisted solely of numbers and 
other mathematical symbols, with the terri
fying exception of "word problems." In this 
book, many of the problems and answers 
involve a combination of words and sym-
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bois. As students work to understand and 
answer them, their goals shift from simply 
getting an answer to achieving an under
standing. As they write, they summarize, 
generalize, and resolve contradictions. 
Writing also gives them the opportunity to 
raise questions, because as they try to write 
about a topic they become conscious of 
gaps in their own understanding. They 
become more aware of their own thinking. 

Writing is not a specialized skill that can be 
mastered only by the creative few who have 
a special talent for it. The ability to write in 
a clear, direct, logical way is a basic skill, 
and one ofthe most valued in the work
place. Likewise, teaching writing is not in 
the purview of the English teacher alone. 
Writing can enrich your math teaching 
and add a new dimension to discourse in 
your class . 

...,. Ho~. This Book Supports 
Wntmg 

When students are led by the hand through 
discovery work, they can sometimes lose 
sight of the whole idea, even if they compe
tently answer specific questions along the 
way. They may not be seeing the staircase 
for the steps. Writing explanations of their 
work helps students remain alert. 

This book is designed so that writing can 
play a central role in the course. The Key 
Questions, Summaries, and Generalizations 
encourage informal, daily writing. They 
help students see what big ideas should be 
emerging from all the details. If you are 
having students build a reference section in 
their notebooks, entries can be chosen from 
these problems. 

The Reports are intended to be more exten
sive and formal, but you can vary the format 
of these to keep students' interest. (See 
below.) The Thinking/Writing assignments 
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(each of which contains one or sometimes 
two Reports) are intended to be used as a 
major assessment tool. Some teachers occa
sionally use these like problems of the 
week, requiring a polished, individual 
report. 

Projects and Research provide other oppor
tunities for larger writing assignments. You 
will not be able to assign all of these to all 
students, but they are there to be used as 
major independent assignments once or 
twice per semester, or as extra credit assign
ments. It is nice for students to present what 
they found to the class, via bulletin boards, 
or oral presentations. If you are not used to 
assigning this kind of work or have trouble 
evaluating it, you can get help from librari
ans and teachers in other departments. 
These kinds of assignments help show that 
math is connected to the world. The sources 
can be almanacs, newspapers, calls made to 
businesses or other institutions, visits to the 
library, whatever. Try to have a few 
resource books in your classroom, such as 
an almanac and a dictionary. 

~ Finding a Good Balance 

By flagging the problems involving writing, 
and by providing frequent opportunities for 
both formal and informal writing, we com
municate our belief in its importance. The 
prominence of the Thinking/Writing assign
ments allows you to emphasize these 
lessons as much as chapter tests. Students 
take writing seriously if they know it is as 
important a part of their grade as traditional 
tests. Parents and school administrators who 
think math class means only symbol manip
ulation are readily convinced of the power 
of writing assignments in math when they 
look at actual student work, and see how 
these lessons develop competence in prob
lem solving and writing along with under
standing of algebraic concepts. 
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Although we want to encourage writing, 
students quickly tire of it if they are asked 
to write too many reports. Varying the for
mat of reports will maintain students' inter
est and provide an alternate creative outlet 
for students who find writing difficult. For 
example, instead of writing individual 
reports, groups can summarize their find
ings by drawing and writing with colored 
markers on posters or butcher paper. These 
can be displayed around the room and pro
vide a focus for oral group reports and class 
discussion. Many students are hesitant to 
speak to the whole class, and doing group 
presentations on a regular basis will help 
them develop confidence. Reports need not 
always be written. You can ask students to 
prepare oral Reports and Projects, as well as 
bulletin board displays. Some teachers have 
even allowed student projects to be video 
documentaries, computer programs, skits, or 
dioramas. 

~ Informal Writing 

Writing gives teachers a window into the 
students' minds. By giving students plenty 
of opportunities for informal writing, we 
can watch them reflect, analyze, clarify, 
interpret, evaluate, discuss, question, and 
conjecture. 

Students using this book will do a lot of 
writing. Almost daily, they will write 
Summaries or Generalizations, and answer 
key questions. This informal writing will be 
in their notebooks, and need not be polished. 
It is there to help students get familiar with 
the material and to give you insights on a 
particular student should you need informa
tion beyond that provided by tests and for
mal writing assignments. 

Informal writing can be used frequently as a 
diagnostic tool at key points in the discus
sion. You can ask each student (or in some 
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cases, each group) to spend a few minutes 
writing. The directions might be quite open, 
("Summarize what you learned from this 
discussion," or "Write down a question you 
have about our discussion,") or very specif
ic, ("Describe one method for solving linear 
equations."). You can have students share 
their results orally, walk around the room 
for a quick look at several students' papers, 
or collect them to look at later to get an idea 
of the class's understanding of a concept. 
This technique is especially helpful in get
ting responses from students who are reluc
tant to speak up in class. 

A frequent question from students who used 
the preliminary version of this book was, 
"What do they mean when they ask us to 
explain?" To help students get used to this, 
you can write student responses on the 
board or overhead so that they can see 
examples and compare explanations. Write 
an explanation and ask what students would 
add to it or delete from it to make it clearer. 
Ask the members of each group to compare 
their explanations and come up with one 
group explanation. Explaining will soon 
become a natural part of doing math prob
lems for your students. 

Some students resist writing not because 
they are afraid of writing itself, but because 
they are reluctant to confront uncertainties 
in their understanding and reasoning. This 
is particularly true of students who have 
always done well in the kind of math class 
in which the goal was to follow the 
teacher's step-by-step instructions and get 
the right answer. "If I can do it, why do I 
have to explain it?" is a common question at 
first. If the atmosphere in your class is one 
of accepting partial understanding and wel
coming the questions that arise from them, 
such students will become more receptive. 
Informal writing is a record of the work of 
the class as it moves together toward a 
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clearer understanding. If you value this 
process, students will soon see writing as 
natural and central rather than peripheral to 
the learning process. 

Because we explicitly encourage daily 
writing, it will be relatively easy for you to 
incorporate other types of informal writing 
into the course, such as freewriting, learning 
logs, and journals. For more information on 
using these techniques, see Countryman 
(1992). 

.,. Formal Writing 

Do not be discouraged if students complain 
at the beginning of the year that, "This is 
more writing than my English class." As 
they see the benefits of writing, the com
plaints rapidly diminish. Most students soon 
begin to take pride in the quality of their 
formal written work, and to value the oppor
tunity to revise it. As an assessment tool, 
writing has the potential to create a more 
positive climate in the classroom. Students, 
who often feel that tests reveal what they 
don't know, welcome the opportunity to 
communicate in writing what they do know. 

A few students will have done extensive 
writing in previous math classes, particular
ly if they have done problems of the week. 
Others will have had little experience writ
ing in math and may be very anxious about 
it. You need to communicate from the very 
beginning that 

• you have high standards for the 
finished product, and 

• you will provide support for learning 
how to create a high-quality finished 
product. 

Student groups of four may work well for 
day-to-day problem solving and working on 
assignments, but pairs of two often work 
better when there is something to polish or 
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publish. In the beginning, the Thinking/ 
Writing assignments guide student writing 
with a series of questions. Students can 
work on these for homework, then work 
in pairs in class the next day, comparing 
answers. The second night's homework can 
be to write up the work in a more polished 
form. The following day, students read each 
other's work and make editorial comments. 
The third night's homework is to write the 
final report. This works well as a three-day 
homework assignment while you continue 
to move ahead with new material in class. 

Among the reproducible pages at the end 
of this Teacher's Guide, we have provided 
some general guidelines for Thinking/ 
Writing assignments. We suggest that you 
use these guidelines (or similar ones) to get 
students started. The four stage process 
described here is one suggestion for how to 
work through the early writing assignments. 
You may want to revise it to fit your own 
needs. Students will also have suggestions 
for tailoring the process to the needs of your 
class. As students become more skilled, you 
may be able to compress this process and 
spend less class time on it. We have also 
included a suggested format for the final 
version of the report. You may want to 
begin with this format and revise it as you 
and your class come up with other ideas. 

ORGANIZING THE MATERIAL 

...,. Providing Access and Challenge 

Mathematical thinking among the students, 
not any particular activity, tool, or tech
nique, should be the primary goal of instruc
tion in math class. This is valid not only 
among the top students, but even more so 
among average and weaker students. All 
students can think, even the ones whom we 
have in the past classified as unable to 
engage in abstract thinking. In fact, a think-
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ing approach, combined with the themes 
and tools described above, is the best 
approach to involving average and weaker 
students. 

All algebra classes are somewhat heteroge
neous. Some are very heterogeneous. The 
way to work with a mixed group is not to 
"teach to the middle," "teach to the top," or 
"teach to the bottom." Teach to all students 
by mixing the approaches, the tools, and the 
levels of difficulty. If the material is varied 
enough, you will get everyone involved. 

This book was written for heterogeneous 
classes. We have tried to have something 
"too difficult" (for some students), and 
something "too easy" (for some students) in 
each lesson. We also offer open-ended ques
tions and projects as often as possible. All 
this means that the course provides access 
and challenge at the same time. 

We provide something "too difficult" 
because not every student needs to master 
every idea in the course. If they did, the 
course would be too easy for the top stu
dents, who would resent it. The top stu
dents' needs are as important as those of 
any member of the class. Besides, they are 
your crucial allies in a heterogeneous class, 
the engine that drives discovery lessons, and 
potentially your colleagues in teaching their 
peers. You need to keep them (and their par
ents) satisfied that they are not being hurt by 
working in a classroom with students who 
are less talented in math . 

We provide something "too easy" because 
not every problem needs to be profound. 
There must be some entryway into the ideas 
of the lesson for all students. Those who 
cannot get in through one door should have 
other options. Easy, step-by-step questions 
are helpful to such students, and in fact ben
efit the rest of the class as well, by helping 
them organize and consolidate their ideas. 
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We provide open-ended questions and 
projects because in these, students find 
their own level. To the simple open-ended 
problem Find two numbers that add up to 
10, one could provide a number of different 
answers. Similarly, in a project such as the 
newspaper article in Instant Riches, 
(Chapter 3, Lesson I) some students will 
produce a multi-page, coherent, well-illus
trated, original, and mathematically sound 
paper, while others will barely manage to 
tum in a sketchy paper that rehashes some 
of the ideas in the text. 

For open-ended questions and projects, 
make sure students get a chance to share 
their work with their classmates if they wish. 
This helps enrich all students' experience. 

The material in this book can be appreciated 
at many levels simultaneously. Do not expect 
all students to get the same thing out of any 
given lesson. Some ideas should be mas
tered by most, but others will be grasped by 
only a few. A good model of your role is 
that of a sports coach or drama teacher, who 
encourages each student to perform at the 
best of his or her ability, without expecting 
all students to be at the same level. 

..,.. Two Sequences 

This book contains many rich problems on 
which you could spend a very long time. It 
would be easy to get involved in solving 
interesting problems and to discover at the 
end of the year that you had completed far 
too little of the course. For this reason, we 
recommend that you continually forge 
ahead, and one way of doing this is to orga
nize your assignments in two parallel 
sequences. 

The Forward Motion Sequence: This is 
the main sequence. It consists mostly of the 
main body of the core Lessons, some of the 
Thinking/Writing assignments (the ones 
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mentioned in the Teacher's Notes as neces
sary to the sequence), and any below-the
line Preview assignments. Much of this 
work is done in class, and some as home
work as needed. All of it needs to be done 
more or less in the order it appears in the 
book. 

The Review and Extension Sequence: 
This is the support sequence and is just as 
important. It consists primarily of below
the-line Review or Discovery material, most 
of the core Thinking/Writing assignments, 
and the Essential Ideas. 

The Essential Ideas, for example, are almost 
always suitable for homework, can be used 
as preparation for an end-of-chapter test or 
can be saved for later review of the chapter. 
They need not be assigned right at the end 
of the chapter and are perfect elements to 
include in the Review and Extension 
sequence. 

One payoff of the two-sequences approach 
is that when you get to a section that just 
cannot be assigned as homework, or when 
you are engaged in an interesting but time
consuming digression in class, you can 
assign Review and Extension material for 
homework. For example, a geoboard lesson 
at the end of a chapter, which is likely to 
require more than one day of in-class time, 
might be followed by a lesson or two 
involving the Lab Gear at the beginning of 
the following chapter. This is a good time 
to draw on the reservoir of Review and 
Extension assignments as a source of 
homework assignments. 

..,.. Pacing 

Because of the spiral approach of the book, 
which incorporates preview of difficult 
ideas early on, and review long after the 
ideas are first encountered, it is not neces
sary (or possible) to wait until everyone in 
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the class has mastered an idea to move on. 
Mastery often takes a long time for many 
students and, especially in a heterogeneous 
class, it is important to keep constant for
ward motion. You can use the Essential 
Ideas to find out what mastery is expected 
at the end of a chapter. 

If mastery is not expected, do not waste 
time by assigning extra practice from other 
sources. For example, students will solve 
linear equations in various ways for six 
whole chapters before they are expected to 
have mastered them. Teaching them every
thing you know about equation solving in 
Chapter I will undermine the work on 
equations that is built into the next five 
chapters, and rob the students of worthwhile 
discoveries. 

If you are teaching a one-year Algebra I 
course, be careful not to linger too long on 
the first three chapters. These chapters are 
designed to get students involved in prob
lem solving, and they contain many rich, 
open-ended activities. Teachers who used 
the preliminary version of this book found 
that students sometimes got so interested in 
a problem that they did not want to move on 
to the next section before they had com
pletely explored it. If you have more than a 
year to teach the course, or are using the 
first part of it in Pre-Algebra, you can use 
this feature to your advantage to promote 
problem solving and encourage the practice 
of delving deeply into problems. However, 
in a one-year course, you will have to make 
some compromises, so don't spend more 
than about two and one-half weeks on each 
of the first three chapters. 

..,. Challenge and Enrichment 

Do not routinely skip challenge (light bulb) 
problems. A small amount of frustration is 
not bad, and success at these problems can 
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be thrilling. Make clear that you do not 
expect everyone to be able to do these prob
lems, but that they should be tried. They are 
important for the stronger students to work 
on and are well suited to group work. 

If you are concerned that your top students 
are not being challenged enough, there is 
plenty of optional material you can use as 
"extra for experts." 

..,. What to Skip 

It is not likely you can "cover" this entire 
book in one year with an algebra class. Do 
as much as you can, but remember that your 
goal is to help students uncover and dis
cover material, not "cover" it. There's a 
whole ocean of mathematics out there -
all you can do is take the students to the 
beach. At this level, generating interest and 
confidence in algebra is more important 
than mastering particular algebraic topics. 

To help you select what to skip, and as a 
first approximation, we have marked some 
material as optional by displaying it on a 
light beige background. 

However this is only an approximation. 
What we included in the optional work is 

• some less traditional topics 

• some time-consuming problems 

• some particularly difficult problems 

• some puzzles 

• some material that previews future 
courses such as Geometry, Algebra 2, 
Pre-Calculus, and Abstract Algebra 

You need not agree with us on these choices, 
and you should feel free to make your own 
decisions. In particular you should skip 
work that seems to provide repetitive drill 
in areas where your students do not need 
more practice. 
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You will have to use your judgment about 
how much time you can devote to optional 
activities and when you do them. They are 
often the least traditional part of the book, 
but they can be the most interesting and 
valuable. As you get more familiar with this 
book and its approach, and as the math 
reform process leads to changes in the list 
of what you must "cover," you can use more 
and more of them. In our own classes, we 
intend to use as much of the optional work 
as we can. 

The best overall guideline on skipping is 
to skip material you don't enjoy teaching. 
However, be cautious about skipping core 
lessons. The most likely core lessons to skip 
are the ones that seem to be hammering an 
already-familiar topic into the ground. You 
may also be tempted to skip lessons that you 
yourself do not fully understand. However, 
remember that the best way to learn some
thing is to teach it. 

...,.. A Use for Skipped Material 

A good use for optional material you do 
skip is to assign it to speed demons, those 
students who want to "get ahead in the 
book." Getting ahead should be discour
aged, because it makes students less avail
able to their group, and because it often 
leads to superficial understanding. Instead, 
demand more depth from these students: 
higher-quality work on reports and projects 
and extra work on optional material. (Of 
course, assign material to them that you are 
sure you will not want to assign to the 
whole class later.) 

Teaching with This Book 

CREATING A COMMUNITY OF LEARNERS 

...,.. Student Involvement 

We need to get away from the image of the 
student as passive receptor of information, 
and the teacher as the source of the informa
tion. Teacher explanation, no matter how 
clear and patient, does not usually succeed 
in getting across difficult ideas. Instead, we 
need to think of the student as explorer, 
collaborator, question-poser, evaluator of 
the validity of statements, and peer teacher. 
Everything we do must put student involve
ment at the center, because math is not a 
spectator sport. One learns math by doing 
math. 

...,.. Groups of Four 

Groups of four is an arrangement that maxi
mizes student involvement. This does not 
mean that all work needs to be done in a 
group, but it does mean that students should 
routinely sit in such a way as to be able to 
work in a group. 

You probably have your own way of select
ing groups. Teacher-organized groups (as 
opposed to randomly selected ones) can 
backfire. Students are quick to jump to con
clusions like, "I am the stupid person in this 
group," or "I am the smart person in this 
group," neither of which is helpful. 

You may try random groupings that change 
every two to four weeks. Random groupings 
are sometimes homogeneous, and sometimes 
heterogeneous, which allows you to take 
advantage of both types of arrangements. In 
a heterogeneous group the stronger student 
can take the lead, or serve as a resource. In 
a homogeneous group of stronger students 
there is the excitement of being able to do 
really fancy work fast. In a homogeneous 
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group of weaker students there is the com
fort of not "feeling stupid" and not having 
to compare oneself to some star student. As 
long as the groupings are temporary, the stu
dents do not feel trapped, even if they do 
not like some of the students in the group. 

...,. Cooperative Learning 

Like most algebra books, this book is proba
bly too hard for an average student to work 
through individually. However, it is not too 
hard for an average or even weak student 
working in a cooperative learning group in 
the presence of a teacher. 

There are many approaches to cooperative 
learning, and we cannot present them all 
here. We have had success with an informal 
approach. 

Students work individually much of the 
time, but can ask each other for help when
ever they need or want to. 

Large or tedious tasks can be split between 
members of the group. 

Difficult problems can be read aloud, then 
discussed. 

Class can start each day with groups going 
over their homework. 

The purpose of the math class is not to teach 
cooperation. Rather, the purpose of coopera
tion is for the students to learn math. Do not 
expect the students to start the year knowing 
how to work in groups. Give them as much 
structure as necessary to help them get off 
the ground, but don't spend too much time 
discussing how groups should run. 

Instead, circulate among the groups and use 
modeling or direct intervention to redirect 
the group in the direction you want. For 
example, if one student is being left out, 
involve him or her in the work. If a capable 
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student is not being asked for help, or is 
reluctant to give it, you can ask him or her 
to answer a tricky question someone else is 
struggling with. If a group is losing focus, 
get them back on task, and so on. 

We have found that external rewards for 
effective group work are less necessary if, 

• group work is used only for activities 
for which it is well suited rather than 
for activities which are better done 
individually; 

• students understand the goal of group 
work is to help them learn math, not fit 
some incomprehensible teacher agenda; 

• group work is part of the department 
and school culture. 

Certain problems are especially suited to 
group work, perhaps because they are open
ended Explorations, or because a lot of data 
need to be collected. Such problems are 
mentioned in the Teacher's Notes. Finally, 
it is sometimes useful or necessary to have 
students work in pairs, for example when 
working with the graphing calculators or the 
Lab Gear. 

...,. Whole-Class Discussions 

You will find that sometimes the groups 
cannot handle some part of the work. A 
problem may be too difficult, a concept may 
have been insufficiently clarified, and one 
or more groups grind to a halt. Or, you may 
feel the class needs a change of pace. At 
such times, it is good to have a whole-class, 
teacher-led, discussion. The idea is to lead 
the class to a discovery or understanding 
through well-asked questions. 

At times you may even use a mini-lecture to 
explain a particularly tricky idea. The key is 
for your lecture to answer questions your 
students have as a result of working on 
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problems. Then, students will listen. 
Answering questions they don't have is a 
waste of everyone's time, as they are not 
likely to listen to or absorb what you have 
to say. 

It is not wrong to start a class with a lecture 
or chalkboard demonstration, especially if it 
concerns real questions based on the previ
ous day's work. (This is sometimes neces
sary if you have trouble getting the class 
back to a single point of focus once group 
work has started.) 

Keep in mind that when you ask questions 
of the class, you cannot judge what the 
whole class is thinking by the answers of a 
few. This is one of the main limitations of 
whole-class work, but it can be compensat
ed for periodically by making it a point to 
ask all students to write down answers to 
a question, or to ask a question for group 

discussion. 

...,.. Individual Work and 
Responsibility 

The purpose of group work and of whole
class work, is to develop mathematical 
power in the individual. Students should 
generally do at least their homework and 
quizzes or tests individually. Of course, it 
is fine to have exceptions to this, but make 
sure that students have some work they do 
on their own every day. This will allow 
them to "know whether they're getting it." 
In fact, there should be a record of all work 
in each student's notebook, even when the 
work is done collaboratively. 

Much of the work in this book can be done 
by students individually. Certainly most of 
the work labeled Suitable for Homework fits 
in that category. However, when working on 
new ideas or challenging problems, students 
should be able to ask other members of their 
group for help (except during tests)! 

Teaching with This Book 

...,.. Dealing with Absences 

Absences are more difficult to make up 
in a class where cooperative work and the 
use of tools is essential. Here are a few 
suggestions. 

Make a set of Lab Gear blocks and a 
geoboard available for checkout from the 
school library. 

Allow students who have been absent to 
borrow your Teacher's Edition to correct 
their work. 

Arrange for peer tutoring, by members of 
their group, for students who have been 
absent. 

CREATING AN ALGEBRA LABORATORY 
......................................................... 

This book provides the basis for turning your 
classroom into a laboratory for learning alge
bra. Many students will come into your class 
unaccustomed to the idea of using tools to 
learn math. Adolescents can be a conservative 
bunch, and some, particularly those who are 
good at memorizing and following rules, will 
resist the new approach at first. Teachers who 
used the preliminary edition found that a slight 
rearrangement of their classrooms to promote 
the notion of laboratory learning not only 
enhanced their teaching but helped eliminate 
student resistance as well. 

These teachers placed manipulatives and other 
materials, such as scissors, graph paper, and 
dot paper, on shelves around the room, making 
them easily accessible to students. Colored 
markers and butcher paper were available for 
making group reports. When possible, graph
ing calculators were also available at all times. 
After a couple of months students had become 
familiar with all the tools and began to use 
them spontaneously, even when the lesson did 
not specifically call for them. Some even chose 
to use the Lab Gear to check their work on 
tests. 
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...,.. Calculators and Computers 

The only electronic tool absolutely required 
for this course is a calculator. If your stu
dents cannot afford to purchase their own 
calculators, you should try to secure funding 
for the purchase of a class set. 

A graphing calculator is ideal. If these are 
not available, you can use any calculator 
which has the following capabilities: 

• negative numbers Cl+;-1 or 1<->D 
• squaring ( 0 ) 
• powers of ten, scientific notation 

([!QJ, or IExPI , or ~) 

• reciprocals(~ or [Z]) 

• exponentiation ( [ZJ or [2] ) 

• square roots ( [I]) and ( 0 ) 
The ability to deal with fractions is a major 
advantage ( labtcl ), but trigonometric, log, 
and exponential functions are not needed. 

There are many lessons in this book that are 
greatly enhanced by the use of an electronic 
grapher. The ideal situation is to have a 
graphing calculator for at least every pair of 
students. If these are not available, having 
students work with graphing software in a 
computer lab or having a teacher-run 
demonstration with a computer can be 
effective alternatives. If you have no access 
at all to an electronic grapher, students can 
do the graphing by hand, sharing the calcu
lations and graphing, so that they can still 
see a number of graphs without the tedium 
of constructing every single one. Remember 
in this case that the goal is to see and use 
the graphs, not to become skillful at con
structing them. 
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We are careful not to create situations where 
technology is used for its own sake. The 
lessons involving graphing are constructed 
to insure students have had some experience 
doing pencil-and-paper graphing so that 
they understand the concept before using 
a graphing calculator. We also give you 
suggestions in the Teacher's Notes about 
where to introduce the graphing calculator. 

A few lessons in the book would be 
enhanced by the use of a computer spread
sheet, a grapher that will graph lines given 
in the form ax + by = c, or simple statisti
cal software. We indicate this in the 
Teacher's Notes, but once again you will 
find that these technological enhancements, 
while desirable, are not necessary. 

If you have access to graphing calculators 
or computers, but are reluctant to use them 
because of lack of familiarity with new 
technology, remember that your students are 
your allies. Many of them are more techno
logically literate than their teachers, and you 
can use this to your advantage. One way of 
challenging bright students who finish early 
is to ask them to learn how to use the calcu
lator or computer to do something that is 
needed for a future lesson. When they have 
learned, they can teach you and the rest of 
the class. 

In one class that used this book, two stu
dents discovered how much time they could 
save by using the programming capabilities 
of the graphing calculators. They had soon 
taught the entire class. This example illus
trates the importance of encouraging stu
dents to use tools as much as they like, and 
in their own way. In this book, we make 
suggestions only for their use. As you and 
your students become more familiar with 
them, you will discover many more uses. 
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...,.. The Algebra Lab Gear® 

Each pair of students will need one set of 
Lab Gear. In most cases it is best for stu
dents to work with their partner. However 
do not allow students to avoid work by let
ting their partner do all the manipulation of 
blocks, or conversely, all the record keep
ing. Students should take turns so as to 
develop competence in all aspects of the 
work. 

It is, of course, important that students 
respect the materials. A little time must be 
allotted at the end of each period for putting 
the Lab Gear away. Improper use of the 
blocks, such as throwing them, should not 
be tolerated. Some teachers threaten stu
dents who misuse the blocks with having to 
do all the Lab Gear problems without 
blocks, instead sketching what they would 
do with them. 

Sometimes, you will need to get the whole 
class to pay attention to a discussion at the 
overhead. At such times, ask students to 
have "no plastic" in their hands. (We tell our 
students that scientific studies have shown 
that plastic in student hands impairs their 
ability to hear.) Students who want to 
explain something to the class can come up 
to the overhead projector and demonstrate, 
or can talk while you demonstrate. 

Keep in mind that the Lab Gear is not 
intended to be used as a mechanical "do-as
I-do" representation. Instead think of it as a 
creative medium, which can be used by you 
and your students to explore, model, and 
illustrate many algebraic ideas. You and 
your students should feel free to question 
the way the Lab Gear model is presented in 
the textbook and to create your own varia
tions on it or extensions to it. 
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...,.. Student Resistance 

While we have found the Lab Gear to be 
popular with a wide range of students, there 
are a few who do resist it. If this happens, 
keep in mind that the manipulatives are a 
means, not an end. If students can demon
strate competence with the ideas, it is not 
essential that they use the Lab Gear. 
However, most students will gain from 
using it, if only when communicating with 
their classmates. Some encouragement on 
your part at the beginning of the year may 
help them overcome their anxiety. Often the 
biggest resistance is before students have 
had a chance to use the Lab Gear, before the 
blocks actually grow on them. 

The biggest factor determining whether stu
dents will enjoy the work with the Lab Gear 
is your own attitude. Do not use the blocks 
in cases where you do not think there is 
much to be gained, because your ambiva
lence will be transmitted to your students. 
Use the blocks only if you are comfortable 
with the lesson. On the other hand, do not 
promote the use of the Lab Gear as "fun." 
Students may wonder, "Fun, compared to 
what?" The use of manipulatives is intended 
to provide an arena for tackling difficult 
ideas. It is a part of learning algebra, not a 
break from it. 

Later in the year you can be more flexible 
and acknowledge individual differences by 
allowing those students who still need it to 
use the Lab Gear, while letting those who 
don't to work just on paper. The student 
who can execute the algorithms, but cannot 
model them with the Lab Gear, does not 
have as full an understanding as the student 
who can do both, though he or she may be 
able to manage well enough. 
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...,.. The Lab Gear® as a Map 

When in a new city, to get from one place to 
another, one may rely on instructions like 
these: " ... take 80 south to the bridge, cross 
the bay, then take 10 I north. Get off at 
Fell ... (etc.)." The problem with this 
approach in a new city is that even if you 
remember the instructions, a single mistake 
along the way means you're lost. If you 
miss a tum, you may look up at the street 
signs and not recognize them. At that point 
all you can do is ask someone for help. 

Being able to use a map is a more effective 
method of finding your way. It allows you 
to choose among alternate routes, for exam
ple, if road work is being performed some
where along the way. 

The usual algorithm-driven way to teach 
algebra corresponds to the giving of direc
tions. "First you get rid of the fractions, 
then ... (etc.)." Students who get lost have no 
recourse but to ask the teacher for help. The 
Lab Gear constitutes a map of much of the 
territory. Students can use it to check the 
validity of a statement, or as a strategy to 
solve a problem, without having to resort to 
asking the teacher. Like learning to use a 
map, there is a certain initial investment of 
effort, but it pays off in increased indepen
dence and self-confidence. 

The eventual goal is to know the city of 
algebra well enough to find your way with
out a map or directions. Someone who 
already knows algebra has no need for the 
Lab Gear or for following any particular 
algorithm. The aim is for our students to 
get to the point where they just know their 
way around elementary algebra and its 
applications. 
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ASSESSMENT 

...,.. Grading or Assessment? 

Assessment and grading are not synony
mous. In order to teach a class effectively, 
you need to have a sense of where the class 
is as a whole. You also need warning flags 
about students who may be having trouble 
with the material. Informal assessment of 
the class as a whole, of groups, and of indi
viduals, should be going on at all times. 

Observing group work is a very effective 
way to see where students are. Work with 
the Lab Gear in particular, being extremely 
visual, allows you to spot immediately the 
students who are having trouble with the 
material. When new groups are formed, you 
should try to identify in the first day or two 
which ones will need most attention and 
support from you and make sure to spend 
more time with them. 

You can periodically ask groups to make 
impromptu presentations to the class on 
what they have discovered. This can take 
the form of an oral presentation, but it usu
ally works better if it is accompanied by 
supporting materials in the form of student
created transparencies or butcher-paper-and
marking-pen posters. 

When conducting a whole-class discussion, 
make sure to ask students frequently to 
work problems on paper. Then circulate 
around the room to see their work. Finally, 
you can use random checks of student note
books as yet another informal assessment 
method. 

The move toward more writing in all parts 
of the curriculum is part of a larger move
ment to encourage and assess authentic 
achievement. There is a variety of formal 
assessment methods that you can use to 
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assess student understanding and to help 
students monitor their own progress. These 
are designed to be integral to the learning 
process, rather than simply a source of 
grades. In the following sections, we will 
describe some of these in more detail. 

If it is at all possible in your school culture, 
you should gradually move away from an 
over-emphasis on grades as the motivator, 
and add as much as possible to the part of 
the work students do without external 
rewards. Much of the work students do 
should not be graded on the basis of "right" 
and "wrong." Specifically: 

• participation in class discussion, 

• participation in group work, 

• reliably doing one's homework, 

• keeping a neat and organized notebook. 

All these behaviors are essential to a stu
dent's success in the course, and should 
favorably affect the grade, no matter 
whether the work is correct. Because mis
takes, partial understandings, and confusion 
are a normal part of the learning process, 
they should not be penalized. 

Not everything needs to be graded. On the 
other hand, the goal of the course is compe
tence in algebra, and parents, students, 
colleagues, colleges, and society in general 
expect that to be measured with grades. To 
arrive at those, you can use a combination 
of reports and tests, as described below. 

...,. Evaluating Reports 

Writing assignments are a very important 
part of a fair grading policy, because they 
give you a chance to evaluate students' 
understanding without some of the limita
tions of tests. (See below.) It is important to 
establish high expectations early. Although 
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you may be disappointed with the quality of 
students' written work at first, do not give 
up. If you give students the message that 
reports and projects are just as important as 
tests, and you assign them on a regular 
basis, you will find that most students will 
improve. This requires you to start with 
small assignments, and perhaps to ask for 
rewrites, but the extra effort is worth it in 
the long run. 

Formal writing assignments are essential, 
but be realistic in the number you assign, 
as they are time consuming for both student 
and teacher. As a rule of thumb, plan on 
using one large writing assignment every 
three or four weeks if you give in-class 
tests frequently, or every two weeks if you 
do not. 

Using a holistic scoring method will enable 
you to assign more writing without being 
inundated by a sea of papers. Most teachers 
begin by first quickly dividing papers into 
three piles: exceeded expectations, got the 
point, and missed the point. Among the 
reproducible pages in the back of this 
Teacher's Guide, we have included a 
Writing Assignment Evaluation. Students 
need to know from the beginning how their 
work will be evaluated. For more ideas on 
rubrics and holistic scoring see Pandey 
(1991) and Stenmark (1991). 

...,. Tests and Quizzes 

Some reformers have advocated completely 
eliminating tests, but we disagree. Tests and 
quizzes have three important functions. 

• They help students know what they 
know. 

• They help you know what students can 
do by themselves without the help of a 
group. 
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• They send the message that the purpose 
of the group is to help everyone learn, 
not to allow some people to loaf while 
others work. In the end, everyone is 
individually accountable. 

On the other hand, tests and quizzes should 
not be overemphasized because, for many 
students, performance under time pressure 
is not an accurate reflection of their ability. 

Be sure that the tests and quizzes you give 
reflect the skills being developed in this 
book. Great speed in computation and accu
racy in algebraic manipulation should not be 
emphasized to the detriment of such skills 
as using graphing to solve problems, writing 
clear explanations, and so on. Tests should 
evaluate students' ability to use what they 
learned, not primarily their ability to remem
ber facts. You should also use some open
ended questions on occasion. Calculators 
and other tools should definitely be allowed. 

The Essential Ideas can be used as a source 
of ideas for a chapter test. 

It is a good idea for tests to be cumulative as 
much as possible. One approach is to keep 
bringing back on tests new versions of prob
lems that proved to be difficult in previous 
tests. This very effectively gives students 
the message that they'd better learn it. 

Another variation on the traditional test is 
to ask students to do a Thinking/Writing 
assignment, minus the Report, in prepara
tion for the test. The test then includes 
questions of the type that would have been 
answered in the Report, and students have 
to write detailed answers. 

Note: A set of reproducible tests, with 
solutions included, is available from Crea
tive Publications. Please see a current 
Creative Publications catalog for ordering 
information. 

4ss4 

..,. Notebooks 

All students in this course should keep a 
notebook. Since many definitions and gen
eralizations are developed by the students 
themselves, it is essential that they keep an 
organized written record of their work. 

Enforcing neat notebooks is difficult at first, 
but well worth the effort. It is best to decide 
exactly what format you want for the note
books and insist that students follow it. 
Otherwise, many will keep a notebook that 
is much too chaotic to be of much help to 
them. (A sample notebook assignment with 
a suggested format appears among the 
reproducible pages at the end of this 
Teacher's Guide.) 

Notebooks can be checked periodically. One 
method is to pick one or two names at ran
dom every day and check those students' 
notebooks. Let the students know that their 
notebooks are part of what they are being 
evaluated on. Since the notebook contains 
a record of almost all of a student's work, 
it can be used to check on many things, 
such as: 

• completeness of homework 

• understanding of certain ideas 
(especially by looking at the problems 
marked Useful for Assessment in the 
Teacher's Notes.) 

• quality of the writing: The "Reports" 
section of the notebook can serve as a 
ready-made portfolio of student writ
ing. (You may ask students to indicate 
which reports reflect their best work 
and make sure to look at those.) 

..,. Portfolios 

A portfolio is a selection of student work 
that gives a comprehensive summary of a 
student's work in the course. Portfolios 
provide another alternative for assessment. 
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You might check notebooks merely for 
organization rather than content. They can 
be thought of as working portfolios in 
which students keep a record of all their 
work. 

Every two to eight weeks, depending upon 
how significant portfolios are as a part of 
your assessment program, students should 
choose material from their notebooks and 
create a portfolio for assessment. You may 
wish to choose some of the assignments to 
be included, but at least some of them 
should be chosen by the student. Students 
should also be encouraged to revise some of 
the work they choose to meet a higher stan
dard. The portfolio should provide not only 
a chance to show their best work but also a 
record of their progress. (Because of the 
importance of showing progress, all entries 
in a portfolio should be dated.) 

For assessment, portfolios can be far superi
or to notebooks for several reasons. First, 
they put more responsibility on the student. 
Students generally have some choice in 
what is included in the portfolio. Portfolios 
provide a record of student progress. 
Students are required to look over their 
work, to reflect on what they have done 
well and what needs improvement, to select 
what represents their best work, and to pro
vide evidence of progress. 

Many teachers ask students to include a 
cover letter each time they add a new set of 
papers to their portfolios. The cover letters 
may include a brief description of the items 
in the portfolio, perhaps accompanied by an 
explanation of why they where chosen. 
They may also include a summary of the 
main concepts covered during the time peri
od. The cover letters give students a chance 
for self-assessment, and their reflections on 
their progress are often very revealing. Self
assessment will be new for many students, 
and it may take some time before they can 
be honest and thoughtful about it. Be patient 
and encouraging. 
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At the end of the semester, you may want 
students to cull their portfolios and put 
together semester portfolios. Some teachers 
allow students to use their portfolios as a 
reference during the final exam. 

As with written reports, the standards by 
which portfolios will be evaluated should be 
clear to the students in advance. Some pos
sible criteria for evaluating portfolios can be 
found in the reproducible pages in the back 
of this Teacher's Guide. You will want to 
discuss criteria with students and revise 
them as the year progresses. We suggest that 
you use only a few criteria each time you 
look at portfolios. For example, you may 
want to concentrate on how students are 
using different problem-solving strategies 
and ask them to choose items for their port
folios to illustrate that they can use more 
than one strategy. 

For more information on using and evaluat
ing portfolios, see Stenmark ( 1991 ). 
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NOTEBOOK ASSIGNMENT 

You will need some supplies and an organized notebook for your Algebra course. 

By ________ , you should have assembled all the items below. 

Check off each one as you complete it. 

• Supplies 

a three-ring notebook 

five notebook dividers 

a scientific calculator 

lined, three-hole notebook paper 

graph paper, hole-punched 

a ruler, showing both inches and centimeters 

pencils 

a red and a blue colored pencil 

eraser 

• Organization 

Label the dividers for your notebook as follows: 

• Assignment Sheets 

• Daily Work and Notes 

• Reports and Projects 

• Tests and Quizzes 

• Reference 

Put this sheet at the front of the Daily Work and Notes section 
of your notebook. 
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GUIDELINES FOR THINKING/WRITING ASSIGNMENTS 

Here are some suggestions on how to do a good job on writing assignments. 

• Getting Started 

When you first start, don't worry about writing the final report. Concentrate on 
solving the problem. Keep a record of everything you do, including false starts, 
but don't worry about being neat or explaining what you are doing. 

• The Outline 

Decide how you will organize your report. Make a note of any questions that you 
do not understand or cannot answer completely. Discuss them with other students 
or with a teacher. 

• The Rough Draft 

Make a rough draft of your report. Ask at least one person to read and critique it. 
This could be a parent, a student, or a friend. Your goal is not only to give correct 
solutions and explanations, but to communicate them clearly to someone who 
may not be familiar with this topic. 

• The Final Report 

4558 

Make changes based on the critique of your rough draft. Your final report should 
represent your best work. 
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SUGGESTED REPORT FORMAT 

Although reports sometimes require you to solve a single problem, usually you will 
be summarizing an investigation that may include solving several problems. In either 
case, you can use this three-part format for your final report. 

1 . Problem Statement 

• State the problem, topic, or main idea clearly. 

• If you are summarizing the results of an investigation, you may be answering 
several questions. Look for the main idea that encompasses all the sub-problems. 

• If it will help the reader to understand the problem, use a sketch as part of your 
explanation. 

2. The Strategy and Solution 

• If you are solving a problem, describe your approach. If you tried something 
that didn't work, include a brief explanation of it as well. 

• If you are summarizing the results of an investigation, describe how you con-
ducted the investigation. 

• Show your calculations and explain them. 

• Include graphs and tables, carefully labelled. 

• Tell what variables stand for, and use units if appropriate. (Don'tjust write w. 
Let the reader know whether it stands for width, water, or widget.) 

3. The Conclusion 

• Explain the answer to the problem or summarize the results of your investigation. 

• Write about any unresolved questions you still have. 

• Comment on the problem or topic. If possible, suggest generalizations, 
applications, or extensions. 

Algebra: Themes • Tools • Concepts © 1994 Creative Publications 
To the Teacher: Pennission is given to reproduce this page. 

5594 

Digitized byGoogle 



WRITING ASSIGNMENT EVALUATION 

Writing assignments are equal to tests in the evaluation of your work in this class. 
Here is what your teacher will be looking for when reading the assignments. 

• The Math 

• Did you understand the problem? 

• Did you express yourself clearly? 

• Did you summarize all that you learned about the problem? 

• Did you answer all the questions? 

• Did you think about the problem beyond what was asked? 

• Were you creative in your approach? 

• The Presentation 

• Do you have an introduction that states what the paper is about? 

• Did you organize your paper into paragraphs? 

• Did you illustrate the paper adequately? 

• Did you avoid repeating yourself? 

• Is the paper neat and legible? Is it beautiful? 

• Were you creative in your presentation? 
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CHAPTER PORTFOLIO ASSIGNMENT 

Include the following items in your portfolio. 

1. Cover Letter 

Write your teacher a letter about the chapter, including answers to these questions. 

• What were the main important ideas in math that you studied in this chapter? 

• What did you learn? Give examples of each of the main topics. 

• What did you enjoy the most? The least? 

• What do you understand the best? What would you like to learn better? 

2. Table of Contents 

Make a table of contents for your portfolio, including a brief description of each 
entry and why you chose to include it. 

3. Favorites 

Write Favorite at the top of each one. 

• Your favorite lesson 

• Your favorite Thinking/Writing assignment 

4. Important Problems 

Choose five problems that you think represent important ideas in this unit. For 
each one, copy the problem and show the solution neatly. Explain why you chose 
the problem. 

5. Revisions and Corrections 

• Include your original paper for Thinking/Writing __ . Revise and improve 
the assignment on a separate sheet of paper. 

• Make corrections to your chapter test on a clean sheet of paper. Include both the 
original test and the corrections. 
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SEMESTER PORTFOliO ASSIGNMENT 

Include the following items in your portfolio. 

1. Cover Letter 

Write your teacher a letter about the semester, including answers to these questions. 

• What were the main important ideas in math that you studied this semester? 

• What did you learn? Give examples of each of the main topics. 

• Write about your strengths and weaknesses. Describe the progress you have 
made this semester. What are you especially proud of? What are some concrete 
ways you can improve? 

• What were the high points and low points for you mathematically? 

• What did you enjoy the most? The least? 

• What do you understand the best? What would you like to learn better? 

2. Table of Contents 

Make a table of contents for your portfolio, including a brief description of each 
entry and why you chose to include it. 

3. Favorites 

Write Favorite at the top of each one. 

• Your two favorite lessons 

• Your favorite Thinking/Writing assignment 

4. Progress 

Write Progress at the top of each one. Choose several pieces of work that show 
the progress you have made. You should include at least two writing assignments 
in this section of your portfolio. 

5. Test Corrections 

Make corrections to these tests on a clean sheet of paper. Include both the original 
tests and the corrections. 

• Test • Test • Test 

6. Semester Exam Preview 

Complete Lesson _, through problem _. The semester exam will include some 
questions on this section. You may bring your notes on it to the semester exam. 

7. Extra Credit 

Do the project described in Lesson _, problem _. 
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CRITERIA FOR EVALUATING A PORTFOLIO 

These are some of the criteria your teacher may use to evaluate your portfolio. 

• General 

• Is the portfolio complete? Does it include a cover letter and all the specific 
components (or specific assignments, if asked for) that were requested? 

• Is there evidence, either from self-assessment in the cover letter, or from group 
work included, of being able to work effectively in a group? 

• Does the student have a good sense of the level of his or her own work, the 
direction it is necessary to go in, and strengths and weaknesses? 

• Has the student revised and improved work when given the opportunity? 

• Is there evidence that the student is well-organized and is keeping track of 
his/her work? 

• Does the portfolio show a variety of different work? 

• Does the portfolio show progress over time? 

• Is there evidence of enthusiasm for the course and for mathematics? 

• Competence in Mathematics and Communication 

• Does the student use mathematical vocabulary and notation appropriately? 

• Is there evidence of the student's ability to communicate effectively in writing? 
Does he or she elaborate sufficiently? 

• Is there evidence of the student's ability to formulate problems? 

• Is there evidence of the student's ability to develop and apply different problem
solving strategies? 

• Has the student shown an ability to generalize? 

• Is there evidence that the student can analyze and interpret results and make 
connections to what was learned previously? 

• Is there any evidence of particular ways that this student learns best? (use of 
hands-on materials, visual strategies, facility with words, sketches, or with 
using the calculator?) 

• Specific Content 

• Does the cover letter show that the student has a grasp of the main ideas from 
the period included? 

• Are particular strengths or weaknesses in terms of specific content revealed by 
the table of contents? 

• Does the student show particular weaknesses in background or problem-solving 
strategies that make understanding of certain content particularly difficult? 
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FUNCTION DIAGRAMS 

5 5 10 10 

0 0 5 5 

-5 -5 0 0 

x---~y x---~y x---~y x--~~Y 

x--~~y x---~y x--~~y 

10 10 20 20 

0 0 10 10 

-10 -10 0 0 

x---~y x---~y X __ __,;~y x---~y 

x---~y x--~~Y x--~~Y x--~~y 
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GLOSIAN MONEY ADDITION TABLE 

+ d e f d+e d+f e+f d+e+f 

d 

e 

f 

d+e 

d+f 

e+f 

d+e+f 
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CALENDAR MATH ADDITION TABLE 

+ Mo Tu We Th Fr Sa Su 

Mo 

Tu 

We 

Th 

Fr 

Sa 

Su 
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CALENDAR MATH MULTIPLICATION TABLE 

X Mo Tu We Th Fr Sa Su 

Mo 

Tu 

We 

Th 

Fr 

Sa 

Su 
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LINKED FUNCTION DIAGRAMS 
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FUNCTION DIAGRAMS AND IN-OUT TABLES 

X y X y X y 

X --~>~y= X ------:>~ y = X ------:>~ y = ---- ---- ----

X y X y X y 

X __ ___;>~ y = X ------:>~ y = X ------:>~ y = ---- ---- ----

X y X y X y 

X __ ___;~y = X __ ___;>~ y = X ------:>~ y = ---- ---- ----
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EQUILATERAL TRIANGLES 

Paste these on the two sides 
of a cardboard triangle 

1 

(Place the cardboard triangle on this base) 

2 "--------~3 
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MOD ClOCK AND TABlES 

ModS Clock 

~ 0 1 2 3 4 ® 0 1 2 3 4 

0 0 

1 1 

2 2 

3 3 

4 4 
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SIXTEEN FUNCTION DIAGRAMS 
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CITY AND HIGHWAY MILEAGE 
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CENTIMETER DOT PAPER 
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• • • • • • • • • • • • • • • • • • 

• • • • • • • • • • • • • • • • • • 

• • • • • • • • • • • • • • • • • • 

• • • • • • • • • • • • • • • • • • 

• • • • • • • • • • • • • • • • • 

• • • • • • • • • • • • • • • • • • 

• • • • • • • • • • • • • • • • • 

• • • • • • • • • • • • • • • • • • 
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COMPUTING WITH SIGNED NUMBERS • TEACHING TIPS 

W e do not believe it is constructive to put too much emphasis on signed 
number arithmetic in an algebra class, because students have spent so 

much time on this in the preceding years. Certainly, it is inappropriate and 
demoralizing to start the school year with it. 

You may disagree with us, especially if you teach in a middle school. If you 
want to work on signed numbers, you may use the following pages, where we 
have reproduced Chapter 2 of the Algebra Lab (High School) binder, published 
by Creative Publications, which addresses operations on signed numbers. More 
practice can easily be created by you or your students. 

The following summarizes the Lab Gear approach to signed number arithmetic. 

• The Basics 
Start with zero (an empty mat) 

It's OK to remove zero (opposites) 

It's OK to add zero (opposites) 

• The Operations 
Addition: put down, put down, 
(remove zero?) 

Subtraction: put down, (add zero?), 
take away 

Multiplication: put down sets 

or: add zero, take away sets 

• What's Wrong with the 
Two-Color Model for Minus? 
As you know, with the Lab Gear, color 
distinguishes numbers from variables. 
This is particularly useful early on, and 
when making rectangles. We prefer the 
Lab Gear model of minus to the two-color 
model of signed numbers with which you 
may be familiar. 

In the two-color model for minus, one 
color represents positive numbers, and 
another represents negative numbers. The 
operations are carried out much in the 

Computing With Signed Numbers • Teaching Tips 

same way as they are with the Lab Gear. 
However, the model is much weaker 
when it comes to algebra. First of all, the 
use of two colors for variables reinforces 
the widespread student misconception that 
-x is negative, since it is the same color as 
-1. In fact, of course, -x is just as likely 
to be positive. 

Moreover, the two-color model does not 
provide a smooth transition to the use of 
manipulatives in algebra. Specifically: 

In the rectangle model of multiplica
tion, the two-color model represents 
(x + 1 )(x - 2) with the same rectangle 
as (x + l)(x + 2). The only difference 
is the color. However the rectangles 
should differ in size, since x - 2 is less 
than x + 2! This works out correctly 
with the Lab Gear approach (using 
upstairs, the minus area, or both to 
show minus, depending on the context.) 

The Lab Gear approach to signed number 
operations is consistent with the workmat 
introduction to inequalities and equations. 
The two-color model is not, nor do we 
know of any effective way to extend it in 
the direction of a manipulative approach 
to equation solving. 
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Note: One limitation of the Lab Gear 
model of minus is that while it works well 
with the area model of multiplication and 
the workmat model of equations, it does 
not work well with the 3-D blocks. When 
using the 3-D blocks, use only plus! 

• Using the Reproducible Pages 
The usual approach to work with signed 
numbers (teaching of rule, sometimes 
combined with number line techniques) 
is often frustrating, because so many 
students seem to forget the rules, even 
though they are given endless practice. 
On the other hand, the students who 
"get it," quickly get bored with the drills. 

We suggest a different approach. Instead 
of being taught signed number arithmetic, 
present the students with a model for the 
four operations. The model is easy to 
learn, because it is a natural extension 
of concrete models most students have 
already mastered for these operations. In 
fact, once learned, the model is almost 
impossible to forget, unlike the rules and 
number line techniques, which are confus
ing and easy to mangle. Moreover, the 
work with the blocks keeps more students 
motivated, at all levels of proficiency. 

The commutative law is not mentioned by 
name in the following reproducible pages, 
but students are asked to observe what 
happens when switching the order of the 
terms for each operation. 

After working with the blocks for a while, 
you will find that many students discover 
the rules for themselves, or learn them 
from each other. Knowledge that is earned 
the hard way by one's own thinking and 
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interaction with peers is much more 
securely anchored than techniques that 
have been learned by rote. 

If your students already know signed 
number arithmetic, there is little point 
in working through these pages with the 
exception of Square Numbers and the 
Exploration on that page. An interesting 
approach with such students is to ask 
them to figure out a way to use the Lab 
Gear to explain the rules of signed num
ber arithmetic. If they cannot figure it out, 
show them the models, but do not assign 
too many drill problems. 

Computing With Signed Numbers • Teaching Tips 
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ADDITION WITH SIGNED NUMBERS 

To model addition with the Lab Gear, put on the first number, put on the 
second number, cancel what you can, and count. 

Look at this example, -6 + 2. 

• Put on the first number. To show 
-6, put 6 in the minus area. 

"''''' "! I I I I I 

~ 

• Cancel2 and -2. 

• Put on the second number. To show 2, 
put 2 outside the minus area. 

IIIS'SS\ 
"! IJ I I I 

~ 

• Count to find the answer. 
-6+2=-4 

1. Does the order that you put on the numbers matter? Try it by modeling 
2 + -6, and compare the result. 
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ADDITION WITH SIGNED NUMBERS (contimu•d) 

Sometimes, there is nothing to cancel. 

2. Write the addition shown by this figure. 

r\'ssq 
~ I I I I I 

~~~~ 

If you are adding several numbers, just put them all on the mat, cancel, and count. 

3. Write the addition shown by this figure. 

® 

Use the Lab Gear to model these additions. Sketch the process in four steps (put on 
first number I put on second number I cancel I final solution). The sketches should 
include the minus area. You can sketch the blocks in two dimensions. 

4. -5 + 2 

5. -15 + (-3) 

6. -8 + 9 

Use the Lab Gear to find these sums. 

7. 10 + -4 
8. -25 + 5 

9. -12 + -6 

10. 10 + (-8) + 3 
11. -25 + 11 + (-4) 

12. -15 + 20 + ( -7) + 2 
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SUBTRACTION WITH SIGNED NUMBERS 

To model subtraction with the Lab Gear, put on the first number, take of! the second 
number, and count. 

This example shows that -8- (-2) = -6. 

• Put on -8. 

1:1''''' I I I I I 

l 
• Take off-2. 

1:1''''' I I I I I 

l 
• Count to find the answer. -6 

1:1''''' I I I I I 
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SUBTRACTION WITH SIGNED NUMBERS (continued) 

Sometimes, there are 
not enough blocks to 
take off. For example, 
4 - 5. The solution is 
to show 4 differently 
by adding zero. 

As long as you add the same amount inside the minus area and outside it, you have 
not changed the quantity on the workmat. If you cancelled the blocks you put on, you 
would be back to the original amount. (Adding zero could be called "uncancelling.") 

Notice that now it is 
possible to take off 5, 
and you can see that 
the answer is -1. 

Perhaps you knew what the answer was going to be, and you are asking yourself, why 
do so much work to get it? Keep in mind that the point of working with the Lab Gear 
is not just to get the answer, but to understand why it turns out the way it does. Work 
these easy problems carefully; you will soon be doing similar ones with variables. 
You will then see how working with variables is just an extension ofthe work you're 
doing now with integers. 
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SUBTRACTION WITH SIGNED NUMBERS (£ ontinucd) 

Use the Lab Gear to model these problems. 

1. -7 - (-3) 

2. -3 - (-7) 

3. In problem 2, the order of the numbers was reversed. How did that affect the 
answer? 

The adding zero trick should help you do some of these problems. For problems 4-7, 
sketch the process in four steps (put on I add zero (if you need to) I take off I final 
solution). 

4. -2- 8 
5. -4- (-2) 

6. -8- 3 

7. 7 - (-6) 

8. -5-9 

9. 11 + (-6) 

10. -1 + 10 
11. 20- 25 

12. 13 - 3 

13. -17 + 3 
14. -2- 21 

15. -15- 5 
16. -5 - (-15) 

17. 6- 17 

18. 18- 9 
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MULTIPLICATION WITH SIGNED NUMBEI~S 

For the first example, consider the multiplication 3 (-4). 

• Look at the first number. If the first 
number is positive, put on the sec
ond number the number of times 
indicated by the first number. Here 
you put on three sets of -4. 

• Count to get the final result. -12 

• Make a rectangle to show 
multiplication. 3 ( -4) = -12 

For the second example, consider the multiplication -2 (-5). 

......,. S \S S > ........ l:ti-, r,, 
I I I I 

• If the first number is negative, take off the second number the number of times indi
cated by the first number. However, since you're starting with an empty mat, there 
is nothing to take off, so you must use the adding zero trick. In this case, add 10 and 
-10, then take offtwo sets of -5. 

• Count to get the final result. 

• Make a rectangle. -2 (-5) = 10. 
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MULTIPLICATION WITH SIGNED NUMBERS (continued) 

Look at the preceding examples. Use the Lab Gear in the same way to model 
problems 1 and 2. Notice that the order of the numbers has been reversed. 

1. -4 (3) 

2. -5 (-2) 

3. Tell how changing the order affects the answer. 

Notice that at the end of a multiplication problem, you can always arrange the blocks 
into a rectangle. 

Use the Lab Gear to model these multiplications. For problems 4-6, sketch the 
process in two or three steps. (Put on I make a rectangle; or, add zero I take off I make 
a rectangle.) 

4. 2 (-4) 7. -6 (-2) 

5. -3 (2) 8. -10(2) 

6. -4 (-5) 9. 7 (-3) 

Compute: 

10. -9 + 6 
11. 2 - (-4) 

12. -3- 2 
13. -3 (-2) 

14. Copy and complete this sentence: Problem 12 is a subtraction, while problem 
13isa ___ _ 

MULTIPLYING BY 1 

Use the Lab Gear to model these multiplications. 

15. -I (-2) 

16. -1 (3) 

17. 4 (-1) 

18. -5 (-1) 

19. Explain what happens when a number is multiplied by -1. 

20. What happens to the blocks when you multiply a number by -1? 
For each example above, sketch the blocks that represent the number before 
and after multiplying by -1. Describe what happens in each case. 
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SQUARING NUMBERS WITH SIGNED NUMBERS 

A special case of multiplication is the multiplication of a number by itself. Use the 
Lab Gear to model these multiplications. At the end of each problem, check whether 
the answer is positive or negative, and try to arrange the blocks into a square. 

1. (-3)(-3) 2. 5. 5 

3. (-2)(-2) 4. (-6)(-6) 

Multiplying a number by itself is called squaring the number. Instead of writing 
5 • 5, you can write 52, which is read .five squared. Instead of writing (-5)(-5), you 
can write ( -5)2• This is read negative five, squared, or perhaps more clearly, the 
square of negative five. The parentheses tell us that we are squaring -5. The answer 
is 25. 

Be careful! If you write -52, without the parentheses, that will be read as the opposite 
of five squared, in other words, the opposite of 25, or -25. In conclusion, (-5f and 
-52 are not the same! In fact, they are opposite. If you want to indicate squaring -5, 
you must use parentheses. 

Write how to read each of the following expressions. 

5. 22 6. (-4)2 

7. -32 8. (3x )2 

9. (-3x)2 10. -3x2 

11. In problems 8, 9, and 10, which expressions are equal to each other? 
Explain your answer. Hint: Work out the numerical value for each one if 
x = 2, and then if x = -2. 

When writing 52, the 2 is called the exponent, and the 5 is called the base. When 
writing 6x 2, the 6 is called the coefficient. 

12. In the expression 72, what do you call the 2? The 7? 

13. In the expression 3xy, what do you call the 3? 

Look at these expressions. For each one, indicate with 0, P, and/or N, if the value of 
the quantity is zero, positive, or negative. If it is impossible to tell, write a ?. 

14. 22 17. (3x)2 

15. (-4)2 18. (-3x)2 

16. -32 19. -3x2 
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DIVISION WITH SIGNED NUMBERS 

You may be wondering how division is performed with the Lab Gear. Later, you 
will learn to use the Lab Gear to divide some expressions that involve variables. 
For integers, the best method is to use the fact that division is the inverse operation 
of multiplication. 

For example, to divide 8 by 2, 
you could ask, "What times 2 
equals 8?" Remember that for 
multiplication, you start with an 
empty mat. How many sets of 2 
should you put on to get 8? It is 
easy to see that the answer is 4. 

1. Consider the division -8 ...;.- -2. What is the multiplication question to ask? 
How would you solve it on the workmat? Write the answer. 

Now consider dividing 8 by -2. 
Ask yourself, "What times -2 
equals 8?" Start with an empty 
workmat. How many sets of (-2) 
should you put on to get 8? 
Clearly that question has no 
answer, since no matter how 
many times -2 is put on you will 
only get negative numbers. 

Try another approach. How many 
sets of (-2) should you take off to 
get 8? Start with an empty work
mat and add zero in the form of 8 
and -8. Now try taking off four 
sets of -2 to leave 8. This works. 
So the answer to "What times -2 
equals 8?" is -4. So, 8 ...;.- -2 = -4. 
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DIVISION WITH SIGNED NUMBERS (continued) 

2. Consider the division -8 + 2. What is the multiplication question to ask? How 
would you solve it on the workmat? Write the answer. 

3. Using the method shown in the examples, try to figure out rules for division. 
How do negative numbers in the numerator and/or denominator affect the 
result? Give examples. 

4. Compare these rules to the ones for multiplication. 

5. What happens when a number is divided by -1? 

6. Which of these divisions are equal? 

8 a. -
-2 

b. 
-8 
2 

-8 
c. -

-2 

d. 
8 -
2 
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GENERALIZING WITH SIGNED NUMBERS 

While using the Lab Gear to do integer arithmetic, you may have discovered some 
rules, tricks, or patterns that will help you deal with minus signs when doing arith
metic without the blocks. Write down any such rules or patterns. 

1. Addition rules, tricks, or patterns 

2. Subtraction rules, tricks, or patterns 

3. Multiplication rules, tricks, or patterns 

4. Squaring rules, tricks, or patterns 

You have been working with integers. However, the rules for integer arithmetic still 
apply when working with decimals and fractions. For example, the square of a nega
tive fraction, just like the square of a negative integer, is always positive. Try to do 
the following computations without pencil or calculator: 

5. -5.2 + 11.36 

6. -2.2- 0.06 

7. -3.07(1000) 
2 1 

8. -3 + 6 
2 1 

9.-3-6 
2 1 10. -3.6 
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GLOSSARY 
- .. . . ·- .. .,... 

Absolute value The absolute value of a number x 
is the distance from x to 0 on the number line. 

Absolute zero The temperature for which the vol
ume (of gases) would be zero-the lowest pos
sible temperature. 

Acute angle An angle whose measure is less than 
a right angle. 

Acute triangle A triangle that contains three acute 
angles. 

Adding zero Adding the same quantity to both 
sides of an equation, or to the plus and minus 
area on a workmat, is the technique of adding 
zero. 

Area The size of a surface expressed in square 
units. 

Arithmetic sequence In an arithmetic sequence 
the difference between consecutive terms is 
always the same. It is called the common 
difference. 

Associative Law For all real numbers a, b, and c, 
Addition: a + (b + c) = (a + b) + c, i.e., 
quantities can be grouped in any way. 
Multiplication: a · (b ·c) = (a ·b) • c, i.e., 
factors can be grouped in any way. 

Average speed The total distance traveled divided 
by total travel time. 

Axis In the Cartesian coordinate system, the hori
zontal number line is the x-axis. The vertical 
number line is the y-axis. 

Axis of symmetry If the graph of a parabola is 
folded so that its two sides coincide, the line on 
which the fold occurs is the axis of symmetry. 

Bounce ratio The bounce-height to drop-height 
ratio. 

Cadence The pace of pedaling (a bicycle). 
Cartesian coordinate system The Cartesian 

coordinate system is the technique of using 
horizontal and vertical axes and graph points 
to make geometric representations of algebraic 
equations. It is named for Descartes, the French 
mathematician and philosopher. 

Chunking The process of grouping bits of infor
mation into a single piece of information. Also 
treating an entire algebraic expression as one 
variable. 

Coefficient In a term, the coefficient is the 
numeric factor of the term or number that is 
multiplied by the variable. 

Commutative Law For any real numbers a and b, 
Addition: a + b = b + a. 
Multiplication: ab = ba. 

Glossary 

Completing the square When you add the same 
quantity to both sides of a quadratic equation 
(and make a perfect square), you are complet
ing the square. 

Complex number A complex number cannot be 
shown on a number line. It requires a two
dimensional number plane. 

Compound inequality An inequality that contains 
more than one inequality symbol. 

Constant A term having no variables. 
Constraints A constraint is a condition necessary 

when solving an equation. 
Conversion factor In the case of unit conver

sion, the proportionality constant (the number 
by which you multiply) is the conversion 
factor. 

Coordinates In the Cartesian coordinate system, 
the numbers in an ordered pair, i.e., (x, y) are 
used to locate a point on a plane. 

Degree of an expression The degree of an expres
sion, in terms of the Lab Gear, is the lowest 
dimension in which you can arrange the blocks. 

Density Density is equal to weight per unit of 
volume. 

Discriminant The discriminant is the quantity 
b2 - 4ac that appears under the radical in the 
quadratic formula, sometimes written as the 
Greek letter delta, ~. 

Distributing the minus sign When you write an 
equivalent expression without parentheses you 
are distributing the minus sign. 

Distributive Law For any real numbers a, b, 
and c, 
of multiplication over addition: a(b + c) = 
ab + ac and (b + c)a = ba + ca. 
of multiplication over subtraction: a(b - c) = 
ab- ac and (b- c)a = ba- ca. 

Domain (of a function) The set of values that the 
input can take. 

Dynamic rectangles Dynamic rectangles have the 
property that half of such a rectangle is similar 
to the whole. 

Equivalent equations If equations in two 
variables have the same graph on the Cartesian 
coordinate system, they are called equivalent 
equations. 

Euclidean distance The straight-line distance 
between two points. 

Evaluating expressions When you evaluate an 
expression, you replace each variable in it by a 
given value and then simplify the result. 
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Experiment An example of an experiment would 
be one roll of a pair of dice. Each different pos
sibility of a result is an outcome. An event is 
one or more outcomes. 

Exponential growth Involves repeated multiplica
tion by a number. 

Exponentiation or Raising to a power The opera
tion of multiplying a number by itself repeat
edly. The number multiplied is the base. The 
number of factors is the exponent. 

Extrapolation When you know data points and 
use them to predict data values at a later or ear
lier time, the process is called extrapolation. 

Eyes The points of intersection of the grid lines 
inside a polyomino are eyes. 

Factor (noun), Common A common factor 
divides each term in a polynomial evenly. 

Factor (verb) To write as a product. 
Fair A game is fair if each of the players is equally 

likely to win. 
Family (offunctions) A group of functions that 

share a certain attribute. 
Fixed point If an in-out line is horizontal, its input 

is a fixed point. 
Focus Point where all in-out lines meet, if extend

ed to the left or right. 
Function A relation that assigns to each member 

of its domain exactly one member, its range. 
Gear The gear ratio multiplied by the diameter of 

the rear wheel (of a bicycle). 
Gear ratio The ratio of the number of teeth on the 

chainwheel (of a bicycle) to the number of teeth 
on the rear sprocket. 

Geometric sequence In a geometric sequence 
each term is obtained from the previous term by 
multiplying by a constant amount, the common 
ratio. 

Golden ratio The ratio of the longer to the shorter 
side of a golden rectangle is the golden ratio. 

Golden rectangle A golden rectangle satisfies this 
property: If you cut a square off one end of the 
rectangle, the remaining rectangle is similar to 
the original rectangle. 

Group A set of elements, together with an opera
tion, that satisfies certain rules. 

Hypotenuse The side of a right triangle that is 
opposite the right angle. 

Identity An equation that is true for all values of 
the variables. 

Inequalities An inequality is a mathematical 
sentence that contains an inequality symbol 
between two expressions, e.g. 2 < 6, x + 4 > 5. 

Input-Output Tables In such tables, x is the num
ber that is put in, and y is the number that 
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comes out. Each table has a rule that allows you 
to get y from x. 

Integer Any positive or negative whole number 
and zero. 

Intercepts of graphs 
x-intercept: The point where it crosses the 
x-axis. 
y-intercept: The point where it crosses the 
y-axis. 
Intercept form: y = a(x- p)(x- q) 

Interpolation When you know data points and use 
them to determine data values between those 
points, the process is called interpolation. 

Inversely proportional You can say that y is 
inversely proportional to x if the product of 
x and y is constant. Algebraically, xy = k or 
y =Ida for some constant k. 

Iterating functions To iterate a function means to 
use its output as a new input. 

Lattice line A line having equation x = b or 
y = b, where b is an integer. 

Lattice point A point on the Cartesian plane 
having integer coordinates. 

Legs The two sides of the right angle in a right 
triangle. 

Like terms Terms whose variable factors are 
the same. 

Linear combination The equation obtained by 
adding constant multiples of two equations 
together. 

Magnification In function diagrams that have a 
focus, changes in y can be found by multiplying 
the changes in x by a number, called the magni
fication. Also called rate of change. 

Mean The average of a set of values. 
Median The middle value of a set of values. 
Numbers 

Rational: A rational number is any number that 
can be expressed as the ratio of two integers in 
the form alb where b =F 0. 
Irrational: An irrational number is a real num
ber that cannot be written in the form alb where 
a and b are integers. 
Natural: Natural numbers are the numbers we 
count with: I, 2, 3, 4, ... etc. 
Real: Real numbers include all rational and 
irrational numbers. 

Observed probability Can be represented graphi
cally by the slope of the line through the origin 
and the corresponding data point. 

Obtuse angle An obtuse angle is greater than a 
right angle. 

Obtuse triangle An obtuse triangle contains an 
obtuse angle. 

Glossary 
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Order of operations A rule for the order in which 
operations are to be done. 
1) Compute within grouping symbols; 
2) Compute powers; 
3) Multiply and divide in order from left 

to right; 
4) Add and subtract in order from left to right. 

Origin The point at which the axes of a graph cross; 
point (0, 0) in the Cartesian coordinate system. 

Parabola The graph of a quadratic equation 
a2 + bx + c = 0; a * 0 is a parabola. 

Parameter A constant or variable in a mathemati
cal expression which distinguishes specific 
cases. In y = a + bx, a and b are the 
parameters. 

Perimeter The perimeter of a figure is the distance 
around it. 

Pi Pi, 1t, is approximately equal to the number 
3.1415926536. The formula for the area of a 
circle is 1t?. (r is the radius of the circle.) 

Plaintext The text of a message, before it is 
encoded. 

Polycubes You can create polycubes by joining 
cubes together face-to-face. Polycubes are the 
three-dimensional equivalent of polyominoes. 

Polynomial function A function of the form y = 
a polynomial. 

Polynomials A polynomial is a monomial or a 
sum of monomials. 
Monomial: An expression that is the product of 
numerals and variables. 
Binomial: A polynomial having two terms. 
Trinomial: A polynomial having three terms. 

Polytans Shapes created by combining tans. 
Power A number that can be named using expo

nential notation. 
Power of a product law It states that xY = (xyt 

as long as x and y * 0. 
Power of a ratio law It states that :fllya = (xlyt as 

long as x and y * 0. 
Prime factorization Prime factorization occurs 

when you write a whole number as a product of 
prime factors. 

Prime number An integer greater than one that 
has no factors other than one and itself. 

Probability The probability of an event is inter
preted to mean the relative frequency with 
which an event occurs if the experiment is 
repeated many times. 

Product of powers law States that :fl • x!' = ;11 + b 

as long as x * 0. 
Pythagorean theorem In all right triangles, if a 

and b are the lengths of the legs and c is the 
length of the hypotenuse, then a2 + b2 = c2. 

Glossary 

Quadrant In the Cartesian coordinate system, the 
axes divide the system into four parts, called 
quadrants. 

Quadratic formula A formula for finding the 
solutions of a quadratic equation a2 + bx + c 

-b ± ~b2 - 4ac 
= 0. The formula is x = 2a 

Quadratic function A second-degree polynomial 
function. 

Radical 
Radical sign: The symbol r. 
Radical expression: An expression written 
under the radical sign. 

Range (of a function) The set of values the output 
can take. 

Rate of change of a function The rate of change 
of a function is the ratio between the change in 
y and the change in x. 
rate of change = change in y/change in x 
It is often called magnification. 

Ratio of powers law It states that :fl !x!' = ;11- bas 
long asx * 0. 

Rational expression The quotient of two polyno
mials. 

Rationalizing the denominator Simplifying a 
radical expression so that there are no radicals 
in the denominator and only whole numbers or 
variables in the radicand. 

Reciprocals Two expressions are reciprocals if 
their product is one. Also called the multiplica
tive inverse. 

Relative frequency The relative frequency of 
successes is the ratio of successes to trials. 

Repeating decimal A decimal in which the same 
number or group of numbers repeats endlessly. 

Right triangle A right triangle contains one angle 
of 90 degrees. 

Rise The units of altitude gained for every 100 
units moved in a horizontal direction (the run). 

Run Distance moved in the horizontal direction 
when dealing with grade and slope. 

Scientific notation A number expressed as the 
product of a power of I 0 and a numeral greater 
than or equal to 1 but less than 10. 

Sequence An ordered list of numbers or expres
sions, called terms. 

Similarity Two figures are similar if all the dimen
sions of one can be obtained by multiplying 
the dimensions of the other by the same number. 
This number is called the ratio of similarity. 

Simple radical form Writing the square root of a 
whole number as a product of a whole number 
and the square root of the smallest possible 
whole number. 
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Simultaneous equations Two or more equations 
for which you must find a common solution. 

Slope A number telling how steeply a line slants; 
the ratio of rise to run. 

Slope-intercept form y = m.x + b 
Solving an equation When you find all the values 

of a variable that make an equation true, you 
are solving an equation. 

Standard form equation a.x 2 + bx + c = 0 
Step function May be shown by a graph. The end 

points of the steps may be filled in (closed cir
cles) or hollow (open circles). 

Subjective probability Subjective probability is 
assigned to an event according to a person's 
own knowledge, beliefs, or information. 

Surface area The surface area of a figure (for 
example, a cube) is the number of unit squares 
it would take to cover all its faces. 

Tan In the world of geometric puzzles, a tan is half 
a unit square (cut along the diagonal). 

Tangent A line that touches a graph at only one 
point is tangent to the graph. 

Taxicab distance The taxicab distance between 
two points in the Cartesian plane is the length 

,4596 

of the shortest path between them that consists 
of only horizontal and vertical segments. 

Terminating decimal A decimal that can be 
written in decimal form with a finite number 
of digits. 

Terms An expression that is the product of numer
als and variables. 

Theoretical probability Can be represented 
graphically as a line through the origin. 

Translations (of groups) A graph obtained by 
shifting the location of a given graph without 
changing its shape is called a translation of the 
original graph. 

Variable A letter or othe-r symbol used to represent 
a number or numbers. 

Vertex of an angle The "comer" of a geometric 
figure is the vertex. The plural is vertices. 

Vertex form of quadratic function The quadratic 
function y = (x - H)2 + V in vertex form. 

Volume of solids The volume of a solid is the 
number of unit cubes it would take to build it. 

Zero product property It states that when the 
product of two quantities is zero, one or the 
other quantity must be zero. 

Glossary 
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A 
Absolute value, 329, 45 I, 465 

Absolute zero, 435 
Acute angle, 331 
Acute triangle, 331 
Addition, 27 

associative law for, 47 
commutative law for, 47 
function diagram and, 67-68 
length model of, 52 
linear, 52 
of opposites, 88 
order of operations and, 28 
of radicals, 338 
solving linear equations with, 221-223 
of zero, 46, 48 

Algebra, of moves, 198 
Algebraic expressions, comparing, 225 
Alice in Wonderland, 236 
Angle 

acute, 331 
obtuse, 331 
right, 331 

Angstrom, 32 
Angstrom, Anders, 32 
Approximation, 272-273 
Area,4-S 

of circle, 144-145,357-358 
complicated, I 57-158 
on geoboard, 36-37 
of geoboard square, 238-239 
multiplication and, 27-28, S I, 88 
ofpolyomino, 23,34-35, 360-361 
of rectangle, 459, 461-462, 466-467 

graphing, 14 
of square, 358 
of stretched polyomino, 354-355 
surface, 30-31 
of triangle, 74-75 
units of, 8 

Area formula, 157-158 
Area function, 146-147 
Arithmetic sequence, 193 
A-series, 485 
Associative law, 117,241 

for addition, 47 
for multiplication, SO 

Astronomical unit, 32, 277 
Automobile accident 

1-for-10 rule and, 149 
3-second rule and, 149 

Average, 195-196 
grade, 208 
improving, 234-235 
weighted, 220 

Average speed, 151-152,439 
Axis 

horizontal, 6 
origin, 7, 84 
of symmetry, 464 
vertical. 6 

Index 

N D E X 
- .. ... .. 

Banking, 82-83, 118 
Base, 56 

8 

negative, 317-319 
Base period, 426 
Billion, 273 
Binomial, 172 

multiplication of, 173 
squares of, 251-252 

Blood alcohol concentration 
formula for, 432 
graphing, 432-433 

Bounce ratio, 398-399 
Boundary dot, I 57-158 
Bracket, 209 
Braking distance, 148 
Building-block number, 186-188 
Business application, 468 

Cadence, 443 
Calculator 

c 

area of circle and, 357 
division with, 145 
exponentiation with, 272 
radical expression and, 352 
raising to a power with, 56 
reciprocal on, 10 I 
scientific notation using, 275 
square root using, 279, 334, 336 
subtraction with, 44 

Carroll, Lewis, 236 
Cartesian coordinate system, 84-85 

multiplication and, 85-86 
Celsius temperature, converting to 

Fahrenheit, 104, 140-141,390 
Celsius temperature scale, I 03-104 
Centimeter, 8 

cubic, 8 
square, 8, 281 

Charles, Jacques, 435 
Charles's law, 435 
Chunking, 239, 269 
Circle 

area of, 144-145,357-358 
circumference of, 144 
closed, 154 
open, 154 
taxicab, 328 

Circumference, of circle, 144 
Closed circle, 154 
Closure, 241 
Coding function. 92 
Coefficient, 19 
Combined function, I 09-111 
Combining like terms, 19 
Common denominator, 490 
Common difference, 193 
Common factor, 181 

greatest, 181 

Common ratio, 200, 398 
Commutative exponentiation, 269 
Commutative group, 241 
Commutative law, 117 

for addition, 47 
for multiplication, SO 

Comparing 
ages,224 
algebraic expressions, 225 
numbers, 224-225 
populations, 303-305 
rational expressions, 231 

Completing the square, 471-472,500 
Complex number, 503 
Complicated area, I 57 -I 58 
Compound inequality, 161,270-271 
Compound interest, 312, 346 
Condition. See Constraint 
Constant, 11-13 
Constant difference graph, 230 
Constant perimeter, 458-460 
Constant product, graphing, 169-170, 176 
Constant product function, 169-171 
Constant ratio graphs, 230 
Constant sum, graphing, 167-168, 176,230 
Constant sum function, 167 
Constraint, 371, 373-374 
Continuous graph, 152-153 
Conversion factor, 418-419 
Coordinate(s), 84 

Cartesian, 84-85 
multiplication and, 85-86 

finding distance from, 332 
slope from, 294 

Cover-up method, I 06-107 
Cube(s), 247 

in cubes, 257 
making squares from, 248 
storing, 469-470 
of sums, 260 
ofx, 10 

Cube problem, 257 
Cubic centimeter, 8 
Cubic inch, 8 
Cubing, with table, 248 
Current, 506 
Cylinder, graduated, 137 

D 
Dahl, Roald, 237 
Data, equations from, 438 
Decimal, 401-402 

a~ fraction, 401-402 
fraction as, 40 I 
repeating, 40 I 
terminating, 40 I 

Degree, 18-19 
of expression, 18-19 
higher, 19 
of polynomial, 18-19, 129-130 
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De Morgan, Augustus, 229 
Denominator 

common,490 
rationalizing, 352 
zero in, 489 

Density, 137-138 
Dependent variable, 436-437 
Descanes, Rene, 84 
Diagonal, on geoboard, 404-405 
Diameter, area and, 144 
Dice game, 409-411 
Dicube, 31 
Difference 

absolute value of, 329 
of perfect squares, 383 

factoring, 255 
Dimension, 5, 15-17 

finding, 4 79 
lowest, 18 

Diophantus, 229 
Direct variation, 138, 146-147 
Discount, 217 
Discrete graph, 152-153 
Discriminant, 502 
Distance, 328-330 

Euclidean, 328-329 
finding from coordinates, 332 
on geoboard, 279-280, 334 
skidding, 350 
taxicab, 328-329 
VS. Speed, )26 
vs.time, 125-126, 156 

Distributing, 189 
the minus sign, 87 

Distributive law, 172-173 
division and, 172-173, 220 
of division over addition and subtraction, 

173 
minus and, 87, 182-85 
multiplication of polynomials and, 99 
of multiplication over addition and 

subtraction, 52-53 
Distributive law, radical expressions and, 

351 
Division 

distributive law and, 172-173, 220 
function diagram and, 68 
model for, 101 
multiplication and, 97-99 
of radicals, 337-338 
shortcut, 102 
solving linear equations with, 227-229 
by zero, 108 

Division symbol, 97 
Division table, 145 
Domain, 342 
Domino,4 
Domino problem, 25 
Double negative, 84-86 
Downstairs block, 183 
Dynamic rectangle, 485-486 

E 
Electron, weight of, 325 
Equal power, 313-314 
Equal ratio, 121 
Equal squares, 265,471,499-500 

4598 

Equation(s) 
from data, 438 
equivalent, 228-229, 376 
from graphs, 128 
identities and, 215-216 
linear, 134, 389-390 

parameters for, 381-382 
solving, 211-213,261 
standard fonn of, 381-383 

from patterns, 127 
with percents, 307 
points and, 128 
quadratic, 476-478 

fractions and, 490-491 
real number solutions for, 502 
simplifying, 488-489 
solving, 261-263,477,497 

with zero product property, 
463-464 

standard fonn of, 496 
sum of solutions of, 503 
x-intercepts for, 476-477 

recurrence, 445 
simultaneous, 374, 387-388,449 

system of, 376-379 
solving, 106-107,211-213 

addition and subtraction and, 
221-223 

multiplication and division and, 
227-229 

with squares, 264-266 
writing, I 06 

Equidistant, 464 
Equivalent equations, 228-229, 376 
Equivalent fractions, 115 
Eratosthenes, 274 
Estimating, 140-141 

population, 349 
Euclid, 328 
Euclidean distance, 328-329 
Euler, Leonhard, 76 
Evaluating, II- 12 
Even number, 192 
Event, 410 

probability of, 413 
Experiment, 409 
Exponent, 56 

fractional, 348 
laws of, 314, 322, 349 
multiplication and, 276 
negative, 317-319 
1/2,348-349 
zero, 267-268 

Exponential growth, 303,317-318 
midpoint of, 346 

Exponential notation, 56 
Exponentiation, 56 

calculator, 272 
commutative, 269 
order of operations and, 129 

Expression 
algebraic, comparing, 225 
degree of, 18 
evaluating, I 1-12 
radical, 335,351-352 
rational, 231-233 

comparing, 231 
equivalent, 231-232 

simplifying, 209-210 

Extrapolation, 427-428 
Eyes, 72 

Factor, 174 
common, 181 

greatest, 181 

F 

Factoring, 180-181 
difference of squares, 255 
polynomials, 259 
prime, 406 
of third-degree polynomials, 175 
of trinomials, 174-175 

Fahrenheit temperature, converting to 
Celsius, 104, 390 

Fahrenheit temperature scale, I 03-104 
Fair, 409 
Family of functions, 449-450 
Feet per second, 148 
Fibonacci, 333 
Fibonacci number, 59 
Fibonacci sequence, 505 
Finding x, 12 
Fixed point, 118,289,446,460 
Flip, 198 
Focus,289 
Fonnula 

area, 157-158 
Pick's, 158 
quadratic, 497-498,500-501 
speed by, 126 

Fraction(s), 401-402 
combining tenns involving, 452 
complicating, 490 
as decimals, 40 I 
decimals as, 401-402 
equivalent, 115 
lattice points and, 404 
quadratic equations and, 490-491 
radicals and, 352 
rationalizing, 352 
simplifying, 172-173, 488-489 

Fractional exponent, 348 
Frequency, relative, 412-413 
Frown parabola, 178 
Function(s), 61 

area, 146-147 
coding, 92 
combined, I 09 -Ill 
constant product, 169-171 
constant sum, 167 
domain of, 342 
families of, 449-450 
fixed point of, 118, 446, 460 
inverse, I lO-III 
linear, 296-298 

iterating, 445-447 
opposite, I 05 
perimeter, 69-70 
polynomial, 129-130 
polyomino, 72-73 
quadratic, 177-179 

intercept fonn of, 492-493 
standard fonn of, 474, 493 
vertex of, 492-494 
x-intercepts of, 496-497 

range of, 342 
reciprocal, I 05 
representing, 448-450 
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sequences as, 200 
square root, 340-343 
step, 154 
surface area, 70-71 
of x,6J 

Function diagram, 61-63 
addition and, 67-68 
combining functions and, I 09-110 
division and, 68 
focus of, 289 
magnification of, 289 
multiplication and, 67-68 
operations and, 67-68 
parallel-line, 289 
parameters of, 291-292 
for recurrence equation, 445 
for squares and roots, 340-342 
subtraction and, 68 
time-distance, 64-65 
y= b- X, 84 

G 
Gases, volume of, 435 
Gauss, Carl Friedrich, 191 
Gear, 443 
Gear ratio, 442-443 
Geoboard 

area on, 36-37 
diagonal on, 404-405 
distance on, 279-280, 334 
equivalent fractions on, 115 
slope on, 293-294 

Geoboard square, 238-240 
Geoboard triangle, 74-75 
Geometric sequence(s), 200 

sums of, 398-400 
Ginh, 470 
Goldbach's conjecture, 274 
Golden ratio, 504-505 
Golden rectangle, 504 
Googol, 273, 281 
Grade. 293 
Grade average, 208 
Graduated cylinder, 137 
Graph(s) 

analyzing, 176 
constant difference, 230 
constant product, 169-170, l76 
constant ratio, 230 
constant sum, 167-168, 176,230 
continuous, 152-153 
discrete, 152-153 
equations from, 128 
for identities, 215 
intercepts of, 131 
intersections of, 131 
from patterns, 127 
points through, 131-132 
of sequences, 192 
speed by, 126 
for squares and roots, 342-343 
tangents to, 262 
through origin, 132 
V -shaped, 451-452 

Graphical analysis, 218 
Graphical solution, 264 

for inequalities, 218-219 
Graphing, 6-7 

Index 

of area function, 461-462 
of blood alcohol concentration, 432-433 
of inequality, 270-271 
of parabola, 177-179 
of rectangle area, 14 

Greater than or equal to symbol, 155 
Greater than symbol, 93, 155 
Greatest common factor, 181 
Group,241 

commutative, 241 
Grouping symbol, 209 
Group theory, 241 

H 
Halfway growth factor, 348 
Halfway measure, 346-347 
Height 

as function of age, 286-287 
weight as function of, 287-299 

Hexomino,4,5 
Higher degree, 19 
Home position, 197 
Horizontal axis, 6 
Horizontal line, 154-155 
Hypotenuse, 293-294 

I 
Identity(ies), 215, 258-260 

equations and, 215-216 
graphs for, 215 
tables for, 215 

Identity element, 241 
Inch, 8 

cubic, 8 
square, 8 

Independent variable, 436-437 
lnequality(ies). 93-96, 155 

compound, 161,270 
graphical solutions for, 218-219 
graphing, 270-271 
rules of, 239 
solving, 210 

Inequality sign, 93 
Infinity, 291 
Inflation, 369 
In-out table, 61 
Inside dot, 157-158 
Inside product, 189 
Integer, 503 
Intercept, 131 

of linear equation, 381 
of parabola, 465 

Intercept form, of quadratic function, 
492-493 

Interest 
compound, 312, 346 
simple, 312, 346 

Interpolation, 427-428 
Intersection, of graphs, 131 
Inverse action, II 0 
Inverse element, 241 
Inverse function, II 0-1 I I 
Inversely proportional, 432 
Irrational number, 406-407 
Iterating linear function, 445-447 
Iteration, 446 

K 
Kasner, Edward, 281 
Kelvin temperature, conversion to 

Celsius, 120 
Kelvin temperature scale, 120 
Kilo, 321 
Kilometer, square, 281 

L 
Lab Gear, 9-10 
Lab Gear magic, 90-91 
Lab measurements, 137-139 
Large numbers, 272-274 

using, 277-278 
Lattice line, 404 
Lattice point, 4o4, 416 
Laws of exponents, 314, 322, 349 
Legs, 331 
Length, units of, 8 
Leonardo of Pisa, 333 
Less than or equal to symbol, 155 
Less than symbol, 93, 155 
Letter string, 159 
Light-year, 283 
Like terms, 19,39-40 

combining. 19 
Line(s) 

equations of, 389-390 
horizontal, 154-155 
intersections, 384-386 
lattice, 404 
median-median, 429-431 
points on, 146, 384 
relationships between, 405 
in representations, 448 
segment, midpoint of, 345 
slope of, 296-297 
stairs on, 403-404 
straight, 328 
through points, 389-391 
venical, 154-155 

Linear addition, 52 
Linear combination, 379 

for simultaneous equations, 378-379 
Linear equation, 134 

parameters for, 381-382 
slope-intercept form of, 297-298 
solving, 211-213, 261 

addition and subtraction and, 221-223 
multiplication and division and, 

227-229 
standard form of, 381-383 

Linear function, 296-298 
iterating, 445-447 

Linear growth, midpoint of, 345 
Linear subtraction, 52 
Longest perimeter, 7 
Lowest dimension, 18 
Lucas number, 59 

M 
Magnification, of function diagram, 289 
Mathematical model, 301-302 

in science, 435-437 
Mean(s), 195 

sumsand,I95-196 
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Measurement, units of, 8 
Measurement error, 140 
Median, 195 
Median-median line, 429-431 
Metric system, units in, 321 
Midpoint, 344-345 

of exponential growth, 346 
of linear growth, 345 
of line segment, 345 
of triangle, 363 

Miles per hour, 148 
Million, 273 

Minus 
distributive law and, 87, 182-85 
meanings of, 44 
upstairs method and, 44-45 

Minus area, 45 
upstairs blocks in, 48-49 

Minus sign, distributing, 87 
Mirror image diagram, 68 
Mixture, 330, 372 
Model, 15 

for division, 101 
mathematical, 301-302 

in science, 435-437 
of motion, 439-441 
for multiplication, I 00 
scale, 277-278 

Money, 217 
Monocube, 31 
Monomial(s), 172,315-316 

ratios of, 316 
Motion, modeling, 439-441 
Moves, 197-199 

algebra of, 198 
triangle, 198 

Multiplication, 27-28,50-51 
by -I, 86 
area and, 27-28, 88 
associative law for, 50 
of binomials, 173 
and Cartesian coordinate system, 85-86 
commutative law for, 50 
division and, 97-99 
exponents and, 276 
function diagram and, 67-68 
model for, 100 
order of operations and, 28 
of polynomials, 99 
of radicals, 337 
shoncut, I 00-1 0 I 
solving linear equations with, 

227-229 
of square roots, 335 
symbols for, 9 
table, for triangle moves, 198 
of three factors, 50 

Multiply-subtract-solve technique, 399, 402 

N 
Natural number, 192,503 
Negative, 44 

double, 84-86 
Negative base, 317-319 
Negative exponent, 317-319 
Nested squares, 408 
Notation 

exponential, 56 

4600 

power, 198 
scientific, 273-274, 356 

small numbers in, 320 
using, 275-276 

symbolic, 398 
Number(s) 

absolute value of, 451, 465 
building-block, 186-188 
comparing,224-225 
complex, 503 
even, 192 
Fibonacci, 59 
irrational, 406-407 
large, 272-274 

using, 277-278 
Lucas, 59 
natural, 192, 503 
odd, 192-193 
prime, 274 
rational, 231, 503 
real, 503 
reciprocals of, I 00 
rectangular, 34 
small, in scientific notation, 320 
square, 35 
square roots of, 279-280 
theory, 295 
triangular, 33-34 
whole, 9 
x, absolute value of, 329 

Numerator, rationalizing, 352 

0 
Observed probability, 413-414 
Obtuse angle, 331 
Obtuse triangle, 331 
Odd number, 192-193 
One dimension, 5, 15 
Open circle, 154 
Operation(s), 55 

function diagrams and, 67-68 
order of, 28-29 

exponentiation and, 129 
radical, 337-338 

Opposite(s), 44, 318-319 
adding, 88 
reciprocals and, 105 
removing, 45, 48 

Opposite function, I 05 
Order of operations, 28-29 

exponentiation and, 129 
Origin, 7, 84 

graphs through, 132 
lines through, 134-136 
parabola through, 459-460 

Outcome, 409-410 
Outside product, 189 

p 
Paper, international standards for, 485 
Parabola, 177,342 

axis of symmetry of, 464 
frown, 178 
graphing, 177-179 
intercepts of, 465 
smile, 178 
through origin, 459-460 
translating, 473 
venex of, 177,465,473-475 

Parallel-line function diagram, 289 
Parameter(s), 230, 291-292 

for linear equations, 381-382 
Parentheses, 203, 209 
Pascal's triangle, 417 
Pattern(s) 

equations from, 127 
finding, 58 
graphs from, 127 
from points, 127 
predicting and, 6 

Pentomino, 4, 5 
perimeter of, 23 

Percentage, 372 
Percent, equations with, 307 
Percent, decrease, 309-311 
Percent, increase, 306-308 
Perfect square(s) 

differences of, 383 
sums of, 280 

Perfect square trinomial, 252, 276 
Perimeter, 4-5, 21-23 

constant, 458-460 
longest, 7 
of pentomino, 23 
ofpolyomino, 6-8,23,34-35,72, 

360-361 
problems in, 24-26, 38 
of stretched tetromino, 354 
Perimeter function , 69-70 

Phi, 504 
Pi,407 
Pick's formula, 158 
Plaintext, 92 
Point(s) 

equations and, 128 
fixed,289,446,460 
lattice, 404, 416 
on lines, 146, 384 
lines through, 389-391 
patterns from, 127 
in representations, 448 
through graphs, 131-132 

Polycube, 31-32 
Polynomial(s), 18 

cube of, 248 
degree of, 18-19 
factoring, 174-175, 259 
multiplication of, 99 
third-degree, factoring, 175 

Polynomial function, 129-130 
degree of, 129-130 

Polyomino, 4-5 
area of, 23, 34-35 
eyes of, 72 
perimeter of, 6-8, 23, 34-35, 72 
ratio of similarity and, 360-361 
stretched, 353 

area of, 354-355 
perimeter of, 354 

Polyomino function, 72-73 
Polyomino spiral, 72-73 
Polytan, 362 
Population(s) 

comparing, 303-305 
estimating, 349 
growth of, 301-302 
u.s .. 426-428 
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Power(s), 56-57,272-274 
equal, 313-314 
products of, 315 
of products, 315-316 
ratios of, 318 
of ratios, 316 
square roots of, 349 
sums of, 280 

Power notation, 198 
Power of a power law, 314 
Power of a product law, 316 
Power of a ratio Jaw, 316 
Powers of 2, 56 
Prediction, patterns and, 6 
Prime factor, 406 
Prime factorization, 406 
Prime number, 274 
Probability, 412-414 

subjective, 414 
theoretical vs. observed, 413-414 

Product(s) 
constant, graphing, 169-170, 176 
inside, 189 
outside, 189 
of powers, 315 
powers of, 315-316 

Product of powers law, 315 
Proportional, inversely, 432 
Proton, weight of, 325 
Pyramid,202 
Pythagoras, 332 
Pythagorean theorem, 331-333 

Q 
Quadrant, 84 
Quadratic equation(s), 476-478 

fractions and, 490-491 
real number solutions for, 502 
simplifying, 488-489 
solving, 261-263, 477,497 

with zero product property, 463-464 
standard form of, 496 
sum of solutions of, 503 
x-intercepts for, 476-477 

Quadratic formula, 497-498,500-501 
Quadratic function(s), 177-179 

intercept form of, 492-493 
standard form of, 474, 493 
vertex of, 492-494 
x-intercepts of, 496-497 

Quadratic inequality(ies), 270-271 
Quadrilateral, midpoint of, 363 
Quadrillion, 273 
Quintillion, 273 

R 
Radical(s), 334-336 

addition of, 338 
disappearing, 351-352 
division of, 337-338 
fractions and, 352 
multiplication of, 337 
subtraction of, 338 

Radical expression(s), 335, 351-352 
Radical gear, 351 
Radical operation, 337-338 
Radical rules, 349 

Index 

Radical sign, 335,451 

Raising to a power, 56 
Random walk, 415-417 
Range,342,392 
Rate of change, 286, 291, 296 
Rational expression(s), 231-233 

comparing, 231 
equivalent, 231-232 

Rationalizing, 352 
Rational number, 231, 503 
Ratio(s), 134-135 

ofatob, 134 
bounce, 398-399 
common, 200, 398 
equal, 121 
golden, 504-505 
of monomials, 316 
powers of, 316 
rectangle, 484-486 
solving equations involving, 232 

Ratio of powers law, 318 
Ratio of similarity, 360 
Reaction distance, 148 
Real number, 503 
Reciprocal(s), 100-102,317,320 

opposites and, 105 
solving equations with, 228 
units and, 320-321 

Reciprocal function, 105 
Rectangle(s) 

area of, graphing, 14 
dynamic, 485-486 
finding dimensions of, 479 
golden, 504 
ratios, 484-486 
similar, 116 
square roots and, 334-335 
uncovered, 52, 88, 183 
vertices of, 36 

Rectangular number, 34 
Rectangular pen, 458-460 

area of, 461-462 
constant, 466-467 

finding dimensions of, 479 
partitioning of, 461 

Recurrence equation, 445 
Relative frequency, 412-413 
Removing opposites, 45, 48 
Repeating decimal, 401 
Right angle, 331 
Right triangle, 293-294,331-332 
Rise, 296 
Rotation, 197, 198 
Rounding, 150 
Run, 296 

s 
Scale, 361 
Scale model, 277-278 
Science, mathematical models in, 435-437 
Scientific notation, 273-274, 356 

small numbers in, 320 
using, 275-276 

Secret code, 92, 96 
Sequence(s), 59, 192-194 

arithmetic, 193 

Fibonacci, 59, 505 
as functions, 200 
geometric, 200 

sums of, 398-400 
graphs of, 192 
Lucas, 59 

Sextillion, 273 
Shortest path, 328 
Similar figures, 116,360-361 
Similarity, 360 
Similar rectangles, 116 
Simple interest, 312, 346 
Simple radical form, 336, 338 
Simplification, 48 

of expressions, 209-210 
offractions, 172-173,488-489 
from inside out, 209-210 
of quadratic equations, 488-489 

Simultaneous equations, 374, 387-388, 449 
system of, 376-379 

Slope, 293-295 
of a line, 296-297 
from coordinates, 294 
on geoboard, 293-294 
y-intercept and, 297-298 

Slope-intercept form, 297-298,299,386, 
389-390 

Slumber theory, 295 
Small numbers, in scientific notation, 320 
Smile parabola, 178 
Solid(s) 

surface area of, 30-31 
volume of, 30 

Solving the equation, I 06-107 
Speed, 64-65, 135-136 

average, 151-152,439 
distance vs., 126 
by graphs and formulas, 126 
time vs., 124-125 

Speedometer, calibrating, 421 
Square(s), 246, 334 

area of, 358 
of binomials, 251-252 
completing, 471-472,500 
differences of, 254-256 

factoring, 255 
equal,265,471,499-500 

Square(s) (continued) 
equations with, 264-266 
function diagrams for, 340-342 
on geoboard, 238-240 
graphs for, 342-343 
making cubes from, 248 
nested, 408 
perfect 

differences of, 383 
sums of, 280 

sides of, 383 
sums of, 260 
of sums, 251-253 
of trinomials, 260 
ofx, 10 

Square centimeter, 8, 281 
Square inch, 8 
Square kilometer, 281 
Square number, 35 
Square root(s), 279-280,334,451 
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function diagrams for, 340-342 
graphs for, 342-343 
multiplying, 335 
of numbers Jess than I, 340 
of powers, 349 
rectangles and, 334-335 
of two, 406-407 

Square root function, 340-343 
Square root symbol, 335 
Staircase sums, 190-191 
Stairs, on lines, 403-404 
Standard form, 381-383,474 

of quadratic equation, 496 
of quadratic function, 493 

Step function, 154 
Straight line, 328 
Stuan Little, 236 
Subjective probability, 414 
Subscript, I 09 
Subscripted variable, 192 
Substitution, II 

for simultaneous equations, 376-377 
Substitution code, 89 
Substitution rule, 12 
Subtraction, 44, 49 

equivalent addition for, 88 
function diagram and, 68 
length model of, 52 
linear, 52 
of radicals, 338 
solving linear equations using, 221-223 
of two negatives, 84 
with variables, 44 

Success, 412 
Sum(s) 

constant, graphing, 167-168, 176 
cubes of, 260 
of geometric sequences, 398-400 
means and, 195-196 
of perfect squares, 280 
of powers, 280 
of squares, 260 
squares of, 251-253 
staircase, 190-191 
two-dice, 409-410 

Superscript, 56 
SuperTangram,362 
Surface area, 30-31 
Surface area function, 70-71 
Symbol(s) 

division, 97 
greater than, 93, 155 
greater than or equal to, 155 
grouping, 209 
less than, 93, 155 
less than or equal to, !55 
multiplication, 9 
square root, 335 

Symbolic notation, 398 
Symmetry, axis of, 464 
Symmetry group, 198 
System of simultaneous equations, 376-379 

Table(s) 
cubing with, 248 
division, 145 
for identities, 215 

4602 

T 

in-out, 61 
multiplication, for triangle moves, 198 

Tan, 362 
Tangent, 262 
Taxicab circle, 328 
Taxicab distance, 328-329 
Temperature 

estimating, 140-141 
volume of gases and, 435 

Temperature scale, 103-104 
Celsius, 103-104 
Fahrenheit, 103-104 
Kelvin, 120 

Terminating decimal, 401 
Terms, 18, 192 

combining like, 19 
like, 39-40 
unlike, 54 

Tetracube, 31 
Tetratan, 362 
Tetromino,4,5 

perimeter of, 354 
stretched, 353 

TheBFG, 327 
Theoretical probability, 413-414 
Third-degree polynomial, factoring of, 175 
Three dimensions, 5, 15,30-32 
Three factors, multiplication of, 50 
Time 

distance vs., 125-126, 156 
vs. speed, 124-125 

Time-distance function diagram, 64-65 
Topology, 76 
Translation of y = td, 499-501 
Triangle(s) 

acute, 331 
area of, 74-75 
on geoboard, 36-37, 74-75 
home position for, 197 
midpoint of, 363 
obtuse, 331 
Pascal's, 417 
right, 293-294,331-332 
symmetry group for, 198 
uncovered, 253 
vertices of, 36 

Triangle moves, 197-199 
multiplication table for, 198 
operation on, 198 

Triangular number, 33-34 
Tricube, 31 
Trillion, 273 
Trinomial, 172 

factoring, 174-175 
perfect square, 252, 276 
squaring 260 

Tritan, 362 
Tromino,4 
Turns, 197 
Two-dice sums, 409-410 
Two dimensions, 5, 15 

u 
Uncovered rectangle, 52, 88, 183 
Uncovered triangle, 253 
Unit(s) 

metric system, 321 

reciprocals and, 320-321 
Unit conversion, 148,418-420 

two-step, 419-420 
U.S. population ( 1890-1990), 426-428 
Unlike terms, 54 
Upstairs block, in minus area, 48-49 
Upstairs method, 44-45 

v 
Variable(s), 9, 11-13 

dependent, 436-437 
independent, 436-437 
ip simultaneous equations, 373-375, 

387-388 
subscripted, 192 
subtraction with, 44 

Variation, direct, 138, 146-147 
Vertex,36,473-475 

of parabola, 177, 465 
of quadratic function, 492-494 

Vertex form, 474, 499 
Vertical axis, 6 
Vertical line, 154-155 
Volume, 30 

of gases, 435 
maximizing, 469 
units of, 8 

w 
Weight, 137-138 

as function of age, 287 
as function of height, 287-299 

Weighted average, 220 
White, E. B., 236 
Whole number, 9 
Word figures, 33-35 
Word ladder, 33-34 
Word squares, 35 
Word triangle, 33 

X 
X 

absolute value of, 329 
cubed, 10 
finding, 12 
squared, 10 
testing values of, 95-96 

x-axis, 84 
x-block,I5 
x-coordinate, 84, 297 
x-intercept, 131 

for quadratic equation, 476-477 
for quadratic function, 496-497 

xy-block, 15 

y-axis, 84 
y-coordinate, 84 
y-intercept, 131, 297 

y 

slope and, 297-298 

z 
Zero 

adding, 46, 48 
in denominator, 489 
dividing by, 108 
exponent, 267-268 

Zero product property, 463-465 
Zones, 76-77 
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